Automatica 48 (2012) 115-120

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at SciVerse ScienceDirect

Automatica

Brief paper

Simultaneous optimization of performance weights and a controller in mixed-u

synthesis”

Lorenzo Pettazzi®!, Alexander Lanzon®

2 European Organization for the Astronomical Research in the Southern Hemisphere, Garching, Munich, 85716, Germany
b Control Systems Centre, School of Electrical and Electronic Engineering, University of Manchester, Manchester M13 9PL, UK

ARTICLE INFO ABSTRACT

Article history:

Received 16 June 2010

Received in revised form

4 March 2011

Accepted 17 June 2011

Available online 10 October 2011

In this paper, we investigate the problem of synthesizing performance weights and a controller that
maximize the level of robust performance for a plant subject to both complex and real uncertainties.
In particular, in this work the formulation proposed in Lanzon (2005a) and Lanzon and Cantoni (2003)
is manipulated in order to include the possibility to handle both real and complex uncertainties.
Additionally, we introduce a novel solution algorithm that presents performance and computational

advantages with respect to those described in Lanzon (2005a) and Lanzon and Cantoni (2003).

Keywords:

Uncertainty performance trade-off
Mixed p-synthesis

Skewed-u

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Over the past decade, modern robust control theory has rev-
olutionized multi-variable controller design. In particular, -
synthesis (Packard & Doyle, 1993; Young, 2001) has been widely
applied to design complex multi-input-multi-output control sys-
tems with a guaranteed level of robust stability and performance
(Balas, Doyle, Glover, Packard, & Smith, 1998; Braatz & Morari,
1992; Buschek & Calise, 1997; Skogestad & Postlethwaite, 1998). In
general, this technique first requires the specification of weighting
functions to reflect desired performance and robustness require-
ments. Then the control synthesis is recast into a weighted opti-
mization problem to find a controller that attempts to achieve the
level of robust stability and performance required by the specified
weights.

The definition of appropriate weighting functions is a crucial
phase of the control system design in the p framework.
These weighting functions must usually reflect different desired
properties of the closed loop system that can be also in conflict
with each other. For this reason there is no commonly accepted
procedure that allows for a general design of weighting functions

* The material in this paper was presented at the 17th IFAC World Congress,
July 6-11, 2008, Seoul, Korea. This paper was recommended for publication in
revised form by Associate Editor Masayuki Fujita under the direction of Editor lan
R. Petersen.

E-mail addresses: Ipettazz@eso.org, Ipettazzi@gmail.com (L. Pettazzi),
a.lanzon@ieee.org, Alexander.Lanzon@manchester.ac.uk (A. Lanzon).

1 Tel.: +49 89 3200 6976; fax: +49 89 3200 6358.

0005-1098/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.automatica.2011.09.036

(Jovik & Lennartson, 0000; Stoughton, 0000). In practice, the typical
control design comes down to an iterative procedure that first
requires the definition of weighting functions, then the synthesis
of the controller and finally a robust stability and performance
test. In case the resulting controller does not achieve the required
robustness margins, an additional iteration is required.

Papers (Lanzon, 2005a; Lanzon & Cantoni, 2003) extend
skewed-u (see Fan and Tits (1992)) ideas to recast the selection
of appropriate weights into an optimization problem.? In the op-
timization technique proposed in Lanzon (2005a) and Lanzon and
Cantoni (2003), the user is required to specify the uncertain plant
set and the optimization directionality, i.e. functions that qual-
itatively reflect desired performance objectives over frequency.
Then the optimization technique automatically synthesizes both
the weighting functions and the controller resolving also the possi-
ble inconsistency between the qualitative desired specifications. It
is demonstrated in Lanzon (2005a) and Lanzon and Cantoni (2003)
through a series of examples that the specification of the direction-
ality functions is much easier than the direct specification of per-
formance weights, and that the proposed optimization technique
greatly simplifies the often tedious trial and error process needed
in a typical p design. However, this technique has been developed
to handle only complex structured singular value problems.

The work presented here has a twofold objective. On one side, it
attempts to reformulate the optimization based control synthesis

2 Related weight optimization work appeared in Anderson, Lanzon, Dehghani,
and Bombois (2009), Lanzon (2005b) and Osinuga, Patra, and Lanzon (2010) in the
Hoo loop-shaping framework.
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technique introduced in Lanzon (2005a) and Lanzon and Cantoni
(2003) to include the possibility of accounting for both complex
and real uncertainty. This will generalize the robust performance
design associated with the previously developed techniques thus
being able to handle also real parametric uncertainties in addition
to complex perturbations. On the other side, it introduces a novel
solution algorithm that presents performance and computational
advantages with respect to those respectively introduced in
Lanzon (2005a) and Lanzon and Cantoni (2003). Note that the
synthesis procedure proposed in this work does not represent
an improvement over the classical w-synthesis technique with
respect to issues such as the non-convexity of the associated
optimization problem. Rather, it provides an alternative scheme
that automatically performs the trade-off between performance
and robustness, simultaneously designing both the controller and
the performance weights.

Notation. Let R, denote the non negative real numbers, C,
the closed right half complex plane and C™*" the set of complex
matrices of dimension m x n. The maximum singular value of a
matrix A € C™" is denoted by o (A). AT (resp. A*) is the transpose
(resp. complex conjugate transpose) of A € C™ " and ||A||r denotes
the Frobenius norm of the matrix A. The k x k identity matrix and
zero matrix are denoted by I, and Oy, respectively and ® denotes
the Kronecker product. A real rational matrix function X (s) of a
complex variable s is such that X' (s) € RH  if it is bounded and
analytic in the open complex right half plane. The adjoint system
of X (s) is defined by 2~ (s) = X (—s)T. The || - || norm of an
mx nmatrix function X' (s) is defined by || ¥|| o, := sup,, o (X (jw)).
Finally, diag[A, B] with A € C™" and B € CP*9 denotes the
(m + p) x (n + q) block diagonal complex matrix composed of
AandB.

2. Problem statement

The general control synthesis set up in robust control theory
is depicted in Fig. 1 (a), where X(s) is the generalized plant,
partitioned consistently with the interconnection, and A(s)
represents a stable structured perturbation with r inputs and r
outputs. The structure of the perturbation is defined by the set

A= {A =diagll, ® Ar,....In; ® Ag, In,,, ® Ay,
g ® Agidl : A= AT e RNV € (1, g)

and A;e Chivie(g+1,...,g+d}} (1)

where Z‘ig;d nik; = r. A(s) is assumed to belong to the set BA =
{A(s) € RHoo 1 A(sg) € AVsy € Cy, |Allee < 1). K(s) is
a controller with g inputs and p outputs belonging to the set of
controllers that internally stabilize the generalized plant X (de-
noted by X'). The system is subject to n exogenous disturbances
and the performance is measured in terms of the n error signals.
The closed loop requirements for the system performances are in-
cluded in the design by means of the diagonal frequency depen-
dent performance weights matrix W(s) € W = {diag_;[wi(s)] :
w;i(s), wi(s)™' € RHs). It is well known (see Zhou and Doyle
(1999)) that the closed loop system in Fig. 1 (a) achieves robust
performance in the presence of uncertainty if the following condi-
tion holds

sup pa; [diaglly, W(jw)|F(Z, K)(jo)] < 1, (2)

where & denotes the structured singular value and A7 := {Ar =
diag(A, Ap) @ A, € C™", A € A} denotes the augmented un-
certainty structure introduced to consider the robust performance
problem (see Fig. 1(b)). Following the idea in Lanzon (2005a) and
Lanzon and Cantoni (2003), in this paper we will address the fol-
lowing problem:

a b A

— A A

r r

AWl T A

F,(2(s),K(s))

Fig. 1. Generalized block interconnection for synthesis and analysis.

max J(W) subject to
Wew

Ir(mjrcl sup uay [diaglly, W (jo)]F(Z, K) (jo)] < 1 (3)
€ w

for some cost function J(-). In Section 3, optimization problem (3)
is manipulated to allow for the definition of an efficient solution
algorithm.

3. Performance weight and controller optimization

The objective function in (3) must be able to capture the
performance preferences of the design that, in common practice,
are handled by penalizing each output of the closed loop system
with a weight, w;(jw), whose magnitude reflects the inverse of the
desired specification.

In this work, the following objective function

1
Jw) = (4)

n
log1p wy 1
Jogro o1 ; i g 410810 @)

first introduced in Lanzon (2005a), is used in the optimization
problem (3). In Eq. (4), [wr, wy] is the frequency range where the
performance requirements are defined and v;(s) are n given stable
minimum phase transfer functions dubbed optimization direction-
alities to be defined by the user. As explained in Lanzon (2005a),
J(W) is a cumulative measure of the frequency dependent size
of W (jw) scaled by the optimization directionalities v;(jw). Such
functions can be specified in order to qualitatively direct the max-
imization where desired. Defining an optimization directionality
matrix as 7" (jw) := diag(v,(jw), ..., vy(jw)), then (similar to Lan-
zon (2005a)) the cost function in (3) can be defined as:

J(W) = W,

[wp,0n]
where [[X o, on1 = / fut 2" I1X o) 12 (0g 0 ).

Note that only the argument of the optimization is of interest.
Therefore the maximization of J(W) = 7””‘/_11”% ] will be re-
placed by the minimization of the inverse of the cosLt fﬁnction inor-
der to formulate a convex optimization problem as will be seen in
the following.

In order to define an efficient solution algorithm, the robust
performance constraint in (3) written in terms of pa, will be
replaced with a convex upper bound on w. The definition of such
an upper bound involves matrix scalings G and D allowed to vary
in sets D and § that depend on the structure of the perturbation
matrix, i.e.:
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D = {D = diag[D; ® I, , . ...

Dg+d ® Ikg+ds In] :

) Dg ® Ikg s Dg+1 ® IkgH s

0<D;=Df eC"™MVie{l,...,g+d}}
9 ={G =diag[Gi ® Ik, .., Gg ® Iy, Oy - -, Ok g
0] :Gi=G eC™Mvie(l,...,g}}. (5)

Note that the last entry in each element of O is normalized to
unity. A convenient upper bound on « when both real and complex
uncertainties are present is then given in the following lemma from
Zhou and Doyle (1999).

Lemma 1 _(Zhou and Doyle (1999)).Let M € C™" and A € Ar.Then
ifiDe D,Ge §, B > 0andy € [0, 1] such that

-1 1
a((DM[I; —jG) (1+GZ)*7) <y (6)
then pa, (M) < yB.

Proposition 1 given in the following provides an equivalent
reformulation of the upper bound on ;LAT[?I(E,K)(ja))Tdiag
[I;, W(jw)]] that, since pua, (M) = pa; (MT), is equivalent to the
constraint appearing in the optimization problem (3).

Proposition 1. Given a closed loop system F(X,K) € RH and
performance weights W € ‘W, let M,, = F/(X, K)(jow)" and W,, :=
diag[l,, W (jw)]. Then, Vo, 3D, € D,G, € §, Vs € [0, 1] and
Bw > 0such that

_((DuM,W,D," =1
g ((ﬁ —ch) (1+63) ) =0 (7)

ifand only if 3D, € D, G, € &, ¥ € [0, 1] and B, > 0 such that
2My, Goy, Doy, Varr Bo)

o MzﬁmMm +j(awa - M* ~m) - (Vmﬂm)zbw vV 1-— V(gaa)
\/ )/wG _Ea)

0, 0 0

< [o BoVo)* W, —1) 0 } (8)
0 0 Ortn

where W, := [W (jo)*W (jw)]~ .

Proof.

D,M,W,D1 _1
5((% —jGw> (1+¢2) ) < Yo

o (Dwawwa1 c ) (Da,lvlwwwnwl .G )
—— — ]Gy —— — )Gy
Be Bo

<y (+G)
<:>(Mwww)*ﬁwaWw +jawMa)Wa) __’(Mwwa))*aw
< (Bo¥o)?Do + (v2 = 1DG,D, G-
By virtue of the Schur complement lemma, the last matrix
inequality is equivalent to
My, Gy, Doy Vs ) <0 (9)

where M, = M,W,. Finally, (8) follows by pre-and post-
multiplying the first row and column of the left hand side of (9) by
W, *and W, !, respectively and then adding diag[diag[O;, (B, Vw)?

(Ww — I)], 0r4y] to both sides of the resulting inequality. O

By virtue of Lemma 1 and Proposition 1, the constraint in
optimization problem (3 ) can be replaced by the constraint in (8)
which is quasi-convex in D, G, and )/w (or /32) for all w.

The following proposition introduces a relation between j,, and
¥» both appearing in Eq. (8). Such a relation will be useful in the
remainder of this paper.

%z
E
S

Proposition 2. Given D, € D, G = FiI(Z, K)(jo)"

diag[l,, W (jw)], let

— B2D, < o} Vo. (10)

Given also € > 0, let y,,, be the solution of the following optimization
problem

min ., such that £2(Mo, Gy, Doy, Vo B, (1+€)) < 0. (11)
Yo €
Then y,, € [l+€’ 1].

Proof. First note that Vo y,,, < 1is obvious via (9)and (10). Then
suppose Yo 3k, € [0, 1) such that y,,, = ”"’ .Then (11) implies

M:Ewmw +J(6wa - Mzaw) - (,BwKa)) Dw =< 0
which contradicts (10). O

3.1. Performance weight optimization problem

The formulation of the constraint in (8) shows the additional
advantage that, if K (i.e. M,) is held fixed, the search space is
characterized by a set of LMI constraints each one containing
only the decision variables D, G,, Ww, B, and y, valid at
a given frequency w. Under this assumption, the minimization
of the integral required to compute || YW~ ‘||le on] in (12) is
equivalent to the minimization of the integrand on the continuum
of frequencies. Therefore, if K (i.e. M,) is held fixed, the cost
function 1n(12)car1 be replaced at each w by || T (jw)W (jw) ™~ 1||F =

trace(7,, W, ») Where we define the diagonal positive matrix T,
M noting that the division by w corresponds to a change
of variable between w and log10 w necessary to take account of the
logarithmic scale appearing in the definition of || - |[{w;,w1-

These final manipulations lead to the formulation of the
following optimization problem.
Performance weight and controller optimization problem:

For all w in [w;, wy]
min trace(fwaw)

W(z)

such that 3D, € D, G, € G and B, > 0
and y,, € [0, 1] satisfying
2(My, Go. Doy, Virr Bo)

0, 0 0
<10 Bove)W,—1) 0 |. (12)
0 0 Orn

Optimization problem (12) shows the important feature that
the search space and the cost function are both convex in the
decision variables provided that K (i.e. M,,) is held fixed. This allows
for the definition of an efficient numerical solution algorithm in
which the controller K and performance and scaling matrices
D, G, W are alternatively held fixed and convex optimization
subproblems are iteratively solved.

As a final remark, note that optimization problem (12) can be
regarded as a generalization of the skewed-u one treated in Fan
and Tits (1992) in which the output channels are not weighted over
frequency.
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4. Solution algorithm

In this section, we introduce an algorithm to search for
optimized values of K, l~)w*, f;w*, VAVw* that solve optimization
problem (12).

In the following, a detailed description of the proposed solution
algorithm is given.

Inputs to the algorithm:

e Generalized plant X partitioned consistently with Fig. 1 i.e.

A B4 B, B3
Ci | D11 D1y | D3
C2 | Da1 Dy | Dos
C3 | D31 D3 | D33

with (A, B3) stabilizable, (A, C3) detectable and D33 = 0 (with-
out loss of generality),

e Optimization directionality matrix 7" (jw) and a frequency range
[wy, wy] where maximization of the performance weight is re-
quired.

X(s) =

Algorithm:

Step O (Initialization): Set i = 0, then design a robustly stabi-
lizing controller K; for the truncated generalized system 5(s)
which corresponds to deleted performance channels and
deleted exogenous disturbances in X'(s). Let 8; be a number
inthe interval [sup,, ta (1‘71(2, Ki)(jw)), 1) which represents an
achieved level of robust stability. Fix the minimum number of
iterations desired for convergence as N. Define

1

¢ (1) 1 (13)
=( .

Choose a frequency grid between w; and wy dense enough
to ensure that all the expected changes in the performance
weights matrix W (jw) are captured.

Step 1: Set i = i+ 1. Set in optimization problem (12) Vw
M, = (X, K)(jw), B, = Bi and y,, = 1. Solve the resulting
optimization problem on the defined frequency grid with
decision variables D,, G, and Ww. Denote the optimized
performance weights with Ww*.

Step2:Ifi+ 1 < N, set Bix1 = (1 4+ €)p;else set i1 = 1.
Then compute optimal pointwise D,, and G,, scaling matrices
by solving the following quasi-convex optimization problem on
the defined frequency grid:

min ¥, subject to the constraint in (12)

DyeD,Gwe§

withVoW, = W,., M, = Fi(Z, K)(jo) (14)
and B, = Bis1.

By virtue of Proposition 2, the solution to the above problem
can be efficiently computed by means of a bisection search on

¥, in the interval [ﬁ, 1]. Denote the pointwise minimizing

arguments and the pointwise solution with D,,,, G,, and y,,
respectively.

e Step 3: Find stable minimum-phase transfer function matrices
W (s) and D(s) so that W (jo)~ W (jw) ~ Ww‘*1 and D(jw)~ D(jw)
~ f)w* and find a transfer function matrix such that G(jw) ~
jéD(ja))‘*Gw*D(ja))‘l. Such transfer function matrices can be
computed exploiting the techniques described in Young (1993).
Then find normalized right coprime factors Gy(s), Gy (s) of
G(s) (see Zhou and Doyle (1999)) and build the augmented
generalized plant:

. () o
Ypew = diag[D(s), W(s), Ip]leag[D (9)Gm(S), Intq]

— diag[Gn(s), Oniq.

1

e Step 4: Find the controller K;,; that minimizes |%;(Xpcw,
Kit1)lloo Via Hoo synthesis. Note that the new closed loop
system is such that || F(Zpew, Kit1)lleo < y.1fy < 1, then,
return to Step 1. If ¥ > 1, a controller that reduces the peak of
the structured singular value over frequency cannot be found,
exit.

As a final remark, note that in the proposed solution algorithm,
pointwise in frequency approximations are used in the first phase
(Steps 1 and 2) whereas state space methods are exploited in the
second phase (Step 4). This mixed solution approach combines
the strengths of the solution algorithms in Lanzon (2005a), which
only uses frequency approximations, and Lanzon and Cantoni
(2003) where state-space techniques are mainly exploited. In
particular, in this work, the controller that achieves a maximized
level of robust performance is searched over the entire set of
internally stabilizing controllers X whereas in Lanzon (2005a) the
search space is restricted to a parametrization of K. Additionally,
the controller synthesis step is recast here into a conventional
Hoo design of a scaled plant that only requires the solution
of two Riccati equations at each iteration. This is much more
computationally efficient with respect to the algorithm proposed
in Lanzon and Cantoni (2003) where the controller is synthesized
together with the performance weights by iteratively solving a
linear optimization problem subject to an LMI constraint.

5. Numerical example

In this section, we present a simple numerical example to
illustrate the algorithm proposed in Section 4. The example
comprises two different test cases that highlight how the design
algorithm is capable to resolve the possible inconsistencies
between the closed loop specifications in different situations of
interest. Let us consider the uncertain plant set

k(s —2)

P=—05— (15)
where we set k = 5(1 + 0.258), 6 € [—1, 1]. The location of
the right half plane zero z is set alternatively to z = 10 rad/s

and to z = 0.5 rad/s in the two different test cases. We consider
as design set up the typical S/T mixed shaping scheme shown in
Fig. 2(a) (where P is the generalized plant obtained after the real
parametric uncertainty is extracted from the plant in (15)) with
an additional input (associated to input weight Wp) to fulfill the
assumptions needed for the #¢,, design. Ws and Wy denote the
weighting functions that shape the sensitivity and complementary
sensitivity functions, respectively. These weighting functions will
be automatically designed by the algorithm together with an
internally stabilizing controller. Wy, is chosen as static and small
so that its influence on the Jf,, norm of the whole system is
negligible. The optimization directionalities chosen in this example
are shown in Fig. 2(b). We require the optimization algorithm
to maximize with the same preference the magnitude of Ws at
low frequencies and the magnitude of Wr at high frequencies.
Moreover, both the directionality functions present a reduction of
one order of magnitude with respect to their maximum values at
the frequency of 1 rad/s that can therefore be considered as the
desired bandwidth of the closed loop system. Note that specifying
an absolute size of each entry of 7" (jw) is not required but only
the shape across frequency and the relative magnitudes of the
optimization directionalities are relevant as they only appear in the
cost function of optimization problem (12). We set N = 4, so that
convergence of the algorithm is attained at least after 4 iterations
in both the two test cases.

In both examples, the algorithm converged after 4 iterations.
The cost J associated with the posed optimization problem took
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Fig. 3. Optimal |Ws(jw)|~! and |Wr (jw)|~! (bold lines) and nominal S and T (light
lines) (Left figure: z = 0.5 rad/s, right figure z = 10 rad/s).

values in the sequence {1.2483; 0.1404; 0.0601; 0.0286} - 10% and
{5.0128; 0.4643; 0.2223; 0.1104} - 10°, respectively, which are
monotonically decreasing as expected.

In Fig. 3(a) and (b), the performance weights in the output to
the synthesis algorithm for both the two test cases are shown
together with the sensitivity and complementary sensitivity

Frequency (rad/sec)
(b) Desired directionality for the optimization.

Input to the algorithm.

functions of the nominal system. In both cases, at the end
of the iterations the mixed u computed for the closed loop
system assumes a constant value of 1 across frequency, i.e. the
sensitivity and complementary sensitivity of any plant in the
uncertain plant set in (15) are below |Ws(jw)|~! and |Wr(jw)| 1,
respectively. With z = 10 rad/sec the open loop zero imposes no
limitation upon the sensitivity properties of the system and, as
expected, the desired bandwidth of 1 rad/s is achieved (see
Fig. 3(b)). On the other hand, with z = 0.5 rad/s the right half
plane zero of the plant lies within the required closed loop
bandwidth that, therefore, may not be achievable (see for example
Freudenberg and Looze (1985)). Hence, a trade off must be
performed between desired bandwidth and limitation due to
the plant dynamic. This is automatically accounted for by the
algorithm being the optimal closed loop bandwidth approximately
0.1 rad/s (see Fig. 3(a)). Once again this demonstrates that, unlike
the performance weights, it is impossible to specify incompatible
optimization directionalities, because any inconsistency between
the optimization directionalities and the robustness requirements
or fundamental performance limitations, are resolved via the
automatic selection of the performance weights performed by
solving optimization problem (12). As a final remark, note that
variations of the optimized closed loop bandwidth of the order of
10% have been observed in case different initial guess controllers
(i.e. Ky withi = 0) are used. This shows that the iterative algorithm
proposed to solve optimization problem (12) is robust against
modifications of the initialization parameters.

6. Conclusions

In this paper, we present a control synthesis technique that
automatically performs an optimized trade off between achievable
performance and limitations due to uncertainty or plant dynamics
for plants subject to mixed real and complex uncertainty. With
respect to the analogous techniques in Lanzon (2005a) and Lanzon
and Cantoni (2003), the one presented here allows to handle also
mixed complex and real uncertainties in the design (besides also a
much improved iterative algorithm in terms of performance and
computational speed). The performance of the design algorithm
has been tested through a numerical example that showed how
the proposed synthesis technique simplifies the direct design of
appropriate performance weights and provides an indication of the
achievable performance for a given uncertain plant set. Further
research work will focus on the incorporation of a mixed #,-
F~, constraint in the optimization-based synthesis technique so
that the optimized weights will more precisely reflect optimized
performance.
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