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Abstract— The scaled graph has been introduced recently as
a nonlinear extension of the classical Nyquist plot for linear
time-invariant systems. In this paper, we introduce a modified
definition for the scaled graph, termed the signed scaled graph
(SSG), in which the phase component is characterized by
making use of the Hilbert transform. Whereas the original def-
inition of the scaled graph uses unsigned phase angles, the new
definition has signed phase angles which ensures the possibility
to differentiate between phase-lead and phase-lag properties in
a system. Making such distinction is important from both an
analysis and a synthesis perspective, and helps in providing
tighter stability estimates of feedback interconnections. We
show how the proposed SSG leads to intuitive characterizations
of positive real and negative imaginary nonlinear systems,
and present various interconnection results. We showcase the
effectiveness of our results through a motivating example.

I. INTRODUCTION

Graphical analysis of feedback systems through Nyquist
and Bode diagrams is fundamental in classical and modern
control theory [1], [2]. Both diagrams aid in visualising the
behaviour of single-input single-output (SISO) linear time-
invariant (LTI) systems in the complex plane through the
notions of gain and phase. These tools underlie robustness
margins and loop-shaping design, which are essential con-
cepts in control engineering practice. Notably, Nyquist and
Bode diagrams are only defined for LTI systems, owing to the
lack of a suitable definition of phase for nonlinear systems.

To provide a bridge between graphical analysis of linear
and nonlinear systems, the notion of scaled graph (SG) has
been introduced recently in [3]–[8] as a means to visualise
the behaviour of nonlinear systems in the complex plane,
analogous to the classical Nyquist diagram for LTI systems.
In essence, the SG abstracts the input-output behaviour of
a nonlinear system in terms of a collection of complex
numbers, which carry both gain and phase information of
the system’s input-output trajectories. Gain is characterized
in terms of the classical notion of the L2-gain [9], i.e., the
ratio of output energy to input energy. Phase is characterised
through the notion of the singular angle, see, e.g., [10] and
[11], which can be seen as an extension of the angle between
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vectors in Euclidean space. The SG offers a new graphi-
cal method for verifying stability and robustness margins
of nonlinear feedback systems, and entails classical input-
output results such as the celebrated passivity, small-gain
and conicity theorems [13], [14].

When comparing the SG to the Nyquist diagram, how-
ever, there are essential differences in systems analysis and
controller design. Although both the SG and the Nyquist
diagram of an LTI system are conjugate symmetric about
the real axis, in a Nyquist diagram a clear distinction can be
made between the symmetric parts (related to positive and
negative frequencies). That is, one can distinguish between
parts on the Nyquist diagram that induce phase lag between
[−180, 0] degrees (negative imaginary part), and phase lead
between [0,+180] degrees (positive imaginary part). Making
such a distinction in the SG notion is not possible. The reason
for this difference is due to the use of the singular angle
for characterizing phase in the SG. The singular angle is an
unsigned quantity, making it impossible to distinguish lead
from lag in the SG. This introduces a certain conservatism
when using SG for systems analysis. For example, it is
impossible to distinguish LTI phase-lead filters from LTI
phase-lag filters in the SG characterization (as we show in
this paper), and thus the stabilizing mechanism of phase
lead is placed on an equal footing with the potentially
destabilizing mechanism of phase lag. Clearly, being able
to differentiate between elements that generate phase lead or
phase lag is crucial in controller design.

Given the important and different roles of phase lead and
phase lag in feedback systems, in this paper, we reconsider
the current definition of the SG. In particular, we propose
a different notion of phase in the SG that is based on
using the Hilbert transform of a signal [15]. Use of the
Hilbert transform for defining nonlinear system phase was
pioneered in [16]. We combine sign information of the
Hilbert transform with the singular angle to provide a signed
phase, and, therefore, allow to distinguish phase lead from
phase lag in SG analysis.

In line with the above, the main contributions of this paper
are as follows. We propose a new definition of the scaled
graph that is different from the existing one, in the sense
that phase lead can be distinguished from phase lag. We refer
to this new definition as the signed scaled graph (SSG). We
provide a feedback interconnection result that reduces poten-
tial conservatism in the current SG analysis. Our new SSG
allows for a natural definition of positive real and negative
imaginary nonlinear systems, which are intimately related
to phase properties. As a second contribution, we introduce
these definitions from the SSG. While our characterization
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of positive real systems is consistent with the definitions
in the literature [17], our definition of negative imaginary
systems is different. In particular, the classical definitions of
negative imaginary systems involve time-derivatives of the
output signals [18]–[21], whereas our new definition exploits
Hilbert transformed signals. We believe this definition to be
natural, as the Hilbert transform provides a pure 90-degree
phase shift to the Fourier spectrum of a signal, whereas
differentiation provides such phase shifts but also changes the
amplitude characteristics. We show that the interconnection
result based on the SSG recovers common nonlinear analysis
results such as the classical passivity theorem, as well as an
alternative to negative imaginary results [22], the latter of
which could not be derived from the original SG definition
in [6]. The ideas put forward in this paper enrich the SG
theory and provide next steps in graphical nonlinear system
analysis and design.

The outline of this paper is as follows. In Section II we
provide preliminaries on SGs and an example that motivates
the need for rethinking phase in the original SG definition.
Section III presents our first main contribution in the form
of the signed SG definition, as well as an interconnection
result for stability analysis. In Section IV we introduce
and discuss new definitions for positive real and negative
imaginary systems, which form our second contribution. Our
results are supported by an example. Section V concludes the
paper.

Notation. For T ≥ 0 and signals u, y : [0, T ] → Rn, let

⟨u, y⟩T =

∫ T

0

u(t)⊤y(t) dt and ∥u∥T =
√
⟨u, u⟩T .

When u, y : [0,∞) → Rn, we adopt the standard notation

⟨u, y⟩ =
∫ ∞

0

u(t)⊤y(t) dt and ∥u∥ =
√
⟨u, u⟩.

The space of signals that are square-integrable over any finite
time interval [0, T ], i.e., ∥u∥T < ∞, is denoted by Ln

2e. We
let Ln

2 denote the space of square-integrable signals on the
time axis [0,∞). For signals u, y : (−∞,∞) → Rn we
denote

⟨⟨⟨u, y⟩⟩⟩ =
∫ ∞

−∞
u(t)⊤y(t) dt, (1)

and let the space of corresponding square-integrable signals
be denoted by Ln

2 (−∞,∞). When the dimension is clear
from the context, the superscript n is dropped.

We denote the distance between two sets A,B ⊂ C by
dist(A,B) = infa∈A,b∈B |a − b|. The real and imaginary
parts of a complex number z ∈ C are denoted by Re {z} and
Im {z}, respectively. For a nonzero complex number z ∈ C
in polar form |z|ej arg(z), the magnitude is denoted by |z|
and the angle is denoted by arg(z) ∈ [−π, π). If z = 0 or
z = ∞, then arg(z) is undefined. We denote the complex
conjugate of a complex number z = |z|ej arg(z) by z∗, i.e.,
z∗ = |z|e−j arg(z). The inverse of a complex number z is
obtained by inverting its magnitude and flip the sign of its
phase, i.e., z† = (1/|z|)e−j arg(z), such that zz† = 1.

II. PRELIMINARIES AND MOTIVATION

In this section, we provide preliminaries on SGs, and
present some examples that highlight the need for rethinking
the phase in the original SG definition.

A. Scaled graphs

A square system is a map H : Ln
2 → Ln

2 . Let u ∈ Ln
2

denote the input and y ∈ Ln
2 denote a corresponding output

y ∈ H(u). We make the standing assumption that H(0) = 0.
Define for all u, y ̸= 0 the gain ρ(u, y) ∈ (0,∞) and the
phase θ(u, y) ∈ [0, π] by

ρ(u, y) =
∥y∥
∥u∥

and θ(u, y) = arccos
⟨u, y⟩
∥u∥∥y∥

, (2)

respectively, and ρ(u, y) = ∞ and θ(u, y) = 0 when u = 0.
The scaled graph of H is defined as [3], [6]

SG(H) =
{
ρ(u, y)e±jθ(u,y) | u ∈ Ln

2 , y ∈ H(u)
}
. (3)

Each input-output pair of H results in a complex number
whose magnitude and argument provide gain and phase
information of H . The inverse of the SG in (3) is denoted by
SG†(H) and is obtained by swapping the role of the input
and output of H . Note that the phase θ(·, ·) in (2) takes
values in [0, π] and, therefore, is an unsigned quantity. By
using both +θ(·, ·) and −θ(·, ·) in (3), SG(H) is symmetric
around the real axis and so is its inverse SG†(H).

In the special case that H is SISO, linear and time-
invariant with transfer function H(s), for analytical inputs
of the form u(t) = ejωt, the gain and phase are given by

ρ(u, y) = |H(jω)| and θ(u, y) = | arg(H(jω))|. (4)

Thus, the gain and phase of the scaled graph in (3) are
intimately related to the classical notions of the gain and
phase of a transfer function. We refer the reader to [6,
Section V] and [8] for further connections between the SG
and the Nyquist diagram of an LTI system.

The SG provides an elegant means for analysis of the
feedback interconnection of two square, causal and bounded
(i.e. open-loop stable) systems H1 : Ln

2 → Ln
2 and H2 :

Ln
2 → Ln

2 as shown in Fig. 1. Here, w ∈ Ln
2 are external

signals, and u1, u2, y1, y2 ∈ Ln
2e are internal signals. Before

providing a feedback stability result based on SGs, we recall
formal definitions of feedback well-posedness and stability.

Definition 1 (Well-posedness). Let H1 : Ln
2 → Ln

2 and
H2 : Ln

2 → Ln
2 . The interconnection in Fig. 1 is said to be

well-posed if the map u1 7→ w has a causal inverse on Ln
2e.

Definition 2 (Feedback stability). Let H1 : Ln
2 → Ln

2 and
H2 : Ln

2 → Ln
2 . The interconnection in Fig. 1 is said to be

stable if it is well-posed, and inputs w ∈ Ln
2 are mapped to

outputs u1 ∈ Ln
2 . We say it is finite-gain stable if it is stable

and in addition there exists γ > 0 such that ∥u1∥ ≤ γ∥w∥.

The next result, adopted from [7, Theorem 4], provides
a stability theorem for the interconnection in Fig. 1 that is
based on graphical separation of SG(H1) and SG(H2) in C.
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Fig. 1: Negative feedback interconnection.

Theorem 1. Consider a pair of stable systems H1 : Ln
2 →

Ln
2 and H2 : Ln

2 → Ln
2 , and suppose that the feedback

interconnection in Fig. 1 between H1 and τH2 is well-posed
for all τ ∈ (0, 1]. If there exists r > 0 such that for all
τ ∈ (0, 1]

dist(SG†(H1),SG(−τH2)) ≥ r, (5)

then the feedback interconnection is finite-gain stable.

The appealing aspect of Theorem 1 is the fact that con-
dition (5) can be checked graphically, and is reminiscent of
a classical Nyquist stability test. Moreover, it encompasses
classical stability tests such as the passivity and small-gain
theorem [6]. Recall that due to the phase in (2), the scaled
graph and its inverse are symmetric in C around the real axis.
We will provide an example that illustrates possible conser-
vatism in Theorem 1 coming from this inherent symmetry.

B. Motivating example

The next example highlights the implications of conjugate
symmetry in scaled graphs for feedback stability analysis.

Example 1 (Lead and lag filters). Consider a first-order LTI
lead filter and a first-order LTI lag filter, given by

Hlead(s) =
s

s+ 1
and Hlag(s) =

1

s+ 1
, (6)

respectively. The Nyquist diagram of both Hlead(s) as well as
Hlag(s) is the circle in C given by {z ∈ C | |z − 0.5| = 0.5}.
This circle precisely coincides with the scaled graphs of both
Hlead(s) and Hlag(s), i.e., SG(Hlead) = SG(Hlag). Hence, we
cannot distinguish between an LTI lead filter and an LTI lag
filter based on their scaled graphs alone.

To show the implications of SG(Hlead) = SG(Hlag) in
feedback stability analysis, consider the LTI system

H1(s) =
k

(s+ 1)2
(7)

with k > 0. From the Nyquist criterion we infer that the
negative feedback interconnection of H1 and H2 = Hlead is
stable for all values k > 0, whereas the negative feedback
interconnection of H1 and H2 = Hlag is stable for all k < 8.

The scaled graph of the system in (7) is given by the
region with perimeter p(φ) = k

(
cos

(
φ
2

))2
e−jφ, where φ ∈

[−π, π] (see [5]). Since the inverse of the scaled graphs of
both the lead and lag filters in (6) are given by

SG†(Hlead) = SG†(Hlag) = {z ∈ C | Re {z} = 1} , (8)

it follows from application of Theorem 1 that the negative
feedback interconnection of H1 in (7) with either H2 = Hlead
or H2 = Hlag is stable if Re {p(φ)} > −1 for all φ ∈
[−π, π], which is true for k < 8. Hence, when H2 = Hlag,
Theorem 1 introduces no conservatism, whereas when H2 =
Hlead, Theorem 1 is conservative. This conservatism comes
from the fact that in (8) no distinction between lead and
lag can be made, and, therefore, Theorem 1 accounts for
the worst-case situation, i.e., it accounts for phase lag as a
destabilizing mechanism.

One may argue that in the example discussed, stability
could also be verified by evaluating SG(L) for the loop
system L = H1H2 with respect to the point −1+j0 directly.
For LTI systems, Theorem 1 then coincides with the classical
Nyquist test. However, in controller design and robustness
analysis, there is good reason for considering the scaled
graphs of H1 and H2 separately. Differentiating between
phase lead and phase lag is thus of importance in analysis
and design.

III. SIGNED SCALED GRAPHS

Motivated by the previous example, in this section we
introduce an alternative construction of the scaled graph. Key
in this construction is the Hilbert transform of a signal.

A. The Hilbert transform

The Hilbert transform H : L2(−∞,∞) → L2(−∞,∞)
of a signal f ∈ L2(−∞,∞) is defined as the convolution of
f(t) with the function 1/(πt), that is,

f̂(t) = H{f}(t) = 1

πt
∗ f(t) = 1

π

∫ ∞

−∞

f(τ)

t− τ
dτ. (9)

The integral in (9) is improper due to the pole at τ = t, and
is evaluated in the sense of the Cauchy principal value [15].
Moreover, f̂ ∈ L2(−∞,∞) ⊃ L2.

Let the embedding operator E : L2 → L2(−∞,∞) be
defined by

E(u)(t) =

{
u(t) when t ≥ 0,

0 otherwise

for any u ∈ L2. Clearly, u ∈ L2 implies E(u) ∈
L2(−∞,∞). Then, the Hilbert transform of the embedding
of a signal u ∈ L2 is given by

û(t) = H{E(u)}(t) = 1

πt
∗ E(u)(t) = 1

π

∫ ∞

0

u(τ)

t− τ
dτ

(10)
and û ∈ L2(−∞,∞) ⊃ L2. The intuition behind the Hilbert
transform can be developed by looking at the Fourier trans-
form1 F{·} of the convolution kernel 1/(πt) in (10), which
is given by F{1/(πt)} =

∫∞
−∞

1
πte

jωt dt = −j sgn(ω),
where sgn(·) is the sign function. As such, the Fourier
transform of the Hilbert transformed signal û(t) is given by
˜̂u(jω) = −j sgn(ω)ũ(jω) where ˜̂u(jω) =

∫∞
−∞ û(t)ejωt dt

1The Fourier transform F : L2(−∞,∞) → L2(jR) of a signal f ∈
L2(−∞,∞) is given by f̃(jω) = F{f}(jω) =

∫∞
−∞ f(t)ejωt dt where

f̃ ∈ L2(jR).



and ũ(jω) =
∫∞
−∞ E(u)(t)ejωt dt =

∫∞
0

u(t)ejωt dt. From
a physical point-of-view, the Hilbert transform provides a
pure π/2 phase shift to the frequency components in the
signal u(t) and is often utilized in mathematics and signal
processing to generate an analytic signal ua(t) = E(u)(t) +
jû(t) that has no negative frequency components.

For SISO LTI systems, the Hilbert transform is intimately
related to the imaginary part of the system’s frequency-
response-function. Consider a stable SISO LTI system y =
Hu with transfer function H(s). When evaluating the inner
products of the output with the input and Hilbert transformed
input, we find by application of Plancherel’s theorem

⟨u, y⟩ =
∫ ∞

0

u(t)y(t) dt =

∫ ∞

−∞
E(u)(t)E(y)(t) dt

=
1

2π

∫ ∞

−∞
H(jω)|ũ(jω)|2 dω

=
1

π

∫ ∞

0

Re {H(jω)} |ũ(jω)|2 dω,

(11)

and

−⟨⟨⟨û, E(y)⟩⟩⟩ = −
∫ ∞

−∞
û(t)E(y)(t) dt

=
1

2π

∫ ∞

−∞
−j sgn(ω)H(jω)|ũ(jω)|2 dω

=
1

π

∫ ∞

0

Im {H(jω)} |ũ(jω)|2 dω,

(12)

where we used the conjugate symmetry properties of sgn(ω)
and H(jω), and the fact that E(y)(t) = 0 for all t < 0.
Hence, ⟨u, y⟩ provides information on the real part of H(jω),
whereas ⟨⟨⟨û, E(y)⟩⟩⟩ provides information on the imaginary
part. Combining the two quantities gives us full information
in terms of gain and phase. Given these observations for LTI
systems, it is natural to consider the Hilbert transform within
the nonlinear input-output setting as well.

B. Signed scaled graphs through the Hilbert transform
In view of the above, we consider an alternative con-

struction of the scaled graph. Specifically, given any signal
u ∈ Ln

2 , for a system H : Ln
2 → Ln

2 , we define its gain
similar to (2), that is, ρ(u, y) = ∥y∥/∥u∥ for all u, y ̸= 0,
and ρ(u, y) = ∞ for u = 0. Different from (2), we now
define the phase φ(u, y) ∈ [−π, π] of H as

φ(u, y) = sgn(⟨⟨⟨û, E(y)⟩⟩⟩)θ(u, y), (13)

if ⟨⟨⟨û, E(y)⟩⟩⟩ ≠ 0 and φ(u, y) = ±θ(u, y) if ⟨⟨⟨û, E(y)⟩⟩⟩ = 0,
where θ(u, y) is the (unsigned) phase given in (2).

Different from the phase in (2), this new notion of phase
in (13) provides a signed quantity. The signed scaled graph
of H is then defined as

SSG(H) :=
{
ρ(u, y)ejφ(u,y) | u ∈ Ln

2 , y ∈ H(u)
}
, (14)

and its inverse SSG†(H) is obtained by swapping the role
of the input and output. As such, each z ∈ SSG†(H) can be
written as

z(y, u) =
1

ρ(u, y)
e−jφ(u,y),

which follows from the property that ⟨⟨⟨ŷ, E(u)⟩⟩⟩ = −⟨⟨⟨û, E(y)⟩⟩⟩
[16], and, therefore, by swapping the role of the input and
output in H , the phase flips sign in line with our intuition.
We furthermore denote the set SSG∗(H) as the conjugate of
(14), i.e., SSG∗(H) = {z∗ | z ∈ SSG(H)}.

Note that (14) and its inverse are no longer symmetric
around the real axis, although we could simply make them
symmetric by including the complex conjugates as well.
However, because (13) is a signed quantity, all relevant
information is captured in (14). This construction is akin
to the Nyquist diagram of an LTI system, where all relevant
information is contained in the part for positive frequencies.
It is clear that the signed scaled graph in (14) is closely
related to the original definition in (3) in the following way.

Lemma 1. For H : Ln
2 → Ln

2 , it holds that SSG(H) ⊂
SG(H) and SSG(H) ∪ SSG∗(H) = SG(H).

Remark 1. An alternative to using the Hilbert transform
to define a signed phase could be to exploit the quantity
⟨u̇, y⟩ or ⟨u, ẏ⟩, i.e., using the time-derivative of the input
or output signals. This, however, requires differentiability of
closed-loop signals, thereby potentially limiting the class of
systems that can be considered. We will explore this idea and
compare it with the Hilbert transform in future work.

C. An interconnection result

In this subsection we present a stability result for the
feedback interconnection in Fig. 1 based on the signed scaled
graph in (14). Before providing the result, we define the set

W = {w ∈ Ln
2 | w = u1 + τy2, and ∃τ ∈ (0, 1] s.t.

⟨u1, u2⟩+ ⟨u2, τy2⟩ = 0, ∥u1∥ − ∥τy2∥ = 0,

⟨⟨⟨û1, E(u2)⟩⟩⟩⟨⟨⟨û2, E(τy2)⟩⟩⟩ < 0}.
(15)

The set W contains inputs w that excite the feedback
interconnection in a specific manner. For instance, the first
equality in (15) reads ⟨w, y1⟩ = 0, i.e., it includes those
inputs for which the system is excited in a lossless manner.
For those feedback systems satisfying Theorem 1, W is auto-
matically empty. Additionally, W is empty for the negative
feedback interconnection of two (strictly) passive systems
[17], and the feedback interconnection of two LTI negative
imaginary systems [22], as at least one of the (in)equalities
in (15) is violated in those cases.

Theorem 2. Consider a pair of finite-gain stable systems
H1 : Ln

2 → Ln
2 and H2 : Ln

2 → Ln
2 and suppose that the

feedback interconnection in Fig. 1 between H1 and τH2 is
well-posed for τ ∈ (0, 1]. If there exists r > 0 such that for
all τ ∈ (0, 1]

dist(SSG†(H1),SSG(−τH2)) ≥ r, (16)

then the feedback interconnection is finite-gain stable for all
inputs w ∈ Ln

2 \W .

The full proof of Theorem 2 is provided in [23] and is
inspired by the idea of partitioning input-output trajectories
in small-gain, large-gain and small-phase pairs [12]. Note



that Theorem 2 also holds if condition (16) is replaced by
dist(SSG(H1),SSG†(−τH2)) ≥ r.

Theorem 2 is similar to Theorem 1 in the sense that both
results are based on topological graph separation. Different
from Theorem 1, however, Theorem 2 exploits the signed
scaled graph in (14) which is not necessarily symmetric in
C around the real axis. The latter may offer advantages in
reducing conservatism in feedback stability analysis. The
restriction on the set of allowed inputs w is a technical
condition required for the proof of Theorem 2, which we
expect can be removed in future work.

We revisit Example 1 from Section II-B, now in light of
the signed scaled graph in (14) and Theorem 2.

Example 2 (Lead and lag filters revisited). Consider again
the LTI lead and LTI lag filters given in (6). For all ω ∈
[0,∞), the real parts of these filters satisfy Re {Hlead(jω)} ≥
0 and Re {Hlag(jω)} ≥ 0, and their imaginary parts satisfy

Im {Hlead(jω)} = ω/(ω2 + 1) ≥ 0, (17)

and Im {Hlag(jω)} = −Im {Hlead(jω)} ≤ 0 for all ω ∈
[0,∞]. From this, we find that

−SSG†(Hlead) ⊂ {z ∈ C | Re {z} = −1, Im {z} ≥ 0} ,

and

−SSG†(Hlag) ⊂ {z ∈ C | Re {z} = −1, Im {z} ≤ 0} .

It is important to note that from the frequency response
functions of these systems we find that ⟨⟨⟨û, E(y)⟩⟩⟩ = 0
is true only for inputs with ω = 0. In turn, this im-
plies Re {Hlead/lag(jω)} = |Hlead/lag(jω)| and, therefore,
⟨u, y⟩/∥u∥2 = ∥y∥/∥u∥. Thus, in this case, those points
in the signed scaled graph where ⟨⟨⟨û, E(y)⟩⟩⟩ = 0 collapse
to points on the real axis. Consider also the plant H1 in
(7) and note that SSG(H) ⊂ SG(H). Similarly to before,
⟨⟨⟨û, E(y)⟩⟩⟩ = 0 is true for ω = 0 and excessive points collapse
to points on the real axis. Since SG(H1) is completely
bounded by the Nyquist diagram of H1, which belongs
to the third and fourth quadrant in the complex plane, it
readily follows that SSG(H1) and −SSG†(τHlead) do not
intersect for any τ ∈ (0, 1]. By Theorem 2, the negative
feedback interconnection of H1 and H2 = Hlead is stable
for all values of k > 0. Moreover, similary to the earlier
example, −SSG†(τHlag) does not intersect SSG(H1) for any
τ ∈ (0, 1] provided k < 8. Hence, we recover the same result
as in the Nyquist stability test. Finally, it can be easily shown
via the closed-loop mapping that W ̸= L2.

As a final result in this section, we show that Theorem 2
is never more conservative than Theorem 1.

Theorem 3. If condition (5) in Theorem 1 is satisfied for all
τ ∈ (0, 1], then condition (16) in Theorem 2 is satisfied for
all τ ∈ (0, 1]. The converse is not true in general.

Proof. Direct result of Lemma 1 and the fact that W = ∅
under (5). The final statement follows from Example 2.

IV. NONLINEAR SYSTEM CHARACTERIZATIONS

Classical notions of passive and negative imaginary sys-
tems are closely related to phase properties. Since the signed
scaled graph in (14) provides signed phase information, it is
natural to consider this definition in the context of passive
and negative imaginary nonlinear systems.

A. Passive systems

In classical literature, passive systems are typically thought
of having their phase contained in [−π/2, π/2]. Examples
include capacitors, resistors and RLC circuits. Considering
the phase in (13), this naturally leads to the next definition.

Definition 3 (Passive systems). A stable system H : Ln
2 →

Ln
2 is called input strictly passive if for all u ∈ Ln

2 and all
y = H(u) ∈ Ln

2 , there exists ε > 0 such that

⟨u, y⟩ ≥ ε∥u∥2. (18)

When ε = 0 we call the system passive.

Definition 3 is consistent with the existing definitions of
passive systems in the literature, see, e.g., [9], [17]. Clearly,
the SSG of a (strictly) passive system belongs to the (open)
right-half complex plane. The following result shows that the
classical passivity theorem is a special case of Theorem 2.

Corollary 1. The negative feedback interconnection of an
input strictly passive system H1 : Ln

2 → Ln
2 and a passive

system H2 : Ln
2 → Ln

2 is finite-gain stable for all w ∈ Ln
2 .

Proof. First note that for z ∈ SSG(H) we have Re {z} =
⟨u, y⟩/∥u∥2. From Definition 3 it follows that

SSG(H1) ⊂ {z ∈ C | Re {z} ≥ ε > 0}

and
−τSSG†(H2) ⊂ {z ∈ C | Re {z} ≤ 0} ,

where the minus sign results form the negative feedback
interconnection. Hence, the graph separation condition (16)
in Theorem 2 is satisfied. Besides, since H1 is strictly passive
and H2 is passive, the situation ⟨u1, y1⟩ = −⟨u2, y2⟩ cannot
happen for nontrivial u1 ̸= 0, and the set W is empty.

B. Negative imaginary systems

In a similar spirit as passive systems, negative imaginary
systems are usually understood to have their phase contained
in [−π, 0]. Examples include mass-spring-damper systems
with nonlinear spring characteristics. We introduce an alter-
native definition of nonlinear negative imaginary systems.

Definition 4 (SSG-Negative imaginary systems). A stable
system H : Ln

2 → Ln
2 is said to be SSG-negative imaginary

if for all u ∈ Ln
2 and y = H(u) ∈ Ln

2 , there exists ε > 0
such that

⟨⟨⟨û, E(y)⟩⟩⟩ ≥ ε(∥u∥∥y∥ − |⟨u, y⟩|). (19)

Definition 4 is inspired by our definition of the SSG.
That is, condition (19) implies that all points z ∈ SSG(H)
belong to {z ∈ C | Im(z) ≤ 0}. Indeed, from the



Cauchy-Schwarz inequality, the right-hand side of (19) is
non-negative, and is zero if ⟨⟨⟨û, E(y)⟩⟩⟩ = 0. Hence, the
SSG of an SSG-negative imaginary system belongs to the
lower half of the complex plane. We coin the term SSG-
negative imaginary system to differentiate from the existing
definitions of negative imaginary systems in the literature.
In the classical definition of negative imaginary systems
the condition ⟨u, ẏ⟩ ≥ 0 is used, and the additional term
in the right-hand side of (19) is absent; see, e.g., [18],
[20] for definitions. In the LTI case, however, Definition 4
turns out to be consistent with those in the literature. By
taking inputs u ∈ L2 having their Fourier spectrum u(jω)
centered on frequency ±ω only and ∥u∥ = 1, (19) implies
that Im {H(jω)} ≤ ε (|Re {H(jω)} | − |H(jω)|) , see also
the discussion around (11) and (12). From the fact that
|H(jω)| = (Re {H(jω)}2 + Im {H(jω)}2) 1

2 the above
inequality implies Im {H(jω)} ≤ 0 for all ω ∈ [0,∞].
The next result provides an analog of the classical negative
imaginary theorem on the basis of scaled graphs.

Theorem 4. The positive feedback interconnection of two
SSG-negative imaginary systems H1 : Ln

2 → Ln
2 and H2 :

Ln
2 → Ln

2 is finite-gain stable for all w ∈ Ln
2 \W if

z1z2 < 1 (20)

for all z1 ∈ SSG(H1)∩X and all z2 ∈ SSG(H2)∩X , where
X = {z ∈ C | Im {z} = 0}.

Proof. First, note that from Definition 4 it follows that

SSG(H1) ⊂ {z ∈ C | Im {z} ≤ 0}

and
SSG†(H2) ⊂ {z ∈ C | Im {z} ≥ 0} ,

which follows from ⟨⟨⟨û, E(y)⟩⟩⟩ ≥ 0, and in case ⟨⟨⟨û, E(y)⟩⟩⟩ =
0, (19) implies |⟨u, y⟩| = ∥u∥∥y∥, such that z =
∥y∥/∥u∥e±jθ(u,y) = ±⟨u, y⟩/∥u∥2, i.e., the imaginary part
is zero in this case. Note that the above inequality for
SSG†(H2) follows from the fact that in the inverse of
SSG(H2), the phase flips sign. By condition (20), it follows
that z1 ̸= z†2 for all zi ∈ X with i ∈ {1, 2}, and all scalings
τ ∈ (0, 1]. Together with the separation of SSG(H1)\X and
SSG†(H2) \ X which also holds for all scalings τ ∈ (0, 1],
it follows that condition (16) in Theorem 2 is satisfied.

Finally, note that the interconnection in Example 2 in fact
can be seen as the positive feedback interconnection of two
SSG-negative imaginary systems.

V. CONCLUSIONS

In this paper, we provided a modified definition of the
scaled graph (SG), in which phase is characterized through
the Hilbert transform. Contrary to the original definition of
the SG, the modified SG contains signed phase information,
thereby removing the inherent symmetry in the SG. This
allows us to differentiate between, e.g., lead and lag filters,
which have no discernible difference in the classical def-
inition of the SG, and in that sense potentially introduce
conservatism in SG analysis. We have shown how the

new SG leads to intuitive characterizations of passive and
negative-imaginary nonlinear systems, and provided various
interconnection results. The ideas put forward in this paper
enrich the theory on scaled graphs and provide the next steps
in graphical nonlinear system analysis and design. For future
work we aim at deriving interconnection rules, exploring
different ways for retrieving sign information (e.g., via time-
derivatives), as well as developing methods for efficiently
generating the signed scaled graph of nonlinear systems.
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