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A fixed-time formation-containment control scheme
for multi-agent systems with motion planning:
Applications to quadcopter UAVs

Yu-Hsiang Su, Parijat Bhowmick, Member, IEEE, and Alexander Lanzon, Senior Member, IEEE

Abstract—This paper proposes a fixed-time formation-
containment tracking control scheme with a safe and reliable
motion planning strategy. A practical scenario is considered
where no agents have prior environmental knowledge, and only
a subgroup of agents, defined as leaders, is equipped with
obstacle-detection sensors. The primary objective is to drive
agents towards the goal position while safely avoiding unknown
obstacles and navigating through choke points. First, we ensure
that the leader agents achieve a prescribed formation within
a fixed time, and then, the follower agents converge inside a
convex hull spanned by the leaders. After that, motion planning
and choke point navigation algorithms are developed to achieve
group obstacle avoidance and choke point navigation missions.
The results demonstrate that networked agents could safely
move towards the goal positions, effectively navigating unknown
obstacles and manoeuvring through choke points, even when
obstacle-detection sensors are limited to leader agents. Finally,
the feasibility and effectiveness of the proposed control scheme
were validated through an in-depth simulation case study and

real-time flight experiments on a multi-UAV system.

I. INTRODUCTION

Cooperative control of multi-agent systems (MASs) has
been extensively studied and implemented over the past two
decades. It aims to design control schemes for networked
MASs depending on the agent’s dynamics, their interaction
topology, and the cooperative control objectives [1]. The
coordinated control of networked unmanned aerial vehicles
(UAVs) has experienced significant advancements with the
progress in UAV technologies and embedded system design,
as highlighted in [2] and the references therein. A multi-UAV
system can be utilised to solve various real-world problems,
such as localisation, mapping and navigation [3]; search and
rescue operations in hazardous environments [4]; cooperative
payload transportation [5], [6]; etc. Formation tracking and
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Fig. 1: Formation-containment control of a networked multi-
UAV system consists of leader and follower agents. The green
stars mark the virtual leader agent/target, while the black
arrows represent the communication links among the agents.

containment control of MASs have emerged as two prominent
research topics in the last two decades. Formation tracking
involves networked agents achieving a prescribed formation
and tracking a moving virtual leader agent/target [7]. In
contrast, containment control navigates follower agents to
converge inside a convex hull spanned by the leaders [8].
Research on the design of cooperative control strategies
for MASs employing the information consensus approach
dates back to 2004 [9]. Recent developments in this domain
have been reported in [10], [11], [12], [13], [14], [15], [16],
[17], etc. However, earlier works did not guarantee fixed-
time convergence, meaning that the execution of formation
or containment control actions cannot be accomplished within
a given fixed time. This is a significant drawback in real-
world scenarios with time constraints, such as search, rescue
and surveillance missions [18], where MASs are required to
achieve formation or containment control within a given fixed
time. Formation-containment control, as illustrated in Fig. 1,
combines formation and containment control properties, offer-
ing distinct advantages for real-world applications. The article
[19] studied the formation-containment control problem for
second-order MASs with directed interacting topologies and
implemented the control laws on multiple quadcopters. More
recently, [20] proposed an adaptive formation-containment
control scheme for MASs and validated it using a group
of two-wheeled mobile robots. This control framework was
further extended in [4] to address clustering and obstacle
avoidance issues. However, these studies fell short in covering
other group behaviours for MASs, such as motion planning,
group obstacle avoidance, formation scaling, and choke point



(i.e. a type of environmental obstruction such as windows,
doors, corridors, or narrow canyons) navigation aspects.

Apart from cooperative control, cooperative motion plan-

ning plays a crucial role in MAS research, facilitating colli-
sion and obstacle avoidance. [4] exploited artificial potential
field (APF) techniques to design a decentralised obstacle and
collision avoidance strategy for MASs. A formation control
algorithm with obstacle avoidance relying on an improved
APF algorithm was reported in [21]. Furthermore, in [22], a
trajectory planning methodology was proposed for quadcopters
operating in a known obstacle-filled environment. However, it
is worth noting that many obstacle avoidance algorithms either
require each agent to be equipped with obstacle-detection
sensors (e.g. [4], [21]) or rely on prior knowledge of the envi-
ronment (e.g. [22]). Unless properly handled, the consensus or
formation among the agents could be disrupted due to collision
events among agents or between an agent and an obstacle,
which could result in mission failure or damage to the agents.

Urged by the continuous need to improve cooperative

control techniques for achieving fixed-time convergence,
this paper develops a state-of-the-art fixed-time formation-
containment tracking control scheme for MASs that also
serves motion planning objectives. The focus is on a practical
scenario where no agents have prior environmental knowl-
edge and only the leader agents are equipped with obstacle-
detection sensors. Under these constraints, existing motion
planning and obstacle avoidance algorithms for MASs would
not be practical, given that follower agents do not have any
obstacle detection capabilities. Therefore, our proposed solu-
tion emphasises the integration of formation and containment
control, wherein leader agents establish a safe region and guide
follower agents through unknown environments. The proposed
formation-containment control scheme guarantees that leader
agents maintain a prescribed formation and track a moving
virtual leader agent/target. At the same time, follower agents
remain inside a safe region (i.e. the convex hull) guarded by
the leaders. Therefore, this control scheme facilitates the safe
movement of followers between locations, using the protection
of the leaders. This protection enables followers to avoid
unknown obstacles and navigate through choke points despite
their lack of obstacle detection capabilities. In summary, the
primary contributions of this paper are encapsulated in the
following key points:

o A new distributed fixed-time cooperative control scheme
is designed for networked MASs that enables agents
to accomplish both formation tracking and containment
control objectives within a given fixed time;

o The paper has also developed a group obstacle avoidance
strategy and a choke point navigation algorithm, effec-
tively addressing cooperative motion planning objectives
even in a cluttered and obstacle-prone environment. This
strategic development considers situations where only the
leader agents have obstacle detection capabilities;

o The group obstacle avoidance and choke point navigation
strategies together form a high-level motion planning
unit, which has been integrated with the proposed fixed-
time formation-containment control protocol to create a
hierarchical cooperative control framework;

e As an additional contribution, the paper conducted two
real-time flight experiments using a fleet of Crazyflie
quadcopter UAVs to test the feasibility and performance
of the proposed hierarchical cooperative control frame-
work.

The rest of the paper is organised as follows: Section II gives
essential preliminaries and describes the problem statement.
Section III lays out the main theoretical developments of the
paper. Section IV presents a MATLAB simulation case study
that compares the fixed-time convergence property between the
proposed fixed-time formation-containment tracking controller
and a benchmark controller. Section V includes two real-time
flight experiments conducted on Crazyflie quadcopter UAVs to
validate the proposed control algorithms. Finally, Section VI
summarises the paper.

The notations and acronyms are standard throughout. R
denotes the set of all real numbers. Let R and R> denote
the set of positive real numbers and the set of non-negative
real numbers. Let 1,, be the column vector with all n entries
equal to 1. ||.|| represents the 2-norm of a vector or a matrix.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Interaction topology

A team of networked agents exchanges information accord-
ing to an interaction topology. In this work, a weighted di-
rected graph G = {V, £, A} is used to describe the interaction
topology among the agents. V = {v1,...,vy} is the node
set, € C V x V is the edge set and A = [a;;] € RV*N
is the associated adjacency matrix respectively. The edge
ej; = (vj,v;) € € denotes the information passes from node
7 to node i, which means that node j is an in-neighbour of
node . In addition, we define the set of all in-neighbours
of node i as N; = {v;|(vj,v;) € E}. a;; represents the
weight of e;;. The adjacency matrix A is defined as a;; = 0,
a;; > 0if ej;; € £ and a;; = 0 otherwise. The Laplacian
matrix £ = [l;;] € RV*N associated with G is defined by
li; = Zj# a;; and l;; = —a;; when i # j. A directed graph
is said to have a directed spanning tree if the graph has at least
one node (called the root node) with directed paths to every
other node.

B. Problem statement

Consider a team of N networked agents, consisting of M
followers and N — M leaders, navigating through an unknown
environment. An agent with an obstacle-detection sensor is
defined as a leader, while those without are followers. We
denote the sets of followers and leaders as F = {1,2,..., M}
and L = {M + 1,M + 2,...,N}, respectively. Inspired
by [11], [12], [23], a two-loop control scheme has been
employed, as shown in Fig. 2. In this scheme, the inner loop
applies a cascaded PID controller block such that the closed-
loop translational dynamics of each quadcopter agent can be
approximated by a double integrator system, as given below:

Pi = Vi,
{. (D
Vi = Wy,
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Fig. 2: The proposed hierarchical control framework. For the i" leader agent, the fixed-time formation tracking controller
computes the desired control command u; given the motion reference of the virtual leader agent py; and vy, the scaling
vector s, its estimated states p; and p;, its in-neighbouring estimated states p;, p;, P;, Vj € N; and the formation offset
di5, Vj € N;. For the k™ follower agent, the fixed-time containment controller computes the desired control command uy
given its estimated states pj, and pj, and its in-neighbouring estimated states p;, p,; and p;, Vj € Nj.

where p; € R? is the position vector, v; € R3? is the
velocity vector, and u; € R3 is the control input vector
(i.e. the desired acceleration) for the i" agent respectively. In
addition, we introduce a virtual leader agent/target, labelled as
the (N + 1) node, to provide a reference trajectory for all
networked agents to track. This virtual leader agent/target is
treated as an exo-system, independent of the agent dynamics.
The formation configuration vector for each agent w.r.t. this
virtual leader agent/target is defined as h; € R3, Vi € L,
which is determined by displacement constraints specified by
users. Let §;; € R® denote the formation offset between
the i" and ;™ agents, where i € L, j € N;. The relation
between the formation configuration and formation offset is
given by d;; = h; — h;. A directed graph G describes the
interaction topology among each agent. We will now declare
an assumption on the interaction topology and an essential
technical result.

Assumption 1: The interaction topology contains a directed
spanning tree with the virtual leader agent being the root
node. Each leader’s in-neighbours are only the virtual leader
agent and leaders. For each follower, at least one leader has a
directed path to that follower.

According to Assumption 1, we can partition the Laplacian
matrix £ into the following form:

Lyy Ly Onrx1
L= |0N-m)xMm Ly Ly )
O1xm O1x(nv—n)  O1xa

Where L;; € RM*M js the sub-Laplacian matrix that repre-
sents the interactions among the followers, Ly eMx(N-M)
is the sub-Laplacian matrix that describes the relationship
among the followers and leaders, £;; € RIW—M)x(N=M) jq the
sub-Laplacian matrix corresponding to the leaders and lastly,
L1, € RV=M)X1 i5 the sub-Laplacian matrix that indicates
the relationship among the leaders and the virtual leader agent.

Lemma 1: [24] Each entry of —ﬂfllﬁzv is non-negative and
each row sum of —Ll_lllilv is equal to one.

The primary aim of this work is to formulate a control
framework suitable for a practical scenario wherein no agents
have prior environmental knowledge, and only leader agents
are equipped with obstacle-detection sensors. This framework
is designed to achieve the following objectives: (i) ensuring
that all leader agents achieve and maintain formation control
within a given fixed time while tracking the motion reference
of the virtual leader agent; (ii) guaranteeing that all follower
agents achieve and maintain containment control within a
given fixed time while tracking the motion reference of the
virtual leader agent; and (iii) ensuring that all networked
agents safely avoid unknown obstacles, navigate through choke
points and ultimately reach the goal position.

III. MAIN THEORETICAL DEVELOPMENT

This section presents the key theoretical developments of
this paper. As shown in Fig. 2, we propose a hierarchical
control framework for MASs to solve the challenges of fixed-
time formation-containment tracking control and cooperative
motion planning.

Given that only leader agents are equipped with obstacle-
detection sensors, we employ a formation-containment tech-
nique to govern the motions of networked agents. The primary
responsibility of leader agents is to establish and maintain a
safe region for follower agents, which do not have any obstacle
detection capabilities. This strategy allows follower agents
to safely navigate around unknown obstacles while moving
toward the goal position, provided they remain inside this safe
region. In particular, leader agents must maintain a formation
configuration, even during navigation around unknown obsta-
cles, as this configuration serves as a safe region for follower
agents. We must note that we approach obstacle avoidance
as a collective behaviour for MASs instead of an individual



behaviour for each agent. This approach distinguishes our
work from most existing methods.

A. A hierarchical cooperative control framework

There are three levels in the proposed hierarchical control
framework shown in Fig. 2. First, the virtual leader agent/target
implements a high-level motion planning algorithm. It is
followed by a two-loop control scheme, wherein each agent
computes its desired control command using the outer loop
distributed fixed-time formation-containment tracking con-
troller. This wanted control command is then tracked through
an inner loop PID controller.

B. Distributed formation-containment control of MASs

We propose a distributed formation-containment tracking
controller to achieve formation-containment and tracking be-
haviours for networked agents whose closed-loop translational
dynamics are approximated by (1).

We will now give the definitions of formation and contain-
ment control. For the leader agents, the formation tracking
error £; w.r.t. its in-neighbours is defined as:

fi = Z aij(pi —P; — 6ij) Vi e L. (3)
JEN;
For the follower agents, the containment error &, w.r.t. its
in-neighbours is defined as:

& =Y anj(pk—p;) VkeF. (4)
JEN

In addition, we define the velocity errors ¢; and ¢, for each
leader and follower agent w.r.t. its in-neighbours as

¢ = Z aij(vi—v;) VielL, (5)
JEN;
and
¢ = Z agj(vi —v;) VkeF. (6)
JEN

Definition 1: (Formation control) The leaders are said to
achieve the prescribed formation, specified by the formation
configuration vector h w.r.t. the virtual leader agent/target, if
the position of each leader agent p;(t) satisfies the relationship

Jm pi(t) —p;(t) = 0y )
for i € L and j € N;, where
51-]- = hl — hj VJ S M (8)

Lemma 2: Consider a MAS connected via a directed graph
that satisfies Assumption 1. The leader agents are said to
achieve the prescribed formation, specified by h and satisfying
(8), if and only if

Jim < > ay (Pi(t)—Pj(t)—5ij>> = [lim &(1) =0 (9

JEN;

for all i € L.
Proof: Since the interaction topology satisfies Assump-
tion 1, we have d;; = h; — h; as mentioned in (8). Note

that h;, h; € R? for all ¢ and 7. Then, we can express the
formation tracking error §;, given in (3), as

N

Z i ((pi —h;) —(p; — hj))+

j=M+1

Sz‘:

@i N+1 ((pz —h;) - pN+1)~ (10)

Define z; = p; — h;, p = [pL#l,pL#%...,p;]T, zZ =
[ZLJFI,ZL+2,...,Z;]T, h = [hMJrl,hMJr%...,h;]T and
& = [ELH,ELH,...,SMT. We can express £ in the
Kronecker product form as

E=(Ly®3)z+ (L1y @ I3)PN1- (1D)

Now, if (9) holds, we have tlim &(t) = 0, which in turn
— 00
implies from (11)

i [o) ~ h(0) + (£ £ 1) b)) = 0. 2)
According to Assumption 1 and Lemma 1, we have ﬁl_llﬁh, =
—1n_ - Substituting El_llﬁlv = —1pn_js into (12), we get

t—o0

lim [P(t) —h(t) - 1y-m® I3PN+1(t)} =0. (13

From equation (13), we can conclude that the prescribed
formation among the leader agents satisfies the condition
in (7). This demonstrates that the prescribed formation is
achieved if (9) holds. |

Remark 1: Formation control typically refers to scenarios
in which leader agents achieve the prescribed formation w.r.t.
a fixed or static virtual leader agent. On the other hand,
formation tracking control involves leader agents aiming to
achieve the prescribed formation w.r.t. a moving or dynamic
virtual leader agent.

Definition 2: (Containment control) The followers are
said to achieve containment if each follower position py(t)
asymptotically converges to the convex hull spanned by those
leader agents. This is equivalent to the condition that for any
k € F and j € L , there exist non-negative constants aj;
satisfying Z;V: M1 @k = 1 such that

Jim (Pk(t) - Z Oékjpj(t)> =0.

JEL

(14)

We are ready to present the benchmark theorem, establish-
ing a formation-containment tracking control for networked
agents modelled by double-integrator dynamics.

Theorem 1: Consider N agents connected via a directed
graph G that satisfies Assumption 1. The closed-loop trans-
lational dynamics of each agent are approximated by double
integrator dynamics, as given in equation (1). Then, the MAS
achieves the formation-containment tracking control under the
action of the distributed control protocol

u; = —i (kp&'l + kUCz — Z aij\"j) Vi € L,
i JEN;
1 .
e = —— (kpby + koG = Y ang¥y) VR EF,
Tk JENR

15)



where ~; = Zje/\fi Aij, Ve = Zje/\/k akj, kp >0, ky > 0
and v; is the acceleration vector of in-neighbouring agents.
Proof: The closed-loop translational dynamics of each

agent in equation (1) are decoupled along the X, Y and Z
axes, which means that the analysis on the one-dimensional
case is valid for three-dimensional motions [25]. Therefore,
without loss of generality and for brevity, we can assume p;,
v;, u; € RY in the rest of this proof.

First, we obtain the closed-loop dynamics for leaders by
plugging the control law (15) into (1), yielding

1
UV = _7(]6])51 + kUCL — Z aiji/j) Vi€ L. (16)
Yi Jen
Multiplying ~y; on both sides of (16) gives
> aij(on = i) = ~kyki — uGi (17

JEN;

By differentiating (;, and the facts that ('i = fz and (; = éi,
we get the closed-loop formation tracking error dynamics as

fi = _kpgi - kv&z

Since k, > 0 and k, > 0, it follows both &; and 51 = (;
asymptotically converge to zero for all ¢ € L. We conclude that
all leader agents achieve and maintain the prescribed formation
configuration while tracking the virtual leader agent.

Following the method as mentioned above, we can get
the closed-loop containment error dynamics for each follower
agent as

(18)

& = —kp&x — kol (19)

Since k, > 0 and k, > 0, it follows both &, and §k = (i
asymptotically converge to zero for all £ € F. Thus, we
conclude that all follower agents converge and remain inside
the convex hull spanned by those leaders while tracking the
virtual leader agent.

As a result, we prove that the formation-containment track-
ing problem for networked agents whose closed-loop transla-
tional dynamics are approximated by double-integrator models
is solved via the proposed distributed control protocol (15).
This completes the proof. ]

Remark 2: t is worth noting that the need for acceleration
feedback from the in-neighbouring agents may lead to an
implementation problem. In practice, the agents can transmit
their acceleration data (measured by an onboard accelerom-
eter) to their in-neighbours through wireless or Bluetooth
communication. A similar technique was used in [26], [27].
Otherwise, the acceleration data can be estimated using a
Kalman Filter, EKF or UKF algorithm. Another option may
also be possible that the acceleration data can be generated
from the measured velocity data via numerical differentiation
(e.g. forward/backward difference method), and the inaccura-
cies or noises can be removed by designing appropriate filters.

C. Fixed-time formation-containment control of MASs

In Theorem 1, the convergence of formation tracking and
containment errors is only guaranteed at an infinite time
horizon. However, practical applications often require that

networked agents achieve formation-containment and tracking
behaviours within a given fixed time. The formation tracking
and containment errors must converge to zero within a fixed
time. Inspired by this practical constraint, we will extend The-
orem 1 to propose a novel fixed-time formation-containment
tracking controller for MASs.
Motivated by [28], [29], we introduce a time-varying func-
tion
h
u(t) = (T—_t) vVt <T,
0 vt > T,

(20)

where T is a fixed convergence time, and h is a user-defined
parameter. We will now introduce two important lemmas that
will be used to prove the fixed-time convergence theorem.
Lemma 3: [30] If x and y are non-negative real numbers
and p and ¢ are positive real numbers such that % + % =1,

then zy < % + %q. The equality condition holds if and only
if aP =y,

Lemma 4: [29] Consider a continuously differentiable func-
tion f : R — R, and its derivative satisfies

f) < —af = glf w20, 1)
where a € Ry and 5 € R-(. Then, we have
<pPemetf(0) Vt<T,

t 22

(0 { ’ e )

We are now ready to extend Theorem 1 to propose the
fixed-time formation-containment tracking control theorem for
networked agents modelled by double-integrator dynamics.

Theorem 2: Consider N agents connected via a directed
graph G that satisfies Assumption 1. The closed-loop transla-
tional dynamics of each agent are approximated by double
integrator dynamics, as given in equation (1). Then, the
MAS achieves the formation-containment and tracking control
within a given fixed time 7" under the action of the distributed
fixed time control protocol

1 [ p
u; = —%((Oé + 5;)& + (a+ Bﬁ)ci - J;; alﬂv])
Vie L,
1 ' ' -
u, = —%((0& +5%)5k + (a +5%)Ck _jg\;k akjvj)
Vk € F,
(23)

where « > 0, 8 > 0 are two control gains to be designed.

Proof: Following a similar procedure as in Theorem 1, we
can obtain the closed-loop formation tracking error dynamics
for leader agents, which are

[ .
& = —(04‘5‘5;)(&4-&) 24
We consider the following Lyapunov candidate function:
N N
V=c > &+ > &=>o (25)

i=M+1 i=M+1



Its time derivative along the trajectory of (24) is

. N . N o e
V=2c Y &&+2 > &

i=M+1 i=M+1
N . N . ] .
—2e Y aéi+2 Y Gla+ (-6 - &)
i=M+1 i=M+1 K
N .
< Y e+ (a+ BE) (-2 - 3E2)
i=M+1 K
N . .
= > (e—(@+8D))e+ (c—3a+pL))&
i=M+1 K H

<(e—a)V - 5HV,
I
(26)
where we have used Lemma 3 to get the inequality in (26).

By choosing ¢ < «, the inequality in (26) can be expressed
as follows

V< —av— B%V, 27)

where & = o — ¢ > 0. According to Lemma 4, we have

< pBe ot|&(0)|| V< T, .
ey 4 = IS0 vieL (8
and
< pBe G0 Vt<T, .
[FOIREN, SOl VieL. (29

That is, §; — 0 and ¢; — 0 within a given fixed time 7" for
all leader agents.

Following the method as mentioned above, we can derive
that £, — 0 and (; — 0 within a given fixed time 7 for all fol-
lower agents. Therefore, networked agents achieve formation-
containment and tracking behaviours within a given fixed time
T via the distributed fixed-time control protocol (23). This
completes the proof. ]

Remark 3: In [29], the primary focus of the research was
on developing a fixed-time formation control scheme for a
fixed or static virtual leader agent/target. In contrast, our study
encompasses a broader scope, including fixed-time formation
tracking and containment control w.r.t. a moving or dynamic
virtual leader agent/target.

D. Motion planning algorithm

The primary objective of the high-level motion planning
algorithm, which is at the first level of the hierarchical control
framework depicted in Fig. 2, is to formulate the motion refer-
ence for the virtual leader agent/target. This motion reference
should enable networked agents to safely navigate unknown
environments and reach the goal position by effectively track-
ing the virtual leader agent. It is assumed that the virtual leader
agent follows a velocity trajectory, that is py+1 = Vyer, Where
pni1 € R? and vys € R3 are the position and the motion
reference vectors (i.e. the desired velocity computed from the
high-level motion planning algorithm) of the virtual leader

agent. In particular, we consider three group behaviours, which
are: (i) goal position seeking; (ii) group obstacle avoidance;
and (iii) choke point navigation.

1) Goal position seeking: Let p, € R3 denote the
fixed goal position vector for the virtual leader agent and
d(pn+1) = |[Pn+1 — Pgl|- We consider the attractive APF

Us(PNt1) = %:d2(pN+l) k. /1502 ?f dpw1) < d%’

dykad(Pni1) — %5 (dg)*  if d(pn+41) > dy,

(30)

where k, > 0 is the attractive gain, and d; is a user-defined

threshold distance which is close to the goal position. The
gradient of the attractive APF in (30) can be derived as

ka(Pn4+1—Pg) if d(pn+1) < df,

VUa(PN+1) = § d*ka(pnii—ps) .
SR if d(pwga) > d

€1y

Next, we apply the gradient descent method and set the motion
reference of the virtual leader agent as the negative gradient
of the attractive APF in (31), which gives

pN+1 = Vryef
= —VU,(PN+1)-

Applying the gradient descent method, we conclude that the
virtual leader agent converges to the goal position. Then, it
follows that all networked agents will reach the goal position
as long as they continue tracking the motion reference of the
virtual leader agent via Theorem 2.

2) Group obstacle avoidance: When networked agents au-
tonomously navigate in unknown environments while tracking
the motion reference of the virtual leader agent in (32),
they often encounter obstacles. Therefore, obstacle avoidance
is paramount in the cooperative motion planning problem
for MASs. This subsection presents a novel group obstacle
avoidance algorithm that employs the repulsive APF and curl-
free vector field. The primary objective is to establish a virtual
safe region centred on the virtual leader agent, guaranteeing
freedom from collisions with any obstacles. Therefore, as
long as the size of the formation configuration remains within
this virtual safe region, all networked agents can effectively
navigate around obstacles by continuously tracking the motion
reference of the virtual leader agent via Theorem 2. This
approach remains applicable even in scenarios where follower
agents do not have any obstacle detection capabilities.

We design a virtual safe region with a three-dimensional
sphere or circle shape in two sizes. This safe region has a
radius of 74 and is centred at the position of the virtual leader
agent. When leader agents detect an obstacle, they send this
information to the high-level motion planner. Then, the motion
planning algorithm generates a repulsive force to push away
the virtual leader agent and the corresponding virtual safe
region.

Let p, € R? denote the position vector of an obstacle and
D(pn+1) = ||[PN+1 — Pol|- We consider the repulsive APF

By (1 L )2

2 — o if D < Q*,
Up(PN+1) = { 2\D(pNn+1) @ (pv+1) £Q

0 if D(pny1) > Q7
(33)

(32)




kpy > 0 is the repulsive gain, and QQ* is a user-defined threshold
distance activating the repulsive APF. Note that Q* > r. The
gradient of the above repulsive APF in (33) can be derived as

k . %
F(Pr11) e B) if D(pwia) < Q7

0 if D(pn+1) > Q7
(34)
where f(pn+1) = (1/Q* —1/D(pn+1)). Next, we add the
negative gradient of the repulsive APF in (34) into the motion
reference of the virtual leader agent in (32), which gives

VUy(pNn+1) = {

ﬁ)N+1 = Vryef
= —VUi(pn+1) — VUs(PN+1)-

One drawback of the conventional APF techniques is the
occurrence of the local minimum problem. This situation
can occur when the magnitudes of the attractive and repul-
sive forces are equal, but their directions are opposite (i.e.
Vier =~ 0 in (35)). This can cause all agents to become trapped
near obstacles and cease moving. Several research studies
have addressed this issue and proposed various algorithms.
These include the improved APF method [21], the stochastic
method [31], and the unstable equilibrium method [32]. In this
work, we have implemented the curl-free vector field method,
inspired by [33], [34], to tackle the local minimum problem.

To address the local minimum problem, we employ a
rotation matrix, denoted as R, to rotate the repulsive APF
in (33). This rotation generates the curl-free vector field around
an obstacle, denoted as U.(pny1). The direction of R is
determined by the angle of the relative position vector between
the obstacle and the virtual leader agent, denoted as p. The
relation between the gradient of the curl-free vector field and
the repulsive APF can be expressed as

(35)

VUc(pn+1) = RVU (PN 1), (36)
where
[0 1 0]
-1 0 0| if p <0 = clockwise,
0 0 1
R=4¢F 3 (37)
0 -1 0
1 0 0| if p>0= counterclockwise.
0 0 1]

Then, the new motion reference of the virtual leader agent can
be represented by

pN+1 = Vref
= —VUu(Pn+1) — VU:(PN+1)-

We set a user-defined threshold (i.e. P* ~ 0) to activate the
curl-free vector field when the virtual leader agent becomes
trapped in a local minimum in (35). Beyond this threshold,
we revert to the conventional repulsive potential APF in (33)
to compute the motion reference for the virtual leader agent.
The above high-level motion planning method is summarised
in Algorithm 1.

Assumption 2: The position of the virtual leader agent is
set at the centre of the formation configuration, which is also
the centre of the virtual safe region. This virtual safe region,

(38)

Algorithm 1: A high-level motion planning algorithm
for the virtual leader agent.

1 initialization;
2 while true do

3 if D(py+1) < Q* then

4 set Ver = equation (35);

5 if || Vier|| < P* then

6 set v = equation (38);
7 else

8 ‘ set vif = equation (32);

9 end

10 end

with a user-specified radius of r,, covers the entire formation
configuration spanned by all leader agents.

We are now ready to integrate the distributed fixed-time
formation-containment tracking controller (23) with the high-
level motion planning algorithm described in Algorithm 1 to
address the objectives mentioned in Section II-B. Algorithm 1
generates a motion reference for the virtual leader agent/target
to reach the goal position while ensuring that a virtual safe re-
gion is collision-free from obstacles. In addition, all networked
agents maintain formation-containment behaviour while track-
ing the motion reference of the virtual leader agent through
the distributed fixed-time formation-containment tracking con-
troller (23). Therefore, if Assumption 2 holds, all networked
agents will safely reach the goal position while effectively nav-
igating around obstacles by continuously tracking the motion
reference of the virtual leader agent/target via Theorem 2.

Remark 4: Most existing works have considered obstacle
avoidance as an individual behaviour for each agent in the
formation control problem of MASs. Therefore, in such sce-
narios, networked agents may not consistently maintain their
formation configuration when encountering and navigating
around obstacles (e.g. [4], [21], [22], [33]). In contrast, this
paper highlights the importance of leader agents maintaining
the formation configuration even during obstacle navigation.
This new approach allows leader agents to effectively guide
follower agents who do not have any obstacle detection
capabilities in avoiding unknown obstacles.

3) Choke point navigation: Next, we consider a particular
navigation problem for MASs called choke point navigation.
When a team of networked agents encounters a choke point,
the motion reference of the virtual leader agent, as determined
by equation (35), can become trapped in a local minimum of
the APFs, thereby preventing all agents from passing through
the choke point. To tackle this issue effectively, we introduce
a scaling vector to reduce the size of the formation offset for
leader agents and propose an algorithm that enables networked
agents to navigate safely through choke points. This algorithm
ensures that the formation offset of the leaders is smaller than
the open space of the choke point, thus allowing networked
agents to pass through the choke point safely.

First, we define a scaling vector s = [s,, s,/,5.] |, where s,
sy and s, are the scaling variables in the X, Y, and Z directions



respectively. The scaled formation offset can be expressed as

R g Y
0;; = [siéij,syéij,

s:05]". (39)
When the leader agents on both sides of the virtual leader
agent detect obstacles blocking the group’s pathway, the
motion reference of the virtual leader agent, as determined by
equation (35), approaches zero, causing all networked agents
to stop moving. However, suppose the leader agent in front
of the virtual leader agent detects no obstacles. In that case,
it signifies that a clear pathway exists from the virtual leader
agent’s position to the goal position, and these obstacles can be
classified as a choke point. To effectively navigate through the
choke point, the high-level motion planning algorithm stops
the entire team’s movement. Then, it gradually decreases the
scaling vector in each iteration, causing all leader agents to
reduce the size of the formation offset until the choke point is
no longer detected in front of any leader agent. This strategy
ensures the safe navigation of all networked agents through the
choke point, allowing them to resume their movement towards
the goal position by tracking the motion reference of the virtual
leader agent in Algorithm 1. The above method is summarised
in Algorithm 2.

Algorithm 2: A choke point navigation algorithm for
networked agents.

1 initialization;
2 while true do

3 if detect choke point = true then

4 set Vier = 0;

5 decrease the scaling vector s;

6 set Sij = equation (39);

7 else

8 ‘ switch to Algorithm 1 to compute Vie;
9 end

10 end

IV. MATLAB SIMULATION RESULTS

In this section, a MATLAB simulation case study is pro-
vided to compare the performance of the fixed-time conver-
gence property between the fixed-time formation-containment
tracking controller in Theorem 2 and the benchmark controller
in Theorem 1. We considered a 3D formation-containment
control problem involving 16 agents, consisting of eight
leaders and eight followers. Fig. 3 describes the interaction
topology among the leader and follower agents. The primary
control objective was to achieve a 3D cubic formation with
the leaders while ensuring that the followers converged inside
a convex hull spanned by the leaders within a given fixed time
of T'= 20s. The initial position and velocity reference of the
virtual leader agent were provided as pyy1 = [0,0,1]T and
Vier = [0.2,0,0] 7, respectively.

Fig. 4 compares the formation tracking errors of the leaders
and containment errors of the followers, simulated by applying
respectively the proposed fixed-time control protocol (23)
in Theorem 2 and the benchmark control protocol (15) in

Fig. 3: Interaction topology for the simulation case study.
Agents F; to Fy are the followers, agents L to Lg are the
leaders and agent V' is the virtual leader agent.

10 20 30 40 50 0 10 20 30 40 50
Time (s) Time (s)

(a) Fixed-time control protocol (23) in Theorem 2. The given fixed time was

T = 20s, and the other parameters were o = 0.05, 8 = 0.4 and h = 5.

(o)l

0 10 20 30 40 50 0 10 20 30 40 50
Time (s) Time (s)

(b) Benchmark control protocol (15) in Theorem 1. The control gains kj
and k, were chosen as 0.05.

Fig. 4: [Performance comparison study:] Comparison of the
i) Formation tracking error ||€,;(¢)||, Vi € L and ii) Contain-
ment error ||€,(¢)||, Vk € F, simulated by applying (a) the
fixed-time control protocol; and (b) the benchmark control
protocol.

Theorem 1. In the case of the fixed-time control protocol, the
formation tracking and containment errors smoothly converged
to zero within 20 seconds only, as shown in Fig. 4(a). However,
in the case of the benchmark control protocol, the errors
converged to zero after 30 seconds with some inaccuracies
and oscillations during the transient response, as reported in
Fig. 4(b). Fig. 5(a) shows the initial positions of the agents,
where the leaders formed an irregular formation, and followers
were outside the convex hull spanned by the leaders. By
implementing the fixed-time formation-containment tracking
controller, all leader agents achieved the prescribed 3D cubic
formation, and all follower agents converged inside the convex
hull spanned by those leaders within 20 seconds (i.e. the
given fixed time), as shown in Fig. 5(b). The comparative
study reveals that Theorem 2 solves the fixed-time formation-
containment tracking problem. In addition, it provides a better
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Fig. 5: [Results for Simulation case study:] The black dashed
lines represent the formations of leader agents, and the red
stars mark the positions of the virtual leader agent. (a) At
t = Os, the leaders started from random initial locations and
the followers were also scattered; (b) At t = 20s, the leaders
achieved the prescribed 3D cubic formation and the followers
converged inside the convex hull spanned by the leaders.

transient response and a faster convergence rate.

V. EXPERIMENTAL VALIDATION

To demonstrate the effectiveness of the proposed control
algorithms, we implemented them on a fleet of Crazyflie 2.1
nano quadcopters and conducted two real-time flight exper-
iments. This section first introduces the Crazyflie 2.1 nano
quadcopter and the experimental setup. We then describe the
scenarios of the two real-time flight experiments. Finally, we
present and discuss the experimental results. A video clip of
the real-time flight experiments can be found in the Supple-
mentary Multimedia and at https://youtu.be/Fv1j05rhDol.

A. Experimental setup

Fig. 6 shows the Crazyflie 2.1 nano quadcopters equipped
with expansion decks. The Crazyflie is a compact and
lightweight quadcopter, with a diagonal length of 92mm
from motor to motor and a weight of approximately 27 g,
developed as an open-source flying platform by Bitcraze [35].
Additional decks are required to enable indoor autonomous
flight experiments, including the Flow Deck v2 and the Loco
Positioning system (LPS) deck. The Crazyflie nano quadcopter
can estimate its position, velocity and acceleration through the
onboard extended Kalman filter and has an onboard inner loop
attitude PID controller. In the experiments, the multi-ranger
deck is used as an obstacle-detection sensor, enabling the
Crazyflie nano quadcopter to detect the distance to obstacles
in real time. The LPS, also developed by Bitcraze, provides
the absolute position of each Crazyflie nano quadcopter [35].

Remark 5: Since the attitude dynamics of a quadcopter
UAV are much faster than its translational dynamics, hovering
and manoeuvring can be controlled together by a two-loop
control scheme, as shown in Fig. 2 (see [11], [12], [19],
[23] and references therein). The distributed controllers in the
outer loop drive the networked quadcopters to the prescribed
formation/position, while the inner loop control stabilises the
attitude dynamics. As a result, the translational dynamics of
the Crazyflie nano quadcopter after closing the loop with the
inner loop attitude PID controller can be approximated by (1).

SR ot

Fig. 6: Crazyflie 2.1 nano quadcopters. We define the Crazyflie
nano quadcopter on the left as a leader quadcopter since it has
a multi-ranger deck. In contrast, the right one is a follower
quadcopter.

We implemented the proposed distributed controllers on a
PC station in the real-time flight experiments. The PC station
serves as a central hub for collecting state information, includ-
ing position, velocity, and acceleration, from all Crazyflies and
transmitting control commands to them through Crazyradio
dongles [35]. However, the PC station can be removed in real-
world applications if each quadcopter UAV can directly share
its state information with in-neighbours via Bluetooth or Wi-
Fi. This is because the proposed controllers in Theorems 1
and 2 are completely distributed.

(a) Interaction topology for Experi-
ment 1.

(b) Interaction topology for Experi-
ment 2.

Fig. 7: (a) Agents F; and F5 are the followers, agents L to
L, are the leaders and agent V' is the virtual leader agent;
(b) Agents F and F5 are the followers, agents L; to L5 are
the leaders and agent V is the virtual leader agent.

B. Experiment 1: UAVs navigating in an unknown environment

In Experiment 1, six Crazyflie quadcopters, connected via
the interaction topology as shown in Fig. 7(a), are used
to perform an autonomous flight mission in an unknown
environment with a choke point and an obstacle, as shown in
Fig. 8(a). However, the multi-ranger decks (i.e. the obstacle-
detection sensors) are only attached to the leader quadcopters,
while the follower quadcopters do not have any obstacle
detection capabilities. The formation configuration is specified
so all leader quadcopters achieve a prescribed diamond-shaped
formation.

Figs. 9 and 10 present the trajectories of all quadcopters
on the X-Y plane and the snapshots of the real-time flight
experiment. Initially, the leader agents did not attain the



(b) Flight arena for Experiment 2.

Fig. 8: (a) The flight arena with a choke point and an obstacle;
(b) A 3D cave-like choke point. The red dashed lines mark
the gap of the choke point.

prescribed diamond-shaped formation, and hence, the fol-
lowers remained unguarded. After that, they achieved and
maintained formation-containment control while navigating
through the choke point and the obstacle under the action of
the proposed control algorithms. Fig. 11 shows the formation
tracking error of each leader quadcopter, the containment
error of each follower quadcopter and the velocity of each
quadcopter in the X-direction. The formation tracking and
containment errors converged and remained close to zero
after 5 seconds with small oscillations in the steady state,
as shown in Figs. 11(a) and (b). It is noted that both for-
mation tracking and containment errors did not converge to
exactly zero due to the positioning accuracy of LPS being
about 0.1 m. The experimental results validate that networked
quadcopters successfully navigated through the choke point
and the obstacle and ultimately reached the goal position
via the proposed control algorithms. Since all quadcopters
consistently maintained formation-containment and tracking
behaviours, the follower quadcopters, without any obstacle
detection capabilities, also successfully navigated through the
choke point and the obstacle.

C. Experiment 2: 3D choke point navigation

In Experiment 2, seven Crazyflie quadcopters, connected
via the interaction topology as shown in Fig. 7(b), are used to
perform a 3D choke point navigation mission in the flight
arena shown in Fig. 8(b). However, only the leader quad-
copters are equipped with multi-ranger decks (i.e. the obstacle-
detection sensors). In addition, the formation configuration is
specified such that all leader quadcopters achieve a prescribed
3D pyramid formation.

10

X (m)

Fig. 9: [Results for Experiment 1:] Trajectories of all quad-
copters on the X-Y plane. The red star marks the goal position
of the virtual leader agent, while the two black rectangles on
the left and the black square on the right represent the choke
point and the obstacle. In addition, the circles and triangles
mark the positions of the followers and leaders, respectively.
The black dashed lines represent the formations of the leaders.

Fig. 12 presents the snapshots of the real-time flight experi-
ment. The initial size of the 3D pyramid formation was bigger
than the gap of the choke point, as shown in Fig. 12(c). Under
the action of the proposed control algorithms, a team of seven
quadcopters maintained formation-containment control while
reducing the formation size to navigate through the 3D choke
point, as reported in Figs. 12(d) and (e). The experimental
results validate that all networked quadcopters successfully
travelled in a 3D pyramid formation. Using the proposed
control algorithms, they effectively reduced their formation
configuration to navigate through the 3D choke point.

VI. CONCLUSIONS

This paper has developed a novel hierarchical control frame-
work that addresses the fixed-time formation-containment
tracking control problem for MASs while considering motion
planning objectives. The proposed control scheme enables
networked agents to achieve formation tracking and contain-
ment control objectives within a given fixed time. In addition,
an effective motion planning strategy is also designed to
tackle group obstacle avoidance and choke point navigation
challenges, particularly in scenarios when agents do not have
prior environmental knowledge and only leader agents have
obstacle detection capabilities. To validate the effectiveness
and feasibility of the proposed control algorithms, we present a
comprehensive MATLAB simulation case study and two real-
time flight experiments conducted using a fleet of Crazyflie
nano quadcopters.
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