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Abstract—This paper addresses the problem of finding a set of
‘if and only if’ criteria for a positive feedback interconnection of
two Negative Imaginary (NI) systems to retain the NI property.
First, we have derived a state-space characterisation for NI
systems that does not impose the minimality restriction. Then,
two more essential pre-requisite technical lemmas are provided
to prove the main results of this paper, which deal with intercon-
nected system properties. Under some technical assumptions, the
paper shows that a positive feedback interconnection of two NI
systems with possible pole(s) at s = 0 preserves the NI property.
Subsequently, the result is specialised when the NI systems do not
have any pole(s) at s = 0 and then to SNI systems. The proposed
results have potential applications in decentralised control of
large vehicle platoons. Furthermore, the results may be utilised in
simplifying complex physical networks and in physical network
analysis and synthesis.

Index Terms—Negative imaginary systems, positive feedback,
DC-gain, interconnected systems, internal stability.

I. INTRODUCTION

A promising new development in the broad area of robust
control and dissipative systems theory [1] is Negative Imag-
inary (NI) systems theory, first proposed in [2], which was
originally motivated by the principle of position control of
inertial systems via positive feedback [3]. These systems often
arise from the models having colocated position sensors (or
acceleration sensors) and force actuators [2], [4]. NI dynamics
is highly correlated to the concept of Counter-clockwise Input-
Output (I/O) systems [5], I/O Hamiltonian systems [6] and
a new type of dissipative systems defined with respect to
the input (u) and time derivative of the system’s output (ẏ)
[7]–[10]. Some potential applications of the NI toolkit can
be found in multi-disciplinary engineering systems, such as
large space structures [3], active electrical filters [11], robotic
manipulators [12], large vehicle platoons [13], multi-agent
networked systems [14], [15], Nano-positioning systems [16],
[17]. Recently, NI property has been defined for improper (e.g.
−s, −s2, etc.) and non-rational (e.g. time-delay) systems [18],
[19]. In addition, discrete-time version of NI theory is also
proposed in the literature [20], [21]. Lately, NI arena is further
broadened to capture non-square LTI SISO/MIMO systems
with polytopic uncertainty [22].
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NI theory has become attractive primarily because of its
closed-loop stability criterion that relies on the systems’ gains
only at ω = 0. [2] first established that a positive feedback loop
containing a stable NI and a strictly NI (abbreviated as SNI)
systems remains asymptotically stable if the product of the
systems’ gains at ω = 0 is smaller than one (celebrated as the
DC loop gain criterion). This is the most fundamental result of
the NI theory. Moreover, it is also an ‘if and only if’ criterion
to ensure robust stability of an NI-SNI interconnection. Later,
[23] showed that this stability criterion equally applies to the
scenario where one of the systems may contain poles on the
jω-axis except at s = 0. Further generalisation allows NI
systems to have a maximum of two poles at s = 0 [12],
[18], [19], [24]. Note that the stability results in [19] not
only generalised the earlier stability results but also relaxed
the restrictive assumptions imposed in the prior literature.

This brief establishes a set of ‘if and only if’ criteria for
a positive feedback NI interconnection (as shown in Fig. 1)
considering jω-axis poles, even at s = 0, to retain its NI
property from input to output. Note that we particular focus
on the cases where both the systems in an interconnection can
have jω-axis poles. This study expands the developments of
[25] to a wider set of NI systems allowing pole(s) at s = 0. In
contrast to another earlier result proposed in [19], developed
in a similar spirit, we herein remove the restrictive closed-
loop internal stability assumption imposed in [19, Theorem 6].
Apart from the main results, this paper also derives a state-
space characterisation for the whole NI class. It gives an
LMI condition which is convenient for testing the NI property
of a given system. We can now briefly outline the primary
contributions of this work: (i) a set of ‘if and only if’ criteria to
retain the NI property of an interconnection, comprised of two
NI systems that may contain jω-axis poles including s = 0,
in a closed-loop setting; (ii) a set of convenient and easy-
to-test suppositions for which the celebrated DC loop gain
criterion becomes ‘if and only if’; and (iii) an LMI condition
for checking the NI systems (allowing jω-axis poles including
s = 0) property without imposing minimality assumption.

Notations

The sets of real and complex numbers are denoted by R
and C respectively. The set of all (m × n) real matrices
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are denoted by Rm×n. A∗ denotes the complex conjugate
transpose of a matrix A while A> indicates the transpose of
a matrix. The symbol

(
A−1

)∗
is used as a shorthand for A−∗

when exists. (·)′ represents the transpose of a vector. For a
matrix A having only real eigenvalues, λmax(A) stands for
its maximum eigenvalue. R(jω)∗ = R(−jω)> is noted for a

transfer function matrix R(s). R(s) =

[
A B
C D

]
signifies

a minimal state-space description of a proper, real, rational
transfer function matrix R(s).

II. TECHNICAL BACKGROUND

This section will define the NI and SNI systems and provide
some essential technical results.

Definition 1: (NI System) [12], [24] Let R be a square,
dynamical, LTI system with a proper, real, rational transfer
function matrix R(s). Then, R(s) is called an NI system if
• j[R(jω) − R(jω)∗] ≥ 0 ∀ω ∈ (0,∞) except the values

of ω where s = jω is a pole of R(s);
• If s = jω0 with ω0 ∈ (0,∞) is a pole of R(s), then it is

at most a simple pole and the residue matrix lim
s→jω0

(s−
jω0)jR(s) is Hermitian and positive semidefinite;

• If s = 0 is a pole of R(s), then lim
s→0

skR(s) = 0 for

all k ≥ 3 and lim
s→0

s2R(s) is Hermitian and positive
semidefinite.

Definition 2: (SNI System) [2] Let R be a square, dynam-
ical, asymptotically stable, LTI system with a proper, real,
rational transfer function matrix R(s) ∈ RHm×m

∞ . Then,
R(s) is called an SNI system if j[R(jω) − R(jω)∗] > 0
∀ω ∈ (0,∞).

We will now present a state-space characterisation for NI
systems with possible poles on the jω axis including the
origin. Lemma 1 can be considered as an unified version of
[26, Lemma 2] and [27, Lemma 2] since this result also applies
to NI systems with possible poles at s = 0 and does not require
a minimal state-space description.

Lemma 1: Let R be a square, LTI, dynamical system with
a proper, real, rational transfer function matrix R(s) and a

state-space description
[
A B
C D

]
. Then,

1) R is NI if D = D> and ∃ a P = P> such that[
PA+A>P PB −A>C>
B>P − CA −CB −B>C>

]
≤ 0; (1)

2) ∃ a P = P> ≥ 0 satisfying (1) and D = D> if R

is NI and
[
A B
C D

]
does not have any observable but

uncontrollable modes.
Proof: We first define F (s) = s[R(s) − D], which has a

state-space description
[

A B
CA CB

]
.

Part 1: Suppose there exists P = P> ≥ 0 satisfying
LMI (1). Then, there also exist L ∈ Rm×n and W ∈
Rm×m such that

[
PA+A>P PB −A>C>
B>P − CA −(CB +B>C>)

]
=

[
−L>L −L>W
−W>L −W>W

]
≤ 0. Hence, F (s) is Positive Real

(PR) via Corollaries 1 and 3 of [28]. We can then conclude
that R(s) is NI by following the same arguments given in the
sufficiency part of the proof of [27, Lemma 2] (see the proof
from the third sentence to the end of the sufficiency proof of
[27, Lemma 2]).

Part 2: Since R(s) is NI, F (s) is PR via the necessity part
of the proof of [27, Lemma 2] (see the proof from the first sen-
tence to the second last sentence of the necessity proof of [27,

Lemma 2]). As the realisation
[
A B
C D

]
does not have any

uncontrollable but observable modes, F (s) =

[
A B
CA CB

]
also does not have any such modes. This happens due to the
fact that the controllable/uncontrollable/unobservable modes
remain intact during the transformation from NI to PR domain.
Note also that as F (s) is PR, Corollaries 2 and 3 of [28] can
be appropriately used to guarantee the existence of a matrix
P = P> ≥ 0 satisfying (1). �
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Fig. 1. Two NI systems R(s) and N(s) are connected via positive feedback.

We will now present the closed-loop stability theorem
for an NI-SNI interconnection without imposing the earlier
assumptions on the systems’ gains at ω = ∞ (which in turn
imposed strict properness of the loop).

Theorem 1: (NI-SNI stability theorem) [24] Consider an
NI system R(s) without poles at s = 0 and an SNI system
N(s). Then the positive feedback closed-loop system com-
prised of R(s) and N(s), shown in Fig. 1, is asymptotically
stable if and only if

det[I −R(∞)N(∞)] 6= 0,

λmax

[
(I −R(∞)N(∞))−1(R(∞)N(0)− I)

]
< 0,

λmax

[
(I −N(0)R(∞))−1(N(0)R(0)− I)

]
< 0.

(2)

The readers are referred to [24] for results when R(s) contains
poles at s = 0.

We now recall the following lemma which gives a criterion
for a system to become NI with poles on the jω axis excluding
s = 0. This lemma will be invoked in Section III-B to derive
Theorem 2, which is the main contribution of this paper.

Lemma 2: [24] Suppose R(s) is NI. Choose a negative
definite matrix Ψ that satisfies λmax[R(∞)Ψ] < 1. Then,
R1(s) = R(s)[I−ΨR(s)]−1 is NI without any pole at s = 0.

Lemma 2 states that, under some technical assumptions, the
closed-loop system interconnection comprised of R(s) and Ψ,
via positive feedback, exhibits NI property.



III. MAIN RESULTS: CONDITIONS FOR A POSITIVE
FEEDBACK CLOSED-LOOP INTERCONNECTION COMPRISED

OF NI SYSTEMS TO RETAIN THE NI PROPERTY

Article [13] introduced a set of sufficient conditions to
ensure stability of a string of coupled SNI subsystems. In
contrast to [13] which requires SISO stable systems, we
provide if and only if conditions for MIMO interconnected
systems, as shown in Fig. 1, to be NI. Using this result,
together with the stability results reported earlier, we can
conclude the stability for arbitrarily many coupled MIMO NI
systems with possible poles on the jω axis, even at s = 0. It
has also been shown that, under some assumptions, the DC
loop gain condition works as a simple testing criterion for
an interconnected system to check whether it retains the NI
property. Before presenting the main results (Theorems 2, 3, 4
and 5), we provide two technical lemmas in Subsection III-A
as essential pre-requisites to prove the main theorems.

A. Pre-requisite technical lemmas

With reference to Lemma 2, the next lemma shows existence
of a positive definite matrix P̄ that can be described in terms
of R(s) and Ψ. In essence, Lemma 3 extends Lemma 2.

Lemma 3: Suppose R(s) is an NI system with a minimal

state-space description
[
A B
C D

]
. Choose a negative definite

matrix Ψ that satisfies the condition λmax[R(∞)Ψ] < 1. Then
P̄ = P−C>Ψ(I−DΨ)−1C > 0 where P = P> ≥ 0 satisfies
(1).

Proof: Due to the fact that R(s) is NI with
[
A B
C D

]
being minimal, there exist P = P> ≥ 0, L ∈ Rm×n and
W ∈ Rm×m such that PA+A>P = −L>L, PB−A>C> =
−L>W and CB + B>C> = W>W . We readily have
P̄ = P − C>Ψ(I −DΨ)−1C = P + C>(D − Ψ−1)−1C =[

P 1/2

(D −Ψ−1)−1/2C

]> [
P 1/2

(D −Ψ−1)−1/2C

]
≥ 0. To

prove P̄ is nonsingular, we need to show that
[
P 1/2

C

]
has

full column rank since (D − Ψ−1)−1/2 > 0. Suppose via

contradiction that
[
P 1/2

C

]
lacks full column rank. Then,

there exists x ∈ Rn, x 6= 0, such that
[
P 1/2

C

]
x = 0. Pre and

post multiplying the expression PA + A>P = −L>L with
x> and x, we get x>(PA + A>P )x = −x>(L>L)x, which
implies Lx = 0. It then follows from PB−A>C> = −L>W
that x>(PB−A>C>) = −x>L>W , which implies CAx = 0
due to the results Lx = 0 and P 1/2x = 0. Continuing the

same procedure, we can readily show that


C
CA
CA2

...
CAn−1

x = 0.

This contradicts the observability assumption. Therefore, we

can ensure that
[
P 1/2

C

]
has full column rank. Hence,

P̄ = P − C>Ψ(I −DΨ)−1C > 0. �

Then, in Lemma 4, we show that the positive definite matrix
P̄ is a solution of the LMI conditions given in (3).

Lemma 4: Suppose the assumptions of Lemma 3 hold and
furthermore, let R1(s) = R(s)[I −ΨR(s)]−1 have a minimal

state-space description
[
Ā B̄
C̄ D̄

]
with Ā = A + BΨ(I −

DΨ)−1C, B̄ = B(I −ΨD)−1, C̄ = (I −DΨ)−1C and D̄ =
D(I − ΨD)−1. Then, D̄ = D̄>, det(Ā) 6= 0 and P̄ = P −
C>Ψ(I −DΨ)−1C > 0 satisfies

ĀP̄−1 + P̄−1Ā> ≤ 0 and B̄ + ĀP̄−1C̄> = 0 (3)

where P = P> ≥ 0 is a solution of (1).
Proof. According to Lemma 2, R1(s) = R(s)[I−ΨR(s)]−1

is NI with no poles at s = 0. It is easy to show that
[
Ā B̄
C̄ D̄

]
is a minimal state-space description of R1(s) where det(Ā) 6=
0 because R1(s) has no poles at the origin. Now, D̄ = D(I−
ΨD)−1 = (I − D>Ψ>)−1D> = D̄> since D = D> and
Ψ = Ψ> < 0.

Moreover, as R(s) is NI, there exist P = P> ≥ 0, L ∈
Rm×n and W ∈ Rm×m via Lemma 1 such that

PA+A>P = −L>L,
PB −A>C> = −L>W,
CB +B>C> = W>W.

We then define P̄ = P−C>Ψ(I−DΨ)−1C, L̄ = L+WΨ(I−
DΨ)−1C and W̄ = W (I − ΨD)−1. Lemma 3 ensures that
P̄ = P̄> > 0. Via some algebraic manipulation, it can be
readily shown that

P̄ Ā+ Ā>P̄ = −L̄>L̄,
P̄ B̄ − Ā>C̄> = −L̄>W̄ ,

C̄B̄ + B̄>C̄> = W̄>W̄ ,

which in turn implies ĀP̄−1 + P̄−1Ā> ≤ 0 and B̄ +
ĀP̄−1C̄> = 0 via [2] and [23]. �

B. Properties of a positive feedback NI interconnection allow-
ing poles at s = 0

This subsection caters the main contributions of the paper.
Theorem 2 is a fundamental result that proposes a set of ‘if and
only if’ criteria required for an NI interconnection, constructed
via positive feedback, allowing poles on the jω axis including
s = 0 to preserve the NI property.

Theorem 2: Suppose R(s) and N(s) are NI systems. Choose
Ψ1 < 0 and Ψ2 < 0 such that λmax[N(∞)Ψ1] < 1
and λmax[Ψ2(R(∞) − Ψ1)] < 1. Then, the input-output

transfer function mapping from
[
r1
r2

]
to
[
y1
y2

]
, desig-

nated by Σ(s), is NI and has no poles at s = 0 (resp.
det
(

lim
s→0

[
[R(∞)N(s)− I][I −Ψ1N(s)]−1

])
6= 0) if and

only if
det[I −R(∞)N(∞)] 6= 0,
λmax[ lim

s→0
[[I −Ψ1N(∞)][I −R(∞)N(∞)]−1[R(∞)N(s)−

I][I −Ψ1N(s)]−1]] < 0 and



λmax[ lim
s→0

[[I − Ψ2(R(∞) − Ψ1)][I − N(s)R(∞)]−1

[N(s)R(s)− I][I −Ψ2(R(s)−Ψ1)]−1]] < 0 (resp. ≤ 0).
Proof: The proofs for the cases where one or both of the

systems are static are omitted since they can be obtained via
similar (yet appropriately modified) arguments to those given
below. Hence, we only consider the case where both R(s) and
N(s) are dynamical systems.

(Sufficiency) Assume
[
A B
C D

]
and

[
Ā B̄
C̄ D̄

]
are two

minimal state-space descriptions of R(s) and N(s) respec-
tively. Then, via assumptions and by applying Lemma 1,
D = D>, D̄ = D̄> and there exist the matrices P = P> ≥ 0,
P̄ = P̄> ≥ 0, W , L, W̄ and L̄ such that
PA+A>P = −L>L,
PB −A>C> = −L>W,
CB +B>C> = W>W ;


P̄ Ā+ Ā>P̄ = −L̄>L̄,
P̄ B̄ − Ā>C̄> = −L̄>W̄ ,

C̄B̄ + B̄>C̄> = W̄>W̄ .

We define U = (I−DD̄) and V = (I−D̄D). Now, the closed-

loop system Σ(s) has a state-space description
[
Â B̂

Ĉ D̂

]
where Â =

[
A+BV −1D̄C BV −1C̄

B̄U−1C Ā+ B̄DV −1C̄

]
,

B̂ =

[
BV −1 BV −1D̄
B̄U−1D B̄U−1

]
, Ĉ =

[
U−1C DV −1C̄
V −1D̄C V −1C̄

]
and D̂ =

[
U−1D DV −1D̄
V −1D̄D V −1D̄

]
.

Define R1(s) = [R(s) − Ψ1] with a minimal state-space

description
[
A B
C D1

]
where D1 = (D−Ψ1) and N1(s) =

[I −N(s)Ψ1]
−1
N(s) with a minimal state-space descrip-

tion
[
Ā1 B̄1

C̄1 D̄1

]
where Ā1 = Ā + B̄Ψ1(I − D̄Ψ1)−1C̄,

B̄1 = B̄(I − Ψ1D̄)−1, C̄1 = (I − D̄Ψ1)−1C̄ and D̄1 =
D̄(I−Ψ1D̄)−1. Also, define R2(s) = [I −R1(s)Ψ2]

−1
R1(s)

with a minimal state-space description
[
A2 B2

C2 D2

]
where

A2 = A + BΨ2(I − D1Ψ2)−1C, B2 = B(I − Ψ2D1)−1,
C2 = (I − D1Ψ2)−1C and D2 = D1(I − Ψ2D1)−1 and
N2(s) = [N1(s)−Ψ2] with a minimal state-space description[
Ā1 B̄1

C̄1 D̄2

]
where D̄2 = (D̄1 − Ψ2). Note that R1(s)

is NI because R(s) is NI and Lemma 2 implies N1(s)
is NI with no poles at s = 0. Then, via Lemma 3 and
Lemma 4, there exist the matrices P = P> ≥ 0, L ∈ Rm×n,
W ∈ Rm×m, P̄1 = P̄>1 = P̄ − C̄>Ψ1(I − D̄Ψ1)−1C̄ > 0,
L̄1 = L̄ + W̄Ψ1(I − D̄Ψ1)−1C̄ and W̄1 = W̄ (I − Ψ1D̄)−1

such that
PA+A>P = −L>L,
PB −A>C> = −L>W,
CB +B>C> = W>W ;


P̄1Ā1 + Ā>1 P̄1 = −L̄>1 L̄1,

P̄1B̄1 − Ā>1 C̄>1 = −L̄>1 W̄1,

C̄1B̄1 + B̄>1 C̄
>
1 = W̄>1 W̄1.

Similarly, R2(s) and N2(s) are both NI systems with no poles
at s = 0 via Lemma 2. Then, via Lemma 3 and Lemma 4, there
exist the matrices P2 = P>2 = P−C>Ψ2(I−D1Ψ2)−1C > 0,

L2 = L+WΨ2(I−D1Ψ2)−1C, W2 = W (I−Ψ2D1)−1 along
with P̄1, L̄1 and W̄1 such that
P2A2 +A>2 P2 = −L>2 L2,

P2B2 −A>2 C>2 = −L>2 W2,

C2B2 +B>2 C
>
2 = W>2 W2;


P̄1Ā1 + Ā>1 P̄1 = −L̄>1 L̄1,

P̄1B̄1 − Ā>1 C̄>1 = −L̄>1 W̄1,

C̄1B̄1 + B̄>1 C̄
>
1 = W̄>1 W̄1.

Now define P̂ =

[
P − C>D̄U−1C −C>V −1C̄
−C̄>U−1C P̄ − C̄>U−1DC̄

]
.

P̂ > 0 (resp. ≥ 0) due to satisfying the set of three
conditions given in Theorem 2. The proof follows from [24,
Theorems 9 and 24]. Also, it can be shown via straightforward
algebraic manipulations that

P̂ Â+ Â>P̂ = −L̂>L̂,
P̂ B̂ − Â>Ĉ> = −L̂>Ŵ ,

ĈB̂ + B̂>Ĉ> = Ŵ>Ŵ ,

(4)

where L̂ =

[
L+WV −1D̄C WV −1C̄

W̄U−1C L̄+ W̄U−1DC̄

]
and Ŵ =[

WV −1 WV −1D̄
W̄U−1D W̄U−1

]
. When P̂ ≥ 0, the set of ma-

trix equations (4) confirms that Σ(s) is NI via Lemma 1
and lim

s→0

[
[R(∞)N(s)− I][I −Ψ1N(s)]−1

]
is nonsingular on

noting that D̂ = D̂> and det[I − R(∞)N(∞)] 6= 0.
When P̂ > 0, it follows from [24, Theorem 9] that Â =[
A2P

−1
2 0

0 Ā1P̄1
−1

]
P̂ is nonsingular, [I−R(∞)N(∞)] is

nonsingular and
[
Â B̂

Ĉ D̂

]
is minimal. We can then conclude

that in this case (i.e. when P̂ > 0), the input-output transfer
function mapping Σ(s) is NI with no poles at s = 0.
(Necessity) It follows through the following arguments.

Σ(s) is NI and has no poles at s = 0

(resp. det(lim
s→0

[[R(∞)N(s)− I][I −Ψ1N(s)]−1]) 6= 0)

and
[
Â B̂

Ĉ D̂

]
is minimal

⇒P̂ =

[
P − C>D̄U−1C −C>V −1C̄
−C̄>U−1C P̄ − C̄>U−1DC̄

]
> 0

(resp. ≥ 0) satisfies (4) with

L̂ =

[
L+WV −1D̄C WV −1C̄

W̄U−1C L̄+ W̄U−1DC̄

]
,

Ŵ =

[
WV −1 WV −1D̄
W̄U−1D W̄U−1

]
and det[I −R(∞)N(∞)]

6= 0 (resp. det[I −R(∞)N(∞)] 6= 0 and

det[lim
s→0

[[R(∞)N(s)− I][I −Ψ1N(s)]−1]] 6= 0)

⇔det[I −R(∞)N(∞)] 6= 0,

λmax[ lim
s→0

[[I −Ψ1N(∞)][I −R(∞)N(∞)]−1×

[R(∞)N(s)− I][I −Ψ1N(s)]−1]] < 0 and

λmax[ lim
s→0

[[I −Ψ2(R(∞)−Ψ1)][I −N(s)R(∞)]−1[N(s)

R(s)− I][I −Ψ2(R(s)−Ψ1)]−1]] < 0 (resp. ≤ 0).



Hence the proof is done. �
Example 1 illustrates the usefulness of Theorem 2.
Example 1: Suppose R(s) = 1

s2 and N(s) = 1
s+1−1, being

respectively an NI and SNI systems, are connected via positive
feedback according to Fig. 1. We select Ψ1 = −0.5 < 0
and Ψ2 = −1 < 0 satisfying λmax[N(∞)Ψ1] = 0.5 < 1
and λmax[Ψ2(R(∞) − Ψ1)] = −0.5 < 1. Therefore, the

input-output mapping Σ(s) from
[
r1
r2

]
to
[
y1
y2

]
is NI via

Theorem 2 because [I − R(∞)N(∞)] = 1 is nonsingular,
λmax[ lim

s→0
[[I − Ψ1N(∞)][I − R(∞)N(∞)]−1[R(∞)N(s) −

I][I − Ψ1N(s)]−1]] = −0.5 < 0 and λmax[ lim
s→0

[[I −
Ψ2(R(∞) − Ψ1)][I − N(s)R(∞)]−1 [N(s)R(s) − I][I −
Ψ2(R(s) − Ψ1)]−1]] = 0 ≤ 0. To confirm this outcome,

we compute Σ(s) = 1
s3+s2+s

[
s+ 1 −s
−s −s3

]
which is NI

directly via definition.
Note that there are large number of matrices Ψ1 <

0 and Ψ2 < 0 that satisfy λmax[N(∞)Ψ1] < 1 and
λmax[Ψ2(R(∞)−Ψ1)] < 1. One can arbitrarily select Ψ1 < 0
and Ψ2 < 0 within these sets. Hence, the theorems given in
this paper can be easily applied. Theorem 3 offers another
set of conditions for an NI interconnection to retain the NI
property, that is different from Theorem 2.

Theorem 3: Suppose R(s) and N(s) are NI systems. Choose
Ψ1 < 0 and Ψ2 < 0 such that λmax[R(∞)Ψ1] < 1
and λmax[Ψ2(N(∞) − Ψ1)] < 1. Then, the input-output

transfer function mapping from
[
r1
r2

]
to
[
y1
y2

]
, desig-

nated by Σ(s), is NI and has no pole(s) at s = 0 [resp.
det
(

lim
s→0

[
[R(∞)N(s)− I][I −Ψ2(N(s)−Ψ1)]−1

])
6= 0]

if and only if
det[I −R(∞)N(∞)] 6= 0,
λmax[ lim

s→0
[[I −Ψ2(N(∞)−Ψ1)][I −R(∞)N(∞)]−1[R(∞)

N(s)− I][I −Ψ2(N(s)−Ψ1)]−1]] < 0 and
λmax[ lim

s→0
[[I − Ψ1R(∞)][I − N(s)R(∞)]−1[N(s)R(s) −

I][I −Ψ1R(s)]−1]] < 0 (resp. ≤ 0).
Proof: This proof follows along the same lines of Theo-

rem 2 except that R1(s) = [I − R(s)Ψ1]−1R(s), N1(s) =
[N(s) − Ψ1], R2(s) = [R1(s) − Ψ2] and N2(s) = [I −
N1(s)Ψ2]−1N1(s) are used instead of the particular R1(s),
N1(s), R2(s) and N2(s) considered in Theorem 2. �

Remark 1: It is not difficult to show that if we assume N(s)
to be an NI system with no pole(s) at s = 0 and R(s) to be
strictly proper, we can obtain a convenient and easy-to-test
condition λmax

[
lim
s→0

[
[N(0)R(s)− I][I −Ψ1R(s)]−1

]]
< 0

(resp. ≤ 0) from Theorem 3, to verify whether the intercon-
nected system is NI.

Remark 2: [19, Thereom 6] shows that the closed-loop feed-
back interconnection of two (strictly) NI systems is (strictly)
NI if it is internally asymptotically stable. However, internal
stability is an excessively restrictive assumption. In contrast,
this paper does not impose such a restriction and instead,
derives a set of less conservative ‘if and only if’ criteria for the

results to hold. In Example 2, Theorem 4 is used to guarantee
that the NI interconnection, constructed via feedback, inherits
the NI property. However, the result [19, Thereom 6] cannot be
applied in Example 2 since the closed-loop transfer function
is not internally stable.

C. Properties of an NI interconnection with possible jω-axis
poles excluding s = 0

We will now specialise the earlier result developed in
Subsection III-B to the cases when neither of the NI systems
in an interconnection contains pole(s) at s = 0. Theorem 4
gives a set of ‘if and only if’ criteria for a positive-feedback
interconnection of two NI systems (see Fig. 1) allowing poles
on the imaginary axis (excluding the origin) to maintain the
NI property in closed-loop.

Theorem 4: Suppose R(s) and N(s) are NI systems with
no poles at s = 0. Then, the input-output transfer function

mapping from
[
r1
r2

]
to
[
y1
y2

]
, designated by Σ(s), is NI

and has no pole(s) at s = 0
(
resp. det (I −R(∞)N(0)) 6= 0

)
if and only if

det[I −R(∞)N(∞)] 6= 0,

λmax

[
(I −R(∞)N(∞))−1(R(∞)N(0)− I)

]
< 0,

λmax

[
(I −N(0)R(∞))−1(N(0)R(0)− I)

]
< 0

(resp. ≤ 0).

Proof: The proof can be readily done following that of
Theorem 2, but with no use of the negative definite matrices
Ψ1 and Ψ2. �

Remark 3: When one of the systems, R(s), is assumed to
be strictly proper [i.e. R(∞) = 0], the set of three criteria
in Theorem 4 can be simplified to the celebrated DC-gain
criterion [i.e. λmax[N(0)R(0)] ≤ 1], which is an ‘if and only
if’ criterion for two interconnected systems (Fig. 1) to be NI.

Example 2 demonstrates the usefulness of Theorem 4.
Example 2: Let R(s) = 1

s2+1 − 2 and N(s) = 1
s2+1 − 2

be two NI systems with no poles at s = 0, connected via
a positive feedback according to the configuration shown in
Fig. 1. Hence, the input-output transfer function mapping Σ(s)
is an NI system via Theorem 4 because [I −R(∞)N(∞)] =
−3 is nonsingular, λmax[[I −R(∞)N(∞)]−1(R(∞)N(0) −
I)] = − 1

3 < 0 and λmax[[I − N(0)R(∞)]−1(N(0)R(0) −
I)] = 0 ≤ 0. Direct calculation of Σ(s) confirms this result.

D. Properties of an SNI interconnection

This subsection further specialises the results proposed in
Subsection III-B and Subsection III-C (i.e. Theorems 2 and 4)
to the situation where both the systems in the configuration
given in Fig. 1 are SNI.

Theorem 5: Suppose R(s) and N(s) are SNI systems. Then,

the input-output transfer function mapping from
[
r1
r2

]
to



[
y1
y2

]
, designated by Σ(s), is an SNI system if and only if

det[I −R(∞)N(∞)] 6= 0,

λmax

[
(I −R(∞)N(∞))−1(R(∞)N(0)− I)

]
< 0,

λmax

[
(I −N(0)R(∞))−1(N(0)R(0)− I)

]
< 0.

Proof: In the sufficiency part of the proof, the stability of
Σ(s) is ensured via [24]. As both R(s) and N(s) have SNI
dynamics and Σ(s) ∈ RH∞, Σ(s) can be easily classified as
an SNI system invoking [19, Theorem 6]. The necessity part
of the proof is trivial due to [24] and hence is omitted. �

To this end, we want to highlight that the stability prob-
lem considered in [13] could be resolved by utilising the
aforementioned theorem and the stability results proposed in
[24]. Unlike [13], which mainly focuses on the SISO cases,
Theorem 5 applies to MIMO situation as well.

IV. CONCLUSION

In this brief, we derive a set of ‘if and only if’ criteria
for the NI property to be preserved in a closed-loop when
considering NI systems connected via positive feedback. It
also demonstrates that the conditions required to maintain the
NI dynamics of the closed-loop transfer function of an NI
interconnection with/without any pole at s = 0 are similar.
They differ only in a non-strict inequality, which replaces
a strict inequality in one of the conditions. In contrast to
earlier works in the literature, we propose ‘if and only if’
criteria without imposing asymptotic stability constraint for
the overall closed-loop system and generalise the prior works
to include NI systems allowing pole(s) at s = 0. The proposed
theorems are useful for determining stability of a broader class
of interconnected NI systems (e.g. stability analysis of a string
of coupled NI/SNI subsystems with possible pole(s) at s = 0)
and find potential applications in decentralised control of a
platoon of car-like vehicles (as shown in [25]).

REFERENCES

[1] J. C. Willems, “Dissipative dynamical systems part I: General theory,”
Archive for Rational Mechanics and Analysis, vol. 45, no. 5, pp. 321–
351, Jan 1972.

[2] A. Lanzon and I. R. Petersen, “Stability robustness of a feedback
interconnection of systems with negative imaginary frequency response,”
IEEE Transactions on Automatic Control, vol. 53, no. 4, pp. 1042–1046,
May 2008.

[3] J. L. Fanson and T. K. Caughey, “Positive position feedback control for
large space structures,” AIAA Journal, vol. 28, no. 4, pp. 717–724, 1990.

[4] B. Bhikkaji, S. O. Reza Moheimani, and I. R. Petersen, “A negative
imaginary approach to modeling and control of a collocated structure,”
IEEE/ASME Transactions on Mechatronics, vol. 17, no. 4, pp. 717–727,
Aug 2012.

[5] D. Angeli, “Systems with counterclockwise input-output dynamics,”
IEEE Transactions on Automatic Control, vol. 51, no. 7, pp. 1130–1143,
July 2006.

[6] A. J. van der Schaft, “Positive feedback interconnection of hamiltonian
systems,” in Proceedings of 50th IEEE Conference on Decision and
Control and European Control Conference, Dec 2011, pp. 6510–6515.

[7] P. Bhowmick and A. Lanzon, “Output strictly negative imaginary
systems and its connections to dissipativity theory,” in Proceedings of
58th IEEE Conference on Decision and Control, Dec 2019, pp. 6754–
6759.

[8] ——, “Time-domain output negative imaginary systems and its connec-
tion to dynamic dissipativity,” in Proceedings of 59th IEEE Conference
on Decision and Control, Dec 2020, pp. 5167–5172.

[9] A. Lanzon and P. Bhowmick, “Characterisation of input-output
negative imaginary systems in a dissipative framework,” in press
IEEE Transactions on Automatic Control, pp. 1–16, Jan 2021,
dOI:10.1109/TAC.2022.3149938.

[10] P. Bhowmick and S. Patra, “On LTI output strictly negative-imaginary
systems,” Systems & Control Letters, vol. 100, pp. 32–42, 2017.

[11] S. Patra and A. Lanzon, “Stability analysis of interconnected systems
with “mixed” negative-imaginary and small-gain properties,” IEEE
Transactions on Automatic Control, vol. 56, no. 6, pp. 1395–1400, June
2011.

[12] M. A. Mabrok, A. G. Kallapur, I. R. Petersen, and A. Lanzon, “General-
izing negative imaginary systems theory to include free body dynamics:
Control of highly resonant structures with free body motion,” IEEE
Transactions on Automatic Control, vol. 59, no. 10, pp. 2692–2707,
Oct 2014.

[13] C. Cai and G. Hagen, “Stability analysis for a string of coupled
stable subsystems with negative imaginary frequency response,” IEEE
Transactions on Automatic Control, vol. 55, no. 8, pp. 1958–1963, Aug
2010.

[14] J. Wang, A. Lanzon, and I. R. Petersen, “Robust output feedback con-
sensus for networked negative-imaginary systems,” IEEE Transactions
on Automatic Control, vol. 60, no. 9, pp. 2547–2552, Sep. 2015.

[15] O. Skeik, J. Hu, F. Arvin, and A. Lanzon, “Cooperative control of
integrator negative imaginary systems with application to rendezvous
multiple mobile robots.” In: Proceedings of 12th International Work-
shop on Robot Motion and Control, July 2019, pp. 15–20.

[16] S. K. Das, H. R. Pota, and I. R. Petersen, “Damping controller design for
nanopositioners: A mixed passivity, negative-imaginary, and small-gain
approach,” IEEE/ASME Transactions on Mechatronics, vol. 20, no. 1,
pp. 416–426, Feb 2015.

[17] ——, “Resonant controller design for a piezoelectric tube scanner: A
‘mixed’ negative-imaginary and small-gain approach,” IEEE Transac-
tions on Control Systems Technology, vol. 22, no. 5, pp. 1899–1906,
2014.

[18] A. Ferrante and L. Ntogramatzidis, “Some new results in the theory of
negative imaginary systems with symmetric transfer matrix function,”
Automatica, vol. 49, no. 7, pp. 2138–2144, 2013.

[19] A. Ferrante, A. Lanzon, and L. Ntogramatzidis, “Foundations of not
necessarily rational negative imaginary systems theory: Relations be-
tween classes of negative imaginary and positive real systems,” IEEE
Transactions on Automatic Control, vol. 61, no. 10, pp. 3052–3057, Oct
2016.

[20] ——, “Discrete-time negative imaginary systems,” Automatica, vol. 79,
pp. 1–10, May 2017.

[21] M. Liu and J. Xiong, “Properties and stability analysis of discrete-time
negative imaginary systems,” Automatica, vol. 83, pp. 58–64, Sep 2017.

[22] P. Bhowmick and A. Lanzon, “Applying negative imaginary systems
theory to non-square systems with polytopic uncertainty,” Automatica,
vol. 128, no. 109570, pp. 1–14, June 2021.

[23] J. Xiong, I. R. Petersen, and A. Lanzon, “A negative imaginary lemma
and the stability of interconnections of linear negative imaginary sys-
tems,” IEEE Transactions on Automatic Control, vol. 55, no. 10, pp.
2342–2347, Oct 2010.

[24] A. Lanzon and H.-J. Chen, “Feedback stability of negative imaginary
systems,” IEEE Transactions on Automatic Control, vol. 62, no. 11, pp.
5620–5633, Nov 2017.

[25] H.-J. Chen, A. Lanzon, and I. R. Petersen, “Conditions for preserving
negative imaginary properties in feedback interconnections and an ap-
plication to multi-agent systems,” in Proceedings of 25th Mediterranean
Conference on Control and Automation, July 2017, pp. 1143–1147.

[26] Z. Song, A. Lanzon, S. Patra, and I. R. Petersen, “A negative-imaginary
lemma without minimality assumptions and robust state-feedback syn-
thesis for uncertain negative-imaginary systems,” Systems & Control
Letters, vol. 61, no. 12, pp. 1269–1276, 2012.

[27] M. A. Mabrok, A. G. Kallapur, I. R. Petersen, and A. Lanzon, “A
generalized negative imaginary lemma and Riccati-based static state-
feedback negative imaginary synthesis,” Systems & Control Letters,
vol. 77, pp. 63–68, 2015.

[28] R. Scherer and W. Wendler, “A generalization of the positive real
lemma,” IEEE Transactions on Automatic Control, vol. 39, no. 4, pp.
882–886, 1994.


	Introduction
	Technical background
	Main results: Conditions for a positive feedback closed-loop interconnection comprised of NI systems to retain the NI property
	Pre-requisite technical lemmas
	Properties of a positive feedback NI interconnection allowing poles at s = 0
	Properties of an NI interconnection with possible j-axis poles excluding s = 0
	Properties of an SNI interconnection

	Conclusion
	References



