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Abstract— This article introduces novel tests which utilize a
limited amount of experimental and possibly noisy data ob-
tained from a stable closed-loop system, i.e. an interconnection
of an existing known stabilizing controller and an unknown
plant, to infer if the introduction of a prospective controller will
stabilize the unknown plant. This extends our earlier results to
include the MIMO systems.

Index Terms— Multiple Model Adaptive Control, Robust Con-
trol, Iterative Identification and Control.

I. INTRODUCTION

A
DAPTIVE control algorithms would normally be ex-

pected to include a mechanism for ensuring that the

introduction of a new controller will always yield a stable

closed-loop. Yet, many state-of-the-art adaptive control de-

sign methodologies do not explicitly rule out the possibility

of inserting a destabilizing controller in the closed-loop [1].

A renowned form of adaptive control is the iterative

control and re-identification approach which emerged from

the understanding of the interplay between identification

and control design [2], [3], [4], [5], [6], [7]. The worst

problem that this approach can engender is the so-called

transient instability problem [8]. Here there is the possibility

that the controller connected to the unknown plant at any

particular time and frozen thereafter in combination with

the plant provides an unstable closed loop. This happens

partly because it is not always straightforward to accurately

predict the new closed-loop transfer function that will result

from changing a controller from one known controller to

another known controller, when the first closed-loop transfer

function is approximately known. All algorithms based on

iterative identification and controller redesign need to include

measures to avoid this sort of problem; if not, the new

controller may destabilize the unknown plant [9], [10], [11].

Another different form of adaptive control is Multiple

Model Adaptive Control (MMAC), see e.g. [12], [13], [14],

[15], [9], [1], in which—for an unknown (frequently but not

always assumed linear) plant belonging to a not usually finite

set—a finite number of switchings among the controllers
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(nearly always assumed to be linear) of a given set takes

place until a satisfactory one is obtained. It is assumed that

each plant in the plant set will be satisfactorily controlled

by at least one of the controllers. The potential problem

with the MMAC approach, analogous to that with iterative

identification and control, is that model-plant mismatch in the

closed-loop may cause a new controller, chosen on the basis

of its suitability for use with the current model, to actually

destabilize the unknown true plant [1].

The remedy could be the Unfalsified Adaptive Control

approach of [16], see also the references therein. This data-

driven approach does not require explicit identification of a

plant model and exploits information in the real-time mea-

surement data to prospectively evaluate suitability, including

closed-loop stability, and performance levels of all candidate

controllers simultaneously before insertion of any one of

them into the actual closed-loop to replace the existing con-

troller. Nevertheless, it has been recently shown in [17] that

the unfalsified adaptive control approach unfortunately gives

no guarantee of protection against inserting a destabilizing

controller in the closed-loop; moreover, such a destabilizing

controller can remain in the loop for a long period of time

resulting in very large closed-loop signals; for the example

of [17] a maximum value of 1.228 × 106 was recorded for

the plant input signal u(t) when the the reference signal

r(t) was a sinusoid of magnitude 1. Indeed, one cannot

even put a global upper bound on the time during which

the destabilizing controller is attached.

There exist iterative control design methods which utilize

the closed-loop data collected from an existing feedback

interconnection in order to replace the current controller with

a better performing controller, see e.g. [18], [19], [20] and the

references therein. However, the existing data-based stability

tests to ascertain internal stability with the new controller

before its implementation in the closed-loop are based either

on the identification of a parametric full order model of the

current closed-loop transfer function or on the full estimation

of frequency bounds on the magnitude of the current closed-

loop transfer functions [21], [22], [23], [24].

This paper extends our earlier results [25] to MIMO

systems and proposes novel tests using a limited amount of

experimental data, such as noisy frequency response data,

obtained with an existing known stabilizing controller to

verify that the introduction of a new controller will stabilize

the plant. These tests exploit phase information of the current

closed-loop data to assess stability conditions, analogously

to the Nyquist stability criterion, to ascertain closed-loop

stability with the new controller. The proposed tests offer

significant robustness to noise.
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Section II collects the required definitions and notations

and is followed by Section III where a framework for imple-

menting controllers in a specialized way is established, and

preliminary results based on phase information are presented

which define the experimental setting for stability tests. This

leads to the development of the proposed novel closed-loop

validation tests in Section IV. Section VI contains concluding

remarks and future research direction.

II. PRELIMINARIES

Let H∞ denote the space of functions bounded and

analytic in the open right-half complex plane and the same

function spaces with prefix R be their real-rational proper

subspaces. The transfer function of the plant P belongs to

Rm×p. The transfer function of the controller is denoted by

C and is assumed to belong to Rp×m. The eigenvalues of

a matrix A ∈ C
n×m are denoted by λi(A), and its singular

values by σi(A), with the largest singular value σ(A)
and the smallest singular value σ(A). The number wno(·)
denotes the winding number of the Nyquist diagram of a

scalar transfer function, evaluated on a contour along the

imaginary axis and indented to the right around any pure

imaginary pole. Let also G(jω)∗ = G(−jω)T denote the

complex conjugate transpose of frequency-response function

G(jω) at each ω. What follows is a collection of internal

stability results for the interconnection [P, C] in Fig. 1, and

definitions linked to coprime factor representation, see [26].

Definition 1: The interconnection [P, C] is “well-posed”

if the transfer function matrix mapping
[

r
d

]

to
[

y
u

]

exists.

Put another way, [P, C] is well-posed if (I − CP )−1 ∈ R.

Given such well-posedness, we can write
[

y
u

]

=

[

P
I

]

(I − CP )
−1 [

−C I
]

[

r
d

]

= H(P,C)

[

r
d

]

.

Definition 2: The interconnection [P, C] is said to be

“internally stable” if it is well-posed and H(P,C) ∈ RH∞.

Definition 3: The ordered pair {N,M}, with

M,N ∈ RH∞, is a right-coprime factorization (rcf )

of P ∈ R if M is invertible in R, P = NM−1, and N and

M are right-coprime over RH∞. Furthermore, the ordered

pair {N,M} is a normalized rcf of P if {N,M} is a rcf

of P and M∗M + N∗N = I .

d

rC

P
yu

−

−

Fig. 1. Standard Feedback Configuration

Definition 4: The ordered pair {Ũ , Ṽ }, with Ũ , Ṽ ∈
RH∞, is a left-coprime factorization (lcf ) of C ∈ R if Ṽ is

invertible in R, C = Ṽ −1Ũ , and Ũ and Ṽ are left-coprime

over RH∞. Furthermore, the ordered pair {Ũ , Ṽ } is a

normalized lcf of C if {Ũ , Ṽ } is a lcf and Ṽ Ṽ ∗+Ũ Ũ∗ = I .

Let

G :=

[

N
M

]

, K̃ :=
[

−Ũ Ṽ
]

(1)

be the right graph symbol of P and the inverse left graph

symbol of C respectively. Then the following results

characterizes closed-loop stability in terms of coprime

factorization.

Theorem 5: [26, Proposition 1.9] Let G and K̃ be defined

as in (1). Then the following are equivalent:

i. [P, C] is internally stable;

ii. (K̃G)−1 ∈ RH∞;

iii. det(K̃G)(jω) 6= 0 ∀ω and wnodet(K̃G) = 0.

III. PROBLEM FORMULATION & EXPERIMENTAL

SETTING

The problem considered here is: given an unknown

plant P , which is stabilized by a known controller C0,

and a limited amount of experimental data obtained with

C0, how can one verify—without actual insertion in the

closed-loop—if the introduction of the new controller C1

will stabilize the plant P ? The following theorem defines

the experimental framework for the stability tests proposed

in this paper.

Theorem 6: Let [P,C0] be internally stable. Let C0 =
Ṽ −1

0 Ũ0 and C1 = Ṽ −1
1 Ũ1 be left coprime factorizations over

RH∞. Consider the configuration1 in Fig. 2 and define the

mapping T : r 7→ z to be

T = [−Ũ1 Ṽ1]

[

P (I − C0P )−1

(I − C0P )−1

]

Ṽ −1
0 (2)

and let arg denote the unwrapped phase2. Then the following

are equivalent:

a) [P, C1] is internally stable;

b) T−1 ∈ RH∞;

c) detT (jω) 6=0∀ω and wno detT = 0;

d) detT (jω) 6=0∀ω and arg detT (j∞) = arg detT (j0).
Proof: See [25].

Note that the plant is unknown and hence one cannot

explicitly construct T in closed form. However, the stable

mapping resulting from T : r → z can be studied in a safe—

in which no instability can occur—experimental framework,

as shown in Fig. 2. The required properties of T can be

experimentally inferred by utilizing the reference signal r

1The specialized implementation of the controller C0 depicted in Fig. 2
is referred to as the “observer-form” implementation; see [25], [27], [26]
for details.

2We refer to the unwrapped phase of a transfer function as the phase of
the frequency response when it is in the form of a continuous function of
the frequency [28].
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and the constructed output signal z (computed as a filtered

version of the measured signals
[

y
u

]

via K̃1). The following

section introduces data-based stability tests on the basis of

experimental setting defined in this section and with the aim

of verifying condition (d) in Theorem 6.

Before that, we shall present a form of the specialized

implementation of the controller depicted in Fig. 2 by

introducing an alternative controller implementation in the

following subsection.

A. Alternative Implementation of Controllers

As discussed earlier, we adopt the observer-form imple-

mentation of the controller depicted in Fig. 2. One may be

concerned in having to split up the physical controller in two

coprime factors before injecting the reference signal r. The

following implementation will circumvent the concerns.

Let
[

X
Y

]

be a right inverse of
[

−Ũ0 Ṽ0

]

. In other words,

let P0 = XY −1 be some plant that stabilizes C0 = Ṽ −1
0 Ũ0

and satisfies the corresponding Bezout identity. Note that P0

does not have to be an estimate of P . Then, it is easy to see

in Fig. 3 that
[

r1

r2

]

=

[

X
Y

]

r and

[

y
u

]

= H(P,C0)

[

r1

r2

]

.

Because H(P,C0) = G(K̃0G)−1K̃0, it easily follows that
[

y
u

]

= G(K̃0G)−1r

which is the mapping from r to
[

y
u

]

in Fig. 2. Note that

the requirement
[

−Ũ0 Ṽ0

] [

X
Y

]

= I can be relaxed to
[

−Ũ0 Ṽ0

] [

X
Y

]

= Z where Z is a unit in RH∞ since

the transfer function from r to
[

y
u

]

then becomes
[

y
u

]

= G(K̃0G)−1Zr = G( ˆ̃K0G)−1r

with
ˆ̃K = Z−1K̃0, i.e. only changing the particular coprime

factor representation of the controller.

An interesting observation is that there are several plants

P0 that stabilize C0 and furthermore there are several co-

prime factorizations of P0 = Y −1X . This choice can be used

in the synthesis of X and Y to determine the frequency and

r

Ũ1

Ṽ1

Ũ0

Ṽ −1
0

yu
P

z

−

Fig. 2. Experimental setting

bandwidth characteristics of the physical reference signals r1

and r2.

Next, we shall propose our stability tests.

IV. PROPOSED DATA-BASED STABILITY TESTS

Using the experimental setting of Section III, we will

now present data-based stability tests to verify condition (d)

in Theorem 6. Let the following assumptions hold.

Assumption 7: The factors Ṽ0 and Ṽ1 are such that

Ṽ0(j∞) = Ṽ1(j∞) = I .

Assumption 8: The transfer functions PC0 and PC1 are

strictly proper.

Notice that the transfer function T can be written as

T = Ṽ1(I − C1P )(I − C0P )−1Ṽ −1
0 (3)

for which under Assumptions3 7 and 8 we have

det T (j∞) = 1 .

Thus, detT (j∞) is strictly positive and known and will

be used as a datum for the verification of condition (d)

in Theorem 6. Condition (d) in Theorem 6 can be verified

by using more sophisticated identification techniques. In

principle, one could inject a white noise signal r or a full

sine sweep, measure the corresponding output z and compute

the full frequency response for T . However, this is not

desirable on the grounds of complexity and hence one needs

to determine an alternative sensible experiment. Two key

points that have to be taken account of in designing the

experiment are, first, that there is no need to estimate the

full frequency response of T but what is instead needed

is to measure its frequency response up to a certain finite

frequency ω0, as later explained. Second, the measurement

can tolerate significant error, as its purpose is simply to

facilitate computation of a certain integer (as both T (j0)
and T (j∞) are real) phase change. The following result,

obtained by exploiting the structure of the transfer function

T , paves the way for introduction of a mechanism to estimate

ω0.

3It is evident that Assumption 7 is without loss of generality and
Assumption 8 captures a typical practical situation.

r1

r2
C0

P
yu

−

−

X Y

r

Fig. 3. Alternative experimental setting
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Lemma 9: Let the suppositions of Theorem 6 hold. Then

the transfer function T has the following expression:

T = I + T ′ (4)

T ′=
[

−(Ũ1−Ũ0) (Ṽ1−Ṽ0)
]

[

P (I−C0P )−1

(I−C0P )−1

]

Ṽ −1
0 (5)

Proof: The expression for T ′ is derived as follows

T ′ = K̃1G(K̃0G)−1 − I

= (K̃1 − K̃0)G(K̃0G)−1

=
[

−(Ũ1−Ũ0) (Ṽ1−Ṽ0)
]

[

P
I

]

(I − C0P )−1Ṽ −1
0

The last expression coincides with (5).

The expression for the transfer function T presented

in Lemma 9 shows that T is the sum of a known term

(i.e. I) and a term which, under Assumptions 7 and 8, is

strictly proper. Thus, it can be expected that measuring

the frequency response of T up to a frequency, ω0 say,

where the response of T ′ has nearly vanished is enough

to characterize the full frequency response of T in the

direction of the following results.

Theorem 10: Suppose the hypothesis of Theorem 6 and

Assumption 7 and 8 hold. Define T ′ ∈ RH n×n
∞

by T ′ =
T − I as in Lemma 9. Let ω0 ∈ [0,∞) be a frequency such

that

ρ(T ′(jω)) < sin(
π

2n
) ∀ω ≥ ω0 (6)

Then the condition
{

detT (jω)6=0 ∀ω ∈ [0,∞) and

π
[

arg det T (jω0)
π

]

=arg detT (j0) ,
(7)

where [·] denotes the closest integer, is equivalent to condi-

tion (d) in Theorem 6.

Proof: Observe that |λi(T
′)| ≤ ρ(T ′) and that

det T =
n

∏

i=1

λi(I + T ′) =
n

∏

i=1

[1 + λi(T
′)]

Since inequality (6) holds, [1 + λi(T
′)] (jω) lies in the inte-

rior of a circle of center 1 and radius ξ = sin(π/2n) ∀ω ≥
ω0. Hence the angle θ depicted in Fig. 4 is precisely π/2n.

Consequently, the angle of the complex number 1 + λi(T
′)

for each i and each ω ∈ [ω0,∞) lies in
(

− π
2n

, π
2n

)

. Thus the

angle of the complex number detT (jω) is in (−π/2, π/2)
for each ω ∈ [ω0,∞) and detT can never complete a

contour around the origin ∀ω ∈ [ω0,∞). Since detT (jω)
is a continuous function of frequency and is equal to unity

at infinity frequency,

π

[

arg detT (jω0)

π

]

= arg detT (j∞) .

The following theorem is advanced for the strict MIMO

case and provides a relaxation on the condition in (6)

resulting in less experimental effort.

Re

Im

ξ

θ

λi(T
′)

1

−1

1 2

Fig. 4. Graphical representation of the condition on λi(T
′). The angle θ

is of the form π/2n.

Theorem 11: Adopt the hypothesis of Theorem 6 and

Assumption 7 and 8, and define T ′ ∈ RH n×n
∞

, n ≥ 2, by

T ′ = T − I as in Lemma 9. Let ω0 ∈ [0,∞) be a frequency

such that

ρ(T ′(jω)) < sin(
π

n
) ∀ω ≥ ω0 (8)

Then the condition

detT (jω) 6= 0 ∀ω and 2π

[

arg detT (jω0)

2π

]

= arg detT (j0)

(9)

with [·] denoting the closest integer is equivalent to condition

(d) in Theorem 6.

Proof: The proof is similar to that of Theorem 10.

Evidently, checking the conditions in (6) or (8) requires

finding the spectral radius of T which is not available.

However, at each frequency one can use the inequality

σ(T ) ≤ ‖T‖F =

√

∑

i,j

|Tij |2

along with

ρ(T (jω)) ≤ σ[T (jω)]

to find an upper bound on the eigenvalues of T (jω). Alter-

natively the inequality

σ[T (jω)] ≤
√

n ‖T (jω)‖1

can be utilized at each frequency. The reader is referred to

[29, Chapter 2] for useful matrix norm inequalities.

The theorems presented in this section outline experi-

mental tests to assess stability of [P, C1] before inserting

controller C1 into the closed-loop. Theorems 10 and 11 state

necessary and sufficient conditions for the stability of [P, C1]
and imply the estimation of the frequency response of the

current closed-loop system up to a certain frequency ω0.

It is also important to notice that since only the value

[arg detT (jω0)/π] is used in condition (7), a rough
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estimate of arg detT (jω0)/π is enough and hence the test

is considerably robust to estimation errors. Moreover, the

structure of T ′ in (5) is such that σ(T ′(jω)) depends on

the size of the controller change. A small controller change

certainly implies a smaller frequency ω0 and hence reduced

experimental effort. The estimate of the frequency response

of T (jω) up to frequency ω0 can be obtained by using

either parametric [30] or non parametric [31] estimation

methods.

V. TOOLS FOR VERIFYING IF T IS MINIMUM-PHASE

This section notes some alternative tools which may assist

in verifying condition (b) in Theorem 6, i.e. checking if

T−1 ∈ RH∞, which evidently amounts to checking if

T ∈ RH∞ is a minimum-phase transfer function using the

available closed-loop information. Thus, the question is how

to determine if T : r 7→ z has right half-plane (RHP) zeros.

For a stable linear SISO system with real RHP zeros, it

is known that its step response will exhibit undershoot [32,

Sec. 5.7.1] [33]. We shall adopt a rather precise definition

of undershoot [34].

Definition 12: Let T (s) ∈ RH∞ be a SISO system with

T (0) 6= 0. Let z(t) be the output response to a positive

unit step input r(t). Then it is said that z(t) exhibits type

uz undershoot for t > 0 if there exist exactly uz different

values of t, say 0 < t1 < · · · < tuz
< ∞, such that for

i = 1, · · · , uz , we have

z(ti)T (0) < 0,

∣

∣

∣

∣

dz(t)

dt

∣

∣

∣

∣

t=ti

= 0, T (0)

∣

∣

∣

∣

d2z(t)

dt2

∣

∣

∣

∣

t=ti

> 0 .

(10)

Under the conditions in (10), z(t) is said to exhibit initial

undershoot if z(t)T (0)<0 ∀t ∈ (0, t1).
Note that initial undershoot refers to a step response

which exhibits undershoot if its steady-state value has a

sign opposite to that of its first non-zero derivative at time

t = 0. This is also known as ‘Type A’ undershoot. In

contrast, undershoot without initial undershoot is known

as ‘Type B’. The following summarizes the results in [34]

on the relationship between the number of RHP zeros and

undershoot.

Fact 13: The output z(t) has initial undershoot if and

only if T (s) has an odd number of real open right half-plane

zeros.

Fact 14: Suppose T (s) has nz real open right half-plane

zeros, and T (0) = 1. Then the output z(t) will display at

least type int[(nz + 1)/2] undershoot for t > 0, where int[·]
denotes integer part4.

To the best of our knowledge, the aforementioned facts

formalize the latest results on the relationship between real

4It is not hard to verify that complex RHP zeros do not have any influence
on determining initial undershoot and hence Fact 13 will still be valid.

RHP zeros and undershoot in the SISO case. As for the

MIMO case and in our settings, the question is how to

calculate the step response of detT . For that, a procedure

is put forward in the sequel. For simplicity, the time or

frequency dependence of the transfer functions or signals

is dropped. For a 2 × 2 system of Fig. 5, one can

• Insert a step function at r1 while r2 = 0 and record

z1 = T11r1 and z2 = T21r1;

• In a separate experiment, connect z1 to the input r2 of

the system while r1 = 0 and record the second output,

say y2, which is y2 = T11T22r1;

• In a separate experiment, connect z2 to the input r2 of

the system while r1 = 0 and record the first output, say

y1, which is y1 = T12T21r1;

• Calculate the step response by doing the subtraction

y2 − y1.

Of course, the above procedure can be generalized to sys-

tems with higher input dimension. The results presented in

this section can assist in verifying condition (b) in Theorem

6 by checking if T ∈ RH∞ is a minimum-phase transfer

function. This can be done by studying the step response

of T : r 7→ z for undershoot, see Fact 13 and Fact 14, to

determine if T has right half-plane zeros.

VI. CONCLUSIONS

We have proposed new validation tests for MIMO/SISO

linear time-invariant systems which aim to project internal

stability with the introduction of a new controller C1 by

utilizing a limited amount of experimental data obtained from

the stable closed-loop interconnection [P,C0]. Theorems 10

and 11 proposed a type of phase tests analogous to the

Nyquist criterion and utilized the noisy frequency response

information of the closed-loop mapping T up to a finite

frequency ω0 to check if C1 will stabilize the unknown plant

P . This was all achieved despite the restrictive assumption

that no a priori information about the plant was available.

This promises to address the so-called transient instability

problem in the context of multiple model adaptive control

(MMAC) and iterative identification and control ideas dis-

cussed in the introduction.

Our current research focuses on extending the proposed

stability tests to also allow inference of some performance

specifications of the closed-loop with C1.
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