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Comments on “On the Existence of Stable,
Causal Multipliers for Systems With
Slope-Restricted Nonlinearities”

Joaquin Carrasco, William P. Heath, Guang Li, and
Alexander Lanzon

Abstract—The above technical note presents a novel convex search within
the Zames—Falb multiplier class. The aim of this correspondence is to cor-
rect the misuse of a relaxation on one condition in the search. This relax-
ation leads to nontrivial numerical errors in all six examples discussed in
the technical note. Correct application of the conditions still gives an im-
provement over absolute stability criteria in the literature for at least one
example, but some of the claims for lack of conservativeness in the above
technical note should be moderated.

Index Terms—Integral quadratic constraints (IQC), linear matrix
inequalities (LMIs), Zames—Falb multiplier.

[. INTRODUCTION

In [1], absolute stability of a feedback interconnection between a
linear system and slope-restricted and odd nonlinearity is studied using
an integral quadratic constraints (IQC) analysis. Given a linear system,
this nonlinear problem is solved by finding a multiplier A/ such that [1,
eq. 2] and [1, eq. 4] ! are satisfied. In [2], it is shown that all elements
of a class of multiplier, nowadays referred to as the Zames-Falb mul-
tipliers, satisfy [1, eq. 2] for any slope-restricted and odd nonlinearity.
“Proposition 2” in [1] provides a quasi-convex search within a subclass
of Zames-Falb multipliers to find the maximum slope of these nonlin-
earities by studying feasibility of linear matrix inequalities (LMIs) [1,
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Fig. 1. Schematic representation of various transfer function sets: Proposition
2 only searches within the Zames-Falb class. However relaxation v; > 1 not
only extends the boundaries of the multipliers by using Proposition 2, but also in-
cludes “pathological” transfer functions which are not Zames-Falb multipliers.
Therefore, “relaxed Proposition 2” can lead to incorrect results.

eq. 9], [1, eq. 10], and [1, eq. 11]. The subclass of Zames-Falb multi-
pliers constitutes those which are causal and rational transfer functions
of the same order as the linear system. Feasibility of these LMIs im-
plies that there exists a multiplier M/ satisfying [1, eq. 4] and M is a
Zames-Falb multiplier, i.e., M satisfies [1, eq. 2].

In [1, Remark 2.2], a relaxation is proposed by replacing LMI [1,
eq. 11] with LMI [1, eq. 27] where 1 > 1, in order to reduce the con-
servatism of LMIs [1, eq. 7] and [1, eq. 8]. This relaxation is carried
out by choosing ~; slightly greater than unity, and absolute stability is
claimed using this relaxation. It is stated that “normally when the mul-
tipliers are reconstructed,” they are Zames-Falb multipliers; however,
the authors note that multiplier reconstruction could be ill-conditioned.
No further details are given in the discussion of examples. The authors
label results using this relaxation “Proposition 2” (e.g., [1, Table II]).
Since our aim is to show that the relaxation is a source of problems, we
will distinguish results using LMIs [1, eq. 9, 10, and 11], from results
using LMIs [1, eq. 9], [1, eq. 10], and [1, eq. 27] with v; > 1 by la-
beling them “Proposition 2” and “relaxed Proposition 2,” respectively.

To the best of our knowledge, “Proposition 2” is correct. However
the relaxation can lead to incorrect results if the original condition is not
checked when the algorithm finishes. This is because the corresponding
class of transfer functions includes transfer functions, henceforward
“pathological” transfer function, that are not Zames-Falb multipliers,
for any relaxation v; > 1 irrespective of how small; see Fig. 1. Ab-
solute stability cannot hence be claimed because there is no guarantee
that the transfer function satisfying [1, eq. 4] is a Zames-Falb multi-
plier, i.e., the transfer function may not satisfy [1, eq. 2]. In fact, all six
transfer functions given in [1, Table III] are not Zames-Falb multipliers,
and hence the examples are all incorrect. We argue that this phenom-
enon is not related to an ill-conditioned reconstruction, since the size
of the relaxation is irrelevant in the final result: once v; > 1 the main
constraint is [1, eq. 4], represented by LMI [1, eq. 9].

In [1], the claim is made that “the results obtained using this poten-
tially conservative form of multiplier are, in the examples considered,
not very conservative at all.” The numerical results obtained for six ex-
amples using “relaxed Proposition 2” are used to support this claim.
The main contribution of this correspondence is to correct the claims
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for the lack of conservativeness of this method, showing that the results
obtained by competing methods are better for four out of six examples.
This note is structured as follows. Section II shows some falsification
and sufficiency tests for Zames-Falb multipliers. Using these tests, it is
concluded that all six transfer functions given in [1, Table III] are not
Zames-Falb multipliers. Section III analyzes why this is the case. It is
shown that any stable transfer function can be scaled such that it can be
included in the extended class of transfer functions produced by the re-
laxation. Corrected results for the examples given in [1] are presented,
showing nontrivial numerical errors in [1]. Finally, a well-conditioned
reconstruction is proposed and used to reconstruct correct multipliers
for the examples. In Section IV, the conclusions of this correspondence
are presented.

II. FALSIFICATION AND SUFFICIENCY TESTS
FOR ZAMES-FALB MULTIPLIERS

The typical approach to construct a Zames-Falb multiplier is to
take Ho = 1 and find an adequate transfer function Hi(s) such
that ||H:1||; < 1 (see below for a definition of the A-norm). Then,
M(s) = Ho — Hq(s) is a Zames-Falb multiplier by definition (see
Definition 2.7). The approach of this section is different; our aim is to
find conditions for a transfer function to be a Zames-Falb multiplier.
Before approaching the problem, some preliminaries results are given.

A. Notation and Preliminaries

As in [1], the standard notation RL. is used for the space of all
proper real rational transfer functions bounded in the imaginary axis,
and RH . is used for the space of all proper real rational transfer func-
tions such that all their poles have strictly negative real parts. However,
we would like to avoid the acknowledged abuse of notation in [1] with
respect to the signal and system norms. We will follow [3], [4] and de-
fine the following normed spaces.

Definition 2.1: The symbol A denotes the set of generalized func-
tions (distributions) f(-) such that f(¢) = 0 when ¢ < 0, and

f(t) = Zf,‘é(t —ti) + fa(t), whent > 0 €))
i=0

where 6(-) denotes the unit delta distribution, 0 < g < #; < ... are
constants, f, € L1, and in addition

> Ifil < oo ?)
=0
In addition, the norm || f|| 4 of a distribution in A is defined by
I£1la =D 1fil + [l fallr- 3)
=0

Remark 2.2: Note that £ is a subset of A; further, if f € £y, then
1flla = (Lf1]1- “4)

Loosely speaking, the A-norm is the natural generalization of the £4
norm to the space that includes the impulse responses of biproper stable
transfer function. Its use also justifies allowing D, to be nonzero in,
for example, [1, eq. 5]. The A-norm provides an adequate framework
for the impulse response of the systems under consideration in this
correspondence. .

Definition 2.3: The symbol A denotes the set of all transfer func-
tions H (s) that are Laplace transforms of the elements of A.. Moreover,
the A-norm is defined by

1H 4 = 7l ©)

where %(-) is the impulse response of H (s).
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Remark 2.4: Using “Lemma 27" ([3, p. 297]), this norm is properly
defined for any SISO stable proper rational transfer function: given a
SISO H(s) € RH.., let (A, B,C, D) be a minimal state space real-
ization of the transfer function H(s) = D + C(sI — A)"' B then

IH||; = 1]l = D] + / |Ce™ Blat ©)
4]

where n(-) is the impulse response of H (s).

The following two lemmas give useful properties of the A-norm of
a transfer function.

Lemma 2.5: Given a SISO transfer function R(s) € RH.., and
any two constants 3, ( € IR, and let us define Q(s) = 3 + (R(s).
Then

QN2 < 181+ [CHIRI 4- 0
In addition, if R(s) is also strictly proper, then
QM4 = 181 + <l 4- ®

For the space RH ., we also can define another norm. The following
lemma relates both norms.

Lemma 2.6 ([3]): Let H(s) € RH be a SISO transfer function,
then

|54 > sup [H(jw)| = | H||s- Q)
«wER

In the spirit of [1] only causal Zames-Falb multipliers, in particular
stable rational transfer function, are considered in this correspondence.
Under this restriction, the original class of Zames-Falb multipliers is
defined as follows:

Definition 2.7 (Zames-Falb Multiplier [2]): A rational transfer func-
tion, M (s) € RH., is said to be a Zames-Falb multiplier if it is given
by M(s) = Ho — H1(s), where || H1||; < Ho.

Using IQC analysis the definition can be extended to [1, Definition
1], where the strict inequality is replaced by a nonstrict inequality.
However, it has been shown in [5] that original definition can be used
without loss of generality. .

Given a transfer function M (), the symbol M (s) means its associ-
ated strictly proper transfer function, i.e., M (s) = M(s) — M (c0).

B. Falsification Test

This section presents two falsification tests. In [6], “Remark 3” can
be rewritten as a first test.

Lemma 2.8 ([6]): Let M(s) be a Zames-Falb multiplier, then
Re(M(jw)) > 0 forallw € [—oc, o).

Proof: (No proof is given in [6].) For any transfer function given
by M(s) = Ho— H1(s),where ||H1||; < Ho,using Lemma 2.6, then
[|[Hi||loo < Ho, thus the real part of Hy(jw) lies within (— Ho, Hq) for
allw € IR. As aresult

Re (M (jw)) > Hy — Re (H1(jw)) > 0. (10)
Since the definition of || H ||« contains the supremum for all w, then
(10) is also satisfied when w = oc. |

If a SISO transfer function is strictly positive in the sense of Lemma
2.8 and causal, then it is said to be strictly positive real [7]. Hence our
first falsification test for causal multipliers.

Falsification Test ZF1: If M(s) € RH. is a Zames-Falb mul-
tiplier then it must be a strictly positive real (SPR) transfer function.
This can be checked with standard commercial software. Graphically,
the Nyquist plot of M (s) must lie in the positive real half plane. O

The following lemma gives a necessary and sufficient condition on
a transfer function to be a Zames-Falb multiplier.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 57, NO. 9, SEPTEMBER 2012

Lemma 2.9: Let M(s) € RHy be a transfer function with
M(s) = M(c0) + M(s). Then, M(s) is a Zames-Falb multiplier if
and only if || M|, < M(c0).

Proof: Sufficiency: If ||_W|| 4 < M(oco), then taking
Ho = M(oc) and H,(s) = M(s), the result is obtained.

Necessity: Assume that M (s) is a Zames-Falb multiplier, i.e., there
exists Ho > 0 such that M (s) = Ho — Hi(s), where ||H1||y < Ho.
If H, (s) is rewritten as H,(s) = H,(oc) + H,(s), then

M(c0) + M(s) = Ho — Hy (<) — Hi(s) (11)

and hence
M(o0) =Ho — Hy(0) (12)
M(s)= — Hi(s). (13)

Hence, using (8), || H1 || is related to ||JL7||A as follows:

[Hyl[ 4 = [Hi(o0)[ + [[M]] 4 < Ho
and hence ||M|I;‘H0 VHo > 0. (14)

To cope with the absolute value obtained when norms are taken, two
cases can be considered: -
o If Hi(c0) > 0, the left equality in (14) implies that ||[M]|; <
Hy — Hi(o0) = M(o0); .
+ if H(o0) < 0, the right inequality in (14) implies that || A]| ; <
Hy < H(]—H1(OQ):J[(’JC) N
In summary, if M(s) is a Zames-Falb multiplier, then ||M]||; <
M (o). [ |
The following falsification test follows from Lemmas 2.6 and 2.9. It
does not require the numerical computation of the A -norm.
Falsification Test ZF2: 1f M(s) € RHo is a Zames-Falb multi-
plier then it must satisfy M (oc) > ||M||eo. This condition can also
be checked with standard commercial software. Graphically, the circle
of center (M (=0),0) and radius || M || must not cross the imaginary
axis. g

C. Sufficiency Test

Note that the A -norm can be bounded using [1, eq. 7] and [1, eq. 8]
with an LMI solver. If these LMIs are feasible in such a way that the
given bound of || M || ; is less than M (o0), then M (s) is a Zames-Falb
multiplier, i.e., a slight modification of LMIs [1, eq. 7] and [1, eq. 8]
can be used as a sufficiency test. However, if they are not feasible,
no conclusion can be obtained—i.e., they cannot be used as part of a
falsification test.

Sufficiency Test ZF: Given a SISO transfer function M (s) € RH
with state-space realization M(s) ~ (A, B, Cm,Dm), ie,
M(s) = C..(sI — A,,)"'B,, and M(c0) = D,,, > 0, if there exist
Y =Y’ > 0 and scalars X\ > 0 and 2 > 0, such that the following
inequalities hold:

ALY +YA,+)\Y YB, <0 (15)
* —ul
AY 0 Cl,
* (D= 0 | >0 (16)
* * D,
then M (s) is a Zames-Falb multiplier. g

Remark 2.10: Although the tests and Lemma 2.9 have been pre-
sented for causal multipliers, i.e., M(s) € RH., their extensions
for noncausal multipliers, i.e., M (s) € RLe, can be easily obtained
by extending the A-norm definition to the interval (—oo,o0) (see
[8, p. 126]) and using the canonical factorization of the Zames-Falb
multipliers.
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Fig. 2. Transfer functions given in [1, Table III]: (a) Nyquist plot of M (), M3(s), and Ma(s): they fail test ZF1. (b) Nyquist plot of M5(s) and circle of center
(M>(00), 0) and radius || Mz || : M fails test ZF2. (c) Nyquist plot of My (s) and circle of center (M5(oc), 0) and radius || M| o : M fails test ZF1 and ZF2.

(d) Nyquist plot of Mg (s) and circle of center (Mg (oo), 0) and radius || Mg
a scaling.

D. Application

Using the falsification tests, it can be concluded that all six transfer
functions given in [1, Table III] are not Zames-Falb multipliers:
e Transfer functions M (s), Ms(s), Ma(s), Ms(s),and Mg (s) fail
test ZF1 [see Fig. 2(a), (¢), and (d)].
 Transfer function Mo (s) fails ZF2 [see Fig. 2(b)].

III. RELAXATION

A. Extended Class of Transfer Functions

In this section, we analyze why the reconstructed transfer functions
by using “relaxed Proposition 2” are not guaranteed to be Zames-Falb
multipliers. A Zames-Falb multiplier M (s) can be defined such that
M (o0) = 1 without loss of generality, i.e., D, in[1, eq. 5] can be set to
0. Nevertheless considering D,, as a variable in the corresponding LMI

| oo : M fails test ZF2. It also fails ZF1, but is hard to see graphically without applying

is not illegitimate (see Fig. 3). In this case, the corresponding multiplier
satisfies M (oc0) = 1 — D,. But any choice 71 > 1 extends signifi-
cantly the class of transfer functions under consideration (see Fig. 1). In
particular, if D,, is allowed to be a variable, the set of “pathological”
transfer functions includes transfer functions where |C', B, | is small
compared to |D,|.
The extended class of transfer functions given by any relaxation of
[1, eq. 11] with [1, eq. 27] where v1 > 1 can be defined as follows.
Definition 3.1: Given ¢ > 0, let M. be a class of transfer functions
given by
Mc={M(s)=1=Hi(s): |Hill5 <1+¢}. (17)
Remark 3.2: Note that M is the class of Zames-Falb multipliers.
“Proposition 2” produces a search within a subset of the class of Zames-
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(@)

(b)

Fig. 3. Inlight gray, the permissible region for the Nyquist plot of a Zames-Falb multiplier when D,, = 0 [6]. In dark gray, the permissible region for the Nyquist
plot of a Zames-Falb multiplier when D,, # 0. In (a) the difference between both regions is a scaling factor; therefore both are equivalent. In (b) the region with

D, # 0 is more conservative.

Falb multipliers: causal and fixed order transfer functions (see Fig. 1).
Since this is not relevant for the argument in this section, we do not
consider these restrictions for the sake of simplicity.

The class M. contains all Zames-Falb multipliers, i.e Mo C M.-..
However, the following Lemma shows that it also contains many other
transfer functions.

Lemmma 3.3: Given e > 0 and any SISO transfer function H(s) €
RH,, then there exists ¥ > 0 such that M (s) = kH(s) € M..

Proof: Given H(s) € RH,letustake k = =/(2||H|| ;). Then,
M(s) canbe rewrittenas M (s) = 1 — (1 —=/(2||H|| ) H(s)), hence

(13)

€

B =1 = 31,

H(s).

Taking norms

€
I1Hllz < 1+ 5

< [|H||4 < 14eandhence M(s) € M. (19)
20 |,

where Lemma 2.5 has been used. |

Remark 3.4: Note that (18) shows the importance of D, as a vari-
able. In this case, LMIs [1, eq. 7] and [1, eq. 8] need not be conserva-
tive since ||U|| 4 =~ |Du|. An adequate scaling in C', B,, provides full
freedom in the selection of a Hurwitz matrix A, .

Remark 3.5: The multiplier is a device to transfer passivity from
one part of the loop to the other. Despite the use of the IQC machinery,
one can consider [1, eq. 4] as a classical passivity condition, i.e.

arg (M (jw)(1 — aG(jw)) € (—90°,90°).

In particular the phase of the multiplier gives the shifting property and
the magnitude is not relevant. The phase of a Zames-Falb multiplier is
restricted to lie within (—90°,90°), as shown in Lemma 2.8, because
the multiplier must preserve the positivity of the nonlinearity. Hence
the small dark gray region in Fig. 4 allows full freedom in the selection
of the phase. Any transfer function M (s) that shifts adequately the
phase of M (jw)(1 — aG(jw)) can be scaled to lie inside the dark
gray region. The mandatory condition of preserving the positivity of the
nonlinearity, given by [1, eq. 2], is lost and relaxation provides “better,”
but illegal, results.

B. Results

Numerical results for the Examples of [1] are shown in Table I [10].
The first three rows are taken directly from [1], but we have relabeled

Y

Fig. 4. Inlight gray, the feasible region for the class of transfer functions when
the relaxation is performed. The center of the region is kept in 1, but the radius
is increased. The dark gray shows a region which is available for any bounded
transfer function by using an adequate scaling factor. Setting D, ~ 1 and
suitably scaling |C', B,,| allows the selected transfer function to lie in the dark
gray region giving near complete freedom in choice of phase.

the third row “relaxed Proposition 2.” NB our computations suggest
that the results given in [1] for the circle and Park’s criteria in Examples
3 and 4 should be swapped.

The fourth row shows our own numerical results when Proposition
2 is applied correctly. We have optimized over A, as suggested in [9],
requiring a quasi-convex optimization (results with A fixed are signif-
icantly worse). We have set Hp = 1 and D,, = 0. For simplicity we
have preferred not to use D,, as an optimization variable, but it should
be mentioned that small discrepancies can arise compared to when in-
cluding D,, as a variable. The likely cause is that LMIs [1, eq. 7 and 8]
give “no exact characterization” of the A -norm as commented in [9].
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SECTOR/SLOPE BOUNDS OBTAINABLE USING VARIOUS STABILITY CRITERIA

TABLE I

| Criteria [ Ex.1 [ Ex.2 | Ex.3 [ Ex4 [ Ex.5 [ Ex.6 |
Circle 1.2431 | 0.7640 0.3263 0.3081 0.00040 0.00039
Park [10] 4.5894 1.0894 0.7883 0.7083 0.00183 0.00183
“Relaxed Proposition 27 ([1]) | 4.5894 1.0894 10,000+ | 3.4661 662.5063 1.6599
“Proposition 2” 2.2428 1.0894 0.7049 0.8526 0.00181 0.00095
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TABLE II
MULTIPLIER COMPUTED USING [1, eq. 9], [1, eq. 10], AND [1, eq. 11]
WITH Hy = 1, D,, = 0, AND «x GIVEN IN TABLE I

[ Example AT Multiplier |

 [on [ ot
¢ 1.0 .

e [ - sl
3|00 MA(s) = i Goniig ot 1 A 1070
s | -ty
s o [ - i iy
o ooz | i - Hsies it ol

Note that the A-norm has the same values as the peak-to-peak norm in
[4, eq. (29)].

It can be seen that Proposition 2 indeed beats Park’s criterion in Ex-
ample 4, but gives worse results in Examples 1, 3, 5, and 6.

Example 1 is a case where Park’s method is less conservative
than “Proposition 2.” This directly contradicts the statement in [1]
that “Park’s method is equivalent to choosing IQC’s of a particular
form whereas our method allows optimization over a larger class of
multipliers.”

It is worth noting that for Example 2, where “relaxed Proposition
2” and “Proposition 2" give equivalent numerical results, the transfer
function M, does not use the forbidden area although it is still patho-
logical. This can be ascribed to A being fixed near to zero. In this case,
the LMIs [1, eq. 7] and [1, eq. 8] are very conservative, except when
D, ~ 1. As a result, even though there are Zames-Falb multipliers
available, the relaxed search with A\ ~ 107" leads to a pathological
transfer function.

Table II shows the reconstructed multipliers corresponding to row
four in Table I. Using Sufficiency Test ZF, it is easy to check that
M]3 < Mi(co) = 1foralli = 1,...,6. This confirms that
all reconstructed transfer functions are Zames-Falb multipliers when
“Proposition 2” is used correctly.

It is stated in [1] that “poor numerical conditioning may arise in the
reconstruction of multiplier.” Letting P»» = I asin [1], then [1, eq. 29
and 30] should read

PLZP{ZZPll_Sll
S]1Q12: _P12

(20)
20

and using a state space similarity transformation, multiplier reconstruc-
tion can be carried out as follows:

A, = — (P —511) "Aa (22)
B, = — (P, —51) 'Ba (23)
C, = — Ch. (24)

As suggested in [1] this may be ill-conditioned: specifically this occurs
when 1 — 511 is ill-conditioned. But the underlying LMI is also
ill-conditioned in this case.

C. Discussion on a Legal Relaxation

The analysis of Section III has shown that the relaxation proposed
in [1] can lead to incorrect results. Nevertheless, a relaxation can be
performed provided a reliable method is used to compute the A-norm
in order to check that ||U]|; < 1. A detailed analysis is beyond the
scope of this correspondence, but the following should be pointed out:

» Setting D, = () is the safest option since the pathological transfer

functions such as (18) are then avoided.
* The improvement is usually moderate even with a significant re-
laxation of v; > 1.

* It is essential to reconstruct the multipliers and perform a suf-
ficiency test. Note that a transfer function obtained by relaxing
v > 1 may fail Sufficiency Test ZF. The A-norm of /() must
be numerically computed or bounded in some other way, which
can be a new source of problems. Using the framework of [1],
any optimization with A and ~, as variables would not even be
quasi-convex.

IV. CONCLUSION

“Proposition 2” in [1] provides a convex search within a subclass
of Zames-Falb multipliers. “Proposition 2” is mathematically correct;
however the numerical results given in [1] are incorrect: Falsification
tests proposed in this correspondence show that the transfer functions
given in [1, Table III] are not Zames-Falb multipliers. The relaxation
proposed in [1] for “Proposition 2” is behind this phenomenon, because
“relaxed Proposition 2" extends the feasible class of transfer function
and allows considerably more freedom in the choice of phase. As a con-
sequence, the use of “relaxed Proposition 2” easily leads to incorrect
results if the original condition ||U||; < 1 is not adequately checked
after using “relaxed Proposition 2.”

We have also proposed both a sufficiency test for Zames-Falb mul-
tipliers and a novel reconstruction of the multipliers from the LMIs
of [1]. We have thus confirmed that when applied correctly, “Propo-
sition 2” in [1] does indeed find appropriate Zames-Falb multipliers.
Numerical results indicate that claims for the lack of conservativeness
of the LMIs in [1] should be moderated. Nevertheless, the result for
Example 4 gives an improvement over Park’s criterion, showing that
“Proposition 2" of [1] remains a useful contribution. Similarly our ob-
servations in no way invalidate the subsequent results (e.g., [11]) of the
same authors.
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Abstract—In this reply, we show that, in certain cases, the analysis ap-
proach given by Turner et al. does indeed give ‘“superior” results to that
given by Park. We also show, briefly, how the analysis approach given by
Turner et al. can be enhanced by considering both Zames-Falb and Popov
multipliers (as in the papers by Jonsson and Turner and Kerr).

Index Terms—Linear matrix inequalities, nonlinear control systems.

1. INTRODUCTION

In [6], we suggested an approach for analysing the stability of feed-
back interconnections consisting of a linear time-invariant part and a
static, slope-restricted nonlinear part. The main results of [6] showed
how the existence of a Zames-Falb multiplier guaranteeing the sta-
bility of such an interconnection could be verified by solving a set of
linear matrix inequalities (LMI’s), coupled with a line-search over a
scalar parameter, A. These LMI’s consisted of three main parts: a “pas-
sivity” type LMI, and two “L;” inequalities which were constructed
using the results of [4]. The purpose of the “£;” inequalities was to
ensure that the multiplier which was guaranteed to exist was indeed a
Zames-Falb multiplier; that is it had the form M (s) = Ho(1 — U(s))
where ||U||1 < 1. Due to the well-known conservatism of the “£;”
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TABLE 1
MAXIMUM SLOPE () FOR WHICH STABILITY HOLDS:
COMPARISON OF DIFFERENT RESULTS

Example Maximum slope
[3] [6] Proposition 1

1 4.5866 24243 (A = 0.32) 3.5026 (A = 831.2)
2 1.0891 1.0891 (A = 3.6) 1.0891 (A = 3.6)
3 0.78833 0.70606 (A = 0.091) 0.77673 (A = 482.7)
4 0.70833 0.85261 (A = 0.54) 1.0864 (A = 1.55)
5 0.0018335 0.0018118 (A = 276) 0.0033370 (A = 0.4)
6 0.0018325 | 0.00095969 (A = 0.025) | 0.0031513 (A = 0.12)
7 5.4956 9.1210 (A = 0.46) 12.2377 (A = 0.15)
8 0.17189 0.22884 (A = 0.35) 0.52249 (A = 0.45)
9 0.15466 0.25506 (A = 0.12) 0.27863 (A = 0.12)

TABLE II
ZAMES FALB MULTIPLIERS WHICH PROVE STABILITY USING [6]

Example Zames-Falb multiplier

1 5340.71325240.7662540.1764
s 155s2+0 7147s+0.1294
s°49.7835% 425.585+11.62
s3+12 3152+51 9s+78.13
s%4+0.92085%+6.7255%+0.89435+1.313
4+0 999453+6 804s2+1 364s+1.081
s%42.0275%+7.1785244.3565+0.5377
4+2 48853 +7. 545s2+() 863s5+2.857
s +12715%44.634€0055%+5.225e0075+6.953¢007
s4+153535+8 012e005s2+1 762e€0085+1.405e010
s%40.094725°+10.085%+0.65625+9.086
4+0 11978‘3+1062+0 6765+9.011
s146.3955% +51.8552+30.275+4.288
s4+5 7576‘3+41 9452 427.35+5.575
s412.3945%490.6552+53.115+5.803
s142.443s 3+84 8152+56 375+11.02
s8+17125° 4458154449975 +2500524568.75+138.3
s6+171255448065%7455365342977524689.65+105.7
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TABLE III
ZAMES FALB MULTIPLIERS WHICH PROVE STABILITY
USING ProP. 1 (Hg = 1)

Example Zames-Falb multiplier

1 0.022645°438.125%41.604e0045+10.94
‘*+251552+2 1090065-+5.894€008
0.99915%413.1652444.085426.63
sdtm 9552+67. 6")s+101 7
0.695% 412435 +7.1560055° +1.338¢0085+3368
st }2284; +1. 907&0065 +6.947¢0085+9.364¢010
0. 0024095 40.016915°40.054075240.057995+0.0003819
514864657 +33.8657+60.175+39.12
0.9625%42.23355+11.355% +14.945418.73
s14-3.09553+13.5952+17.335+15.35
0.95145%40.3435%49.5535%12.28547.912
4+o 4804s4+10 0952+z 415+9.146
0.8139s%49.3115%425.315%426.49541.762
4+11 83s53+3252+35.225+5.299
0.0054225%40.040825% +1.71552 +1.2385-40.02227
s148.0655+ 520 4¢2+3% 3s+122. 3
0.0007535%40.04455%+0.06085%4-0.06965> +0.024952 4-0.00645+0.00117
$6459.255+90.657+104.553+47.2s2411.45+1.4
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inequalities given in [4], a numerical relaxation was suggested in [6]
which, instead of enforcing ||U||x < 1, enforced ||U||x < 1+ ¢ for
some suitably small €. The idea behind this relaxation was to recognize
the conservatism of the £, inequalities and, hence, to reduce the con-
servatism in our results. Although not explicitly stated, it was intended
that the £4 bound on U (s) continued to be enforced, which could be
checked a posteriori. A by-product of this relaxation was that the nu-
merical results given in [6] appeared to be insensitive to the scalar pa-
rameter A, and hence effectively the line search could be dropped and
the computation was essentially purely LMI-based.

However, it was recently pointed out [1] that such a relaxation was
not usually permissible. [1] showed that using the relaxation described
above guaranteed the existence of a “multiplier” belonging to a broader
class than simply those suggested by Zames and Falb. This then im-
plied that, any “multiplier” reconstructed on the basis of the relaxation
proposed in [6] would not necessarily be a Zames-Falb multiplier, and
thus the system could not be guaranteed to be stable. This finding of

0018-9286/$26.00 © 2011 IEEE



