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Abstract—In this paper, we study a class of negative imaginary
linear time invariant multiple-input multiple-output systems .
We generalize an existing negative imaginary lemma to include
systems containing a simple pole at the origin. Also, a stability
analysis result is presented for generalized negative imaginary
systems including an integrator and an illustrative example is
presented to support the results.

Index Terms—Negative imaginary systems, Positive real sys-
tems, Internal stability, Systems with an Integrator.

I. INTRODUCTION

Passivity theory and positive real (PR) linear time invariant
(LTI) systems have been well researched in both theory and
practice; e.g., see [1], [2]. PR systems in the single-input
single-output (SISO) case can be defined as systems where the
real part of the transfer function is non-negative. In general,
most systems that dissipate energy fall under the category of
PR systems. For instance, they can be realized by electric
circuits with linear and nonlinear passive components and
magnetic couplings. In spite of its success, a drawback of
PR theory is the requirement for the relative degree of the
underlying system transfer function to be either zero or one
[2], and they cannot be applied to systems involving flexible
structures with collocated force actuators and position sensors;
e.g., see [3].

Negative imaginary (NI) systems were introduced by Lan-
zon and Petersen in [4], [5]. In the SISO case, such systems
are defined so that the imaginary part of the transfer function
G(jw) = D + C(jwI — A)~1'B, satisfies the condition
J (G(jw) — G(jw)*) > 0 for all w € (0, 00).

In general, NI systems are stable systems with their Nyquist
plots having a phase lag between 0 and — for all w > 0. That
is, they lie below the real axis when the frequency varies in the
open interval (0,00) (for strictly negative-imaginary systems,
the Nyquist plot should not touch the real axis except at zero
frequency and at infinity). This is similar to PR systems where
the frequency response is constrained to lie in the right half
of the complex plane [1], [2]. However, in constrast to PR
systems, transfer functions for NI systems can have relative
degrees more than unity.

NI systems can be transformed into PR systems and vice
versa under some technical assumptions. However, this equiv-
alence is not complete. For instance, such a transformation
applied to a strictly negative imaginary (SNI) system always
leads to a non-strict PR system. Hence, the passivity theorem
[1], [2] cannot capture the stability of the closed-loop inter-
connection of an NI and an SNI system. Also, any approach
based on strictly PR synthesis cannot be used for the control
of an NI system irrespective of whether it is strict or non-strict.
Also, transformations of NI systems to bounded-real systems
for application of the small-gain theorem also suffer from the
exact same difficult of giving a non-strict bounded real system
despite the original system being SNI, see [6] for details.

Xiong et. al. extended the NI systems theory in [7]-[10]
by allowing for simple poles on the imaginary axis of the
complex plane except at the origin. Furthermore, NI controller
synthesis has also been discussed in [4], [5]. In addition, it has
been shown in [4], [5] that a necessary and sufficient condition
for the internal stability of a positive-feedback interconnection
of an NI system with transfer function matrix M (s) and an
SNI system with transfer function matrix N (s) is given by the
DC gain condition Ayq. (M (0)N(0)) < 1. Here, the notation
Amaz(+) denotes the maximum eigenvalue of a matrix with
only real eigenvalues. The the stability results in [3]-[5], [7]-
[10] almost depend on the DC gain condition which is not
helpful when we include the integrator.

Many practical systems can be considered as NI systems.
For example, when considering the transfer function from a
force actuator to a corresponding collocated position sensor
(for instance, a piezoelectric sensor) in a lightly damped
structure [3]-[5], [11]-[13] and in the case of large vehicle
platoons [14], the NI property will often arise.

In this paper, we extend the results in [3]-[5], [7]-[10] for
NI systems to allow for the existence of a pole at the origin.
This extension of NI systems with a pole at the origin can be
applied to controller design with integral action in a similar
fashion as in linear quadratic Gaussian integral control [15].

This paper is organized as follows: Section II introduces
the concept of PR and NI systems and presents a relationship
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between them. The main results of this paper are presented
in Section III. Section IV provides a numerical example and
the paper is concluded with a summary and remarks on future
work in Section V.

II. PRELIMINARIES

In this section, we introduce the definitions of PR and NI
systems. We also present a lemma describing the transforma-
tion between PR and NI systems, and some technical results
which will be used in deriving the main results of the paper.

The definition of PR systems has been motivated by the
study of linear electric circuits composed of resistors, capac-
itors, and inductors. For a detailed discussion on PR systems
see [1], [2] and references therein.

Definition 1: A square transfer function matrix F(s) is
positive real if:

1) F(s) has no pole in Re[s] > 0.

2) F(jw) + F(jw)* > 0 for all positive real jw such that

Jjw is not a pole of F(jw).
3) If jwo, finite or infinite, is a pole of F'(jw), it is a simple

pole and the corresponding residual Ko = lim
s—jwo

Jjwo)F(s) is a positive semidefinite Hermitian matrix.

(s -

To establish the main results of this paper, we consider
a generalized definition for NI systems which allows for a
simple pole at the origin as follows:

Definition 2: A square transfer function matrix G(s) is NI
if the following conditions are satisfied:

1) G(s) has no pole in Re[s] > 0.

2) For all w > 0, such that jw is not a pole of G(s),

Jj (G(jw) = G(jw)™) = 0.

3) if s = jwy is a pole of G(s) then it is a simple

pole. Furthermore, if wy > 0 the residual matrix

Ky = lim (s — jwy)jG(s) is positive semidefinite
s—jwo
Hermitian.

Definition 3: A square transfer function matrix G(s) is SNI
if the following conditions are satisfied:

1) G(s) has no pole in Re[s] > 0.

2) For all w > 0, j (G(jw) — G(jw)*) > 0.

Due to the advances in the theory of PR systems and the
complementary definitions of PR and NI systems, it is useful
to establish a lemma which considers the relationship between
these systems to further develop the theory of NI systems. In
order to do so, we consider the possibility of having a simple
pole at the origin, and relax the condition det(A) # 0 in
[51, [71, [10]. This leads to a modification of the relationship
between PR and NI systems as follows:

Lemma 1: Given a real rational proper transfer function

A|B
matrix G(s) with state space realization [T‘T] and the

transfer function matrix G(s) = G(s) — D, the transfer
function matrix G(s) is NI if and only if the transfer function
matrix F(s) = sG(s) is PR. Here, we assume that any pole
zero cancellation which occurs in sG (s) have been carried out
to obtain F'(s).

_ Proof: (Necessity) It is straightforward to show that if
G(s) is NI then G(s) is NI and vice-versa. Suppose that
j (G’(jw) — é(jw)*) > 0, for all w > 0 such that jw is not a
pole of G(s). Then given any such w > 0, F(jw)+ F(jw)* =
jeo (Gljw) = Gjw)) = 0, and (F(jw) + F(jw)") = 0.
This means that F'(—jw) + F(—jw)* > 0 for all and w > 0
which implies that F'(jw) + F(jw)* > 0 for all w < 0 such
that jw is not a pole of G(s). Hence, (F(jw) + F(jw)*) >0
for all w € (—o0, 00) such that jw is not a pole of C:T’(jw).
Now, consider the case where jwg is a pole of G(s) and
wo = 0. Since G(s) has only a simple pole at the origin,
F(s) = sG(s) will have no pole at the origin because of the
pole zero cancellation. This implies that F'(0) is finite. Since
F(jw) + F(jw)* > 0 for all w > 0 and F(jw) is continuous,
this implies that F'(0) + F'(0)* > 0. Also, if jwg is a pole of
G(s) and wy > 0, then G(s) can be factored as —1— R(s),
which according to the definition for NI systems implioes that
the residual matrix Ky = ﬁR( Jwo) is positive semidefinite
Hermitian. This implies that R(jwg) = R(jwo)* > 0. Now,
the residual matrix of F'(s) at jwo with wy > 0 is given by,
lim (s —jwo)F(s) =

s—jwo

lim (s — jwo)sG(s),

s—jwo

= lim (s—jwo)s R(s),

s—jwo
1
= ZR(j
5 1)

which is positive semidefinite Hermitian. Hence, F(s) is
positive real.

(Sufficiency) Suppose that F'(s) is positive real. Then,
F(jw) + F(jw)* > 0 for all w € (—o0,00) such that jw is
not a pole of F'(s). This implies jw (é(jw) — é(jw)*) >0
for all w > 0 such that jw is not a pole of G(s). Then
G(jw) — G(jw)* > 0 for all such w € [0,00). In addition, if
Jjwo is a pole of F(s), then it follows from the definition of
PR systems that the residual matrix sirg;w (s — jwo)F(s) is

0

52 + w?

positive semidefinite Hermitian. Also,

lim (s —jwo)F(s) =

s—>jwo

lim (s — jwo)sG(s),

s—>jwo
= wo lim (s—jwy)jiG(s).
S—>)Jwo
Then using Definition 2, we can conclude that G(s) is NI. W
Remark 1: Note that the pole zero cancellation at the origin
F(s) = sG(s) will not affect the use of the PR lemma since
the minimality condition is relaxed in the generalized version
of the PR lemma [16], [17].
In studying the internal stability of an interconnection of NI
and SNI systems, we shall use the following SNI lemma:
Lemma 2: [5], [7], [10] Suppose that the proper transfer
function matrix G(s) = C(sI — A)~'B + D with a minimal
realization (A, B, C, D) is SNI, then the following conditions
are satisfied:
1) det(A) #0, D= D"
2) There exists a square matrix P = PT > 0, W € R™*™
and L € R™*" such that the following LMI is satisfied:
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Fig. 1. Transfer functions M(s) and N(s) interconnected via positive feedback.

PB— ATCT
—(CB + BTCT)

PA+ ATP
BTP-CA -WTw
ey

The following lemma shows that the transfer function of
a closed-loop system corresponding to the positive feedback
interconnection of two NI systems is NI. Furthermore, if, in
addition, either one of the systems is SNI, then the transfer
function of the closed-loop system is SNI.

Lemma 3: (See Theorem 2 of [3]) Consider NI transfer
function matrices M(s) and N(s) and suppose that the
positive-feedback interconnection shown in Fig. 1 is internally
stable. Then the corresponding closed-loop transfer function
matrix,

-wTL

B [—LTL —LTW]

) M(5E(5)N ()
T = | N)z(ems) } @

N(s)Z(s)

is NI. Here, Z(s) = (I — N(s)M(s))™". Furthermore, if, in
addition, either M (s) or N(s) is SNI, then T'(s) in (2) is SNI.

The following lemma is a modification of Theorem 5 in [5],
which outlines conditions for a positive feedback interconnec-
tion of an NI and an SNI system to be internally stable.

Lemma 4: Consider an NI transfer function matrix M (s)
with minimal state space realization (A, B,C,0) and an SNI
transfer function matrix N (s) with minimal state space real-
ization (A, B,C, D), and suppose that det(A) # 0. Then the
positive-feedback interconnection shown in Fig. 1 is internally
stable if and only if N(0) < 0.

Proof: Since M (s) is NI with det(A) # 0 and N(s) is

SNI, it follows from [7], [10] that there exist real matrices
Y >0 and Y > 0 such that,

AY +YA* <0and B=—-AYC", 3)
AY +YA* <0and B=-AYC*. 4)

According to [5], [M (s), N(s)] is internally stable if and only
if the matrix

y-'-c*DC -C*C
T = _ - )
—crC y-1

is positive definite. Now, 7' > 0 if and only if,
y~! - C*DC - C*CYC*C > 0,
S Yl - C'(D+CYCC >0,
Y - C*N(0)C > 0.

This is because CY C* = N(0) — D via [5]. This shows that
T > 0if N(0) <0. [ |

Also, consider the following lemma, which will be used to
derive the main results of this paper in Section III,

Lemma 5: [5] Given A € C"*™ with j(A — A*) > 0 and
B € C™"*" with j(B — B*) > 0, then det(I — AB) # 0.

III. MAIN RESULTS

The key result of this paper is to derive the stability
conditions for an interconnection between an NI system with
a simple pole at the origin and an SNI system. This requires
the generalization of the NI lemma in [7] to include systems
with a simple pole at the origin.

Consider the following LTI system,

#(t) = Az(t) + Bu(t), (6)
y(t) = Ca(t) + Du(?), ©)
where, A € R"*" B e R"*™ C € R™*" and D € R™*"™,
Theorem 1: Let (A, B,C, D) be a minimal realization of
the transfer function matrix G(s) € R™*™ for the system in
(6)-(7). Then, G(s) is NI if and only if there exist matrices
P =P >0, W eR™™ and L € R™*" such that the
following LMI is satisfied:
PA+ATP  PB- ATCT
BTP-CA —(CB+ BTCT)

|- —-L"w
| -wTL —WTw
<0. (8

Proof: Suppose that G(s) is NI, which implies from
Lemma 1 that F(s) = sG(s) with state space realization

A B
is PR. It follows from Corollary 2 and Corol-
CA|CB

lary 3 in [17] that there exists a matrix P = PT > 0, such
that the LMI (8) is satisfied.

On the other hand, suppose that LMI (8) is satisfied, then
F(s) is PR via Corollary 1 and Corollary 3 in [17], which
implies from Lemma 1 that G(s) is NL [

To derive the conditions for internal stability, suppose the
transfer function matrix G7(s) with a minimal realization
(A1, B1,C1, Dy) is NI, and G4(s) with a minimal realization
(A, Ba, Cs, Dy) is SNI. According to Theorem 1 and Lemma
2, we have,

PA +ATP = LT,
P B, — ATCT = —LTw,,
C1B; + BIclt =wlw,,

PyAy + AY Py = LT Ly,

PyBy — AYCT = —LTW,,
CyBy + BYCT = wlws.
The internal stability of the closed-loop positive-feedback

interconnection of Gi(s) and Ga(s) can be achieved by
considering the stability of the transfer function matrix,

(I — G1(s)Ga(s)) P =D +C(sI — A)7'B,

- 1483 -



where,

v -Al Blcg B1D2
A= I-DDy))"'[C, D:C
0 A, By ( 1D2) [ 1 1 2]7
9
. [BD
B=|"""%(I-D:iDs), (10)
By
C=(I-DiDy)"' [0y DiCo], (11)
D =(I—DyDy)7},

and A is Hurwitz.

Theorem 2: Suppose that G1(s) Suppose that G1(s) is NI
and a pure integrator; i.e, A; = 0 and Ga(s) is SNL Then,
the positive-feedback interconnection of G1(s) and Ga(s) is
internally stable if G3(0) < 0 and det(B1G2(0)C1) # 0.

Proof: [G1(s), Ga(s)] is internally stable if and only if
the matrix A defined in (9), which becomes

B1D;Cy B1Chy
BQCl A2

v

—CTDyC, —CTC,

T . Then
_02 C] P2

is Hurwitz. Suppose that T' =

T>0

—CcTpyCy > crey,pytel ey,
CTD,C, + CTCyPy Ty <o,
Dy + CyPy'CT <0,

Dy + G2(0) — Dy <0,

G2(0) < 0.

L

Now, consider the quantity,

TA+ ATT
—CTDyCy —CTCy] [BiDsCy BiCo
| —cro, Py ByCy A,
BiD:Cy BiCs)| [~CTDyCy —CTCy
BxCy A, —clcy P |
CTWIW,C, CTWY L,
T Twoy LgLQ]
CTD,WIW,D2Cy CF DyWEW,Cy
| CTWIW,D,C,  CTWIWLCo |
T T

=— Cl;g@ W20y Lo

_ CipD?WlT] [(W1D2Cy WG]
cywi

<.

— » R(s)
»> Gi(s) > = > e
Fig. 2. The transfer function G1(s) can be decomposed into a sum of

transfer function R(s) and an integrator %

Also, for the matrix A to be Hurwitz, the condition det(A) # 0
must hold, which can be guaranteed as follows:

v

det(A) = det(Ag) det(Bl(Dg — CgAngg)Cl),
= det(Ag)det(Bng(O)Cl).

Hence, det(A) # 0 & det(B1Go(0)C)) # 0, since,
det(As) # 0.

Finally, using Lemma 5 and the fact that G;(s) is NI and
Ga(s) is SNI, we conclude that det(l — G (jw)G2(jw)) #
0. This is equivalent to A having no eigenvalues on the
imaginary axis. These conditions imply that the matrix A=

B1D;Cy B1Cy

ByCh Az

Now consider a more general case where G1(s) has other
poles as well as a simple pole at the origin.

Assumption 1: The following conditions are assumed to
be satisfied.

is Hurwitz. [ |

1) Gi(s) = Cy(sI — A1)~ By is NI and can be decom-
posed into R(s) + % as follows (see Fig. 2):

—1

sl — A11 0 Bll
G - C C )
1(8) [ 11 12} 0 sl Bio
K
= Cu(sl—Ay) 'Bi + e
K
= R e
(5)+ =
where,
A11 0 B
Al = ) 1= . )
0 0 By

C = [Cu 012] , and K = B132C)s.

2) R(S) = 011(81 — A11)71B11 is NL

3) GQ(S) = CQ(SI — AQ)_lBQ + D5 is SNI.

Now, we can obtain the following result:

Theorem 3: Suppose that G1(s) and G (s) satisfy Assump-
tion 1. Then the closed-loop system corresponding to the
positive feedback interconnection between G1(s) and Ga(s)
is internally stable if G(0) < 0.

Proof: Tt follows from Lemma 3 that the closed-loop
transfer function V(s) = Ga(s)(I — G2(s)R(s))~* is SNIL
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Also, it follows from Lemma 2 of [5] that R(0) > 0. Let
U = —G42(0) > 0, then the matrix

[I — G2(0)R(0)] [I+UR(0)],

Us [U%l + U%R(O)} ,

- Ul [I+U%R(0)Uﬂ Uz (12)

which means that the matrix [ — G2(0)R(0)] is similar

to |1+ U%R(O)U%} > 0. This implies that det(I —
R(0)G2(0)) # 0.
Now, the gain of V(s) at zero frequency is given by,
—[I+URO)]'U

= —[I+UR(0)] 'U?U>,
_ —1
S {UTI 7+ UR(O)}} U3,
_ _ —1
- _UtuT [U% + U%R(O)} U3,

= vt [(v% +Utro) U] U,

[

= -U} [T+ Ut ROV v

<0 13)

which implies that V' (0) < 0. As in Fig. 3, the positive feed-
back interconnection between G1(s) and Ga(s) is the same
as the positive-feedback interconnection between V'(s) and

K - | H|G
<. Finally, a state space realization of V'(s) is 715

)

where,
= | A2 ByCriy
B11Cy Ay + B DoChy |
_ B> _
Bi.Dy |’ [Cy DyCiy]
Also,
det(H)
= det(AQ) det(A11 + B11D2Cq1 — BllCQA;lBQCll),
= det(Ag) det(A11 + Bll(DQ — CQAQ_IBQ)Cll),
= det(AQ) det(A11 + B]]GQ(O)Cll)?
= det(AQ) det(AH) det(I + 011AI11311G2(0)),
= det(Ag) det(Au) det(l — R(O)GQ (0))
£0

since det(A2) # 0,det(A411) # 0, and from (12) det(I —

R(0)G2(0)) # 0 . Using Theorem 2 and the fact that

det(I — R(0)G2(0)) # 0, implies that [G1(s),Ga(s)] is
internally stable.

|

Remark 2: In a more general setting, we can consider the

case where the SNI system has two inputs and two outputs

G2 .
200 @
R(s)
NI

K/s

Fig. 3. Positive-feedback interconnection between G1(s) = (R(s) + %),
and G2(s) can be assumed as positive-feedback interconnection between
V(s) and %

—p| Ki/s
<
" »| SNI
NI <+

Fig. 4. An SNI system doubled in the input and the output.

as in Fig. 4. In this case, the proof of stability for such an
interconnection is similar to that in Theorem 3 in this paper,
but uses Theorem 3 of [3] rather than Theorem 2 of [3].

IV. ILLUSTRATIVE EXAMPLE

To illustrate the main results of this paper, consider the
SNI transfer function G3(s) = siS — 1 and the NI transfer
function G4(s) = s%zﬂ) This can be decomposed into the
sum of an integrator < and a NI transfer function R(s) = Sil.
The closed-loop transfer function corresponding to G(s) and
R(s) is % As shown in Figure 5, R(s) is SNI. Now, the
overall closed-loop transfer function corresponding to G1(s)
and Ga(s) which is the same as the closed-loop transfer
function corresponding to the integrator and the transfer
function =L s —(st1) This transfer function is

s+3 (s+3)(s2+4s+1)"
asymptotically stable.

V. CONCLUSION

In this paper, stability results for a positive-feedback inter-
connection for NI systems including an integrator have been
derived. A generalization of the existing NI lemma, allowing
for a simple pole at the origin was also presented. This work
can be used in NI controller design to allow for integral action,
which will be useful in a wide range of NI control systems.
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—>| -(s+2)/(s+3)

~(s+1)/(s+3)

1/(s+1) | + "
1
1
1/s =
Fig. 5. Illustrative example
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