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SUMMARY

A conceptually different approach to the m-synthesis robust performance problem is proposed in this
article. The optimization problem posed maximizes the performance weights with respect to a suitable cost
function that captures the desired closed-loop performance. This maximization of performance weights is
limited by the fact that there must exist some internally stabilizing controller that guarantees robust
performance with respect to these maximized weights. Thus, performance weights and a controller that
achieves an optimized level of robust performance are synthesized together by one algorithm in a
systematic way. The designer is only required to specify the plant set and an optimization directionality.
This directionality only appears in the cost function and reflects the desired closed-loop properties in
particular frequency regions. It is pointed out that choosing this directionality is much easier than choosing
the performance weights directly. Correspondingly, this approach greatly simplifies the often long and
tedious process of designing ‘good’ performance weights directly and gives an indication of what is the
achievable performance. A pointwise in frequency solution to the posed optimization problem is also
developed in this article. Copyright # 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Due to recent developments in the area of numerical optimization that have led to a widening of
the class of addressable problems, many control systems design problems are nowadays cast in
optimization-based frameworks [1–4]. In these frameworks, desired performance and robustness
requirements are typically specified via weights, which are regarded by control systems engineers
as the ‘tuning knobs’ of the design. Once such weights are specified, a controller is synthesized to
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achieve the performance and robustness level specified by the weights by solving a
correspondingly weighted optimization problem.

However, it is widely known in the practising engineering community that the design of such
weights is often a challenging task requiring a long and tedious trial and error process based in
large part on engineering judgement and intuition [5–7]. This problem is particularly acute when
the performance specifications, the robustness requirements and/or fundamental plant
limitations (e.g. due to right-half plane poles and zeros) are incompatible. This incompatibility
frequently occurs when designers seek to achieve the best possible performance/robustness for a
particular design. In this paper, a new optimization problem is proposed that facilitates the
selection of such weights (or more accurately, that synthesizes optimal weights) for a class of
robust performance problems.

Over the last decade or so, H1 control techniques have become popular in control systems
design since these systematic techniques handle robustness issues explicitly [8–10]. An internally
stabilizing feedback controller is said to achieve robust performance if a certain level of closed-
loop performance is achieved for all plants in a specified set. Again, the level of performance is
specified through the so-called performance weights and the set of plants for which we seek
robust performance is typically characterized by a nominal plant surrounded by a ball of norm
bounded uncertainty. When the uncertainty characterizing the set of plants to be controlled is
structured, use of the structured singular value (i.e. m) results into the m-synthesis method [11, 12]
(whose essence is rooted in H1 control theory) for designing controllers that achieve robust
performance with respect to the pre-specified weights. A clever trick also allows us to use the
structured singular value (i.e. m) to convert the problem of synthesizing a controller that achieves
robust performance into one of synthesizing a controller that achieves robust stability [10, 11].

The D–K iterative procedure of References [11, 12] is probably the most popular method used
today in m-synthesis to design robustly stabilizing controllers. Other methods with different
computational benefits have later been proposed, such as m–K iterations in Reference [13], E–K
iterations in Reference [14] and L–R iterations in Reference [15]. However, all these methods
assume that the performance weights have already been chosen. Some authors have suggested
‘rules’ for choosing such performance weights for specific design problems [5, 7]. However, all of
this work heavily relies on the designer’s experience and the final performance weights used are
often the result of a long trial and error process.

In Reference [16], a mathematical quantity (closely related to m and commonly referred to as
the skewed-m) was introduced to answer the question: ‘Determine the smallest a such that for
any uncertainty bounded by unity, an H1 performance level of a is guaranteed’. Although this
may be considered as an initial step towards optimizing robust performance (i.e. the
determination of the smallest a) for a given uncertainty set, the value a is a constant bound
over all frequencies and channel directions. In this article, the following more general problem is
studied: ‘Determine the largest performance weights (in some sense, at each frequency and in all
channel directions) such that for any uncertainty bounded by unity, the H1 performance level
characterized by these performance weights is guaranteed’.

Consequently, in the proposed optimization-based procedure, we wish to synthesize the
largest performance weights, in some sense, subject to ensuring that there existsz an internally
stabilizing controller that guarantees robust performance with respect to the maximized weights.

zWe also wish to be able to explicitly construct this internally stabilizing controller.
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In the proposed optimization procedure, the designer is required to specify the uncertain
plant set by prescribing a generalized plant, an uncertainty block structure and an associated
norm bound (which is typically normalized to unity). In addition to this, the designer
must specify an optimization directionality, which appears in the cost associated with the
optimization problem by which the performance weights and the internally stabilizing controller
are synthesized. The optimization directionality qualitatively reflects desired performance
objectives over all frequency, and should be specified as small (resp. large) at frequencies
and in channel directions where the performance weight would be required to be small
(resp. large). It will be seen in this paper that it is much easier to specify the optimization
directionality than the performance weight directly itself, since incompatible specifications
will be resolved through the constrained optimization. In this sense, the proposed procedure
provides an indication of achievable performance, in addition to a controller achieving robust
performance with respect to the suitably optimized performance weights and the uncertain
plant set.

The interested reader is also referred to Reference [17], where a similar concept was explored
for the H1 loop-shaping design paradigm (as opposed to m-synthesis type problems
investigated here), and to Reference [18] where the effects of small weight changes on a
synthesized H1 controller and the resulting closed-loop transfer function matrices are studied
in some detail.

This paper is organized as follows: in Section 2, we formulate the problem of interest. We
start by introducing the framework in which m-synthesis problems are frequently cast, and then
we formally pose the optimization problem of interest. In Section 3, we rewrite the posed
optimization problem using the well known Youla parametrization of all stabilizing controllers
and the resulting stable closed-loops so that the resulting optimization problem is easier to
handle. In Section 4, we formulate a tractable optimization problem that has tighter constraints
than the posed optimization problem and hence this new problem guarantees the same desirable
closed-loop properties of the posed optimization problem. In Section 5, we discuss a pointwise
in frequency approximation of the tractable optimization problem so that an iterative solution
algorithm can be given in Section 6 to this pointwise in frequency approximation. A numerical
example that illustrates the use of this conceptually different method is given in Section 8 and
finally some concluding remarks are given in Section 9.

2. PROBLEM FORMULATION

Most linear interconnection of systems, inputs, outputs and model uncertainties can be redrawn
into the linear fractional transformation (LFT) framework [8, 12] depicted in Figure 1, where G
is the generalized plant, D is the uncertainty in the system and K is an internally stabilizing
controller. For notational convenience, all uncertainty blocks in D are assumed to be square.
This can be done without loss of generality by adding dummy inputs or outputs and padding the
associated systems by all zero rows or columns [19]. Since the uncertainty D can in general
be structured, let the set D :¼ fdiagðd1Ia1 ; . . . ; dsIas ;D1; . . . ;Df Þ : di 2 C;Di 2 Cbi�bi ;Ps

i¼1 aiþ
Pf

i¼1 bi ¼ rg denote its structure and the set BDTF :¼ fD 2 RH1 : DðsoÞ 2 D 8so 2 Cþ;
jjDjj141g denote a normalized ball of stable uncertainty with this structure. Thus, in the sequel,
we will always assume that D 2 BDTF and hence has been appropriately normalized.
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Furthermore, in what follows, we always require K 2 KTF
G ; where KTF

G denotes the set of all
internally stabilizing controllers K 2 Rp�q for the feedback interconnection FlðG;KÞ:

In Figure 1, d denotes the exogenous signals entering the feedback interconnection and e
denotes the error signals that need to be attenuated. Since each element in the vector e needs to
be attenuated by different amounts and in different frequency regions, e is typically multiplied
by a diagonal frequency dependent weight W (known as a ‘performance weight’ since it is used
to capture the performance specifications) to give a normalized error e0 ¼ We: Then one
typically wishes to achieve

jjTe0d jj1 ¼ jjWTed jj1 ¼ jjWFuðFlðG;KÞ;DÞjj151 8D 2 BDTF ð1Þ

as this will guarantee that the robust performance level specified by the performance weight
W 2 W TF :¼ fdiagni¼1ðwiÞ : wi;w�1

i 2 RH1g is achieved for all perturbed plants in the specified
plant set.

In this paper, we will take a different approach to what is standard practice in robust
control literature. As stated in the introduction, here we wish to maximize the size (in some sense)
of the performance weight W limited by the requirement that there must exist an internally
stabilizing controller K that achieves robust performance with respect to this maximized weight.
Thus the performance weight W 2 W TF will be synthesized in this article, rather than specified.
The statement in italics can be formulated mathematically as an optimization problem of the
form

max
W2W TF

JðWÞ subject to min
K2KTF

G

max
D2BDTF

jjWFuðFlðG;KÞ;DÞjj151 ð2Þ

Figure 1. Linear fractional transformation framework.
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where JðWÞ is some cost function that captures the size of the performance weight W in some
sense. It is well known [20, Theorem 5.4] that condition (1) is equivalent to

sup
o

mDTOT

Ir 0

0 Wð joÞ

 !
FlðGð joÞ;Kð joÞÞ

" #
51

Here, DTOT :¼ fdiagðD;DPÞ : D 2 D;DP 2 Cm�ng denotes the total uncertainty structure with
respect to which the structured singular value mDTOT

½�� is computed.
Now let us describe in what sense we wish to maximize the performance weight W : First note

that the direction of steepest ascent in maximizing a cost function of the form

1

ð1=R1Þ þ � � � þ ð1=RNÞ

over any one Ri > 0 is always the direction corresponding to the smallest Ri: Analogously, the
direction of steepest ascent in maximizing a cost function of the form

1R log10 oH

log10 oL

Pn
i¼1

�
1
.
jwið joÞ
uið joÞ

j2
�
dðlog10 oÞ

ð3Þ

over any one weight jwið�Þj at any one frequency o (for a fixed juið joÞj) is always the direction
corresponding to the smallest jwið joÞ=uið joÞj; since the integral simply represents incremental
summation over frequency. Logarithmic frequency is used as the variable of integration instead
of linear frequency so that equal importance is given to low frequencies ðo � 1Þ as is given to
high frequencies ðo � 1Þ and furthermore, so that

R log10 oH

log10 oL
juið joÞ=wið joÞj2dðlog10 oÞ has direct

interpretation when juið joÞ=wið joÞj2 is plotted on a Bode diagram. This integral in fact
represents the area below the Bode plot of juið joÞ=wið joÞj2 between frequencies oL and oH: The
following definition allows us to write cost function (3) in a more compact form.

Definition 1
Given a system P 2 RH1 and a frequency range ½oL;oH� with 05oL4oH51; let jjPjj½oL;oH�
be defined by

jjPjj½oL;oH� :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ log10 oH

log10 oL

jjPð joÞjj2F dðlog10 oÞ

s

Since wið joÞ in cost function (3) is the ith diagonal element of Wð joÞ; one can pack in a similar
way uið joÞ into Uð joÞ :¼ diagðu1ð joÞ; . . . ; unð joÞÞ to give

1

jjUW�1jj2½oL;oH�

¼
1R log10 oH

log10 oL

Pn
i¼1

1

jwið joÞ=uið joÞj2
dðlog10 oÞ

This cost function is a cumulative measure of the frequency dependent size of the performance
weight Wð joÞ in the frequency range ½oL;oH�: Each performance weight wið joÞ is scaled
differently across frequency in this cost function due to the fixed quantities uið joÞ: In the sequel,
U will be called the ‘directionality transfer function matrix’ as it is made up from little ui which
can be specified by the designer to direct the maximization as desired. In fact, uið joÞ will be
chosen large (resp. small) where the corresponding performance weight wið joÞ is required to be

Copyright # 2005 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2005; 15:171–199

POINTWISE IN FREQUENCY PERFORMANCE WEIGHT OPTIMIZATION 175



large (resp. small). Since maximization will only take place in the frequency range ½oL;oH�;
Uð joÞ is only relevant in this frequency range.

Consequently, given a generalized plant G; a frequency range ½oL;oH� and a directionality
transfer function matrix U 2 YTF :¼ fdiagn1¼1ðuiÞ : ui 2 RH1g; optimization problem (2) can be
written as

max
W2W TF

1

jjUW�1jj½oL ;oH�

subject to

min
K2KTF

G

sup
o

mDTOT

Ir 0

0 Wð joÞ

 !
FlðGð joÞ;Kð joÞÞ

" #
51

ð4Þ

Here, ½oL;oH� is the frequency range where maximization of the performance weight
WðsÞ is required. This frequency range should be chosen sensibly and a good rule-of-thumb
is to consider two or three decades below and above the required closed-loop bandwidth.
This ensures that all the closed-loop dynamics are captured by the above optimization
problem.

It is important to realize that the directionality transfer function matrix U is specified
by the designer to capture qualitatively the desired specifications. It is hence not a substitute
for the performance weight Wð joÞ: For instance, the absolute size of each uið joÞ is
completely irrelevant as this will only affect the value of the cost associated with the
optimization problem. Only the shape across frequency and the relative sizes amongst
the different diagonal entries of Uð joÞ are of relevance. Furthermore, incompatible
directionalities can never be specified, unlike directly specifying the performance weights. This
is because the performance weights given by the above optimization problem must always be
feasible to the optimization’s constraint and hence will always satisfy m51: Sensible choice of
Uð joÞ is of course still necessary (this is however much easier than choosing the actual
performance weights) in order to obtain a useful controller that satisfies reasonable stability/
performance requirements (e.g. small sensitivity at low frequency and small complementary
sensitivity at high frequency).

It is worth noting that it is not a requirement of the new method that specification of the
performance weight W be left entirely upto the optimization procedure and judicious selection
of the optimization directionality (even though this is certainly possible). If the designer has an
initial weight, then this weight can be absorbed into the generalized plant G and the
optimization-based synthesis of W can then be thought of as a systematic mechanism for
‘tuning’ the design.

One should point out at this stage that optimization problem (4) has some similarities with the
corresponding optimization problem proposed in Reference [21], since both problems seek to
find the largest (in some sense) robust performance level achievable for the specified plant set.
However, this similarity is only at the conceptual level (i.e. at the level of posing the problem of
interest) and when both manuscripts are analysed closely, one recognizes a number of significant
differences which cannot in any way be overlooked. For example, in this paper the posed
problem is solved entirely in the frequency domain, unlike in Reference [21] where the solution is
based on state-space data and techniques, and hence here we do not need to construct rational
D-scales and performance weights from the pointwise data as these are constructed and used
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pointwise in frequency. Also, unlike Reference [21], here we do not need to specify a basis for the
poles of the performance weights and the D-scales as the problem is convex in the frequency
data of these variables. Furthermore, as stated above, logarithmic frequency is used in the cost
function of this article so as to give low frequencies ðo�1Þ equal importance as high frequencies
(o�1) and also for easy interpretation of the cost function as the area below the singular values
on a Bode-diagram. Other technical differences are due to the fact that here weights are
maximized at one step of the solution algorithm and extra freedom generated at the other step
for subsequent weight maximization, unlike in Reference [21] where weights are maximized at
both steps in the iterative solution. Also, here we consider a finite frequency range around
crossover for optimization of the cost function (thus not requiring the directionality matrices to
be strictly proper), and here parametrization of the Youla parameter is done via a Laguerre
basis.

3. REWRITING THE OPTIMIZATION PROBLEM

In this section, optimization problem (4) is rewritten in a form which is more suitable for
subsequent synthesis steps. This rewriting will make use of the following well-known Youla
parametrization theorem [8, 10]

Theorem 1 (Youla Parametrization)
Given a generalized plant

GðsÞ ¼

A B1 B2 B3

C1 D11 D12 D13

C2 D21 D22 D23

C3 D31 D32 D33

2
666664

3
777775

partitioned consistently with Figure 1 with ðA;B3Þ stabilizable and ðA;C3Þ detectable, let F and
L be such that Aþ B3F and Aþ LC3 are Hurwitz and define

J :¼

Aþ B3F þ LC3 þ LD33F �L B3 þ LD33

F 0 I

�C3 �D33F I �D33

2
664

3
775

Then the set KTF
G is parametrized by

fK ¼ FlðJ;QÞ : Q 2 RH1g

and the set of all closed-loop transfer function matrices FlðG;KÞ achievable by an internally
stabilizing controller K 2 KTF

G is parametrized by

FlðT ;QÞ ¼
T11 þ T13QT31 T12 þ T13QT32

T21 þ T23QT31 T22 þ T23QT32

 !
: Q 2 RH1

( )

– – – – – – – – – – –

–
–
–
–
–
–
–
–
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where T is given by

T ¼

T11 T12 T13

T21 T22 T23

T31 T32 0

2
664

3
775 ¼

Aþ B3F �B3F B1 B2 B3

0 Aþ LC3 B1 þ LD31 B2 þ LD32 0

C1 þD13F �D13F D11 D12 D13

C2 þD23F �D23F D21 D22 D23

0 C3 D31 D32 0

2
666666664

3
777777775

Observe that the mapping from Q 2 RH1 to K 2 KTF
G is bijective. Furthermore, all transfer

function matrices Tij are stable and the parametrization FlðT ;QÞ is affine in the parameter Q:
Since G is given at the beginning of the problem, T can be computed prior to evaluating the
optimization.

Consequently, optimization problem (4) can equivalently be rewritten as

max
W2W TF

1

jjUW�1jj½oL ;oH�

subject to

min
Q2RH1

sup
o

mDTOT

Ir 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

" #
51

and since only the arguments of the optimization problem are of interest, this optimization
problem may be rewritten as

min
W2W TF

jjUW�1jj2½oL ;oH�

subject to

9Q 2 RH1 satisfying mDTOT

Ir 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

" #
51 8o

ð5Þ

Note that, unfortunately, this optimization problem is non-convex (due to the m constraint) and
hence its solution is not easily computable.

4. A TRACTABLE REFORMULATION

In this section, each part of optimization (5) will be investigated separately and a
computationally tractable optimization problem with tighter (i.e. more restrictive) constraints
will be derived. The derivation is divided into several sub-sections for clarity.

4.1. Rewriting the cost function

In this sub-section, the cost function jjUW�1jj2½oL ;oH� is rewritten into a form more suitable for
subsequent operations. To this end, first define the following sets.

–
–
–
–
–
–

– – – – – – – – –

–
–
–
–
–
–
–
–
–
–

– – – – – – – – – – – – – – – – – – – – – – – – – – – – – –
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Definition 2
The sets of strictly-positive and non-negative vector valued functions are defined by

V :¼ ff : R/Rn
þg

V :¼ ff : R/R
n

þg

where Rþ denotes the strictly positive real numbers and Rþ denotes the non-negative real
numbers.

Then, for ease of notation, define the following vector functions:

vW ðoÞ :¼ ½Wð joÞnWð joÞ��1

1

1

..

.

1

2
6666664

3
7777775
¼

jw1ð joÞj�2

jw2ð joÞj�2

..

.

jwnð joÞj�2

2
66666664

3
77777775
2 V ð6Þ

and

vUðoÞ :¼ ½Uð joÞnUð joÞ�

1

1

..

.

1

2
6666664

3
7777775
¼

ju1ð joÞj2

ju2ð joÞj2

..

.

junð joÞj2

2
66666664

3
77777775
2 V ð7Þ

Using this notation, it is easy to see that

jjUW�1jj2½oL;oH� ¼
Z log10 oH

log10 oL

traceðWð joÞ�nUð joÞnUð joÞWð joÞ�1Þ dðlog10 oÞ

¼
Z log10 oH

log10 oL

trace Uð joÞnUð joÞWð joÞ�1Wð joÞ�n
� �

dðlog10 oÞ

¼
Z log10 oH

log10 oL

traceð½Uð joÞnUð joÞ�½Wð joÞnWð joÞ��1Þ dðlog10 oÞ

¼
Z log10 oH

log10 oL

vUðoÞ
TvW ðoÞ dðlog10 oÞ ð8Þ

The cost function in this last form is more suitable for subsequent operations as will be seen
later. Note that vUðoÞ 2 V is determined by the designer on specification of UðsÞ 2 YTF:
Furthermore, given a continuous vW ðoÞ 2 V; it is always possible to construct a WðsÞ 2 W TF

that satisfies Equation (6) by fitting a stable minimum-phase transfer function to each
magnitude function.
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4.2. A sufficient condition so that Q 2 RH1

A sufficient condition which ensures that QðsÞ 2 RH1 is obtained by parametrizing a subspace
of RH1 as follows:

QðsÞ ¼ &QQBðsÞ where

&QQ :¼ ½ &QQ0
&QQ1

&QQ2 . . . &QQN � 2 Rp�ðNþ1Þq

BðsÞ :¼ Iq
ð2=tÞ � s

ð2=tÞ þ s

� �
Iq

ð2=tÞ � s

ð2=tÞ þ s

� �2

Iq . . .
ð2=tÞ � s

ð2=tÞ þ s

� �N

Iq

" #T
8>><
>>: ð9Þ

This parametrization provides a uniform approximation of any Q 2 RH1: In fact, t will be
chosen sufficiently small to capture all fast dynamics and N will be chosen sufficiently large so
that there are enough parameters &QQi to be able to closely model most transfer functions in
RH1: This can be easily justified by considering a discrete-time finite impulse response with N
samples, each spaced by t seconds, as depicted in Figure 2.

The Z-transfer function matrix for this discrete-time impulse response is given by

&QQ0 þ &QQ1 z
�1 þ &QQ2 z

�2 þ � � � þ &QQN z�N

which when transformed into a continuous system by Tustin’s Transformation z�1 ¼ ð2=tÞ�s
ð2=tÞþs

� �
yields

QðsÞ :¼ &QQ0 þ &QQ1
ð2=tÞ � s

ð2=tÞ þ s

� �
þ &QQ2

ð2=tÞ � s

ð2=tÞ þ s

� �2

þ � � � þ &QQN
ð2=tÞ � s

ð2=tÞ þ s

� �N

This is the Laguerre-like parametrization stated in Equation (9).

4.3. A sufficient condition so that mð�Þ51

Since the m constraint in optimization problem (5) is not easily computable, it is necessary to
replace mDTOT

½�� with some computationally tractable upper bound. A sufficient condition} will

Figure 2. Impulse response in discrete and continuous time.

}This sufficient condition is also necessary when the uncertainty set DTOT satisfies certain conditions.
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thus be presented in this sub-section which ensures that

mDTOT

Ir 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

" #
51 8o

Before giving this computationally tractable upper bound, let D be the set of scalings (called
D-scales) that commute with D 2 D: That is, D :¼ fD ¼ diagðD1; . . . ;Ds; d1Ib1 ; . . . ; df Ibf Þ :
D ¼ Dn > 0;Di 2 Cai�ai ;

Ps
i¼1 ai þ

Pf
i¼1 bi ¼ rg: Then, note that at each fixed frequency o;

mDTOT

Ir 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

" #

4 inf
Do2D

%ss
Do 0

0 In

 !
Ir 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

D�1
o 0

0 Im

 !" #

with equality achieved when the conditions in Reference [20, Theorem 8.4] are satisfied. Then,

mDTOT

Ir 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

" #
51 8o

( 8o inf
Do2D

%ss
Do 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

D�1
o 0

0 Im

 !" #
51

, 8o 9Do 2 D : FlðTð joÞ;Qð joÞÞn
Dn

oDo 0

0 Wð joÞnWð joÞ

 !
FlðTð joÞ;Qð joÞÞ

5
Dn

oDo 0

0 Im

 !

, 8o 9Do 2 D :

ðDn
oDoÞ

�1 0

0 diagðvW ðoÞÞ

 !
FlðTð joÞ;Qð joÞÞ

*
ðDn

oDoÞ 0

0 Im

 !
2
666664

3
777775 > 0 ð10Þ

The last condition follows from a straightforward application of a standard Schur Complement
Lemma [1] and by replacing ½Wð joÞnWð joÞ��1 with diagðvW ðoÞÞ; where vW ðoÞ is defined in
Equation (6).

Now, since condition (10) is not simultaneously convex in Do 2 D; Q 2 RH1 and
vW ðoÞ 2 V; we will hold Do 2 D fixed in an eventual optimization. In order to reduce
conservativenessk in such an optimization, Do 2 D will be chosen as the argument of the

kThat is, in order to ensure that condition (10) with a fixed Do 2 D is not too restrictive when compared to the original
condition mDTOT

½ � �51:
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following frequency-by-frequency minimization:

min
Do2D

%ss
Do 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

D�1
o 0

0 Im

 !" #

This minimization problem can be rewritten as

For each o 2 R;

minimize go

subject to 9Do 2 D satisfying

%ss
Do 0

0 Wð joÞ

 !
FlðTð joÞ;Qð joÞÞ

D�1
o 0

0 Im

 !" #
5go

which after some algebra yields:

For each o 2 R

minimize g2o

subject to 9 ðDn
oDoÞ 2 D with ðDn

oDoÞ > 0 satisfying

FlðTð joÞ;Qð joÞÞn
ðDn

oDoÞ 0

0 diagðvW ðoÞÞ�1

 !
FlðTð joÞ;Qð joÞÞ5g2o

ðDn
oDoÞ 0

0 Im

 ! ð11Þ

Minimization problem (11) is easy to solve as it is a quasi-convex generalized eigenvalue
problem in the variables ðDn

oDoÞ and g2o:

4.4. The tractable optimization problem

Consider the following optimization problem, derived using the results of Sections 4.1–4.3:

minvW2V
R log10 oH

log10 oL
vUðoÞ

TvW ðoÞ dðlog10 oÞ

subject to

9 a &QQ 2 Rp�ðNþ1Þq and 8o a ðDn
oDoÞ 2 D

satisfying

ðDn
oDoÞ

�1 0

0 diagðvW ðoÞÞ

 !
FlðTð joÞ; &QQBð joÞÞ

*
ðDn

oDoÞ 0

0 Im

 !
2
666664

3
777775 > 0

ð12Þ

It can be seen that the closed-loop properties guaranteed by optimization problem (5) are also
guaranteed by the above optimization problem, as the latter has tighter (i.e. more restrictive)
constraints. Recall also that FlðTð joÞ; &QQBð joÞÞ appearing above is affine in &QQ; as can be seen
from the definition of TðsÞ in Theorem 1.
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Unfortunately, optimization problem (12) still cannot be easily solved as the constraint of this
problem is not simultaneously convex in ðDn

oDoÞ; &QQ and vW ðoÞ: If however ðDn
oDoÞ is held fixed,

then optimization problem (12) reduces to a simple LMI optimization problem. In order to
reduce conservativeness, this fixed ðDn

oDoÞ should be chosen as the solution of optimization
problem (11), which itself requires &QQ and vW ðoÞ to be fixed. This co-dependence between these
optimization problems indicates that some sort of iterative scheme must be used (see Section 6)
to solve optimization problem (12).

5. A POINTWISE APPROXIMATION

In this section, optimization problem (12) will be approximated by a pointwise optimization
problem, as (12) involves a search over a functional set with constraints holding for all o 2 R:

Whenever one constructs a pointwise in frequency approximation of an optimization problem
through gridding, there is always the risk that the constraint of the optimization problem is
violated between grid points or outside the frequency range where optimization takes place.
Note that the constraint of optimization problem (12) guarantees mDTOT

½��51; and hence it is
important for robust stability and performance that this constraint is not violated at any
frequency. In order to increase our confidence that the constraint in (12) is not violated between/
outside the grid points where optimization occurs, we shall use two grid frameworks, one for
synthesis (i.e. used in optimizing the cost function) and one for analysis (i.e. used for checking
the constraint), with the analysis grid having more points and spanning a larger frequency range
than the synthesis grid.

To this end, let *oo denote logarithmic frequency (i.e. *oo :¼ log10 o) and consider Figure 3 in
which

* gs 2 Zþ (where Zþ denotes the strictly positive integers) is the desired number of synthesis
grid points between log10 oL and log10 oH: It must be emphasized that the synthesis grid
must be chosen dense enough to ensure that all changes in the transfer function matrices
TijðsÞ; defined in Theorem 1, are captured;

Figure 3. Synthesis and analysis grid points on a logarithmic scale.
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* ma 2 Zþ denotes the multiplicity for the analysis grid points. That is, ma 2 Zþ represents
how much denser the analysis gridding is required when compared to the synthesis
gridding. Note that the analysis grid points are also required to extend a decade below and
a decade above the synthesis grid points.

Now, define the (constant) spacing between the synthesis grid points to be

D *oo :¼
log10 oH � log10 oL

gs
¼ log10

oH

oL

� �1=gs
" #

ð13Þ

Then, the synthesis grid points are given by

*oos
k :¼ log10 oL þ kD *oo ¼ log10 oL

oH

oL

� �k=gs
" #

for k 2 Z; 04k4ðgs � 1Þ

) os
k :¼ 10 *oos

k ¼ oL
oH

oL

� �k=gs

for k 2 Z; 04k4ðgs � 1Þ ð14Þ

Note that there is no synthesis grid point at the frequency oH: The reason for this will become
apparent when the cost function of optimization problem (12) is approximated by a pointwise in
frequency cost function. As an indication, we do not need this final grid point because we are
going to perform a first-order approximation of a definite integral.

Before defining the analysis grid points in a similar way, the following set needs to be defined.

Definition 3
Let the set of indices for the analysis grid points be defined by

X :¼ k 2 Z: �
ma

D *oo

j k
4k4

ma

D *oo

j k
þmags

n o
where bxc is the ‘floor’ of x:

Then, the analysis grid points are given by

*ooa
k :¼ log10 oL þ k

D *oo
ma

¼ log10 oL
oH

oL

� �k=ðmagsÞ
" #

for k 2 X

)oa
k :¼ 10 *ooa

k ¼ oL
oH

oL

� �k=ðmagsÞ

for k 2 X ð15Þ

Now, a first-order approximation of the cost function in optimization problem (12) is given
by Z log10 oH

log10 oL

vUðoÞ
TvW ðoÞ dðlog10 oÞ � ðD *ooÞ

Xgs�1

k¼0

vUðos
kÞ

TvW ðos
kÞ

Then, for ease of notation, define the following vector (belonging to Rn) for each
k 2 X:

vU;k :¼
vUðos

k=ma
Þ when 04bk=mac ¼ k=ma4ðgs � 1Þ

½e e � � � e�T otherwise

8<
: ð16Þ
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where e 2 Rþ is some very small number.} It is easy to see that vU;k is simply the directi-
onality vector vUðoÞ whenever the synthesis grid points and the analysis grid points coincide (see
Figure 3) and is a very small cost elsewhere.

Hence, a pointwise in frequency approximation of optimization problem (12) is given by

minvW ;k2Rn 8k2X
P

k2X ðvU;kÞ
TðvW ;kÞ

subject to

9 a &QQ 2 Rp�ðNþ1Þq and 8k 2 X a Yk 2 D

satisfying

Y�1
k 0

0 diagðvW ;kÞ

 !
FlðTð joa

kÞ; &QQBð joa
kÞÞ

*
Yk 0

0 Im

 !
2
666664

3
777775 > 0

ð17Þ

On writing the above optimization problem, ðD *ooÞ has been removed from the cost function as it
is a constant and hence does not affect the arguments of the minimization. Furthermore, observe
that in the above optimization problem, vW ;k (resp. Yk) represents the pointwise values of vW ðoÞ
(resp. Dn

oDo) at each analysis grid frequency o ¼ oa
k: Note also that there is no need to restrict

the vectors vW ;k to belong to Rn
þ in the arguments of minimization (17), as positivity of each

element in vW ;k is implicitly guaranteed by the constraint of this optimization problem.
A small e 2 Rþ is used in the definition of vU;k (see Equation (16)) so as to ensure that the

vectors vW ;k resulting from optimization problem (17) are ‘reasonably smooth’ as k changes in
X: This is because the vectors vW ;k at grid points corresponding to the analysis grid but not to
the synthesis grid (see Figure 3) still appear in the cost function, although their contribution
towards the reduction of the cost is small.

Furthermore, as pointed out at the end of Section 4, Yk 2 D must be held fixed in
optimization problem (17) for convexity reasons and these fixed values are obtained via
optimization problem (11). Consequently, a pointwise in frequency approximation of
optimization problem (11) can be obtained in a similar way and is given by

For each k 2 X

minimize g2oa
k

subject to 9Yk 2 D with Yk > 0 satisfying

FlðTð joa
kÞ; &QQBð joa

kÞÞ
n

Yk 0

0 diagðvW ;kÞ
�1

 !
FlðTð joa

kÞ; &QQBð joa
kÞÞ5g2oa

k

Yk 0

0 Im

 ! ð18Þ

Here, again, vW ;k and Yk are the pointwise values of vW ðoÞ and ðDn
oDoÞ at each analysis grid

frequency o ¼ oa
k: This is a quasi-convex generalized eigenvalue problem which is easily solved

using LMI routines.

}By ‘very small’ it is meant a factor of 100; say, less than the smallest element in vUðos
kÞ 8k 2 Z; 04k4ðgs � 1Þ:
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6. SOLUTION ALGORITHM

Optimization problem (17) cannot be directly solved, as this problem is not simultaneously
convex in Yk; &QQ and vW ;k: If, however, the variables Yk are held fixed, then optimization
problem (17) reduces to a simple LMI optimization problem. In order to reduce
conservativeness, Yk should be chosen as the solution of optimization problem (18) at each
grid point k 2 X: Now, since these two optimization problems are interdependent, an iterative
solution algorithm is proposed.

Inputs to the algorithm:

* Generalized plant GðsÞ such that the associated uncertainty in Figure 1 is normalized;
* Directionality transfer function matrix UðsÞ 2 YTF:

The solution algorithm:

1. Compute TðsÞ using the definition in Theorem 1, BðsÞ using the definition in Equation (9)
and vU;k using both Equations (7) and (16).

Then, for every k 2 X; select a Y$

k;0 2 D with Y$

k;0 > 0 such that the constraint of the
optimization problem given in Step 3 below admits some feasible solution, provided that
such a solution exists. These Y$

k;0 2 D constitute a feasible initial starting point for the
algorithm. A systematic procedure for selecting such a feasible initial starting point is
available and will be described in detail in Section 7. However, it should be pointed out that
setting Y$

k;0 ¼ jIr 8k 2 X (for a sufficiently small j > 0) is usually good enough.nn

Set i ¼ 0; where i denotes the iteration number, and Z$0 ¼ 1:
2. Increment i by 1:
3. Solve the following convex optimization problem:

minvW ;k2Rn 8k2X
P

k2X ðvU;kÞ
TðvW ;kÞ

such that 9 &QQ 2 Rp�ðNþ1Þq satisfying

ðY$

k;i�1Þ
�1 0

0 diagðvW ;kÞ

0
@

1
A FlðTð joa

kÞ; &QQBð joa
kÞÞ

*
ðY$

k;i�1Þ 0

0 Im

0
@

1
A

2
66666664

3
77777775
> 0 8k 2 X

Here Tð joa
kÞ; Bð jo

a
kÞ and vU;k are given and Y$

k;i�1 is the value of Yk obtained in the
previous iteration. Recall that FlðTð joa

kÞ; &QQBð joa
kÞÞ is affine in &QQ and hence the above

optimization problem is a simple LMI problem.
Let the value of this minimum cost be denoted by Z$i and let the values of &QQ and

diagðvW ;kÞ at each k 2 X that achieve this minimum be denoted by &QQ$

i and P$

k;i for each
k 2 X; respectively.

nnThis is evident from the proof of Lemma 2.
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4. Solve the following convex optimization problem for each k 2 X:

Minimize g2oa
k

such that 9Yk 2 D with Yk > 0 satisfying

FlðTð joa
kÞ; &QQ$

i Bð joa
kÞÞ

n
Yk 0

0 ðP$

k;iÞ
�1

0
@

1
AFlðTð joa

kÞ; &QQ$

i Bð joa
kÞÞ5g2oa

k

Yk 0

0 Im

 !

Here Tð joa
kÞ and Bð joa

kÞ are given, and &QQ$

i and P$

k;i are the values of the
&QQ and diagðvW ;kÞ

obtained in Step 3. Note that the above optimization problem can be easily solved using
LMI routines.

For each k 2 X; let the square root of the above minimum cost be denoted by g$oa
k
;i and let

the value of Yk that achieves this minimum be denoted by Y$

k;i:
5. Evaluate ðZ$i�1 � Z$i Þ: If this difference (which is always positive) is very small and has

remained very small for the last few iterations, then go to Step 6. Otherwise return to Step 2.
6. Construct the controller K$

i ðsÞ corresponding to the above &QQ$

i using Theorem 1 with
QðsÞ ¼ &QQ$

i BðsÞ and then model reduce K$

i ðsÞ if necessary.

Outputs from the algorithm (after i iterations):

* The element-by-element magnitude of the largest performance weights obtained by the
algorithm in ðP$

k;iÞ
�1=2 8k 2 X;

* The final D-scales used by the algorithm in ðY$

k;iÞ
1=2 8k 2 X;

* The controller K$

i ðsÞ 2 KTF
G that achieves robust performance with respect to these weights,

* The value of the minimum cost Z$i and the final upper bound of mDTOT
½�� in g$oa

k
;i 8k 2 X:

Note that at each iteration i; Step 3 ensures that maxk2X g$oa
k
; i41 and Step 4 minimizes g$oa

k
; i at

each fixed k 2 X: This immediately guarantees robust performance for all uncertainty D 2 BDTF:
Moreover, as the iterations proceed (i.e. as i increases), the minimum cost Z$i is

monotonically non-increasing. This is because the solutions &QQ$

i and P$

k;i 8k 2 X obtained in
Step 3 at the ith iteration always satisfy the constraint of the same optimization problem in Step
3 at the ði þ 1Þth iteration. This can be seen by observing that at Step 4, &QQ$

i and P$

k;i 8k 2 X are
held fixed while g2oa

k
(which is always 41) is minimized at each fixed k 2 X over Yk to give the

new Y$

k;i for each k 2 X: This new Y$

k;i will then be used in Step 3 at the ði þ 1Þth iteration. The
fact that Z$i is monotonically non-increasing and is bounded below by 0 means that it will
converge to a limit point as the number of iterations tend to infinity, by the ‘Principle of
Monotone Sequences’ [22]. However, iterative algorithms as the one presented above cannot be
guaranteed to converge to the global minimum. Only monotonic properties can be proved.

7. FINDING A FEASIBLE INITIAL STARTING POINT

The algorithm proposed in Section 6 requires in its first step a feasible initial starting point that
initializes the algorithm. That is, it requires for all k 2 X some Y$

k;0 2 D with Y$

k;0 > 0 such that
the constraint of the optimization problem given in Step 3 admits some feasible solution. The
aim of this section is to find such aY$

k;0:However, before doing this, the following lemma will be
stated which considerably simplifies the problem.
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Lemma 2
Let TðsÞ be defined as in Theorem 1 and BðsÞ be defined as in Equation (9). Then, given a
&QQ 2 Rp�ðNþ1Þq; the following two statements are equivalent for all k 2 X:

(i) there exists a Y$

k;0 2 D and a vW ;k 2 Rn satisfying

ðY$

k;0Þ
�1 0

0 diagðvW ;kÞ

0
@

1
A FlðTð joa

kÞ; &QQBð joa
kÞÞ

*
ðY$

k;0Þ 0

0 Im

0
@

1
A

2
66666664

3
77777775
> 0

(ii) there exists a Y$

k;0 2 D satisfying

ðY$

k;0Þ
�1 T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ

* ðY$

k;0Þ

2
4

3
5 > 0

Proof
See Appendix A for proof. &

This lemma gives a simpler equivalent condition (which can be given the interpretation of a
robust stability condition) that will be used to construct a feasible initial starting point for the
algorithm of Section 6. Towards this end, note that the inequality in condition (ii) of Lemma 2 is
equivalent to

%ss½ðY$

k;0Þ
1=2½T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ�ðY

$

k;0Þ
�1=2�51 with Y$

k;0 > 0 8k 2 X

Consequently, one way of finding a feasible initial starting point for the algorithm of Section 6 is
to minimize

%ss ðY$

k;0Þ
1=2½T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ�ðY

$

k;0Þ
�1=2

h i
ð19Þ

over both Y$

k;0 2 D with Y$

k;0 > 0 for all k 2 X and &QQ 2 Rp�ðNþ1Þq; and stop this minimization
when expression (19) is less than unity. This minimization problem is however not
simultaneously convex in both variables and hence expression (19) has to be alternately
minimized over each variable in succession. The two steps in the resulting iterative minimization
are obtained by noting that at each k 2 X

%ss½ðY$

k;0Þ
1=2½T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ�ðY

$

k;0Þ
�1=2�5Boa

k

{
½T11ð joa

kÞþT13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ�

nðY$

k;0Þ½T11ð joa
kÞþT13ð joa

kÞ &QQBð joa
kÞT31ð joa

kÞ�5B2oa
k
ðY$

k;0Þ
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and that

%ss ðY$

k;0Þ
1=2½T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ�ðY

$

k;0Þ
�1=2

h i
5B 8k 2 X

{
B:ðY$

k;0Þ
�1 T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ

* B:ðY$

k;0Þ

2
64

3
75 > 0 8k 2 X

{
0 T11ð joa

kÞ þ T13ð joa
kÞ &QQBð joa

kÞT31ð joa
kÞ

* 0

2
4

3
55B

ðY$

k;0Þ
�1 0

0 ðY$

k;0Þ

2
64

3
75 8k 2 X

The former inequality can be used for minimization of B2oa
k
over ðY$

k;0Þ; whereas the latter
inequality can be used for minimization of B over &QQ: This iterative minimization may be stopped
when either B41 or B2oa

k
41 8k 2 X:

8. NUMERICAL EXAMPLE

The algorithm proposed in Section 6 will now be illustrated by a numerical example. The
example considered in this section is taken from the LMI Control Toolbox Matlab manual
[23]. There is also a demonstration in Matlab for this example and this is called by typing
‘radardem’ at the Matlab prompt.

Let us now define the problem setting. Figure 4 shows a simplified mechanical model of a
radar antenna. The stiffness k accounts for flexibilities in the coupling between the motor (with
inertia Jm) and the antenna (with inertia Ja). The corresponding nominal transfer function
model from the motor torque t to the angular velocity ’yya of the antenna is given by

Po ¼
30 000

ðsþ 0:02Þðs2 þ 0:99sþ 30 030Þ

It is evident that this plant possesses a highly resonant mode at around 173 rad=s with damping
ratio of approximately 0:003: Our goal is to control ’yya through the torque t:

The feedback interconnection given in Figure 5 involves a tracking loop from r to y; a ‘two
degrees of freedom’ controller K ¼ ½K1 K2�; plant output disturbances d and sensor noise n that
must be attenuated, and a ball of multiplicative dynamical stable uncertainty DðsÞ that
surrounds the nominal plant model Po to account for neglected high frequency dynamics and
flexibilities. Since disturbances are mainly present at low frequencies in this example, the
disturbance input weight Wd is specified as

Wd ¼
10

ðsþ 100Þ
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to allow disturbances d upto 100 rad=s to enter the feedback interconnection with normalized
size 0:1: Similarly, since sensor noise is mainly present at high frequencies in this example, the
sensor noise input weight Wn is specified as

Wn ¼
0:1s

ðsþ 100Þ

to allow sensor noise n beyond 100 rad=s to enter the feedback interconnection with normalized
size 0:1: As stated above, the true physical plant is uncertain but is known to belong to the set
fPoð1þWuDÞ : D 2 RH1; jjDjj141g parametrized by D (see dashed box). The uncertainty
weight Wu represents any ‘a priori’ knowledge about the frequency dependent size of the
uncertainty. In this example, Wu is specified as

Wu ¼
ðsþ 1Þ

ðsþ 1000Þ

Figure 5. Control structure for the radar antenna.

Figure 4. Second-order model of a radar antenna.
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to allow the magnitude of the actual plant to differ from that of the nominal plant by as much as
0:1% in the low-frequency region (say, below 1 rad=s) and by as much as 100% in the high-
frequency region (say, beyond 1000 rad=s).

It is required that signal y tracks input signal r as well as it possibly can upto 10 rad=s and
that the feedback interconnection attenuates as much as possible all exogenous excitations
beyond 10 rad=s as seen at the plant output signal e2: This statement can be reformulated more
precisely as follows: we wish to maximize performance weight W1 as much as possible in the
frequency region upto 10 rad=s and we wish to maximize performance weight W2 as much as
possible in the frequency region beyond 10 rad=s; limited of course by the requirement that there
must exist controllers K1 and K2 that achieve the robust performance level demanded by these
maximized performance weights.

As argued in the preceeding sections of this paper (see especially Section 2), these
maximization requirements are captured by the directionality frequency response functions
u1ð joÞ (associated to W1) and u2ð joÞ (associated to W2) given in Figure 6. These directionalities
state that the optimization problem should maximize W1 (resp. W2) in the low-frequency (resp.
high-frequency) region and that it should not bother too much about maximizing W1 (resp. W2)
in the remaining high-frequency (resp. low-frequency) region. The scale on the y-axis of this
figure is unimportant as it only affects the cost associated with the optimization. Only the
relative sizes between the different curves and the shape of each curve across frequency are
relevant. Note that the low-frequency value of the solid curve is equal to the high-frequency
value of the dashed curve. This means that the optimization problem should value the
maximization of W1 at low-frequency equally as the maximization of W2 at high-frequency. At
around 10 rad=s; the solid curve and the dashed curve are also equal. This again means that
around this frequency, the maximization of W1 is equally important as the maximization of W2:
However, due to the algebraic constraints resulting from the feedback interconnection, it is not
possible to make both W1 and W2 large at this same frequency. Thus, in this case, the
optimization problem needs to sort out by itself how much maximization is possible in each of
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Figure 6. Desired directionality for the optimization.
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these weights. Furthermore, since the magnitude of the directionalities at 10 rad=s is about a
decade less than the magnitude of the directionalities at low and high-frequency, maximization
of W1 and W2 in this mid-frequency region should be considered less important than
maximization of W1 and W2 at low and high-frequency.

The frequency range ½oL;oH� selected for maximizing the performance weights was ½10�1; 103�
as this corresponds to two decades of frequency below and above the desired closed-loop
bandwidth of 10 rad=s (see Figure 6), whereas that used for gridding the constraint was a decade
larger on each side (i.e. ½10�2; 104�). We choose 100 grid points for synthesis (i.e. gs ¼ 100) and a
multiplier ma ¼ 2 for the denser analysis gridding. Furthermore, the parameters T and N of the
Laguerre basis for the Youla parameter were chosen as T ¼ 0:1 (corresponding to a sampling
frequency of 10 Hz which is 6 times more than the desired closed-loop bandwidth of 10 rad=s)
and N ¼ 6: Larger values of N and/or smaller values of T did not yield any improvement and
hence were considered adequate.

In order to illustrate the behaviour of the algorithm as iterations proceed, consider Figure 7
which gives plots of intermediate results after the 1st and 2nd iterations. Figure 7(a) shows
inverse magnitude pointwise plots of the performance weights obtained by the algorithm after the
1st iteration. These extremely liberal weights together with some internally stabilizing controller
give the computed upper bound of m depicted in Figure 7(b). This upper bound can be seen to be
less than unity at all frequencies, as it must satisfy the optimization’s constraint. The ‘space’
between this computed upper bound of m and unity will then be exploited by the algorithm at the
2nd iteration to synthesize better pointwise performance weights. In other words, at the 2nd
iteration, the algorithm will push jW1ð joÞj�1 and jW2ð joÞj�1 down at appropriate frequencies
(according to the directionalities of Figure 6) while ensuring that the upper bound of m never
exceeds unity. The new pointwise performance weights resulting from this minimization are
shown in Figure 7(c). It is clear that these new performance weights guarantee a higher level of
robust performance (they are in fact much tighter than the crude inverse performance weights of
Figure 7(a)). The upper bound of m resulting from this change in performance weights is the solid
line in Figure 7(d). It is flat across frequency and is slightly less than unity, thereby implying that
all freedom has been exploited. Then, this new upper bound of m is minimized at each frequency
over the D-scale, keeping the new performance weights and the new internally stabilizing
controller fixed. The result of this D-scale minimization is seen as the dashed curve in Figure 7(d).
Consequently, there is now some further ‘space’ between the computed upper bound of m and
unity which can be exploited by the algorithm in the next iteration.

Five iterations were found to be sufficient for convergence of the algorithmyy and the total
iteration time taken was approximately 6min (on a standard desktop PC). Figure 8 shows plots
of the final pointwise performance weights jW1ð joÞj�1 and jW2ð joÞj�1 obtained by the
algorithm. Controllers K1 and K2 that achieve robust performance with respect to these
maximized performance weights were computed at the end of the iterations (as detailed in Step 6
of the algorithm) and their bode plots are given in Figure 9. Note that ½K1 K2� has McMillan
degree of 11 and hence no model reduction was considered necessary for this example. These
controllers (which are essentially ‘lead’ compensators) together with the inverse performance
weights of Figure 8 gave a flat curve across frequency for the computed upper bound of m that

yyThe algorithm is said to have converged as the computed upper bound of m could not be minimized any further over
the D-scale and hence no further improvement of the performance weights could be achieved.
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Figure 7. Intermediate results after the 1st and 2nd iterations: (a) performance weights after
1st iteration; (b) m upper bound after 1st iteration; (c) performance weights after 2nd iteration;

and (d) m upper bounds after 2nd iteration.
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was slightly less than unity. The associated final pointwise D-scale used by the algorithm is given
in Figure 10.

For completeness sake, we also give in Figure 11 magnitude plots of the nominal transfer
functions from r; d and n to e1 and e2 (which are the unweighted errors that we wanted
attenuated}see Figure 5). Figure 11(a) shows that y tracks r well (to 99% accuracy) in the low
frequency region and that the feedback interconnection attenuates the high frequencies of r at
the plant output e2: Also, from Figure 11(b), disturbances d are effectively rejected from the
signal e1 ¼ r� y and also high frequency components of d; if any, are not propagated through
the loop as seen from the plant output signal e2: Similarly, from Figure 11(c), sensor noise n is
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rejected from both signals e1 and e2 (curves are exactly on top of each other), and noise has only
an effect in the mid-frequencies around 200 rad=s:

9. CONCLUSIONS

The problem of maximizing performance weights in the frequency range of interest, subject to
the existence of an internally stabilizing controller that guarantees robust performance with
respect to these maximized weights, was posed as an optimization problem in Section 2.
However, this optimization problem was difficult to compute. Thus, a computationally tractable
optimization problem was formulated in Section 4 which had tighter and hence more restrictive
constraints than the original problem. A pointwise approximation of this optimization problem
was then given in Section 5. Reduction of conservativeness in this latter optimization problem

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Frequency (rad/s)

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

Frequency (rad/s)

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

Frequency (rad/s)

M
ag

ni
tu

de
s

Reference r to signals e
1
 and e

2

from r to e
1

from r to e
2

10
-4

10
-3

10
-2

10
-1

10
0

Disturbance d to signals e
1
 and e

2

M
ag

ni
tu

de
s

10
-4

10
-3

10
-2

10
-1

10
0

M
ag

ni
tu

de
s

from d to e
1

from d to e
2

Noise n to signals e
1
 and e

2

from n to e
1
 = from n to e

2

(a) (b)

(c)

Figure 11. Nominal magnitude plots for frequency responses from r; d and n to e1 and e2: (a) from r to e1
and e2; (b) from d to e1 and e2; and (c) from n to e1 and e2:
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required D-scales to be computed from yet another optimization problem, that was
unfortunately interlinked with the chosen optimization problem. Consequently, an iterative
procedure was proposed in Section 6 to take care of this. Both these optimization problems were
written as LMI problems.

Some important advantages of this algorithm over existing methods for robust
performance m-synthesis design (e.g. D–K iterations) are given here: (a) Performance
weights, which maximize some cost function that captures the desired closed-loop performance,
are synthesized simultaneously with an internally stabilizing controller by one systematic
algorithm; (b) The controller synthesized by this algorithm immediately guarantees
robust performance with respect to these maximized weights. Also, incompatible performance
weights can never be obtained by this algorithm, as the performance weights obtained
must be feasible to the optimization’s constraint; (c) This optimization usually gives a
final closed-loop m-curve that is flat across frequency and very close to unity, reflecting the
fact that the robust performance level has been maximized; and (d) Performance weights
and D-scales are found and used pointwise in frequency and hence need not be fitted with
stable minimum-phase transfer function matrices. Consequently, this approach greatly
simplifies the often long and tedious trial and error process of designing ‘good’ performance
weights directly and gives the designer a quick indication of what robust performance level is
attainable.

The proposed algorithm does, however, suffer from some disadvantages: (a) The Laguerre-
like parametrization QðsÞ ¼ &QQBðsÞ usually causes high-order controllers to be synthesized
(which will have to be model reduced for a practical design); (b) Frequency gridding causes loss
of information between the grid-points and hence a dense grid can only give confidence that
m51 rather than absolute certainty (even though the algorithm proposed here allows for a much
denser analysis grid than the synthesis grid); and (c) Maximization of performance weights
occurs only in the frequency range ½oL;oH�: Fortunately, a variant of the optimization problem
proposed in this paper that admits a state-space solution has been also investigated by the
author in References [21, 24].

In summary, this article addresses the m-synthesis robust performance problem from a
conceptually different point of view to what is nowadays standard practice.

APPENDIX A: PROOF OF LEMMA 2

Statements (i) and (ii) in the Lemma will be connected by a sequence of equivalent
reformulations.

(a) There exists a Y$

k;0 2 D and a vW ;k 2 Rn satisfying

ðY$

k;0Þ
�1 0

0 diagðvW ;kÞ

0
@

1
A FlðTð joa

kÞ; &QQBð joa
kÞÞ

*
ðY$

k;0Þ 0

0 Im

0
@

1
A

2
66666664

3
77777775
> 0
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(b) There exists a Y$

k;0 2 D and a vW ;k 2 Rn
þ satisfying

ðY$

k;0Þ
�1 H11ð joa

kÞ H12ð joa
kÞ

* ðY$

k;0Þ 0

* * Im

2
6664

3
7775>

0

H21ð joa
kÞ

n

H22ð joa
kÞ

n

2
664

3
775diagðvW ;kÞ

�1½0 H21ð joa
kÞ H22ð joa

kÞ�

ðA1Þ

where

H11ð joa
kÞ H12ð joa

kÞ

H21ð joa
kÞ H22ð joa

kÞ

" #
:¼

T11ð joa
kÞ T12ð joa

kÞ

T21ð joa
kÞ T22ð joa

kÞ

" #
þ

T13ð joa
kÞ

T23ð joa
kÞ

" #

� &QQBð joa
kÞ½T31ð joa

kÞ T32ð joa
kÞ�

¼FlðTð joa
kÞ; &QQBð joa

kÞÞ

The equivalence (a) , (b) follows from a standard Schur Complement Lemma [1]
applied around the term ‘diagðvW ;kÞ’ appearing in (a).

(c) There exists a Y$

k;0 2 D satisfying

ðY$

k;0Þ
�1 H11ð joa

kÞ H12ð joa
kÞ

* ðY$

k;0Þ 0

* * Im

2
6664

3
7775 > 0

Note that (b) ) (c) trivially follows from inequality (A1), whereas (b) ( (c) is because
given that (c) is true there always exists a sufficiently large vW ;k 2 Rn

þ at every k 2 X that
makes the right side of inequality (A1) sufficiently small to also imply that (b) is true.

(d) There exists a r 2 Rþ and a Y$

k;0 2 D satisfying

ðY$

k;0Þ
�1 H11ð joa

kÞ H12ð joa
kÞ

* ðY$

k;0Þ 0

* * rIm

2
6664

3
7775 > 0 ðA2Þ

The equivalence (c) , (d) can be seen through the application of the congruence
transformation diagð

ffiffiffi
r

p
Ir; 1=

ffiffiffi
r

p
Ir; 1=

ffiffiffi
r

p
ImÞ on inequality (A2).

(e) There exists a r 2 Rþ and a Y$

k;0 2 D satisfying

ðY$

k;0Þ
�1 H11ð joa

kÞ

* ðY$

k;0Þ

2
4

3
5 >

1

r

H12ð joa
kÞ

0

" #
½H12ð joa

kÞ
n 0� ðA3Þ

The equivalence (d), (e) follows from a standard Schur Complement Lemma [1] applied
around the (3,3)-element of inequality (A2).

(f) There exists a Y$

k;0 2 D satisfying

ðY$

k;0Þ
�1 H11ð joa

kÞ

* ðY$

k;0Þ

2
4

3
5 > 0
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Note that (e) ) (f) trivially follows from inequality (A3), whereas (e) ( (f) is because
given that (f) is true there always exists a sufficiently large r 2 Rþ that makes the right
side of inequality (A3) sufficiently small to also imply that (e) is true. This last condition is
in fact Statement (ii) in the Lemma (since H11ð joa

kÞ ¼ T11ð joa
kÞ þ T13ð joa

kÞ
&QQBð joa

kÞT31ð joa
kÞ) and hence the proof is complete. &
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