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Abstract— This research study devises a new dynamic output
feedback cooperative control scheme relying on the Negative
Imaginary (NI) toolkit to address the secondary voltage syn-
chronisation issue of the inverter-based Distributed Generating
Units (DGUs) that constitute an AC microgrid. Each DGU can
be modelled by a nonlinear descriptor system, which, upon
being feedback-linearised, gives a double integrator map from
the auxiliary input (qi) to the d-component of the output voltage
(vodi ). As a double integrator dynamics intrinsically exhibits
the NI property, the feedback-linearised DGUs connected via
a network manifest the multi-agent NI property. Therefore, a
distributed Strictly NI (SNI) control law can achieve the desired
voltage synchronisation among the DGUs of a microgrid. The
proof of consensus invokes the Eigenvalue Loci technique, for
which a complicated Lyapunov theory-based derivation is not
necessary. The scheme is resilient to bounded disturbances and
variation in the interaction topology and can handle plug-and-
play operations. The paper also examines the performance of
various first-order and second-order distributed SNI controllers
in achieving the desired voltage consensus.

I. INTRODUCTION

The utility of AC microgrid(s) has been continuously
increasing to meet the ever-rising power demand across the
globe, especially in the developed and developing countries.
Microgrid(s) can be a good option to aid the main grid supply
the peak load of a region and to compensate for the shortage
of generation capacity of the main generating plant when the
power demand of a region exceeds much of the forecasted
demand. The main challenge in implementing a microgrid in
practice is how to ensure the voltage and frequency synchro-
nisation among the generating units (called DGUs) and with
the main grid and how to preserve the stability of the whole
microgrid subject to large disturbances, unplanned outages,
uncertain loading conditions, etc. In that context, primary
and secondary control problem of ac microgrid(s) have
received utmost attention over the past two decades. With the
prevalence of distributed control methodologies, multi-agent
theory and cooperative control, the conventional centralized
microgrid control schemes gradually started migrating to
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Fig. 1. Architecture of an inverter-based distributed generating unit (DGU)
including primary and secondary controller blocks.

decentralized/distributed mode. The literature [1]–[3] did
the foundation work in developing a distributed secondary
voltage and frequency control scheme for AC microgrid(s)
using a multi-agent approach. Since 2014 onwards, this
research area has witnessed immense growth and in different
directions, for instance, [4]–[8] are some recent literature on
this topic. Of late, Negative Imaginary (NI) systems theory
is being applied to design dynamic output feedback coop-
erative control schemes for a variety of homogeneous and
heterogeneous multi-agent systems [9]–[18]. The NI theory
came into the robust control literature in 2007–08, motivated
by the vibration control of flexible structure systems (e.g.
cantilever beams, large spacecraft) using positive position
feedback [19]. During the last sixteen years, NI theory has
continuously flourished and been enriched with substantial
theoretical and applied research contributions (see [20], [21]
and the references cited therein).

NI theory-based cooperative control techniques have
drawn attention because the cumulative motion or activities
of various engineering systems (e.g. two-wheeled mobile
robots, UAVs, vehicle platoon, mobile sensor networks, etc.)
and nature swarms can be approximated or modelled (via
feedback linearisation) by a fleet of 1

s , 1
s2 or ω2

ni

s2+2ζiωni+ω2
ni

agents (or their combinations) that intrinsically satisfy the NI
property. Hence, a simple first- or second-order distributed
SNI control law can ensure closed-loop stability and achieve
the cooperative control objectives. One of the major advan-
tages of NI-based cooperative control is that the closed-
loop stability depends primarily on the sign definiteness of
the controller DC gain. One can conveniently construct a
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family of feasible SNI controllers by exploiting this condition
without applying a formal cooperative controller synthesis al-
gorithm. The pioneering research on this topic was published
in [9] and [10], which were later followed by [22], [11],
[17], etc., to develop NI-based formation control schemes
for multi-UGV and multi-UAV systems. In a contemporary
time, [12] adopted the Eigenvalue Loci technique from [23]
to establish the leader-following consensus control of single-
integrator robotic (being NI) agents without applying the
results of [9] and [10]. The results of [12] were extended
to a more general class of multi-agent NI systems to achieve
formation control of ground robots [22], quadcopters [14],
[15], tricopters [18], platooning of trains [13], etc.

This paper proposes an NI theory-based dynamic output
feedback cooperative control scheme to solve the distributed
secondary voltage control (DSVC) problem of an AC mi-
crogrid. As the DGUs are not identical and the dynamics of
the DGUs are highly nonlinear and coupled, an input-output
feedback linearisation technique is first applied to obtain a
reduced-order linear mapping ( 1

s2 : qi 7→ vodi in Fig. 1)
of the voltage dynamics and ensure internal stability of the
overall DGU. In essence, it devises a two-layer (or two-
loop) cooperative control scheme, as shown in Fig. 3. The
theoretical proof of consensus exploits the Eigenvalue Loci
technique instead of the commonly used Lyapunov stability-
based approaches, thereby avoiding highly complicated lines
of proof. The proposed scheme facilitates the plug-and-play
operation (i.e. sudden disconnection and connection of some
units) and topology switching without any modifications
or improvements of the control law. Unlike most other
literature on NI-based cooperative control [9]–[15], [17],
this paper explores several feasible controller configurations
and compares them based on the steady-state and dynamic
performance of the consensus achieved under their actions.

Notation and symbols: Most of the notations and symbols
are standard. λi[A] denotes the ith eigenvalue of a square
matrix A ∈ Cn×n. A∗ denotes the complex conjugate
transpose of A ∈ Cn×n. <[z] and =[z] denote respectively
the real and imaginary parts of a complex variable z ∈ C.
The Kronecker product of two matrices A and B is denoted
by A ⊗ B. In denotes an nth-order Identity matrix and 1n
denotes an n × 1 vector with all 1s. diag{a1, a2, · · · , an}
represent an n×n diagonal matrix with the diagonal entries
ai ∀i ∈ {1, 2, . . . , n}. The set of all m × n real, rational,
proper transfer function matrices with no poles in the open
RHP is denoted by Rm×n, whereas RH m×n

∞ is a strict
subset of Rm×n that consists of only asymptotically stable
transfer function matrices.

II. ESSENTIAL PREREQUISITES AND PROBLEM
FORMULATION

A. Definitions of NI and SNI systems

The prerequisite section begins with the definitions of NI
and SNI transfer functions.

Definition 1: (NI System) [24], [25] A system Ξ(s) ∈
Rm×m is NI if j[Ξ(jω) − Ξ(jω)∗] ≥ 0 ∀ω ∈ (0,∞)
except those ω0 ∈ ω where s = jω0 is a pole of Ξ(s).

If ω0 ∈ (0,∞), the multiplicity of the pole (s2 + ω2
0)

cannot be more than one and the residue matrix ∆|s=jω0 ,
lim
s→jω0

(s− jω0)jΞ(s) = ∆|∗s=jω0
≥ 0. If s = 0 is a pole of

Ξ(s), then lim
s→0

skΞ(s) = 0 ∀k ≥ 3 and the residue matrix

∆|s=0 , lim
s→0

s2Ξ(s)∆|∗s=0 ≥ 0.
Definition 2: (SNI System) [19], [25] A system Ξ(s) ∈

RH m×m
∞ is SNI if j[Ξ(jω)− Ξ(jω)∗] > 0 ∀ω ∈ (0,∞).

(a) (b)

Fig. 2. (a) A feedback interconnection of two square LTI systems Ξ(s) and
Ξc(s); (b) The classical D contour to cover the entire closed right half of
the s-plane for the systems having poles at the origin.

B. Properties of multi-agent NI systems

Consider a multi-agent Negative Imaginary (NI-MAS)
system consisting of N agents. The interactions among the
agents is modelled by an algebraic graph G characterised
by the Laplacian matrix L = D − A where D and
A denote respectively the in-degree matrix and adjacency
matrix. In this study, we will assume that the graphs satisfy
the following property.

Property 1: The graph G is connected when bidirected
and contains at least one directed spanning tree when di-
rected. In the case of a directed graph, it must have a
root node (also called the ‘leader’ or ‘target’), which has
a directed path to every other nodes.

Under the spanning tree assumption, L satisfies the
properties of an M -matrix [26]. For directed graphs,
<{λi[L ]} ≥ 0 ∀i ∈ {1, 2, . . . , N} and for bidirected
(or bidirected) graphs, L = L > ≥ 0. Furthermore, for
both directed and bidirected graphs, L is a singular and
irreducible M -matrix with rank[L] = N − 1.

We define P = diag{p1, p2, · · · , pN} as the pinning-
gain matrix where the elements pi = 0 or 1, for i ∈
{1, 2, . . . , N}, decides whether or not the ith node is con-
nected to the root node (labelled as ‘0’). Owing to Property 1,
at least one pi must be non-zero. Under this condition,
L + P becomes a non-singular and irreducible M -matrix.
For directed graphs, <{λi[L + P]} > 0 ∀i ∈ {1, 2, . . . , N}
and for bidirected cases, (L + P) = (L + P)> > 0.
Lemma 1, given below, states that a fleet of NI/SNI agents
connected via a bidirected graph retains the NI/SNI property,
called the multi-agent NI/SNI property.

Lemma 1: [9], [12] Let Ξ(s) be an NI (resp. SNI) system
and N such systems connected by a bidirected graph G form
a multi-agent system characterised by the transfer function



mapping Ξ̃(s) = (L + P)⊗Ξ(s). Let G satisfy Property 1.
Then, M̄(s) retains the NI (resp. SNI) property. The converse
is also true.

C. Eigenvalue loci theory
The Eigenvalue Loci technique, developed by MacFarlane

and Belletrutti between 1969–1973, extends the concepts of
the Nyquist plot and the associated stability criteria to MIMO
LTI systems. The eigenvalue loci of an n× n real, rational,
proper transfer function matrix Ξ(s), denoted by γi(s) where
i ∈ {1, 2, . . . , n}, is essentially a conformal mapping of
det[Ξ(s)] from the s-plane to the eigenvalue loci plane when
the complex frequency s takes on the values from the D-
contour shown in Fig. 2b indented around the origin to avoid
the poles at s = 0 (if any). Theorem 1 given below states
how the counter-clockwise encirclements of all γi(s) of a
loop transfer function mapping ΞL(s) , Ξ(s)Ξc(s) of an
interconnection (Fig. 2a) determines the closed-loop stability.

Theorem 1: [27], [28] Consider a feedback interconnec-
tion of two square, finite-dimensional, MIMO LTI systems
Ξ(s) and Ξc(s) as shown in Fig. 2a. Suppose the loop is
well-posed and there is no pole-zero cancellation on the
closed right-half plane while forming the loop. The closed-
loop system remains asymptotically stable if the total number
of counter-clockwise encirclements of the critical point made
by all the eigenvalue loci γi(jω) of the loop transfer function
matrix ΞL(s) , Ξ(s)Ξc(s) equals to the number of the
unstable (i.e. open right-half plane) poles of ΞL(s). Note that
for a negative feedback interconnection, the critical point is
(−1 + j0); while for positive feedback cases, it becomes
(1 + j0).

D. Problem formation
This paper designs a two-layer (or two-loop) distributed

dynamic output feedback cooperative control scheme (Fig. 3)
to achieve voltage synchronization among the DGUs of an
AC microgrid connected via a network. The inner layer
applies an appropriate input feedback linearisation scheme to
ensure internal stability and simplify the voltage dynamics
(qi 7→ vodi ) into a double integrator system under some
constraints. While the outer layer implements an NI-based
distributed output feedback control law on the feedback-
linearised DGUs to achieve the voltage synchronization
among the DGUs (within a microgrid).

Fig. 3. An NI-based two-layer DSVC scheme with feedback linearisation.

III. LARGE-SIGNAL MODEL OF AN INVERTER-BASED
DGU AND ITS FEEDBACK LINEARISATION

The architecture of an inverter-based DGU and its large-
signal modelling have been adopted from [29], [1] and [3] but
with some modifications, improvements in the presentation
and corrections in the feedback linearisation portion (given
later in this section). Fig. 1 shows a detailed functional block
diagram of an inverter-based DGU. The figure also shows
the primary and secondary control blocks. The voltage and
frequency droop characteristics considered in the primary
controller design are given by

ω∗i = ωni −MPiPi,

|v∗oi| = v∗odi = Vni −NQiQi,
v∗oqi = 0.

(1)

The following set of nonlinear state-space equations de-
scribes the large-signal model of an inverter-based DG unit
equipped with the primary control scheme comprised of
a sequence of power, voltage and current controllers as
illustrated in Fig 1.

ẋ1i = ω∗i − d1i = −MPi x2i + u2i − d1i,

ẋ2i = −ωci x2i + ωci x10i x12i + ωci x11i x13i,

ẋ3i = −ωci x3i + ωci x11i x12i − ωci x10i x13i,

ẋ4i = x∗10i − x10i = −NQi x3i − x10i + ui,

[since x∗10i = v∗odi = Vni −NQiQi = ui −NQix3i]

ẋ5i = x∗11i − x11i = −x11i, [since x∗11i = v∗oqi = 0]

ẋ6i = x∗8i − x8i,

ẋ7i = x∗9i − x9i,

x∗8i = Fi x12i − ωb Cfi x11i +KV
Pi(x

∗
10i − x10i) +KV

Ii x4i,

x∗9i = Fi x13i + ωb Cfi x10i +KV
Pi(x

∗
11i − x11i) +KV

Ii x5i,

ẋ8i = −Rfi
Lfi

x8i + ωi x9i +
1

Lfi
vidi −

1

Lfi
x10i,

ẋ9i = −Rfi
Lfi

x9i − ωi x8i +
1

Lfi
viqi −

1

Lfi
x11i,

v∗idi = −ωb Lfi x9i +KC
Pi(x

∗
8i − x8i) +KC

Ii x6i,

v∗iqi = ωb Lfi x8i +KC
Pi(x

∗
9i − x9i) +KC

Ii x7i,

ẋ10i = ωi x11i +
1

Cfi
x8i −

1

Cfi
x12i,

ẋ11i = −ωi x10i +
1

Cfi
x9i −

1

Cfi
x13i,

ẋ12i = −Rci
Lci

x12i + ωi x13i +
1

Lci
x10i −

1

Lci
d2i,

ẋ13i = −Rci
Lci

x13i + ωi x12i +
1

Lci
x11i −

1

Lci
d3i

where the states are defined as x1i , δi, x2i , Pi, x3i , Qi,
x4i , φdi , x5i , φqi , x6i , γdi , x7i = γqi , x8i , ildi ,
x9i , ilqi , x10i , vodi , x11i , voqi , x12i , iodi and x13i ,
ioqi ; the control input (to the primary control block) is given
by ui = u1i = Vni; another control input u2i = ωni is
maintained constant (= ωref ) when the DSVC is operated
without secondary frequency control; the disturbance inputs



are denoted as d1i = ωcom, d2i = vbdi and d3i = vbqi . We
can observe that there are thirteen dynamic equations and six
algebraic constraints (with respect to x∗8i = i∗ldi , x

∗
9i = i∗lqi ,

x∗10i = v∗odi and x∗11i = v∗oqi , v
∗
idi

and v∗iqi ). It is vital to
mention here that vidi and viqi are not considered as states
because the dynamics of the VSI has been excluded from the
DGU model to reduce its complexity. Hence, the dynamics
of a DGU can be expressed by a nonlinear descriptor system

Eẋi = fi(xi) + gi(xi)ui + ki(xi)di (3)

where E = diag{1, 1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1, 1, 1} ∈
R17×17 and xi =

[
x1i x2i · · · x7i x

∗
8i x

∗
9i x8i x9i x

∗
10i x

∗
11i

x10i · · · x13i

]>
, ui = Vni and di =

[
d1i d2i d3i

]>
. The

mappings fi(xi), gi(xi) and ki(xi) can be easily found after
writing all seventeen equations in the vector-matrix format.

To achieve voltage synchronisation among the DGUs of
a microgrid depending on the multi-agent systems theory, a
nonlinear distributed cooperative control scheme needs to be
designed for the DGUs. However, this is a highly challenging
task as i) the dynamics of DGUs are highly nonlinear,
coupled and of higher order, ii) their dynamics contain
both differential equations and algebraic constraints and iii)
moreover, the DGUs have structural heterogeneities due to
inevitable differences in the line parameters, filters, primary
controller parameters, etc. To avoid all these hassles, we seek
to find an input-output feedback linearisation technique to
get a reduced-order linear mapping of the voltage dynamics
(from the auxiliary input qi to the output vodi ) and to stabilise
the internal dynamics of the DGUs. We notice that the
v̇odi = ẋ10i equation does not contain any ui = Vni term.
So to establish a link between between Vni and vodi , we
proceed to derive v̈odi as detailed below:

v̈odi =−
(

(ω∗i )2 +
1

CfiLfi
+

1

CfiLci

)
vodi +

Rci
CfiLci

iodi

− 2

Cfi
ω∗i ioqi −

Rfi
CfiLfi

ildi +
2

Cfi
ω∗i ilqi +

1

CfiLfi
vidi

+
1

CfiLfi
vbdi [where ω∗i = ωni −mPiPi]. (4)

From the i∗ldi = x∗8i algebraic constraint, we find

vodi = v∗odi−
1

KV
Pi

[
i∗ldi−Fiiodi +ωbCfivoqi−KV

Iiφdi
]

(5)

using the relations v∗odi = Vni − nQiQi and φ̇di = v∗odi −
vodi ∀i ∈ {1, 2, . . . , N}. Substituting (5) into (4), we obtain
the desired relationship

v̈odi = αi + βiVni (6)

where βi = −mPiωcivoqiiodi−ω2
ni+2mPiωniPi−m2

Pi
P 2
i −

1
LfiCfi

− 1
LciCfi

and αi = βi − nQiQi − 1
KV
Pi

(
i∗ldi −

Fiiodi + ωbCfivoqi −KV
Ii
φdi
)

+ ω̇nivoqi +mPiωcivoqiPi −
mPiv

2
oqiioqi + 2

Cfi
ωni(ilqi − ioqi) + 2

Cfi
mPiPi(ioqi − ilqi)−

Rfi
CfiLfi

ildi− 1
CfiLfi

vidi−
Rci

LciCfi
iodi + 1

LciCfi
vbdi . Note that

ω̇ni = 0 as ωni = ωref in the present problem.

We will now construct an auxiliary control law

qi = αi + βiVni ∀i ∈ {1, 2, . . . , N} (7)

and plugging qi into (6), we will get v̈odi = qi ∀i ∈
{1, 2, . . . , N}. Therefore, qi 7→ vodi gives a double integrator
mapping. Define two new state variables z1i , vodi = yi and
z2i , v̇odi = ẏi, which leads to

żi =

[
0 1
0 0

]
zi +

[
0
1

]
qi ∀i ∈ {1, 2, . . . , N}. (8)

The next section will develop a dynamic output feedback
cooperative control scheme exploiting the NI property of the
feedback-linearised double-integrator agents connected via a
bidirected network that intrinsically exhibits the multi-agent
NI property.

IV. AN NI-BASED DISTRIBUTED SECONDARY VOLTAGE
CONSENSUS CONTROL SCHEME

This section lays out the fundamental contribution of this
paper. It develops a dynamic output feedback cooperative
control scheme for the class of multi-agent systems that
exhibits the NI/SNI property. In the present scenario, a
fleet of feedback-linearised DGUs connected via a bidirected
graph leads to a double-integrator MAS, which intrinsically
satisfies the NI property with poles at the origin. Hence, a
simple first-order or second-order distributed SNI controller
with a negative definite DC-gain matrix can achieve asymp-
totic stability and leader-following consensus (i.e. the voltage
synchronisation among the DGUs). The closed-loop stability
proof in Theorem 2 extensively relies on the Eigenvalue loci
technique [27], [28] and is motived by the developments of
[23] and [12].

Theorem 2: Consider an inverter-based DGU equipped
with a primary control block, as shown in Fig. 1 and
described by the nonlinear descriptor model given in (3). N
such DGUs connected via a bidirected topology G satisfying
Property 1 form an AC microgrid. The voltage dynamics of
each DG can be simplified to a double integrator system
(qi 7→ vodi ) by applying the feedback linearising control
law in (7). Let Ξc(s) ∈ RH ∞ be an SNI controller with
Ξc(0) < 0 and k ∈ (0,∞) be a tuning parameter. Then, the
DGUs within the microgrid achieve voltage synchronization
by the following SNI-based distributed secondary control law
(according to the scheme shown in Fig. 4a)

qi(s) = −kΞc(s)

[ N∑
j=1

aij(Yj(s)−Yi(s))+pi(R(s)−Yi(s))
]

(9)
for all i ∈ {1, 2, . . . , N}.
[With a slight abuse of notation, qi(s) denotes the Laplace
transform of the auxiliary control input qi, as marked in
Fig. 1. R(s) is the Laplace transform of the voltage reference
vref and R(s) = 1N ⊗ vref

s . Note also yi = vodi ∀i.]
The control law (9) can also be expressed in the compact

form q(s) = −
[
(L + P)⊗ kΞc(s)

]
((1N ⊗ vref

s )−Y(s)).

Proof: The proof proceeds through fulfilling two major
objectives: i) To establish the closed-loop asymptotic stability



(a) (b) (c)

Fig. 4. (a) A positive feedback SNI distributed cooperative control scheme for the feedback-linearised DGUs (given by Ξ(s) = 1
s2

) connected via a
bidirected graph; (b) An equivalent block diagram of the scheme shown in Fig. 4a; (c) All the eigenvalue loci γi(s) remain within the Purple-coloured
region and hence, do not encircle the critical point ( 1

k
+ j0) for any k ∈ (0,∞).

of the cooperative control scheme shown in Fig. 4a and ii)
To show that the consensus tracking error ξi(t)→ 0 as t→
∞. In the following proof, the notation γi(s) will represent
the eigenvalue loci of the loop transfer function mapping
ΞL(s) = (L + P)⊗ Ξ(s)Ξc(s) where Ξ(s) , Yi(s)

qi(s)
= 1

s2 .

Part I: To establish the closed-loop stability of the scheme
We proceed to construct the eigenvalue loci γi(s) for all

i ∈ {1, 2, . . . , N} of ΞL(s) and check the total number of
counter-clockwise encirclements of the critical point ( 1

k+j0)
for any value of k in (0,∞) by all γi(s) when s traverses
along the s-plane D contour. We define three distinct set of
s ∈ C which represent the three segments of the s-plane D
contour shown in Fig. 2b.

a) Ψ0 , {s| s = lim
ε→0

ε ejθ,−π2 ≤ θ ≤
π
2 },

b) Ψ±= , {s| s = ±jω, ω ∈ (0,∞)}, and
c) Ψ∞ , {s| s = lim

R→∞
Rejθ, π2 ≤ θ ≤ −

π
2 },

Each eigenvalue locus γi(s) consists of four segments cor-
responding to each of the four regions Ψ0, Ψ+=, Ψ−= and
Ψ∞ of s on the D contour.

Segment 1: When s ∈ Ψ0 The first segment of the eigen-
value loci corresponding to s ∈ Ψ0 is given by

γi(s)|s∈Ψ0 = λi [(L + P)⊗ Ξc(0)]
1

ε2
e−j2θ (10)

for all i ∈ {1, 2, . . . , N}. Since Ξc(0) = Ξc(0)> < 0
and (L + P) = (L + P)> > 0, λi[(L + P) ⊗ Ξc(0)]
can be written as cie−jπ for all i ∈ {1, 2, . . . , N} where
ci = |λi|. Therefore, γi(s)|s∈Ψ0

= ci
ε2 e
−j(π+2θ) ∀i. It gives

γi(j0+)|θ=π
2

= ci
ε2 e
−j2π → +∞∠−2π as ε→ 0. Similarly,

γi(j0−)|θ=−π2 = ci
ε2 e
−j0 → +∞∠0. As θ varies from −π2

to π
2 on the indent s ∈ Ψ0, ∠γi(s) varies from π

2 to −π2 .
Therefore, every γi(s) forms a semicircular arc of infinite
radius [the Purple-coloured dotted arc in Fig. 4c], starting at
γi(j0−) terminating at γi(j0+) in the clockwise direction.
The foregoing analysis reveals that all the eigenvalue loci
γi(s) intersect the negative real axis at infinity because
γi(j0+)|θ=0 = ci

ε2 e
−jπ →∞∠−π as ε→ 0. However, none

of the γi(s) intersects the positive real anywhere. Hence, the
critical point (− 1

k + j0) is never encircled by any of the

eigenvalue loci for any k ∈ (0,∞).

Segments 2 and 3: When s ∈ Ψ±= When ω ∈ (0,∞), that
is, s ∈ Ψ+=, γi(s) can be evaluated as

γi(s)|s∈Ψ+= =λi
[
(L + P)⊗ 1

(jω)2
Ξc(s)

]
=λi

[
(L + P)

] |Ξc(jω)|
|(jω)2|

ej(φ−π) (11)

for all i ∈ {1, 2, . . . , N}. Since φ ∈ (−π, 0) ∀ω ∈ (0, ω)
due to Ξc(s) being SNI and (L + P) = (L + P)> > 0
, ∠γi(s) = (φ − π) ∈ (−2π,−π] ∀ω ∈ (0,∞), that is,
when s ∈ Ψ+=. Similarly, ∠γi(s) ∈ [−π, 0) ∀ω ∈ (−∞, 0),
that is, when s ∈ Ψ−=. Hence, segments 2 and 3 of all the
eigenvalue loci corresponding to the regions s ∈ Ψ+= and
s ∈ Ψ−= reside in the Purple-coloured region (in Fig. 4c).
This ensures that the γi(s) does not intersect the positive real
axis for all i when s ∈ Ψ±=.

Segment 4: When s ∈ Ψ∞ Similar to segment 1, the eigen-
value loci γi(s) for the segment corresponding to s ∈ ΨR

can be expressed as

γi(s)|s∈Ψ∞ = λi [(L + P)⊗ Ξc(∞)]
1

R2
e−j2θ (12)

for all i ∈ {1, 2, . . . , N}. Since Ξc(0) < 0, ∠γi(s) =
−(π+ 2θ) varies from − 3π

2 to −π2 when θ varies from π
2 to

−π2 corresponding to s ∈ Ψ∞. Therefore, γi(+j∞)|θ=π
2
→

0∠− 3π
2 , γi(−j∞)|θ=−π2 → 0∠− π

2 and γi(∞+j0)|θ=0 →
0∠ − π as R → 0. It signifies that each γi(s) makes a
semicircular arc of infinitesimal radius connecting the points
γi(+j∞) and γi(−j∞) in the counter-clockwise direction
(as depicted in Fig. 4a) when s ∈ Ψ∞. So, segment 4 also
does not intersect the positive real axis.

Each eigenvalue locus γi(s) of ΞL(s) is composed of the
four segments introduced above. Fig. 2b indicates that all
the eigenvalue loci reside within the Purple-coloured region
∀s ∈ ψ0 ∪Ψ±j ∪ΨR. This hence confirms that none of the
γi(s) encircles the critical point ( 1

k +j0) for any k ∈ (0,∞).
Finally, Theorem 1 is invoked to conclude that the positive
feedback cooperative control scheme depicted in Fig. 4a
(equivalently Fig. 4b) remains asymptotically stable under



the conditions Ξc(0) < 0, k ∈ (0,∞) and Property 1 of G .
Part II: To show asymptotic consensus We first denote
the consensus error vector as ξ(t) ,

[
ξ1(t) · · · ξN (t)

]>
and obtain the consensus error dynamics ξ(s) =

[
IN − (L +

P) ⊗ k
s2 Ξc(s)

]−1
R(s) from Fig. 4a where R(s) = 1N ⊗

vref
s . Now, applying the final value theorem, the steady-state

consensus error ξss can be derived as

ξss = lim
t→∞

ξ(t) = lim
s→0

s ξ(s)

= lim
s→0

s
[
IN − (L + P)⊗ k

s2
Ξc(s)

]−1

R(s)

= lim
s→0

s3
[
s2IN − (L + P)⊗ kΞc(s)

]−1
R(s)

=
[
(L + P)⊗ kΞc(0)

]−1
(

lim
s→0

s2(1N ⊗ vref )
)

=
[
0 0 · · · 0

]>
.

Part I and Part II together complete the proof.

V. SIMULATION STUDIES ON A FEEDBACK-LINEARISED
MICROGRID HAVING FOUR DGUS

(a) (b) (c)

Fig. 5. (a) The interaction topology (leader-following) among the four DGUs
where the node (labelled ‘0’) denotes the leader; (b) Topology 2 and c)
Topology 3 were considered to test the topology switching.

The case study has considered four agents (the DGUs)
connected via a bidirected network, and the 1st agent is
connected to the Leader or the Reference node as shown
in Fig. 5a. Each node represents the feedback-linearised
voltage dynamics vodi (s)

qi(s)
= 1

s2 of the DGU. The main control
objective is to achieve an accurate voltage synchronisation
among the DGUs; that is, all vodi should asymptotically
follow the vref . We took vref = 440 V and ωni was fixed
to ωref = 100π rad/sec ∀i ∈ {1, . . . , 4} as this paper solves
only the DSVC problem.

A. Selection of suitable SNI controller structures via simu-
lation studies

As Theorem 2 suggests, a control designer should first
select an SNI controller Ξc(s) satisfying Ξc(0) < 0 and tune
the gain parameter k ∈ (0,∞) to achieve a decent dynamic
performance. So far, most of the literature on NI-based
cooperative control has prescribed a first-order SNI controller
of the form Ξc1(s) = −k(s+zc)

s+pc
obeying 0 < zc < pc. In

this paper, we were curious to examine second-order SNI
controllers having two different configurations respectively
Ξc2(s) = −k(s2+zc1s+zc0 )

s2+pc1s+pc0
satisfying 0 < zc1 < pc1 and

Ξc3(s) = −k(s+zc1 )(s+zc2 )

(s+pc1 )(s+pc2 ) with 0 < zc1 < pc1 < zc2 < pc2 .
We designed the following three SNI controllers Ξc1(s) =

−k(s+0.1)
s+25 , Ξc2(s) = −k(s2+5s+25)

s2+4s+38 and Ξc3(s) =

− k(s+5)(s+8)
(s+12)(s+16) via multi-variable root locus technique and

selected k = 3000 after considerable tuning. Figures 6a–6c
show the simulation responses achieved by these three con-
trollers. A comparative study of the controllers given in Ta-
ble I has been prepared in terms of the transient and steady-
state performance. By studying Table I and the simulation

TABLE I. Consensus-reaching performance comparison of the three differ-
ent DSVC SNI controllers.

Sl. no. Criteria Ξc1(s) Ξc2(s) Ξc3(s)
1. % Peak overshoot 0.07 % 0.45 % 0.45 %
2. Peak time 0.18s 0.2s 0.2s
3. Steady-state 440.002 440 440
4. Settling time 25s 6.5s 4.85s
5. % Steady-state error 6.8× 10−4 0 (of order

10−6)
0 (of order
10−10)

responses in Figures 6a–6c, it is evident that Ξc1(s) results in
lesser %-overshoot (0.07%) compared to Ξc2(s) and Ξc3(s),
which observed a 0.45% overshoot. Although, the difference
is really negligible. However, with respect to the steady-state
performance, the second-order controllers performed much
better than the first-order controller. The % steady-state error
in case of Ξc1(s) reduced to 6.8 × 10−4 at 25 sec; while
Ξc2(s) and Ξc3(s) took only 6.5 sec and 4.85 sec respectively
to attain a % steady-state error of order 10−6 and 10−10. The
state of asymptotic consensus can be minutely scrutinised
by looking into Figures 6d–6f. They reported the magnified
version of the vodi trajectories around their respective settling
points in each case. Hence, this comparative study shows that
Ξc3(s) is the best-performing controller among the three we
took. Next, we will examine the performance of Ξc3(s) in
the presence of external disturbances and subjected to plug-
and-play operation and topology switching.

Case 1: Impact of external disturbances
To evaluate the resilience of Ξc3(s), a pulse disturbance of

two-unit height was injected in the output of each DG (one
after another) at different time instants as depicted in Fig. 7a.
The figure shows the fluctuations (i.e. the transients) in the
vodi responses during the active period of the disturbance.
As the DGUs are interconnected, transients in one inevitably
propagate to the others, as revealed in the figure. However,
the control action sharply attenuated the transients in each
case, and the consensus was reinstated as soon as the
disturbance disappeared.

Case 2: Plug and play operation
The plug-and-play operation is one of crucial factors that

may lead to prolonged oscillations and even instability. That
is why we decided to test the potential of the designed
controller to withstand a plug-in or plug-out situation. Fig. 7b
portrays a scenario where voltage consensus under healthy
condition continued for the first 1.5 seconds. At t = 1.5
sec, DGU-4 got disconnected from the network (due to a
fault or network issues) causing transients as shown in the
magnified view. We observe that the oscillations were within
a small range 440.02−439.48 V and decayed sharply to zero
within 0.6−0.7 seconds. At t = 2.5 sec, DGU-4 rejoined the



(a) (b) (c)

(d) (e) (f)

Fig. 6. (a) Output voltage (vodi ) consensus profile of all four DGUs achieved by Ξc1 (s); (b) Output voltage consensus achieved by Ξc2 (s); (c) Output
voltage consensus achieved by Ξc3 (s); (d) Magnified version of the converging vodi trajectories achieved by Ξc1 (s) during 25 sec ≤ t ≤ 30 sec; (e)
State of consensus during 5 sec ≤ t ≤ 10 sec achieved by Ξc2 (s); (f) State of consensus during 4 sec ≤ t ≤ 10 sec achieved by Ξc3 (s).

(a) (b)

Fig. 7. (a) Output voltage (vodi ) consensus profile of all four DGUs in presence of a pulse (output) disturbance injected to the DGs one by one; (b) Output
voltage consensus profile of the DGUs when DGU-4 got plugged out at t = 1.5 sec and after sometime (at t = 2.5 sec), it plugged in.

network (i.e. plugged in) causing a similar bounded transient
profile and decayed within 0.5 seconds. It shows that the
strength of the SNI-based cooperative control scheme to
sustain the plug-and-play operation.

Case 3: Impact of topology switching

The topologies 1, 2 and 3 shown in Fig. 5a, 5b, and
Fig. 5c have been used to generate the voltage consensus
profile during topology switching. The following sequence of
topology variation 1 → 2 → 3 → 1 has been considered in
the simulation. Fig. 8 depicts that the first switching occurred

at t = 2.5 sec, followed by two more switching at t = 2.5
sec and t = 3.5 sec, respectively. The figure reports that the
voltage fluctuations during the switching remain negligible,
as small as 2% of the steady-state value, and decay quickly
to zero within 0.5−0.6 seconds, as illustrated by the zoomed
portions of the graph. So, the simulation response study
confirms that Ξc3(s) facilitates topology switching.

VI. CONCLUSION

This paper has proposed a new cooperative control scheme
to solve the distributed secondary voltage control (DSVC)



Fig. 8. (a) Output voltage (vodi ) consensus response of all four DGUs due
to changes in the network topology.

problem of AC microgrid(s) utilising the multi-agent NI
approach. It suggests a distributed two-layer control scheme
where the inner loop applies an input-output feedback lin-
earisation technique to get a double-integrator (being NI)
mapping of the voltage dynamics (qi 7→ vodi ) of each DGU.
While the outer loop executes a distributed SNI control
law on the feedback-linearised DGUs to achieve the output
voltage synchronisation among all the units. The theoretical
proof exploits the eigenvalue loci technique in contrast to the
complicated Lyapunov stability-based approaches [1], [5]–
[8], etc., or the existing multi-agent NI-SNI stability results
[9]–[11], [13], [17]. The proposed scheme has disturbance-
attenuation capabilities and preserves the stability of the
overall microgrid during critical phases like plug-and-play
operation and topology switching. The paper also studies
the suitable configurations of first-order and second-order
distributed SNI controllers and compares their performance
via extensive simulation studies. In future scopes, adaptive
NI-based cooperative control schemes can be explored.
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