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Platoons: a Negative-Imaginary Systems’
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Abstract— By virtue of the wide implementation of
communication-based train control (CBTC) systems and
moving-block signalling (MBS) systems, cooperative con-
trol for trains shows great potential in improving line uti-
lization, passenger comfort and operation flexibility. How-
ever, the operation of train platoons faces great challenges
induced by model uncertainties, unpredictable resistances
and time-varying disturbances. To address these problems,
consensus-based robust cooperative control schemes are
presented in this paper for both homogeneous and het-
erogeneous train platoons. Taking the physical connection
between carriages into consideration, each train in the
platoons is modeled as a negative imaginary (NI) system,
and the NI property is rigorously proved in this paper. In
the foundation of cooperative control theories of NI sys-
tems, robust strictly negative imaginary (SNI) controllers
considering the network topology are utilized to track a pre-
defined motion reference. The proposed controllers are ro-
bust to both mass uncertainties and external disturbances.
Moreover, the line utilization for the railway system and
the ride comfort for the passengers are improved using
the proposed control schemes. Numerical simulations are
given to showcase the effectiveness and robustness of the
proposed controllers.

Index Terms— Communication-based train control sys-
tems, moving block signaling systems, multiple train coor-
dination, negative imaginary systems, robust cooperative
control.

I. INTRODUCTION

COMMUNICATION-based train control (CBTC) systems
have been widely implemented in modern railway sys-

tems around the world. Based on CBTC, the position, veloc-
ity and acceleration information of trains can be accurately
detected and transmitted to on-board and ground control
systems with very low latency, and the permitted speed is then
calculated and transmitted back to the trains enabling safe,
comfortable and efficient operation of the railway system. This
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dynamic way of determining the moving authority of trains
shows huge potential in improving running density on the
railway. The coordination between trains becomes significant
in these circumstances and has attracted extensive interest
from the research community to develop robust and effective
controllers [1]–[4].

In this paper, by virtue of graph theory and negative imag-
inary (NI) theory, the robust formation control problem for
train platoons is addressed. Roughly speaking, NI systems with
transfer function G(s) are systems with a negative imaginary
frequency response, which denotes j[G(jω) − G(jω)∗] ≥ 0.
Since it was initially proposed in [5], it has been widely imple-
mented in a variety of fields including large space structures,
flexible robotic arms and nano-positioning systems [6], [7].
In [8], NI theory is applied to address the string stability of a
vehicle platoon. However, the results are limited to single input
single output (SISO) systems for their continued fractions
property. For the multiple input multiple output (MIMO) case,
cooperative control schemes for networked heterogeneous and
homogeneous NI systems have been studied in [9] and [10]
respectively. In this paper, by modelling the trains in a platoon
as multiple NI systems, the output feedback consensus is
implemented to train coordination, and the robustness is also
inherited from stability theories of NI systems.

Due to the complicated operation environment of trains,
i.e. unpredictable resistances, various weather, track gradients
and line curves, the robustness of cooperative train controllers
is still a challenging problem. The uncertain characteristics
of trains are studied in [11], where an adaptive cooperative
control method with only one parameter requiring online
tuning is proposed. To further eliminate the dependency on
resistance coefficients, a control scheme using prescribed
performance function is introduced in [12] for cooperative
train control. The control approaches for virtual coupling of
railway trains are studied in [13]. In the literature mentioned
above, each train is modelled as point-mass system, ignoring
the structure of a train in reality. In contrast with them, our
method is particular suitable for the trains in electric multiple
unit (EMU) configuration, which has been widely used in
suburban and high-speed trains around the world, including
the China Railway High-speed, Shinkansen in Japan and ICE 3
in Germany. An EMU train consists of multiple self-propelled
units, and each unit is composed of a carriage with a traction
motor and one or more carriages without power. Since the
driving power source of EMU is distributed compared with the
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traditional locomotive-hauled trains, EMU trains are treated as
MIMO systems with NI property in this paper, allowing the
implementation of relative NI theories.

To address the position and velocity tracking problem of
EMU trains, a data-driven control algorithm is investigated,
which avoids the precise modelling of the train dynamics and
complicated system identification [14]. Considering the phys-
ically connected subsystems, a distributed and fault-tolerant
control method is proposed in [15]. The difficulty of modelling
train dynamics motivates the application of machine learning
on a heavy haul train with a distributed power configuration in
[16]. Nevertheless, the train with multiple carriages in [14]–
[16] is still treated as one single controlled object, which does
not consider the cooperative control for multiple trains in a
platoon under the MBS system. Although cooperative control
of multiple EMU trains is studied in [17], the heterogeneous
situation is not considered, which is included in our work.

In summary, the main contributions of this paper are listed
below from two perspectives:

1) New model: a more precise train dynamic model is
utilized for describing trains compared to the point-mass
model. Using this model, the controllers are capable of
driving each unit separately, which shows better practi-
cality for EMU trains. The consensus achieved between
units can improve the ride comfort of passengers. The
mass variation of each train is also considered simulating
the passengers’ variation in reality.

2) New control: the proposed homogeneous and heteroge-
neous controllers can realize robust formation tracking
for train platoons under external disturbances and mass
uncertainties, guaranteed by the related stability theories
of NI and strictly negative imaginary (SNI) interconnec-
tion systems. The line efficiency can also be improved
via maintaining the formation of the train platoon in a
minimum safety interval.

The remaining of this paper is organized as follows. Pre-
liminaries on graph theory and NI theory are provided in
Section II. In Section III, dynamic models and NI properties of
train platoons systems are presented, and the control objectives
are also described. Section IV presents control methods for the
homogeneous case with corresponding experimental results. In
Section V, the cooperative control problem for the heteroge-
neous case is addressed along with experimental validation. A
conclusion is drawn in Section VI.

The notation in this paper is standard. R denotes the set of
real numbers, while C denotes the set of complex numbers.
[P,Q] denotes the positive feedback interconnection between
systems P and Q. A ⊗ B denotes the Kronecker product
of the two matrices A and B. LN ∈ RN×N denotes the
Laplacian matrix of a graph with N nodes. G∗ denotes
complex conjugate transpose of matrix G. Ker(LN ) denotes
kernel of the Laplacian matrix. In denotes the identity matrix
with dimension of n × n, while 1n denotes the vector of
all ones with dimension of n × 1. In addition,

n

diag
i=1
{Ai} is

a diagonal matrix with Ai, i ∈ {1, . . . , n} on the diagonal.

II. PRELIMINARIES ON GRAPH THEORY AND NEGATIVE
IMAGINARY SYSTEMS THEORY

A. Graph Theory

Graph theory can be utilized to describe the interactive
relationships among a group of agents. A graph G = (V, ε)
consists of a set of vertices V = {v1, v2, . . . , vn} with n
nodes, and a set of edges ε = {(vi, vj) ∈ V × V} with l
edges. A = {aij} ∈ RN×N is the adjacency matrix where the
adjacency aij from j to i equals to 0 if j = i. Also, aij = 1
if (vi, vj) ∈ ε and 0 otherwise. For an undirected graph,

aij = aji. Define the in-degree matrix ∆ =
N

diag
i=1
{∆i} where

∆i =
∑N
j=1 aij is the in-degree of node i. The Laplacian

matrix of the graph is then defined as Ln = ∆ − A. Define
the n×l incidence matrix Q of G with elements qij as follows:

qij = 1 if i is the initial vertex of edge j,
qij = −1 if i is the end vertex of edge j,
qij = 0 otherwise

It is well-known that the relationship between the incidence
matrix and the Laplacian matrix of an undirected and con-
nected graph G is: Ln = QQT , and

Ln ≥ 0,Ker(Ln) = Ker(QT ) = span{1n} (1)

B. Negative Imaginary Systems Theory

Since the control systems designed for train platoons in this
paper are based on NI theories, the following introduces the
NI and SNI definitions and the corresponding stability theory.

Definition 2.1: [6] A square, real, rational and proper
transfer function G(s) is NI if the following conditions are
satisfied:

1) G(s) has no pole in Re[s] > 0;
2) For all ω > 0 such that jω is not a pole of G(s),

j(G(jω)−G(jω)∗) ≥ 0;
3) If s = jω0 where ω0 > 0 is a pole of G(s), then it is

a simple pole and the residue matrix K = lim
s→jω0

(s −
jω0)jG(s) is Hermitian and positive semi-definite;

4) If s = 0 is a pole of G(s), then
lim
s→0

skG(s) = 0 for all k ≥ 3 and G2 = lim
s→0

s2G(s) is
Hermitian and positive semi-definite.

Definition 2.2: [5] A square, real, rational and proper
transfer function Gs(s) is Strictly Negative Imaginary (SNI)
if the following conditions are satisfied:

1) Gs(s) has no pole in Re[s] > 0;
2) For all ω > 0, j(Gs(jω)−Gs(jω)∗) > 0.
Lemma 2.1 ( [18]): Given a transfer function S1 =[
0 In
In P

]
∈ Ca×a and a transfer function S2 = Q ∈ Cn×n

where a = 2n. If both S1 and S2 are NI, and the Redheffer
Star product S1 ? S2 = Q(In − PQ)−1 is internally stable,
S1 ? S2 is also NI.

The results in [6] extend the definition of NI systems to
include free body dynamics and also provide necessary and
sufficient conditions for stability of corresponding feedback
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Fig. 1. A train composed of n physically connected units with spring-damper couplers.

systems. The following constant matrices are defined to derive
stability conditions:

G2 = lim
s→0

s2G(s)

G1 = lim
s→0

s(G(s)−G2/s
2)

G0 = lim
s→0

(G(s)−G2/s
2 −G1/s).

(2)

These matrices are the first three coefficients in the Laurent
series expansion of the system transfer function [6]. The
properties of the free body dynamics are included in these
matrices defined above, which are utilized to describe stability
conditions for the positive feedback interconnection of NI and
SNI systems. For G2 6= 0, define a decomposed full column
rank matrix satisfying G2 = JJT . Suppose G1 = 0 and
JTGs(0)J is non-singular, then define the matrix N2 as:

N2 = Gs(0)−Gs(0)J(JTGs(0)J)−1JTGs(0). (3)

Lemma 2.2 ( [6]): Given a strictly proper NI plant G(s)
with G2 6= 0 and a connected SNI controller Gs(s) with
JTGs(0)J being non-singular. Suppose G1 = 0, then the
positive feedback interconnection system [G(s), Gs(s)] is in-
ternally stable if and only if

JTGs(0)J < 0 (4)

and either:
I −N

1
2

2 G0N
1
2

2 > 0 (5)

when N2 ≥ 0 or

det(I + Ñ2G0Ñ2) 6= 0 (6)

when N2 ≤ 0. Here, Ñ2 = (−N2)
1
2 .

III. PROBLEM FORMULATION

A. Dynamics for Electric Multiple Unit Trains

The dynamics model for electric multiple unit (EMU) trains
is explained in this section. Considering the carriages within a
unit are usually permanently coupled together, the connections
between them are assumed to be solid in our model. By
applying Newton’s second law, the dynamics of a train with n
units as shown in Fig. 1 can be described using the following

equations:

m1p̈1 =− k(p1 − p2)− c(ṗ1 − ṗ2) + u1

...
mip̈i =k(pi−1 − pi)− k(pi − pi+1)

+c(ṗi−1 − ṗi)− c(ṗi − ṗi+1) + ui
...

mnp̈n =k(pn−1 − pn) + c(ṗn−1 − ṗn) + un

(7)

where i ∈ {2, 3, . . . , n− 1} and mi, k and c denote the mass
of each unit, stiffness coefficient and damping coefficient of
the connecting couplers respectively. pi, i ∈ {1, 2, . . . , n} is
the position of each unit. To verify the negative imaginary
property of the train system, the transfer function is derived:

p1(s) =
1

m1s2
[u1(s)− (k + cs)(p1 − p2)]

...

pi(s) =
1

mis2
[ui(s)− (k + cs)(pi − pi−1)

− (k + cs)(pi − pi+1)]

...

pn(s) =
1

mns2
[un(s)− (k + cs)(pn − pn−1)].

(8)

Inductively, we find that the transfer function of a train with
an arbitrary number n ≥ 2 of coupled units can be expressed
in the following way:

y(s) = [M(s)− T (s)Ltn ]−1u(s) (9)

where M(s) =
n

diag
i=1
{mis

2} and T (s) = −(k +

cs) represent the mass matrix and couplers respectively,
and y(s) = [p1(s), p2(s), . . . , pn(s)]T and u(s) =
[u1(s), u2(s), . . . , un(s)]T are the output and input vector
respectively. For an electric multiple unit train, since each unit
is connected only to the neighboring ones, their relationship
can be described via an undirected and connected graph, from
which the Laplacian matrix Ltn can be derived.

We define the matrix Mx(s) =
n

diag
i=1
{m̃is

2} where m̃i is

the possibly maximum mass of each unit, thus the transfer
function in such a scenario is:

Gx(s) = [Mx(s)− T (s)Ltn ]−1. (10)

To represent the changing mass caused by passengers getting
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Fig. 2. The networked train platoon model considering the information
topology.

on and off the train, a changing ratio d (0 < d < 1)
is introduced. Suppose that the mass of each unit changes
proportionally, the mass matrix becomes M(s) = dMx(s),
and the general transfer function described by Mx(s) is

G(s) =[M(s)− T (s)Ltn ]−1

=[dMx(s)− T (s)Ltn ]−1.
(11)

Although G(s) is not linear with the Gx(s), it is found that
their coefficients constant matrices defined in (2) are linear.
Suppose that the constant matrices G2, G1 and G0 correspond
to G(s), and G2x

, G1x
and G0x

correspond to Gx(s). Then
their relationships are derived as follows:

G2 =

(
1

n∑
i=1

mi

)
n×n

=

(
1

d
n∑
i=1

m̃i

)
n×n

=
1

d
G2x

G1 =G1x
= 0, G0 = G0x

.

(12)

These properties will be utilized to analyze the effect of mass
uncertainties on the stability in the following controller design
section.

B. NI Property of Train Systems
The proof of the NI nature of a single train with n units is

provided in this subsection. It is clear that the train system
is composed of the multiple units and the spring-dampers
system. Intuitively, the overall system can be seen as an
interconnection of the two subsystems. The transfer function
in (11) can be expressed as

G(s) =[M(s)− T (s)Ltn ]−1

=M(s)−1[In − T (s)LtnM(s)−1]−1
(13)

where M(s)−1 can be seen as the transfer function of the units
system and the T (s)Ltn can be seen as the transfer function
of the spring-dampers system coupling the units. If we define

a transfer function S1 =

[
0 In
In T (s)Ltn

]
∈ C2n×2n and a

transfer function S2 = M(s)−1 = diag{ 1
mis2
} ∈ Cn×n, the

transfer function G(s) above can be constructed in the form
of the Redheffer Star product S1 ? S2 = G(s) in Lemma 2.1.
The star product is utilized to describe the relationships of
interconnected systems. According to Lemma 2.1, the NI
properties of the interconnected system will be preserved if

Fig. 3. Speed profile and distance to go (DTG) curve for the train
platoons.

both S1 and S2 are NI. It is obvious that the units sys-
tems M(s)−1 = S2 consisting of multiple double integrator
systems is NI according to the Definition 2.1. Since the
matrix j(S1(jω) − S1(jω)∗) of transfer function S1(s) is[
0n×n 0n×n
0n×n kLtn

]
≥ 0, S1 is also NI according to Definition 2.1.

Therefore, the train system with multiple units interconnected
by spring-damper systems is NI. It is worth mentioning that the
locomotive-hauled trains, which are usually modelled as point-
mass systems, are also NI because their transfer functions 1

ms2

are double-integrator systems, allowing the implementation of
our control schemes.

C. Controller Objectives

First, the model of a train platoon is clarified as shown
in Fig. 2. There are totally N trains in the platoon, and
the communication graph is assumed to be undirected and
connected, which is described by a Laplacian matrix LN . The
position of the train platoon is determined by a distance to go
(DTG) curve calculated by the control center, which serves as
a motion reference trajectory for the platoon to follow. The
connection relationships of the trains to the DTG curve are

described by a matrix B =
N

diag
i=1
{bi} where bi = 1 indicates

having access to the reference [19].
To avoid collision, all following trains in the platoon should

operate in a prescribed formation. Inspired by the cooperative
tracking scheme for solving the rendezvous problem in [9], a
distance offset vector Xf is introduced for formation tracking:

Xf = [XT
f1 , . . . ,X

T
fN ]T (14)

where the interval distances in Fig. 2 are included. Each train
in the platoon should track the motion reference defined as
(dgo +Xfi),∀i ∈ {1, 2, . . . , N}, which is the addition of the
distance to go (DTG) vector dgo and the offset vector Xfi.
The DTG used in this work is illustrated in Fig. 3. The train
i is supposed to converge to (dgo + Xfi) by the proposed
controllers.

The proposed controllers are supposed to be robust to
various disturbances L2[0,∞], which include the resistance
disturbances w1 to the driving forces and w2 to the position
outputs. The disturbances w1 are composed of two parts w1a
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Fig. 4. Overall homogeneous network system.

and w1s
. The first part w1a

= a + bv + cv2 is the basic
aerodynamic resistances expressed by the Davis equation in
[11] where a, b and c are empirical constants. The second
part is the extra operational resistances modeled as w1s

=
αsin(ωt+β) where α, ω and β are also empirical coefficients.
The output disturbances w2 caused by uncertainties of the
position sensors are also modelled in the same form of w1s

.
Moreover, the International Organization for Standardiza-

tion (ISO) uses the root-mean-square-error (RMSE) value of
vibrational accelerations to evaluate the effect of vibration on
ride comfort [20]. Therefore, the RMSE of the longitudinal
vibrational acceleration of unit i in train j is defined as follows
to evaluate the improvement on the ride comfort:

avij = {1

τ

∫ t0+τ

t0

[axij (t)]2dt} 1
2 (15)

where axij
= auij

− aDTG is the acceleration error between
the acceleration auij of the unit i in the train j and the
acceleration reference aDTG calculated from the DTG curve.

In summary, the objectives of the proposed controller can
be listed as follows:

1) Each train realizes robust tracking of the predefined
DTG in a prescribed formation under external distur-
bances w1, w2 ∈ L2[0,∞]:

(yi − yssi)→ L2[0,∞],∀i ∈ {1, 2, . . . , N} (16)

where yssi = (dgo + Xfi) is the final convergence
trajectory for the ith train.

2) The RMSE of the longitudinal vibrational acceleration
of each train defined as follows

aTj =
1

n

n∑
i=1

avij ,∀j ∈ {1, . . . , N} (17)

is reduced benefiting from the consensus reached be-
tween units, where avij is defined in (15) and aTj is the
RMSE value of the jth train in the platoon.

D. Networked Train Platooning Systems
Based on the CBTC system, the exact positions of all the

units in an EMU train could be obtained and transmitted
between other EMU trains conveniently, so the position output
feedback control is implemented. The Laplacian matrix de-
fined as La = LN + B is utilized to describe the information
topologies among trains as well as the control station. By
virtue of building networked train platooning models, the
control problem could be transferred into an internal stability
problem, which is clarified as follows for homogeneous and
heterogeneous situations respectively.

Fig. 5. Overall heterogeneous network system.

1) Homogeneous Train Platooning: First, the platoon com-
posed of N trains of the same model can be regarded as an
augmented NI plant composed of multiple NI subsystems:

ỹ = G̃(s)u = (IN ⊗G(s))u (18)

where ỹ = [yT1 ,y
T
2 , . . . ,y

T
N ]T ∈ RNn×1 denotes the output

vector of positions, which could be measured by sensors,
u = [uT1 ,u

T
2 , . . . ,u

T
N ]T ∈ RNn×1 denotes the input vector of

driving forces, and G(s) is the transfer function of each train.

Suppose that a networked system considering communica-
tion topology among trains is constructed as follows:

ȳ = Ḡ(s)u = (LN⊗In)(IN⊗G(s))u = (LN⊗G(s))u (19)

where ȳ = [ȳT1 , ȳ
T
2 , . . . , ȳ

T
N ]T ∈ RNn×1 denotes the position

errors between connected trains and u is the same. The
Laplacian matrix LN describes the undirected and connected
graph. Each train has n units. It can be seen that y reaches
consensus when ȳ → 0.

To realize reference tracking in a predefined formation,
the vectors dgo calculated from the control station and Xf

defining formation are included in the network platoon model.
By utilizing the matrix La = LN + B and subtracting
(1N ⊗ dgo + Xf ) from y, the network platoon system is
constructed as depicted in Fig 4. The position errors vector ȳ
can be split into two parts according to the null space property
of Laplacian matrix in (1):

ȳ =(La ⊗ In)(y − 1N ⊗ dgo −Xf )

=(LN ⊗ In)(y −Xf ) + (B ⊗ In)(y − 1N ⊗ dgo −Xf ).
(20)

It can be seen that the first term denotes the position errors of
connected trains within the platoon, while the second term
denotes the relative position errors between trains and the
motion reference. The objective in (16) could be realized if
a robust controller drives ȳ → 0. According to Lemma 3 in
[10], the augmented system is also an NI system.

2) Heterogeneous Train Platooning: For heterogeneous sce-

narios, the overall networked system (La ⊗ In) ·
N

diag
i=1
{Gi(s)}

is not NI anymore due to asymmetry even through each train
model Gi(s) is NI. To solve this, we utilize the incidence
matrix calculated by La = QaQTa from the Laplacian matrix.

The transfer function Ĝi(s) with dimension ni × ni is
assumed to have access to the motion reference. In order
to deal with consensus of outputs with different dimensions,
Ĝi(s) should be padded to the maximum dimension nmax =
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maxNi=1{ni} if ni ≤ nmax according to [9]:

Gi(s) =

[
Ĝi(s)n×n 0n×∆n

0∆n×n d∆n×∆n

]
ui(s) =

[
ûTi |n×1

d∆n×1

]
yi(s) =

[
ŷTi |n×1

d∆n×1

] (21)

where ∆n = nmax − ni and d is the DTG curve. The output
vector ȳ of the overall system in Fig. 5 is derived:

ȳ = (Qa ⊗ In)(y − 1⊗ ddo −Xf )

=

[
QT
QTb

]
⊗ In(y − 1N ⊗ dgo −Xf )

=

[
(QT ⊗ In)(y −Xf )

(QTb ⊗ In)(y − 1N ⊗ dgo −Xf )

] (22)

where the incidence matrix Q is from LN = QQT and Qb is
from B = QbQTb , ȳ = [ȳT1 , ȳ

T
2 , . . . , ȳ

T
l+1]T ∈ R(l+1)nmax×1.

Similar to the homogeneous situation, the heterogeneous pla-
toon follows the DTG curve in formation determined by Xf

if the output ȳ converges to zero. According to Lemma 4 in
[9], the system (QTa ⊗ In)G̃(s)(Qa ⊗ In) is still NI.

IV. FORMATION CONTROL FOR HOMOGENEOUS TRAIN
PLATOONS

The controller designed for homogeneous train platoons
along with corresponding simulation results are presented in
this section. A homogeneous train platoon is a platoon which
is composed of multiple trains of the same model. To be more
specific, the power configuration and the number of units of
all the trains are the same, while the mass of each train can
be different.

For a networked homogeneous platoon model in Fig 4, it can
be seen that the platoon tracks the DTG curve in a prescribed
formation specified by Xf when ȳ in (20) converges to zero.
By virtue of stability theories of NI systems in Lemma 2.2,
a robust SNI controller is proposed to stabilize the intercon-
nected system under disturbances ω1, ω2 ∈ L2 ∈ [0,∞].

A. Controller Design
Since the mass of each train is changing during operation,

the stability conditions associated with it should be verified
theoretically each time. To avoid frequent verification, the fully
loaded scenario is considered when designing the controller
and the stability conditions are still satisfied as proved in
the following. Suppose each train is fully loaded, the transfer
function matrix of the networked platoon system is:

Ḡx(s) = (La ⊗Gx(s)) (23)

where Gx(s) denotes the transfer function matrix of a fully-
loaded train as described in (10). The controller is capable of
handling the general conditions where the mass of each train
is uncertain.

Theorem 4.1: Consider a train platoon consisting of N
trains with the same model. Each train is described by (11)
and communicates through an undirected and connected graph.
The matrix B models the communicating connection to the
external reference. Given any SNI control law Gs(s), robust

Fig. 6. The formation control structure for homogeneous train platoons.

formation control can be achieved for the networked train
platoon system via the following control law:

u =((LN + B)⊗Gs(s))e
e =y − (1N ⊗ dgo)−Xf

(24)

as shown in Fig. 6 or in a distributed manner for each train i,

ui = Gs(s)(

N∑
j=1

aij((yi −Xfi)− (yj −Xfj ))

+bi(yi − dgo −Xfi))

(25)

if the interconnection system [Ḡx(s), Ḡs(s)] of the networked
platoon system in (23) and the SNI controller Ḡs(s) =
IN ⊗ Gs(s) satisfies the conditions (4) and either (5) or (6)
in Lemma 2.2. The coefficient aij is the elements of the
adjacency matrix and bj denotes the element of the matrix
B.

Proof: The constant matrices Ḡ2x
, Ḡ0x

and Ḡ2x
of the

networked system Ḡx(s) are calculated via (2) and J̄x satisfies
Ḡ2x = J̄xJ̄

T
x . The matrix N̄2x is calculated by substituting

J̄x and the dc gain of the controller Ḡs(0) into (3). All the
matrices above correspond to the fully-loaded situation. Since
Ḡ1x

= La ⊗ G1x
= 0 according to (12), the overall system

[Ḡx(s), Ḡs(s)] is internally stable according to Lemma 2.2.
For the general cases where the mass of each train could

be different, the coefficient matrix of the augmented system
Ḡ2 corresponding the general transfer function Ḡ(s) can be
derived:

Ḡ2 =(La ⊗ In)(IN ⊗G2)

=(La ⊗ In)(DN ⊗G2x
) = LaDN ⊗G2x

=((JaJd)(JaJd)
T )⊗ (JxJ

T
x )

=((JaJd)⊗ Jx)((JaJd)⊗ Jx)T .

(26)

where La = LN + D = JaJ
T
a and DN =

N

diag
i=1
{ 1
di
} = JdJ

T
d

describes the changing coefficients of the mass for each train
in the platoon. Therefore, the decomposed matrix of Ḡ2 is:

J̄ = (JaJd)⊗ Jx · 1 = (Ja ⊗ Jx)Jd = J̄xJd. (27)

Since the condition in (4) is satisfied for J̄x, the condition
for J̄ can also be satisfied: J̄Tx Gs(0)J̄x < 0⇒ J̄TGs(0)J̄ =
JTd (J̄Tx Gs(0)J̄x)Jd < 0. Then the matrix N̄2 defined in (3) is
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(a) (b)

Fig. 7. Robust formation tracking results (a) Position errors, speed errors and control inputs of trains without disturbances. (b) Position errors,
speed errors and control inputs of trains under disturbances.

(a) (b)

Fig. 8. Improvement in line efficiency and ride comfort (a) position trajectories under FBS (upper) and by proposed controller (lower). (b)
acceleration errors comparison.

calculated to check the other stability condition:

N̄2 =Ḡs(0)− Ḡs(0)J̄(J̄T Ḡs(0)J̄)−1J̄T Ḡs(0)

=Ḡs(0)−
Ḡs(0)(J̄xJ̄d)(J̄dJ̄

T
x Ḡs(0)J̄xJ̄d)

−1(J̄xJ̄d)
T Ḡs(0)

=Ḡs(0)− Ḡs(0)J̄x(J̄Tx Ḡs(0)J̄x)−1J̄Tx Ḡs(0) = N̄2x

(28)

which indicates that the matrix N̄2 remains constant regardless
of the changing mass of each train. According to (12), the
matrix Ḡ0 = La ⊗ G0 = La ⊗ G0x

= Ḡ0x
, so the

conditions (5) or (6) are also satisfied when the mass of each
train is changing. Therefore, the overall system in Fig. 6 is
internally stable as guaranteed by Lemma 2.2, indicating the
third objective of the controller is reached.

The stability of the overall system drives the outputs ȳ in
(19) to converge to 0. The term (LN ⊗ In)(y −Xf ) → 0

implies that the relative outputs for the agents eventually
converge to the formation vector. The other term (B⊗In)(y−
1N ⊗ dgo −Xf ) → 0 implies that the outputs of the trains
connecting to the reference finally converge to the prescribed
reference.

Since the position of each unit in a train is coordinated via the
proposed controller, the consensus is realized not only among
trains, but also among units, which is beneficial to reduce the
RMSE of longitudinal vibration acceleration defined in (17) of
the second objective. Moreover, since the above controller is
based on the position feedback consensus, the synchronization
of the velocities of trains in the platoon can be realized.
Compared with the traditional fixed block signalling (FBS)
system where the following train can only depart after the
preceding train leaves the front block, the train can depart
simultaneously using our controller. Therefore, the departure
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headway Td defined as follows could be reduced.

Td = TN − T1 (29)

where T1 and TN denote the time when the heading and the
last train arrives at the station respectively.

B. Simulation results for Homogeneous Platoons
To verify the effectiveness of the proposed scheme, the

simulation of multiple homogeneous trains is presented in this
section. The parameterization of the simulation is based on
the China Railway CRH3C train, which is composed of four
units. The platoon is composed of four CRH3C trains, and
they are virtually connected one by one through communi-
cation. The interval distance between trains in the formation
is set to be 500 m, which corresponds a formation vector of
[0, 500, 1000, 1500]T ⊗ 14×1. The leading train obtains DTG
information in real time, and hence B = diag{1, 0, 0, 0}.

Referring to the drag coefficients in [11], we set the opera-
tional resistance forces (in N) of the four trains as 144000 +
1920v1 +76.8v2

1 , 48000+600v2 +48v2
2 , 96000+600v3 +

24v2
3 , 153600 + 1200v4 + 96v2

4 . Besides the resistance, the
operation disturbances including forces brought by tunnel,
curve and slope, etc. are also considered in the simulation.
Disturbance forces (in N) to the input are 7200sin(0.2t),
2400sin(0.3t), 3600sin(0.1t) and 2160sin(0.35t) respectively,
while disturbances applied to the system outputs of the four
trains are defined as 0.05sin(0.1t), 0.1sin(0.2t), 0.08sin(0.4t),
0.12sin(0.3t). The mass changing coefficients matrix in (26)
is defined as DN = diag{0.85, 0.9, 0.95, 0.8}.

The SNI tracking controller for the platoon with four trains

is chosen as Gs(s) = 2×107 ·
4

diag
i=1

(−30s−78
3s+570 ). To demonstrate

the formation control performance of the proposed method in
Theorem 4.1, the results of tracking experiments are presented
in Fig. 7. The distance error here is defined as ETi =
yi − (dgo + Xfi) for the train i, which denotes the error
between the real-time position yi and the motion reference
dgo + Xfi . To demonstrate the robustness of the proposed
controller, both the results without disturbances in (a) and
results under disturbances in (b) are presented. It is found
that the speed and distance errors converge to zero throughout
the duration and the controller works effectively even under
disturbances.

The results of Td under both MBS and FBS are presented
in Fig. 8(a). There is an apparent reduction on the departure
time (212.4s vs 72.6s) by the proposed controller, which
illustrates a better line utilization efficiency. The error between
the acceleration of the unit and the acceleration reference is
used to represent the longitudinal vibration. To demonstrate the
improvement on ride comfort, the errors of the four units in the
heading train are presented in Fig 8(b). The upper figure shows
the errors when the control input is averagely applied to the
four units, while the figure below presents the results using the
proposed controller. The aT values defined in (17) of the four
trains are 0.0066, 0.0074, 0.0071, 0.0071 (m/s2) respectively
in the first case, while the values are 0.0065, 0.0069, 0.0066,
0.0068 (m/s2) respectively in the second case. The reduction
implies that ride comfort is improved.

Fig. 9. The formation control structure for heterogeneous train platoons.

V. FORMATION CONTROL FOR HETEROGENEOUS TRAIN
PLATOONS

A controller for heterogeneous train platoons along with
the corresponding simulation results are presented in this
section. A heterogeneous train platoon implies that the platoon
is composed of multiple trains of different model. For a
networked heterogeneous platoon model in Fig 5, a robust SNI
controller is proposed to stabilize the interconnected system
under disturbances ω1, ω2 ∈ L2 ∈ [0,∞].

A. Controller Design
Similarly to the homogeneous scenario, the fully-loaded

situation is considered for robustness to mass uncertainty. The
train platoon with possibly maximum mass is:

G̃x(s) =
N

diag
i=1
{Gxi

(s)} (30)

where Gxi
(s) has been properly padded via (21). Construct

the transfer function Ḡx(s) = (QTa ⊗ In)G̃x(s)(Qa ⊗ In)
of the networked heterogeneous platoon system considering
the communication topology via (22). The control law for
heterogeneous train platoons is proposed in the following.

Theorem 5.1: Consider a train platoon consisting of N
heterogeneous trains. Each train is described by (11) and
communicates through an undirected and connected graph. De-

fine the controller Ḡs(s) =
l

diag
k=1
{Gs,k(s)}. Robust formation

control can be achieved for the train platoon system in Fig. 9
via the following control law:

u =((Qa ⊗ In)Ḡs(s)(QTa ⊗ In))e

e =y − (1N ⊗ dgo)−Xf

(31)

or in a distributed manner for each train i,

ui = (

N∑
j=1

aijGs,k(s)((yi −Xfi)− (yj −Xfj ))

+biGs,k(s)(yi − dgoi −Xfi))

(32)

if the interconnection system [Ḡx(s), Ḡs(s)] of the overall
fully-loaded platoon system satisfies the conditions (4) and
either (5) or (6) in Lemma 2.2. The number k ∈ {1, . . . , l}
is the edge connected vertex i and j, and kb ∈ {1, . . . , lb}
corresponds to the link number connecting the reference
(dgo + Xfi) to the train i.
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(a) (b)

Fig. 10. Robust formation tracking results (a) Position errors, speed errors and control inputs of trains without disturbances (b) Position errors,
speed errors and control inputs of trains under disturbances.

(a) (b)

Fig. 11. Improvement in line efficiency and ride comfort (a) position trajectories under FBS (upper) and by proposed controller (lower). (b)
acceleration trajectories and acceleration errors.

Proof: The overall system [Ḡx(s), Ḡs(s)] is internally
stable according to Lemma 2.2. Similarly to the process in
the homogeneous case, the stability of the overall system is
analyzed firstly. Similar to (27), the decomposed matrix of
the system’s constant matrix Ḡ2 is J̄ = J̄xJd, where J̄x
is calculated from Ḡ2x

= J̄xJ̄
T
x and Jd is calculated from

DN = JdJ
T
d . The matrix Ḡ2x

corresponds to the case where
all trains are in their maximum mass. The rest proof is the
same as the homogeneous situation, which means the effect
of the changing mass will not change the stability conditions.

The stability of the overall system drives the system outputs
ȳ in (22) to converge to 0, which leads to (QT ⊗ In)(y −
Xf )→ 0 (i.e., the relative outputs among the agents eventu-
ally converge to the formation vector) and (QTb ⊗In)(y−1N⊗
dgo −Xf )→ 0 (i.e., the outputs of the agents connecting to
the reference converge to the prescribed reference). Therefore,
the objective of tracking is realized.

Similar to the homogeneous scenario, the RMSE of longi-
tudinal acceleration as well as departure headway defined in
(29) could be reduced via the proposed controller.

B. Simulation results for Heterogeneous Platoons
The simulation of multiple heterogeneous trains is presented

in this section. Besides the CRH3C, other trains in the platoon
are assumed to be CRH2A, which has totally six units.
Suppose that the platoon contains six trains. The 1st, 2nd, 4th
and 5th trains are CRH3C, while the rest two are CRH2A,
The safety interval between the three trains is set to be 500
m. Each train in the platoon has access to the information of
neighboring trains and the reference information.

We set the operational resistance forces of the three
trains as 108000 + 1440v1 + 57.6v2

1 , 72000 + 900v2 +
72v2

2 , 144000 + 900v3 + 36v2
3 , 108000 + 1440v1 +

57.6v2
1 , 72000 + 900v2 + 72v2

2 , 144000 + 900v3 + 36v2
3
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Besides the resistance, the operation disturbances to the
input are set to 5400sin(0.2t), 3600sin(0.3t), 5400sin(0.1t)
5400sin(0.2t), 3600sin(0.3t) and 5400sin(0.1t) respectively,
while disturbances applied to the system outputs of the six
trains are defined as 0.05sin(0.1t), 0.1sin(0.2t), 0.08sin(0.4t),
0.05sin(0.1t), 0.1sin(0.2t), 0.08sin(0.4t). The mass varia-
tion coefficients matrix in (26) is defined as DN =
diag{0.85, 0.9, 0.95, 0.85, 0.9, 0.95} for the six trains in the
platoon.

The SNI tracking controller for the platoon with three trains

is chosen as Ḡs(s) = 5× 107 ·
6

diag
i=1

(−5s−500
1s+572 ). The results of

tracking experiments are presented in Fig. 10. Both the results
without disturbances in (a) and results under disturbances in
(b) are presented. It is found that the speed and distance errors
converge to a zero throughout the duration and the controller
works effectively even under disturbances.

In Fig. 10, the departure headway Td for the proposed
controller is reduced from 324.4s to 91.4s, which demonstrates
an improvement on line efficiency. As for the improvement on
comfort, take the 6th train for instance, the acceleration errors
of the six units of it are presented in Fig 11(b) when equally
applying the input and using the proposed scheme respectively.
The RMSE values of the six trains defined in (17) are 0.0084,
0.0070, 0.0106, 0.0112 0.0059, 0.0092 (m/s2) respectively
when the control input is averagely applied to all the units,
while the values are 0.0080, 0.0070, 0.0065, 0.0061 0.0053,
0.0054 (m/s2) respectively via the proposed controller. The
reduction illustrates a better ride comfort using the proposed
scheme.

VI. CONCLUSION

In this paper, train systems have been modelled as NI
systems, and NI theories have been implemented for the
cooperative control of train platoons. The NI property of
trains considering the physical couplers between units has
been analyzed. The homogeneous and heterogeneous train
platoons have been constructed as networked NI systems
via graph theory. To achieve the controllers’ objectives, the
control schemes have been proposed using the relative NI
stability theories. The controllers are robust to mass variation,
which has been rigorously proved. Via comparing the position
and speed errors with and without disturbances, simulation
experiments have been presented to illustrate the robustness
to external disturbances. Moreover, the improvements on line
efficiency and ride comfort via the proposed controllers have
been demonstrated. In the future, the model uncertainties of
trains will be further studied.
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