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Generalized Dissipativity and Nonlinear Negative Imaginary Systems

Nader Meskin, Mohamed A. Mabrok, and Alexander Lanzon

Abstract— Nonlinear negative imaginary systems find appli-
cation in a range of engineering fields, including the control
of flexible structures and air vehicles. Nevertheless, unlike
their linear counterparts, the theory for nonlinear negative
imaginary systems is not as well-established. In this paper,
we propose a generalized k-th order dissipativity framework
with respect to a supply rate which is a function of the k-th
time-derivative of the system output. It is shown that positive
realness and negative imaginaryness can be defined in this
general framework in a unified manner. Then, necessary and
sufficient conditions for first order dissipativity of nonlinear
systems are obtained. These capture and are more general
than the negative imaginary property. Moreover, the concept of
exponentially negative imaginary systems for both linear and
nonlinear systems is developed and the required conditions are

obtained.

Keywords: Negative Imaginary Systems, Dissipative Sys-

tems, Passive Systems, Nonlinear Systems.

I. INTRODUCTION

Negative Imaginary (NI) systems exhibit a frequency
response characterized by a negative imaginary component
[1], [2]. The theory of NI systems has been extensively
employed in the analysis and design of linear time-invariant
(LTD control systems, particularly in applications involv-
ing flexible structures and air vehicles [1]-[3]. NI systems
possess several desirable traits, including robust stability in
the presence of positive feedback, dissipation relative to
collocated inputs and outputs, and the availability of optimal
controllers [4]. A pivotal finding in NI theory states that the
positive feedback connection between an NI system and a
strictly NI system leads to a robustly stable system [1], [2],
[5]. This implies that when a system is identified as NI, it
is highly advantageous to design a strictly NI controller to

ensure robust stability.

The theory of negative imaginary systems offers a frame-
work for assessing robustness and formulating robust con-
troller designs. In essence, this theory enables the creation of
controllers capable of preserving stability and performance,
even when faced with uncertainties in the system, such as
unaccounted-for spillover dynamics or fluctuations in reso-
nant frequencies and damping coefficients [6]. Furthermore,
[7] connects the frequency-domain NI conditions of LTI
input-output NI systems with time-domain supply rates in
a dissipativity framework for such LTI systems. However,
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numerous real-world systems exhibit nonlinear behavior,
rendering them unsuitable for accurate representation by LTI
models. For instance, systems like a mass-spring-damper
setup with a nonlinearity in either the spring or damper fall
under the category of nonlinear NI systems [8]. Analyzing
and controlling nonlinear NI systems present considerable
hurdles, as the established theory for NI systems does not
directly apply in this context. Hence, there is a pressing need
to establish a comprehensive framework tailored for nonlin-
ear NI systems, one that can encapsulate their fundamental
characteristics and facilitate their effective control.

Some preliminary work has been done for extending the
NI property to nonlinear systems. In [8], [9], based on the
time-domain interpretation of the NI property for LTI system
and dissipativity property, a formal definition of the nonlinear
negative imaginary property is presented and the NI robust
stability results are extended to nonlinear systems. However,
the notion of strictly negative imaginary (SNI) and steady-
state gain is not well-defined for nonlinear system in these
works. Moreover, the connection between a nonlinear system
and its corresponding Jacobi linearized model in term of NI
and SNI properties is not investigated. Additionally, [10] has
extended LTI NI properties to linear time-varying systems,
but the definitions and results therein are unable to handle
full nonlinear dynamics.

In this paper, we introduce a k' order dissipativity frame-
work, centered around a supply rate function dependent on
the k™ time-derivative of the system output. This frame-
work demonstrates the ability to encompass both positive
realness and negative imaginary characteristics within a
unified context. Consequently, we derive the necessary and
sufficient conditions, for achieving first-order dissipativity in
nonlinear systems. Additionally, we introduce the notion of
exponentially negative systems to encompass both linear and
nonlinear systems, and establish the corresponding condi-
tions for this characterization. Moreover, it is shown that a
linearized model of the nonlinear negative imaginary system
also is NI

II. PRELIMINARIES AND NOTATION
A. Dissipative Nonlinear systems

Consider the nonlinear dynamical system G of form

#(t) = F(x(t), u(t)), (1)
y(t) = H(x(t), u(t)), 2)
where z(t) € R™, u(t) € R™, and y(t) € R! are the system
state, control input, and output, respectively. It is assumed

that F'(-,-) and H(-,-) are smooth functions, and without
loss of generality, F'(0,0) = 0 and H(0,0) = 0.



For the dynamical system G, a function 7 : R™ x RIS R
such that 7(0,0) = 0 is called a supply rate if it is locally
integrable.

Definition 1: A dynamical system G is dissipative with
respect to the supply rate r(u, y) if the dissipation inequality

0< / r(u(s), y(s))ds, (3)

is satisfied for all ¢ > 0 and all u(-) € R™ with z(0) = 0
along the trajectory of G.

Definition 2: ( [11]) A dynamical system G is exponen-
tially dissipative with respect to the supply rate r(u,y) if
there exists a constant € > 0 such that

0< /0 e*r(u(s), y(s))ds, (4)

is satisfied for all £ > 0 and all u(-) € R™ with z(0) = 0
along the trajectory of G.

Definition 3: For the dynamical system §, a continuous,
nonnegative-definite function Vy : R® — R, V;(0) = 0 is
called a storage function if

Va(a(t)) < Va(a(0)) + / ru(s) y(s)ds, ()

for all ¢ > 0 with u(-) € R™.

Definition 4: ( [11]) For the dynamical system G, a con-
tinuous, nonnegative-definite function V; : R” — R, V,(0) =
0 is called an exponential storage function if

e“Va((t)) < Vs(ﬂﬁ(O))+/0 e r(u(s), y(s))ds,  (6)

for all ¢ > 0 with u(-) € R™.

It is shown that [11] if G is completely reachable and
locally controllable, then G is dissipative (respectively expo-
nentially dissipative) with respect to the supply rate r(u, y) if
and only if there exists a continuous function V;(x) satisfying
(5) (respectively, (6)). Moreover if G is also zero-state
observable, then all the storage functions V;(z) for G are
positive definite. Finally, if V; is continuously differentiable,
then G is dissipative with respect to 7(u,y) if

Va(z(t) < r(u(t),y(t)),

Similarly, G is exponentially dissipative with respect to
r(u,y) if

Vi(a(t) + eVi(x(t) < r(ult), y(¢)),

Furthermore, a system G with storage function V(-) is
strictly dissipative with respect to the supply rate r(u,y)
if

vt > 0. 7)

vt > 0. ®)

Va(a(t)) < Vi(w(0)) + / r(u(s),y(s)ds, t>0. (9)

Definition 5: A dynamical system G with m = [ is
passive (respectively, exponentially passive) if it is dissipative
(respectively, exponentially dissipative) with respect to the
supply rate r(u,y) = 2uTy.

Now, consider the following LTI system

&(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

z(0) =0, (10)

(1)

Where A E Rnxn B e RTLXT)’L C e Rmxn D e RTYLXT)’L
and with the square transfer function matrix G(s) = C(sI —
A)~'B+ D.
Definition 6: ( [11]) A square transfer function matrix
G(s) is positive real if the following conditions are satisfied:
1) G(s) has no pole in Re[s] > 0.
2) For all w such that s = jw is not a pole of G(s),
(G(jw) + G"(jw)) = 0. (12)
3) If s = jwg is a pole of G(s), then it is a simple pole
and the residue matrix K = lim (s — jwy)G(s) is
s—jwo

Hermitian and positive semidefinite.

Moreover, a square transfer function G(s) is strongly strictly
positive real [12] if there exists € > 0 such that G(s — ¢) is
positive real and G(s) + GT(—s) has full normal rank.

Theorem 1: ( [11]) Consider the linear dynamical system
(10)-(11) with the transfer function G(s). Then, it follows
that G(s) is positive real if and only if fOT yT(t)u(t)dt >0,
vT > 0.

Theorem 2: ( [11]) Consider the linear dynamical system
(10)-(11) with the transfer function G(s) such that G(s) +
GT(—s) has full normal rank. Then, it follows that G(s) is
strongly strictly positive real if and only if there exists € > 0
such that [, e='y" (t)u(t)dt > 0, VT > 0.

B. Negative Imaginary Systems

A negative imaginary (NI) system is defined as follows:
Definition 7: ([2]) A square transfer function matrix G(s)
is NI if the following conditions are satisfied:
1) G(s) has no pole in Re[s] > 0.
2) For all w > 0 such that s = jw is not a pole of G(s),
J (G(jw) = G*(jw)) = 0. (13)
3) If s = jwp with wp > 0 is a pole of G(s), then it is a

simple pole and the residue matrix K = lim (s —
s—jwo

jwo)jG(s) is Hermitian and positive semidefinite.

4) If s = 0 is a pole of G(s), then Sli_r)nos’“G(s) = 0 for
all £ > 3 and limOSQG(s) is Hermitian and positive
semidefinite. 7

The negative imaginary lemma presents necessary and

sufficient conditions that describes NI systems, similar to
the positive-real lemma [13], [14]. This result was presented
in [1], [15] and then extended in [16], [17].

A|B

Lemma 1: ( [17]) Let [ 1D

space realization of a transfer function matrix G(s) for the
system in (10)-(11). Then, G(s) is NI if and only if there
exist matrices P = PT > 0, W € R™*™_ and [ € R™*"

be a minimal state



such that
PA+A"P+L'L =0, (14)
PB - ATCT+ LW =0, (15)
CB+ B'™CT" —w'Ww =o. (16)

Next, the notation of strictly negative imaginary (SNI) and
strongly strictly negative imaginary (SSNI) are defined and
similar necessaty and sufficient conditions are presented.

Definition 8: ([1], [16]) A square transfer function matrix
G(s) is SNI if the following conditions are satisfied:

1) G(s) has no pole in Re[s] > 0.

2) For all w > 0, j (G(jw) — G*(jw)) > 0.

Definition 9: ( [12]) A square transfer function matrix
G(s) is SSNI if

1) For some ¢ > 0, the transfer function G(s — ¢) is NI

2) j[G(s) — GT(—s)] has full normal rank.

The theory of nonlinear NI systems is not yet well
investigated. Preliminary work has been carried out in [8],
[9], [18].

Definition 10: The nonlinear system G is said to be NI
if there exists a positive definite continuously differentiable
storage function V : R™ — R such that

V() < V((0) + /O T u(ndr, Ye=0. (7)

for all £ > 0 with u(-) € R™.

III. GENERALIZED DISSIPATIVITY

In this section, we try to unify disspativeness and negative
imaginaryness of nonlinear system in one framework.

Definition 11: A dynamical system G with a relative de-
gree of k is said to be k™ order dissipative with respect to the
supply rate r(u,y), k =0,1,... if the dissipation inequality

OS/O r(u(s),y(’“)(s))ds,

is satisfied for all ¢ > 0 and all u(-) € R™ with z(0) = 0
along the trajectory of G where 3(*)(t) denotes the k™ time
derivative of y(t) with () (t) = y(t).

Similarly, the k" order storage function can be defined as
follows.

Definition 12: For the dynamical system G with a relative
degree of k, a continuous, nonnegative-definite function V* :
R™ — R, VX(0) = 0 is called a k" order storage function
if

(18)

Vs'““(fﬂ(lf))SV;’“(OU(O))Jr/O r(u(s),y™ (s))ds,  (19)

for all ¢ > 0 with u(-) € R™.

Definition 13: ( [11]) For the dynamical system G with
a relative degree of k, a continuous, nonnegative-definite
function V¥ : R"® — R, V*(0) = 0 is called an exponentially
k™ order storage function if

eV a(t) < Vsk(x(O)H/O e*r(u(s),y™ (s))ds,
(20)

for all £ > 0 with u(-) € R™.

Definition 14: A dynamical system G with a relative
degree of k and m = [ is k™ order passive if it is Ak
order dissipative with respect to the supply rate r(u, y*)) =
2uTy k),

Moreover, if V;k() is continuously differentiable, then G
is k™ order dissipative with respect to r(u,y) if

V() < r(ult),y™ (@), vE=o0.

Similarly, if V*(-) is continuously differentiable, G is
exponentially &™ order dissipative with respect to 7(u,y)
if

Vi (t) + Vi (2 (t) < r(u(t),y™ (1)),

It is clear that for k& = 0, the above definitions are identical
to the normal dissipativeness. However, for & = 1, the first
order storage function V!(-) is a more generalized version
and captures negative imaginaryness in (17) while first order
passivity is equal to the negative imaginary property for
nonlinear systems. Hence, the above unified framework will
allow us to consider more general supply rate for the class of
nonlinear negative imaginary systems. One important option
for the supply rate r(u,y) is the quadratic function

2y

V> 0. (22)

r(u,y) = yTQy + 2yTSu + u" Ru, (23)

with Q € R>, QT = Q, S € R™™, and R € R™X™,
RT=R.

The next two lemma provide the stability results in the
proposed generalized dissipativity.

Lemma 2: If G is k™ order dissipative with respect to the
supply rate r(u,y) with a continuously differentiable and
positive definite £ order storage function V*(-), then the
equilibrium point = 0 of the unforced (u(t) = 0) system
G. is Lyapunov stable.

Proof: The result follows from (21) by imposing u(t) =
0. ]

Lemma 3: If G, is exponentially k™ order dissipative
with respect to the supply rate r(u,y) with a continuously
differentiable and positive definite exponentially k™ order
storage function VX(-), then the equilibrium point x = 0 of
the unforced (u(t) = 0) system G, is asymptotically stable.

Proof: The result follows from (22) by imposing u(t) =
0. ]

A. First-order dissipativity, first-order passivity and nonlin-
ear negative imaginary systems

The next theorem provides necessary and sufficient condi-
tions for first order dissipativeness with respect to a quadratic
function for a nonlinear affine dynamical system G, of the
form

#(t) = f(2(t)) + g(x(t))u(d), 24)
y(t) = h(z(t)), (25)
where z(t) € R™, u(t) € R™, and y(t) € R! are the system
state, control input, and output, respectively. It is assumed

that f(-), g(-), and h(-) are smooth functions, and without
loss of generality, f(0) =0 and h(0) = 0.



Theorem 3: Let G, be zero-state observable and com-
pletely reachable. Then, G, is first order dissipative with
respect to the quadratic supply rate (23) if and only if there
exist functions V! : R — R, [ : R — RP, W : R" —
RP*™ guch that V}(-) is continuously differentiable and
positive definite, and for all z € R”

VIV () f () -
(26)

R+ g"(2)VTh(z)S + STVh(x)g(x)
9" (@)V' h(z)QVh(z)g(x) = W (z)W(x) =0 (27)

Vi (2)g(@) = f1(2) V' h(2)QVh(x)g()

— fH(2)VTh(2)S + T (z)W(z) = 0 (28)

Proof: Suppose that G, is first order dissipative with

respect to the quadratic supply rate (23), it follows from (21)
that

1 T
§V

Vi ((t) < r(u(t),§(t)), Vt > 0,
Define the function d : R” x R™ — R as
d(x,u) = — VMe) + r(u,§) = ~VV2A @) (f(@) + gla)u)
+r(u, VR(z)(f(z) + g(z)u)).
Then, it follows from (29) that d(z,u) > 0, z € R", u €
R™ and it is quadratic in u. Hence, there exist functions
[ :R®» - RP, W : R"* — RP*™ guch that
d(z,u) = (I(x) + W(a)u)" (1) + W(a)u)
= V'V (@) (f(2) + g(x)u) + r(u, Vi(z)(f(2) + g()u))
= V'V (2)(f(2) + g(x)u) + 2(f () + ¢
+ (f(2) + g(2)u)" VT h(2)QVh(2)(f(x) + g(x)u) + u" Ru
By equating coefficients of equal power, conditions (26)-(28)
are obtained.
Conversely, suppose that there exist V! : R" — R,
[ : R" — RP, W : R* — RP*™ such that V() is
continuously differentiable and positive definite, and (26)-

(28) are satisfied. Then, for any ¢ € R, ¢ > 0, it follows
that

t t
/ r(u,7)dt = / (97 Qy + 29" Su + " Ru)dt
0 0

(29)

~ [ (V@) + gl + o)
AT (@)W 4 W ()W)

_ /0 (VA () + (i(z) + W(z)u) " (I(z) + W(z)u) )dt
>V (1) — Vi (x(0)),

and hence G, is first order dissipative with respect to the
quadratic supply rate (23). This completes the proof. [ ]
The next result presents necessary and sufficient conditions
for negative imaginary (equivalently, first-order passive) non-
linear systems.
Corollary 1: Let G, be zero-state observable and com-
pletely reachable. Then, G, is negative imaginary if and only

JT @)V h(@)QVh(x) f (&) + 1" (@)I(x) = 0

(z)u)"VTh(z)Su

if there exist functions V! : R — R, [ : R® — RP, W :
R™ — RP*™ guch that V}(+) is continuously differentiable
and positive definite, and for all z € R™

VIV (@) f(2) + 1 (2)i(x) = 0, (30)
g (@)Vh(z) + Vh(z)g(r) - W)W =0, (3D)
SV (@)gle) — @)V h() + W) = 0. (2)

Proof: The result follows from Theorem 3 with [ = m
Q=0,R=0,and S = I,,. |
Remark 1: 1t should be noted that the result in Corollary 1
is similar to the one presented in [8] with a minor constant
coefficient difference. However, as it will be shown, the
proposed framework can provide a more general definition
for SSNI of nonlinear systems which is not considered in
[8]. Moreover, the above results are consistent with the ones
provided in Lemma 1 for linear systems.
Example 1: Consider the nonlinear controlled Lienard
system

() + alz(t)2() + B(2(1) = u(?),

with output y(t) = 3 z(t) where a/(z) is an even function and

B(z) is an odd function. By defining the states as z1(¢) =
z(t) and zo(t) = 2(t), the system (33) can be written as
follows:

(33)

[283]:{—awuwﬁﬁg—ﬂmmﬂ>}+[?]gf’
=14 o] 10|, 39)

One can use the result of Corollary 1 to determine the
conditions of a(z) and B(x) that guarantee the Lienard
system is nonlinear negative imaginary. Consider the energy
function

L.y

z1(t)
Vi (e), (1)) = 333() + /0 B(s)ds,  (36)

where 218(z1) > 0 and hence V(x1(t),22(t)) > 0 is a
candidate first order storage function. Now, it follows from
(30) that

[ B) s ] 72(t)

—a(z1)ze — Ba

) ] + 1T (@)l(x) =0

which leads to a(z1)z3 = [V(z)I(x) and consequently, we
should have a(z1) > 0, V1 € R. The conditions (31) and
(32) hold automatically by selecting W(x) =

The next result shows the relation between first order
dissipativity of a nonlinear system and its linearized model.

Theorem 4: Let G, be zero-state observable and com-
pletely reachable and suppose it is first order dissipative with
respect to the quadratic supply rate (23). Then, there exist
matrices P = PT > 0, W € R™*™_ and L € R™*" such
that

ATP+ PA+L'L — ATCTQCA =0, (37)
PB - ATCTQCB — ATC'S+ LW =0, (38)
R+ BTCTS + STCB + B'"CTQCB —W™W =0, (39)



where

A

Ox lz=0

o

B = = — .
9(0),¢ O0x lz=0

(40)

Proof: As G, is zero-state observable and completely
reachable and it is first order dissipative with respect to the
quadratic supply rate (23), there exist functions V! : R™ —
R, 1 : R* - RP, W : R® — RP*™ such that V}(-) is
continuously differentiable and positive definite, and (26)-
(28) are satisfied. Considering the Taylor series expansion of
V.1(-) about z = 0, it follows that there exists a nonnegative-
definite matrix P such that

Viz) = 2"Px + V}(z), (41)

where V.!(z) contains the higher-order terms of V!(x). Let
f(z) = Az + fi(x), l(z) = Lz + L.(z), and h(z) = Cx +
he(z) with fi(z), Li(x), and h(z) represent the nonlinear
terms of f(z), I(x), and h(z), respectively. Moreover, let
g(x) = B+ Gi(x) and W(z) = W + Wi(z) with G(z),
and h.(z) contains the nonconstant term of g(z) and W(z),
respectively. It follows from (26) that

2 (ATP+ PA+L'L — ATCTQCA)x +v(x) =0, (42)

where y(x) includes the higher order terms in (26) with
lim -0 % = 0. Hence, it follows that (37) is satisfied.
Next, it foﬂows from (28) that

z'(PB - A'CTQCB — ATC'S + L'W) +T'(2) = 0,
(43)

where I'(z) includes the higher order terms in (28) with
limy, 0 S = 0. Hence, it follows that (38) is satisfied.
Finally, setting x = 0 in (27) yields to (39). |

The next result presents the relation between a nonlinear
negative imaginary system and its linearized one.

Corollary 2: Let G, be zero-state observable, completely
reachable negative imaginary system. Then, its linearized
model at x = 0 is a negative imaginary system.

Proof: By settingl=m, Q@ =0, R=0, and S = I,
equations (37)-(39) yields to the conditions (14)-(16) and
hence as per Lemma 1, the linear model given by the matrices
in (40) is also NI. [ |

Corollary 3: A linear system G(s) in (10)-(11) is NI if
and only if fg ul(s)y(s)ds > 0.

Proof: Applying the result of Corollary 1 for G, with
f(z) = Az, g(z) = B, and h(z) = Cz yields to conditions
(14)-(16) in Lemma 1 and hence G, is NI. [ |

B. Exponentially Negative Imaginary Systems

Next, the above results are generalized to exponentially
dissipativeness properties.

Theorem 5: Let G, be zero-state observable and com-
pletely reachable. Then, G, is first order exponentially dis-
sipative with respect to the quadratic supply rate (23) if and
only if there exist functions Vs1 R > R, [ :R* - RP, W :

R™ — RP*™ guch that V}(-) is continuously differentiable
and positive definite, and for all z € R™

VIV (@) f(x) + Vi (x) = f1(2)VIR()QVh(z) f(x)

+1T(2)l(z) = 0,
(44)
and the conditions (27)-(28) in Theorem 3 hold.
Proof: The proof is similar to the proof of Theorem 3.
|

Based on the above framework, we can define the nota-
tion of exponentially negative imaginary (ENI) systems as
follows:

Definition 15: The nonlinear system G, or (in general case
G) with z(0) = 0 is called to be exponentially NI if it
is exponentially dissipative with respect to the supply rate
r(u, ), ie. fot e r(u(s),y(s))ds > 0.

Next, necessary and sufficient conditions for ENI are
presented.

Corollary 4: Let G, be zero-state observable and com-
pletely reachable. Then, G, is exponentially negative imag-
inary (equivalently, first-order exponentially passive) if and
only if there exist function VS1 R*" >R, [:R" - RP, W
R™ — RP*™ guch that V}(-) is continuously differentiable
and positive definite, and for all z € R™

VIV (@) f(@) + eV (@) + 1T (@)l(z) = 0,

and conditions (31)-(32) in Corollary (1) hold.
Proof: The result follows from Theorem 5 with [ = m,
Q=0,R=0,and S = I,,. [ |

The next theorem shows the relation between ENI of a
nonlinear system and its linearized model.

Theorem 6: Let G, be zero-state observable and com-
pletely reachable and suppose it is first order exponentially
dissipative with respect to the quadratic supply rate (23).
Then, there exist matrices P = PT > 0, W € R™*™_ and
L € R™*"™ such that

ATP4+ PA+LTL+eP — ATCTQCA =0, (46)

and conditions (38)-(39) hold with matrices A, B, and C
defined in (40).

(45)

Proof: The proof is similar to the proof of Theorem 3.

]

Corollary 5: A linear system G(s) in (10)-(11) is ENI if

and only if for some € > 0, there exist matrices P = PT >0,
W e R™*™ and L € R™*™ such that

PA+ AP+ cP+ L'L =0, 47)
PB - ATCT"+ LW =0, (48)
CB+ B'™CT—W™W =0. (49)

Proof: Applying the result of Corollary 4 for G, with
f(z) = Az, g(z) = B, and h(z) = Cz yields to conditions
(47)-(49). ]

Remark 2: 1t is important to note that as per above results,
the notation of ENI can be defined for both linear and
nonlinear systems while the notation of SSNI in Definition
9 has been only defined for linear systems. Hence, based



on the proposed generalized dissipativity framework defined
in this paper, the notation of exponentially disspativeness
is extended to exponentially negative imaginary property
for both linear and nonlinear systems. The remaining open
research problem is to investigate the relation between SSNI
and ENI properties for linear systems.

IV. CONCLUSION

This paper introduces a generalized notation of dissipa-
tivity for nonlinear systems where both positive realness
and negative imaginaryness can be defined in a unified
framework. The general necessary and sufficient conditions
for first order dissipativity and exponentially dissipativity are
provided and as the special cases, the corresponding condi-
tions for negative imaginaryness and exponential negative
imaginaryness are obtained. The relation between these pro-
prieties for linear and nonlinear systems are also developed.
Future work is to extend the robust stability result of LTI
negative imaginary systems to nonlinear systems based on
the proposed framework.
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