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Input-restricted stability of continuous and
discrete time nonlinear feedback systems
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Abstract—In this paper we develop the concept of input-
restricted stability, which determines whether a feedback
interconnection remains stable only for inputs in a given
subset of all possible inputs in a specified signal space.
Graph separation concepts and continuity are employed
to derive an input-restricted feedback stability theorem,
which guarantees input-restricted stability of a feedback
interconnection if both systems in the interconnection fulfil
some given criteria related to their input-output relation-
ships. Significantly, this result is applicable to both con-
tinuous and discrete time systems, unlike many existing
local stability results. This theorem is then specialised into
simpler-to-compute corollaries and expanded to additional
theorems which provide useful additional insights. The
paper ends with two salient specialisations of key results
developed herein: one is a type of input-restricted small-
gain stability theorem with one system bounded by a linear
gain and the other by a quadratic gain; and the other is
a type of input-restricted passivity theorem. For both of
these specialisations, which are not stable for all energy
bounded inputs, an example is provided where the feed-
back interconnection is shown to be stable when the energy

of exogenous inputs is below a given threshold.

Index Terms— Nonlinear systems, stability of nonlinear

systems, graph separation, LMis.

[. INTRODUCTION

The ability to determine the closed-loop stability of two
open-loop systems before closing the loop is a fundamental
area of research in control theory. Input-output feedback
stability theory has a rich and detailed history [1], and includes
classic stability tools still taught to undergraduate students
today such as the Circle and Popov criteria from absolute

stability [2], and small-gain [3] and passivity [4] theory.

Zames [3], Vidyasagar [5], Safonov [6], and Teel [7], to
name just a few, progressively proved that many disparate
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input-output stability techniques can be viewed as methods
of proving the graphs of both systems in the loop are both
separate and diverge as the input increases in size. This
general, overarching theory is known as graph separation
theory, and even more modern methods such as the use of
integral quadratic constraints (IQCs) [8], [9] can be shown to
be equivalent to a separation of graphs under certain conditions
[10]. Most recently, more connections between the IQC theory
and dissipativity are revealed in [11], [12], showing both the
power of this method and the continued research into this vital
field.

These graph separation methods prove closed-loop stability
for inputs in a given signal space, which is most often a
Lebesgue space. Indeed, general input-output feedback stabil-
ity theory is often employed to determine whether a system
will remain stable for all possible exogenous inputs. However,
in engineering applications, it is unlikely that a system must
be able to withstand every possible input in a given signal
space. Instead, some partial information about the incoming
signals is often known a priori, such as the maximum energy
or maximum absolute value the input can have, and so there is
inherent conservatism in requiring that stability is guaranteed
for the whole space of inputs. Therefore, this paper asks
the question: can stability be proven for only a subset of
a given input signal space, even if input-output feedback
stability methods that consider the full signal space fail? Not
only would this guarantee safety of real-world systems which
otherwise would be deemed unsafe, but it could also allow
the implementation of less conservative controllers which
previously would be ruled-out as they are unable to guarantee
stability of the closed-loop system.

Lyapunov theory allows a similar approach to state-space
systems, proving that if the initial states remain within a
certain region of the state space the system will always return
to a specific local equilibrium [13]. This approach can be
extended to systems with inputs via dissipativity theory, where
Lypaunov functions are replaced with storage functions. Local
passivity and dissipativity related results can be found in [14],
[15] and [16], for example.

A few attempts have been made previously to either define
or prove some type of local or input-bounded stability: [17]
and [18] both provide definitions of local input-output stability,
which they relate to Lyapunov stability, but both papers only
focus on open-loop systems; and [19] and [20] give local
closed-loop input-output stability results but both are only
linear, small-gain conditions for systems with additive inputs
and both place additional requirements on the spaces of the
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signals they are dealing with. Additionally, only results in
[21] are related to system graphs, but there local stability
has already been assumed. More recently however, [15], [22]
present local stability results based on integral quadratic con-
straints, applicable in the continuous-time domain. Taking a
different approach, [23] provides stability results for when the
system inputs are restricted in the frequency domain instead
of the time domain. Notably, all of these existing results are
applicable in only the continuous time domain.

Previously in [24] the authors introduced a new definition
of local input-output stability, called M -local boundedness,
and proved M -local boundedness for a feedback interconnec-
tion of two continuous-time systems via the local separation
of their graphs. The work herein both generalises M -local
boundedness to the concept of input-restricted stability, and
it generalises the stability result to discrete time systems,
with some small improvements of the result. This paper
also provides useful extensions of the main stability theorem
and illuminating applications which extend small-gain and
passivity results to input-restricted stability results.

The structure of the paper is as follows. Section II pro-
vides the preliminary notation and definitions used throughout.
Section III gives a technical lemma before introducing the
concept of input-restricted stability, then states and proves the
first input-restricted stability result for a feedback interconnec-
tion, Theorem 1, before providing a number of specialising
corollaries to this theorem. Section IV introduces the concept
of a static linear mapping before using this to extend the
first input-restricted stability result, allowing the input to be
restricted to a subset other than a simple ball. This section
also extends the input-restricted stability result to systems with
additive disturbances. Section V develops two specialisations
of the corollaries of the previous section: the first proves input-
restricted stability of a feedback interconnection where one
system has a linear bounded gain and one has a quadratically
bounded gain; and the second proves input-restricted stability
of the negative feedback interconnection of a passive linear
time-invariant (LTT) system and a nonlinearity which is very
strictly passive for all inputs with a restricted maximum value.
Numerical examples are given for each of these specialisations.
Finally, Section VI gives the conclusions of the paper.

Il. PRELIMINARIES
A. Notation

The spaces of reals and vector-valued reals are denoted by R
and R", respectively; the space of natural numbers is denoted
by N; the space of non-negative real numbers is denoted by
R ; the space of natural numbers excluding O is denoted by
N, ; and the union of space of natural numbers excluding O
and infinity is denoted by N, = N} U {oc}. The space of
matrix valued reals is denoted by R™*™,

A vector space X' is a normed vector space if there exists
a norm, denoted by ||z| for all z € X, which maps z € X
to ||z|| € Ry. Some spaces or subsets of spaces are equipped
with multiple norms, often defined by an integer. In this case,
we explicitly denote this norm using a subscript, ie. ||z,
for some p € N,. We also denote the norm ||z|,vg =

max{{|z(|p, [|[]¢}-

The kernel of a mapping P : X — ) between normed
vector spaces is denoted by ker(P).

We equip the space of vector valued reals with the Euclidean
norm and denote this as |x| for all z € R™ to easily differenti-
ate this from other vector norms defined herein. Denoting ="
as the transpose of any such x, we then define the Euclidean
norm as |x| = (271)2.

The norm of any M € R"™™ is ||M| =
maxgzerm z2o ||Max||/||z||. This is equal to the maximum
singular value of M.

We denote the closure of a space (or subset/subspace of a
space) X as X, and we denote the interior of X as Int(X).
The boundary of X, denoted by X, is defined as X'\ Int(X).

We denote the ball of radius 7 in a normed vector space X" as
By ={xz € X||z| <r}; we denote the closure of this ball
as By = {x € X | ||z|| < r}; and we denote the sphere in X
of radius r as the boundary of the ball of radius r, i.e. 0B% =
{zeX||z|=r} If X is equipped with more than one
norm, we explicitly denote (B%), = {z € X ||z|, <r}
and equivalently for (B%), and (0B%),.

The space of proper, real rational (possibly matrix-valued)
transfer functions with no poles on the imaginary axis is
denoted R L. The subspace of RL., consisting of functions
with no poles in the closed right-half plane is denoted RH .

A .
Let (A, B,C,D) or [ denote a state-space reali-

B
C|D
sation of a real, rational, proper, linear, time-invariant G with
associated transfer function denoted by G(s) = D + C(sI —
A)~1B.

Finally, for brevity, we sometimes write max{a, b} as a Vb
for some a,b € N.

B. Definitions

Here we give various definitions used in the sequel, includ-
ing the canonical system used in this paper.
Definition 1 (Norm for Cartesian product spaces):Let

y = (y17y2a-~-7yn) S yl X yg X - X yn where
V1,Va,..., Y, are normed vector spaces. Then, the norm
of y, [lyllp, is given by [lyll, = [I(y1, 92, 9a)ll =
(lyall? + [ly2ll? + - + llynllP)» for some p € N.
When p = oo, the norm is instead given by
[ylloc = max |[y;- (D

i€[0,n]

As with norms equipped to a space, the value of p chosen for
the norm of y may not be explicitly specified using a subscript,
e.g. |ly||- Note that ||y|| and ||y;|| may have different p-norms.

Definition 2 (Cartesian product space norm notation):Let
y = (y1,y2) € Y1 xY> where ), Vs are normed vector spaces
each equipped with multiple norms. In this case, subscripts
may be used to define which norms of y; and yo are used
in the norm of g, i. [[yllppe = (lo1ll2, + ly2]12,)* is the
p-norm of y, acting on the p;-norm of y; and the py-norm of
Y2-

Definition 3 (Continuity of a function): Let f : Wy X --- X
W, — Y be a function mapping multiple inputs to an output,
where each input lives in a different normed vector space. Then
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f is continuous if, V(w1 ) (2)) E W1 X+ X W, and all
e>035>0smhmmvw$l. wn)EMﬁ X W
lw? — w?,.. w® — @) <5
1 2
= [ few”,. . w) = f®, @) <

Definition 4 (Lebesgue spaces):The Lebesgue space L,
of vector valued continuous-time functions is defined for

any p € Ng. For p € Ng, it is given by £, =
{y:[0,00) = R" | fo ly(t)|Pdt < oo} The L,-norm is
defined as |fl, = (f;°If()Pdt)r for all f €

Ly,, p € Ny. The space L is defined as L

y:[0,00) = R" ‘ €SS SUPe(0,00) |Y(2)] < 00 }, with the
Loo-norm defined as |[f[loc = esssup,e(g oo [f(2)] for all
fele

Similarly, for p € N,, {, is the Lebesgue space of
vector valued discrete time functions defined by ¢, =
{y: Ny = R" | 322, ly(k)|P < o0} The £)-norm is de-
fined as [fl, = (S, lf(R)[P)F for all f €
¢,, p € N,;.The space {, is defined as ¢, =
{y: Ny = R" | esssup,cy |y(k)| < oo}, with the {o-norm
defined as || f||oc = esssupyen |f(k)|oo for all f € log

If a function is described as “a Lebesgue function”, the
function could be in either Lebesgue space L, or £,; the
context is such that it makes no difference. If the norm of a
function in a Lebesgue space can be determined from context,
or the value of p does not affect the result, the subscript p will
be omitted.

A superscript may sometimes be explicitly used to denote
the dimensions of the Euclidean space which underlies a
Lebesgue space, e.g. y € L™ = y(t) € R™.

Definition 5 (Truncation of a Lebesgue function): The trunca-
tion of a Lebesgue signal y € £, at time 7 € [0, 00) is given
by y, = P;y, where

Poy(t) = y(t) fort<r
A= 0 for t > 7,

and similarly for y € ¢,, 7 € N we have

Poy(k) = y(k) fork <t
Y00 fork s

If the domain of y is undefined, we say that 7 € 7 where
T is understood to be the correct space for 7 as given here
corresponding to the space of y.

Definition 6 (Extended Lebesgue spaces):The extension of
a continuous time Lebesgue space L, is given by L,. =
{y:[0,00) > R"] |y, € LYT €T }.

For discrete time, /. = ¢ and the extension of ¢, for 1 <
p<ooisgivenby fpe ={y: Ny - R" |y, € booVT €T }.

In the sequel, any vector space with a subscript e, e.g. Ve, is
assumed to be an extended Lebesgue space of the underlying
Lebesgue space, i.e. ), if not otherwise stated.

Definition 7 (Truncations of a set of Lebesgue functions):The
truncation of X, denoted P.X,., is defined as P, X, =
{z|z € X} for any given 7 € T.

Definition 8 (Systems as operators):A system ¥ is defined
as an operator which acts on an input to generate an output,

often described by X : W, — ). An operator associates
every input w € W, with a unique output y = X(w) € V..

Similarly, for systems with multiple vector-valued inputs,
ie. X Wie X Wae X -+ X Whe = YV, for some n € N, the
notation y = 3(wy, ws, ..., w,) denotes that y is the output
of X to inputs wy, we, ..., w,, Which is again unique.

Ui]

> Z]

h

Y2

A

by}

*

Wo

Fig. 1. Canonical feedback system.

We can now state that the feedback interconnection in Fig. 1,

with X1 : Wie X Vie = Yoo and Yo : Woe X Voo — Vi, is
defined by the following set of equations
Y2 = X1 (w1, 1) (2a)
y1 = Xa(we, y2) (2b)

with inputs w = (w1, ws) € Wie X Wa, = W, and outputs
Yy = (y17y2) S yle X y2& = ye~

Definition 9 (Causality of a system):A system X : W, — Y,
is causal if Pr(X(w)) = Pr(Z(w,)) VT € T.

Definition 10 (Local continuity of a system): A system X :
We — Ve is a locally continuous mapping if, Yws € W,, € >
0,7 € 7,36 > 0 such that Yw; € W,:

1P (w1 —wa)|| <& = [|Pr[E(wr) — B(w)]|| <.

Remark 1: Note that the definition of local continuity given
above is true for all 7 € T, but not uniformly in 7. This allows
for the definition to apply to possibly unstable systems. Since
it holds for all 7 € 7, but does not hold when 7 = oo, we
denote this specific continuity as local continuity. It is a less
strict version of local Lipschitz continuity defined by Willems
[25].

Definition 11 (Graph of a system):The graph of a system
X W, x X, — Y, for a given w € W, is the set of all
possible input-output pairs (z,y) € X, X ). that the system
Y can permit. This is defined as

G(w)

={(z,9) € Xe x Ve | y = S(w, z)}.

The inverse graph, denoted G’(w), is defined as

G'(w) ={(y,x) € Ve x Xe | y = X(w,2)}.
Definition 12 (Graph at zero):The graph of a system ¥ :
W, x X, — Y. at zero is the graph of that system with zero
input w, i.e. G(0).

In the sequel we will denote the graph of X1 as Gy (wy) C
Vie X Vo and the graph of o as Go(ws) C Voo X Vie. It is
then clear from the above definition that y € G4 (w1 ) NG, (w2)
is a solution to the system in Fig. 1 described by (2) for any
input w = (wy, wa).
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C. System properties

Now that we have specified the spaces and systems we are
working with, we define some standard properties of those
systems. Strong well-posedness of a feedback interconnection
is also introduced, which adds local input-output continuity to
the usual definition of well-posedness. This property is vital
in proving the input-restricted stability result for a feedback
interconnection.

Definition 13 (Class r-functions):A function v : R; — Ry
is in class w, denoted by v € k, if v is continuous, non-
decreasing and ~(0) = 0.

Definition 14 (Global stability):A system % : W, — ),
is said to be globally stable if there exists v € x such that
ly-ll < A([[wel]) Yw € We,y = X(w), 7 € T.

Remark 2: This definition of stability we denote “global”
to differentiate it from our new “input-restricted stability”
definition. However, it is the same stability definition as is
commonly used in graph separation theory, e.g. [7].

Definition 15 (Global stability of systems with multiple in-
puts):A system X : W, x Z, — ), is globally stable if there
exists a functional v € k such that, for all w € W, and z € Z,
with y = X(w, z), we have ||y, || < v(||(wr, z.)||) VT € T.

Definition 16 (Well-posedness and strong well-posedness of
a feedback interconnection):A feedback interconnection de-
scribed by (2) and illustrated in Fig. 1 is well-posed if, for
each input w € W,, there is a unique y € )., given by
y = G1(w1) NG4(ws), which is a solution to (2) and the map
from w to y is causal.

Additionally, such a feedback system is strongly well-posed
if it is well-posed and the map from w to y is locally
continuous as per Definition 3.

Remark 3: The definition of strong well-posedness given
here is weaker than Willems’ well-posedness definition [25],
as Willems requires local Lipschitz continuity of the feedback
system. Strong well-posedness given here holds as a conse-
quence of Willems’ well-posedness, which can be ensured by
the open-loop systems being locally Lipschitz continuous and
the product of their instantaneous gains being smaller than
unity. These two requirements are trivially satisfied for many
real-world systems (for example, if one of the two systems
is strictly proper LTI and bounded on jR), and as such the
requirement that the feedback system is strongly well-posed
is not difficult to fulfil. This is demonstrated in the following
lemma.

Lemma 1: Consider the feedback interconnection in Fig. 1
governed by (2). If X; is locally Lipschitz continuous and
Y9 € RL is strictly proper, then the feedback interconnec-
tion is strongly well-posed.

Proof: If ¥ is strictly proper, then the instantaneous
gain ||X2(joo)|| = 0, and as X5 € RL it is locally Lipschitz
continuous. The product of the instantaneous gains of ¥; and
Yo must be 0 and therefore the feedback interconnection is
strongly well-posed [25]. ]

[1l. INPUT-RESTRICTED STABILITY

In this section, the novel concept of input-restricted stability
of a system is defined and we present a theorem which guar-
antees input-restricted stability of a feedback interconnection

as in Fig. 1, which holds in both continuous and discrete
time settings. As with classic input-output feedback stability
and graph separation results, this theorem uses open-loop
properties of both systems to determine the behaviour of the
closed-loop system.

A. Technical lemma

Before we present our main stability theorem, we introduce
a technical result in Lemma 2, which is needed in subsequent
proofs. Notably, this Lemma relies on continuity of the system
and is therefore applicable in the discrete time domain, unlike
results in e.g. [22], [15].

First, we introduce the concept of a star shaped subset. This
is used in the proof of Lemma 2, giving us the implication
Y(w) e @ = (A w) € QVA e [0,1], as Q is star shaped
and allowing a homotopy-like argument to be applied using
A

Definition 17 (Star shaped subset):Let S C X be a subset of
a normed vector space. Then, S is star shaped if S contains
the origin and if, Vs € S, we have ks € S Vk € [0, 1], i.e. the
line segment from the origin to any point s € S lies in S.

Lemma 2: Let the system X : W, — ). be a locally
continuous mapping. Let S C W, and Q C ). be some star
shaped subsets of W, and ). respectively, and Q be open.
Suppose 3(0) = 0 and Pr(X(w)) ¢ 0Q Vr € T,w € S.
Then, w e § = P (Z(w)) € Q VT € T.

Remark 4: Lemma 2 is not really intended to be a result to
be taken on its own; it is instead a tool to be used to prove
the main theorems. However, it can be understood as follows:
given a system ¥ such that £(0) = 0, if we can prove that an
input of ¥ within a certain subset of the input space which
contains the origin cannot generate an output of X in a subset
of the output space which is continuous and encloses, but does
not contain, the origin, and that 3 is continuous from the
input to the output, then continuity of X ensures that any input
as described above must generate an output of ¥ which is
enclosed by the subset of the output space given above. This
is due to input-output continuity of X.

As the requirements of the closed-loop input-bounded sta-
bility theorems in this paper set up scenarios in which the
requirements of Lemma 2 are fulfilled, we present this result
separately here to be referred back to.

Proof: See Appendix. [ ]

B. Input-restricted stability

Here we introduce the novel concept of input-restricted
stability. Note that this is a generalisation of M -local bound-
edness found in [24] as there the input was restricted to a ball
of radius M, whereas here the input can be restricted to any
arbitrary subset of the input space.

Definition 18 (Input-restricted stability): Let there be some
S C W.. A system, or more generally a mapping, ¥ : W, —
Y. is said to be “input-restricted stable for all inputs in S” if
there exists v € x such that ||y, || < y(||w.]]) Vw € S,y =
S(w), TeT.

Definition 19 (Input-restricted stability of a feedback inter-
connection): Consider a feedback interconnection described
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by (2) and illustrated in Fig. 1, and let there be some S C
W,. This feedback interconnection is then said to be “input-
restricted stable for all inputs in S” if it is both well-posed and
there exists v € & such that |ly,|| < v(|lw,]|) Vw € S,y =
S(w), 7 € T, where X : W, — ). denotes the closed-loop
operator corresponding to (2).

We now present the first major result of this paper. The
following theorem proves input-restricted stability of a feed-
back interconnection using properties of the graphs of the
two systems. The unique aspect of this theorem is that these
graph properties need only hold for a subset of the inputs
and outputs, rather than for all possible signals in the input
and output spaces. As the proof of this theorem relies on
continuity of the feedback system and not continuity in time,
it is applicable in the discrete time domain, an improvement
on the authors’ previous work [24, Theorem 2].

Theorem 1 (Input-restricted stability): Consider the feedback
interconnection in Fig. 1, governed by (2), and assume the
interconnection is strongly well-posed. Suppose there exist
some functionals «, 8 : W x Y — R,y € k and some
M, N > 0 with y(M) < N such that, V7 € T and Vw € B%,
the following hold:

1) Yy e G1(’LU1) and ||y7'|| <N = a(wT’yT) <

2) y € Gy(wy) and [|y- | <N = Blwr,yr) <

3) a(wr,y-) < 0and B(wr,y;) <0

= [lg=ll < v(lw- )
Furthermore, suppose that G1(0)NG%5(0) = 0, i.e. the origin is
a solution of the feedback interconnection with zero exogenous
signals. Then, the feedback system is input-restricted stable for
all inputs in Bj)).
Proof: See Appendix. ]

Remark 5: The assumption that G7(0) N G4(0) = 0 is
very mild as it is simply stating that the system stays at rest
when there is no input, which is very common for real-world
systems. This supposition can even be replaced by the milder
assumption G1(0)NG5(0) € By and the results will still hold.

The proof of Theorem 1 uses a homotopy-like argument to
show that by local continuity of the feedback interconnection,
the point [P-G1(0)] N [P-G4(0)] = 0 must be able to be
continuously deformed to [P,G1(w1)] N [PrGhy(ws)] V7 € T
for any w € W,. When w € B2L, suppositions 1-3 imply that
[PrG1(w1)] N [PrGh(ws)] NOBY =0 Vr € T, and we must
therefore have [P, G1(w1)]N[P-Gy(w2)] € BY Vr € T when
w € BJY. Input-restricted stability then follows.

0;
0;

C. Specialisations of Theorem 1

Theorem 1 gives a very general framework for determining
input-restricted stability for a closed-loop system: those ap-
plying it must find feasible and sensible functionals «, 5 and
v and choose appropriate values for M and N. The following
two corollaries specialise the result of this theorem, making
the application of the theorem simpler in return for increasing
the conservatism of the result by decoupling the functionals
with the choices of M and N.

Corollary 1: Consider the feedback interconnection in
Fig. 1, described by (2), where w1 = 0, w = wy € Wae = W,
and y = (y1,y2) € Vie X Voo = V., and assume the

interconnection is strongly well-posed. Suppose there exist
some functionals & : y%R,B Wx)Y - R 5 €k
and some M, N > 0 with 4(M) < N such that, V7 € T, the
following hold:

) y€Gi(0) and [ly;[| < N —_a(yr) <0;

2) Yw € B%a ye G/Q(w2) :f 5(7117’%) <0

3) Yw € B, a(y,) <0 and B(w,,y,) <0

= |ly-ll < 3w ).
Furthermore, suppose that G1(0)NG5(0) = 0, i.e. the origin is
a solution of the feedback interconnection with zero exogenous
signals. Then, the feedback system is input-restricted stable for
all inputs in BJ}.
Proof: Consider Theorem 1, and define the functionals

«, B and v using the functionals &, /5’ and 7 given in this
corollary as

O‘(wﬂyT) = d(yT) V(TJHJJ) €T xW, x Ve,
B(wr,yr) = Blwr,yr)  V(rw,y) € T x We x Ve,
v(z) = 5(z) Vz € Ry.

Since & does not depend on w and therefore « as defined
above also does not depend on w, all (7,y) which satisfy
supposition 1 in this corollary will satisfy supposition 1 in
Theorem 1 regardless of w..

Supposition 2 in this corollary states that 3(wy,y,) < 0
Vr € T,w € BY and y € G4(ws2), and supposition 2 in
Theorem 1 additionally states that 5(w,,y,) < 0 need only
hold when |ly,|| < N. Therefore, by definition of § above,
any (7, w,y) which satisfy supposition 2 in this corollary will
also satisfy supposition 2 in Theorem 1.

For supposition 3, the definitions of « and S above give

{(T,w,y)GT X B% X y5|oz(w7-,y7-) < 0,5(1117,97) < O} =
{(r,w,y) €T x B, x Velaly:) <0, B(w,,y-) < 0},

which proves that all (7, w,y) which satisfy supposition 3 in
this corollary also satisfy supposition 3 in Theorem 1.

Hence, if suppositions 1-3 in this corollary are satisfied, then
suppositions 1-3 in Theorem 1 must also be satisfied. Input-
restricted stability then follows directly from Theorem 1. MW

The usefulness of this corollary is that the region where
suppositions 1 and 2 hold are independent of M and N
respectively. In supposition 1, & can be chosen as a condition
on the zero graph of ¥; such as an IQC, and in supposition 2,
B can be chosen as a condition on Y5 with no constraints on
y. This is particularly useful when Y5 is an LTI system, as
the behaviour of an LTI system is invariant to a scaling of the
inputs.

Corollary 2: Consider the feedback interconnection in
Fig. 1, described by (2), where w = (w1, w2) € Wie X Wa, =
We and y = (y1,¥2) € Vie X Yoo = Ve, and assume the
interconnection is strongly well-posed. Suppose there exist
somefunctionalsév:nyﬁR,B:ny%R,’yEA
and some M > 0 with 4(M) < oo such that, V7 € T, the
following hold:

1) YVweW,, ye€ Gi(w)
2) Yw eW,, y € Gh(ws)

a(wr,yr) < 0;

= X
- 5(w77y‘r) < 0;
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3) Yw € B, a(wr,y-) <0 and Blws,y,) <0
= ly-Il < A(llw-).

Furthermore, suppose that G1(0)NG%5(0) = 0, i.e. the origin is
a solution of the feedback interconnection with zero exogenous
signals. Then, the feedback system is input-restricted stable for
all inputs in BJ.

Proof: Consider Theorem 1, and define the functionals «,
£ and ~ using the functionals &, /3 and 4 given in Corollary 2
as

a(w‘rayr) = d(w‘rayr) V(T,w,y) €T X We X Ve,

Bwr,yr) = Blwr,yr)  V(rw,y) € T X We x Ve,
v(z) = 4(z) vz € R,

and choose any N such that (M) < N < oo, which ensures
v(M) < N as required by Theorem 1.

By the definitions above, any (7, w,y) which satisfy sup-
position 1 (respectively supposition 2) of Corollary 2 also
satisfy supposition 1 (respectively supposition 2) of Theorem 1
regardless of the choice of N. Furthermore, the definitions of
« and 8 above also give

{(r,w,y) € TXB%Xy€|a(wTayT) <0, B(wr,y-) <0} =
{(r,w,y) € T x BY x Vela(w,,y,) <0, B(w,,y,) <0}

which proves that all (7, w,y) which satisfy supposition 3 in
Corollary 2 also satisfy supposition 3 in Theorem 1.

Hence, if suppositions 1-3 in Corollary 2 are satisfied, then
suppositions 1-3 in Theorem 1 must also be satisfied. Input-
restricted stability then follows directly from Theorem 1. MW

Remark 6: Corollary 2 above is effectively a global version
of Theorem 1, as suppositions 1 and 2 in the corollary must
hold for all y € G1(w1) and y € G4 (w2) respectively, rather
than only holding for a subset of these sets. Taking the limit
as M — oo, this is identical to Teel’s Proposition 5.1 in [7].

[V. EXTENSIONS OF THE INPUT-RESTRICTED STABILITY
THEOREM TO NON-BALLS

Theorem 1 restricts both y and w to balls in their respective
Lebesgue spaces. This is impractical in two ways. First, the
rigid shape of a ball may not suit a given problem if not all
elements of y or w need be restricted in the same way. Second,
it may not be desirable or possible to restrict all elements of
y or w. Therefore, in this section we introduce the idea of
a static linear mapping which can warp these ball as fits the
application and, through the choice of a non-trivial kernel,
can select which elements of y and w are included in the
restriction. This section also introduces a modified version of
Theroem 1 for feedback interconnections with additive inputs.

A. Static linear mappings

Here static linear mappings are defined and some technical
results relating to them are given which are required for the
later stability results.

Definition 20 (Static linear mapping):The operator R defined
as the mapping R : Y" — X7, where V", X are m-

and n-dimensional extended Lebesgue spaces respectively, is

a static linear mapping if there exists some matrix R e Rnxm
associated with R such that

(Ry)(t) = Ry(t) vy e V", t € T.

Definition 21 (Combined static linear mapping between
Cartesian product spaces):Let R; : V' — X['' be static
linear mappings for i € {1,2}. Let ), = V{.' x)5 % and X, =
AT x X532, Then, R : ), — X, with Ry = (R1y1, Rays) is
said to be a combined static linear mapping between ), and
Xe.

For some & C )., we denote the image and pre-
image! of S under the static linear mapping R : ). —
X, as R[S] = {r€X.|z=Ry,ye S} and R71[S] =
{y €Y. | Ry €S } respectively.

We now provide two technical lemmas which will be useful
in the proofs of the subsequent results.

Lemma 3: Let R : YI* — X' be a static linear mapping
with associated matrix R € R™Xm, Then, R is a locally
continuous map.

Proof: First, we prove that the mapping R induced from
R™ to R™ is continuous. Choosing & = ¢/ R, it is clear to
see that Vao, € R™ and all € > 0, 36 > 0 such that

|1 — 9] <6 = |Rxy — Rao| <,

hence the mapping induced by R is continuous. .
Then, by continuity of the mapping induced by R, we have

Vya(t) € R™, e > 0,30 > 0 such that
ly1(t) — y2(t)] <8 = |Ryi(t) — Rya(t)| < €
=>Vys € V", e > 0,7 € T,35 > 0 such that
ly1r — yorll <6 = ||R(y1r) — R(y2r)| <

|

Lemma 4: Let R : )Y, — X, be a static linear mapping with

associated matrix R. Then, for any r > 0, the set R™}[B%]NY
is open and star shaped.

Proof: To prove that R~1[B%] N Y is open, it must be
shown that for any y € R~![B%] N there exists some € > 0
such that all s € ) satisfying ||s — y|| < € are also contained
within R=}[B%] N Y.

Suppose y € R7}B%] NY and s € Y and the distance
between these two vectors is less than some € > 0. Then we
have

Is —yll <e

= [|IR[llls = yll < [[Rlle

= |[[Rs — Ryl| < [|R]le

= |[Rs| = [[Ryll < [[R]le

> [|Rs| <|[Rlle+ || Ryl

= ||Rs|| < ||R|le+r—9¢
where § > 0 is such that | Ry|| < r—§ < r,as y € R™}[B%]N
Y. Then, if 0 < € < §/||R||, we have that s € R™}[BL] N Y.

Such an € can always be found for any y € R™}[B%]|NY as
§ > 0 for any such y, and as such R™'[B%] N Y is open.

'Note that the pre-image of a set under a mapping is well-defined even if
the mapping is not invertible.
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To prove star shapedness, we require 7y € R™'[B%] N
Y Vr e |0,1],y € R[B%] N Y. By definition, we have

y € R_l[BTX} NY < ||Ry| <r

<~ 7||Ry|| < 1 vr e (0,1]
<~ |R(ty)|| <7 Vre(0,1] (3)
= ||R(ry)|| < r V1 € [0,1]
<~ tye R'BY] VYre[0,1]

where (3) is by linearity of R. Hence R™![B%,] is star shaped.
|

B. Graphs and balls

The following definitions are useful when dealing with
feedback interconnections with additive inputs.

Definition 22 (Graph of a system with no exogenous sig-
nal):The graph of a system with no exogenous signal for a
system X : X, — ). is the set of all possible input-output
pairs (z,y) € X, x ), for that system. This is defined as

G={(r,y) € Xex Ve | y=3%(2) }.

Similarly to the graph of a system, the inverse graph of a
system with no exogenous signal is defined as

G'={(y,2) €Ve x X | y=%(z) }.
Definition 23 (Ball in Cartesian product space): Let W =
Wi x W, be a Cartesian product of two Lebesgue spaces.
Then the Cartesian product of two balls in W; and W» is

defined as
8%4171\/[2) _ Blwl

Mo
Wi X sz

or, for balls in explicitly defined norms,

My, M M M-
(B M), 0 = By x (B g
Remark 7: The notation introduced in Definition 23 can
also be used for the Cartesian product of the closures of two
balls, or the Cartesian product of the boundaries of two balls.

C. Extensions to the input-restricted stability theorem

We are now in a position to apply these static linear
mappings to extend the results of Theorem 1. Note that the
static linear mappings are allowed a non-trivial kernel and
hence can be used as selection and scaling operators.

Theorem 2: Consider the feedback interconnection in
Fig. 1, governed by (2), and assume the interconnection is
strongly well-posed. Suppose there exist some functionals
a, B WxY = R, 4,7 € kK, some M, N > 0 with
F(M) < N, some p, q € N, and some static linear mappings
R:Y, — X,and S : W, — Z,. such that, V7 € T and
vw € STLH(BY),], the following hold:

D) y € Gi(wn) and |R(yr)llg <N = a(wr,yr) <0;

2) y € Gy(wy) and [|R(yr)[lq <N = Blwr,yr) <0;

3) a(wr,yr) <0 and f(wr,yr) <0

= [[R(yr)llg <7(IS(wr)llp) and [jy-]| < y([lwr)-
Furthermore, suppose that G1(0)NG%5(0) = 0, i.e. the origin is
a solution of the feedback interconnection with zero exogenous

signals. Then, the feedback system is input-restricted stable for
all inputs in S~1[(BY),].

Proof: See Appendix. [ ]
Remark 8: Theorem 2 extending Theorem 1 to warped balls
is only part of its benefit. As we have explicitly allowed the
static linear mapping R to have a non-trivial kernel, it can
be applied to systems where not every signal in y can be
restricted, and/or not every signal in y affects the behaviours
of ¥y or X5 (such as if one system is linear). Not having to
restrict every element of y therefore allows for Theorem 2 to
generate potentially less conservative results than Theorem 1.
This can be seen for example in the proof of Theorem 5 later
on in the paper, where the choice of R = [I 0 0] means that
we can omit x and & from Rys.

Remark 9: In allowing the ball in ). to be morphed by
some static linear mapping R in Theorem 2, we end up
needing two distinct gain relationships in supposition 3 of
Theorem 2 compared to the single gain relationship in suppo-
sition 3 of Theorem 1.

In Theorem 1, the gain relationship |ly-|| < ~(||w;]) in
the third supposition played two roles. First, it ensured that
lly-]| < N for all 7 € T when |jw| < M, and hence via an
application of Lemma 2 ensured that y, remained within a ball
of radius N for all 7 € 7 when ||w|| < M. Second, it provided
the input-output gain relationship required to guarantee input-
restricted stability as given in Definition 19.

In Theorem 2, these two roles are played by the two differ-
ent gain relationships in supposition 3. The gain relationship
IRyl < A(IS(w,)]|,) ensures that y, € R=Y(BY),]
for all w € S~Y(BY),] and 7 € T, which builds on
suppositions 1 and 2, whereas the gain relationship ||y, | <
~¥(||w-||) provides the input-output gain relationship required
for input-restricted stability. The reason these two gain rela-
tionships cannot be combined is because ker(R) may be non-
trivial, and if this is the case then we have that |R(y,)|, <
Y([S(w-)[lp) =~ Fv € & such that [ly-|| < ([[w-]]).

Corollary 3 shows that ker(R) = {0} eliminates the require-
ment for the second gain relationship in the third supposition.

Corollary 3: Consider the feedback interconnection in
Fig. 1, governed by (2), and assume the interconnection is
strongly well-posed. Suppose there exist some functionals
a, B:Wx)Y —- R, 7 € k, some M, N > 0 with
F(M) < N, some p, q € N, and some static linear mappings
S:W, — Z.and R : Y. — X, with ker(R) = {0} such
that, V7 € T and Yw € S~1[(BY),], the following hold:

1) y € Gy(wr) and |R(y-)|lq < N = a(w,,y-) <0;
2) y € Gy(wz) and [|R(y;)lly < N = B(wr,y-) <0;

3) a(ws,y-) <0 and S(wr,y,) <0
= [1B(yr)llg <3S (wo)llp)-
Furthermore, suppose that G1(0)NG5(0) = 0, i.e. the origin is
a solution of the feedback interconnection with zero exogenous
signals. Then, the feedback system is input-restricted stable for
all inputs in S~1[(BY),].

Proof: 1If ker(R) = {0}, ker(R) = {0} and therefore
R, and by implication R~!, exist. Therefore, | R(y-)|lq <
S (wo)llp) = ly-lls < A([[wellp) for some v € £.
Hence supposition 3 of this corollary is equivalent to suppo-
sition 3 of Theorem 2, thus input-restricted stability follows
via Theorem 2. [ ]
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Theorem 2 and Corollary 3 enable a ball in W, of size
M and a ball in ), of size N to be warped by the arbitrary
static linear mappings S and R respectively. This gives greater
scope to Theorem 2 and allows for potentially less conservative
choices of «, 3 and ~.

Remark 10: In Theorem 2 and Corollary 3, it is possible
to set N = 1 (by absorbing it into R and 4) and M =1
(by absorbing it into S) without loss of generality. However,
we prefer not to do this mathematical simplification for
pedagogical reasons.

D. Interconnections with additive exogenous signals

The theorems and corollaries given in the previous two
sections all apply to feedback systems where the exogenous
inputs enter the individual subsystems in an undetermined way.
Therefore, if those inputs were to enter the feedback system
additively, this could be seen simply as a specialisation of
the previous feedback system and therefore the input-restricted
stability results presented previously could be applied. How-
ever, since the vast majority of feedback systems which control
engineers and researchers deal with have additive inputs, and
since — in such a feedback interconnection — it makes little
sense to restrict the output of each system ¥; (i.e. only the
input of each system 33; should be restricted; this point will
be discussed further in Remark 11), it is salient to present a
theorem which is explicitly and directly applicable to feedback
interconnections with additive exogenous inputs. As such, we
define a new canonical feedback interconnection with additive
wy and ws, shown in Fig. 2.

wy Uy Y1
> > Y
+4
+y w2
Yo | <
Y2 U2

Fig. 2. Feedback interconnection with additive exogenous inputs.

The positive feedback interconnection shown in Fig. 2 with
additive exogenous inputs w; and ws, with X1 : Wi, — W,
and X5 : W — Wi, is governed by the following equations:

Ul = Wi + Y2, (4a)
Uz = w2 + Y1, (4b)
y1 = X1(u1), (40)
Yo = Yo (us), (4d)

where u = (u1,u2) and w = (wy,ws) are signals in W, =
Wie X Woe and y = (yl,yQ) S Wé = Wse X Wre.

In the sequel, we will denote the graph of ¥; from (4) as
G and the inverse graph of X5 as G5. It is then clear from
(4) that (u1,y1) € Gy and (yo, u2) € G5. Finally, note that as
with Theorem 1, the following theorem is applicable in both
continuous and discrete time.

Theorem 3 (Input-restricted stability for feedback intercon-
nections with additive inputs): Consider the feedback in-
terconnection in Fig. 2, governed by (4), and assume the
interconnection is strongly well-posed. Suppose that, for ¢ €

{1, 2}, there exist: some functionals o, 8 : Wi x Wy — R,
i,y € K; some reals M;, N; > 0 with M = ||(My, Ms)]|
and 4;(M) < N;; some p;,q; € Ny; and some static linear
mappings R; : Wie — Xie, Si : Wie — Z4 and combined
static linear mappings R : W, — X,, S : W, — 2, such that,
V7 € T, the following hold:
D) (u1,91) € G and [|Ry(uir)llg, < N1
- a(ul‘rvyl‘r) S 0;
2) (y2,uz2) € GY and ||Ry(u27)|q, < No
= B(y2r,u2r) <
3) Vw € STHBE M), s alurr, vz — wsr)
ﬂ(ul‘r - wl'rau%') S 0
= [|[Ri(uir)llgn < (S (wr)lpy ),
[R2(u2r) g < F2([IS(wr)lpy p2)s
and ||ur|| < y([[w-]).

0;
<0

[l

Furthermore, suppose that G; N G, = 0, i.e. the origin is a
solution of the feedback interconnection with zero exogenous
signals. Then, the feedback interconnection is input-restricted
stable for all inputs in S—L[(BLM2)), .

Proof: See Appendix. [ ]

Remark 11: Suppositions 1 and 2 of Theorem 3 restrict
only the size of the inputs of ¥; and X5 for the functionals
« and (B to be non-positive over all signals in the graph of
31 and 5. This is motivated by how this theorem will be
used in practice. Note that this is a fundamental difference in
philosophy from the approach taken previously, where both
the inputs and outputs of ¥; and ¥, were restricted, and as
such this result is a new theorem rather than a simple corollary
of Theorem 2.

Remark 12: Again, in Theorem 3, it is possible to set N7 =
Ny = 1 (by absorbing in R; and 7;) and M; = My =1
(by absorbing in .S;) without loss of generality. However, we
again prefer not to do this mathematical simplification due to
pedagogical reasons.

By choosing R = S = [ (the identity operator), we
reach an additive exogenous input corollary which is close
to Theorem 1 except for the fundamental differences laid out
in Remark 11 which still hold.

Corollary 4: Consider the feedback interconnection in
Fig. 2, governed by (4), and assume the interconnection is
strongly well-posed. Suppose that, for ¢ € {1,2}, there exist:
some functionals o, 8 : Wy xWs — R, ; € k; some p;, q; €
Noo; and some reals M;, N; > 0 with M = ||(M;, Ms)|| and
~vi(M) < N; such that, V7 € T, the following hold:

D (u1,91) € Gy and |lui7[lg, < N1y = a(uir, y17) < 0;

2) (y2,u2) € GY and [luzr|lg, < No = B(y2r, u2,) < 05

3) Vwe (B%\Jl’Mz))leh’

a(urr, uzr — war) <0, Blur; — wir, uz,) <0

= [Jurrllgy < (llwrllp, p.)
and [luzrflg, < v2(llwrlpy ps)-

Furthermore, suppose that G; N G4 = 0, i.e. the origin is a
solution of the feedback interconnection with zero exogenous
signals. Then, the feedback system is input-restricted stable
. . a(My,My)
for all inputs in (B}, )p1.pa-
Proof: Apply Theorem 3, setting R; = S; = I (the
identity operator) and 4; = ~; for ¢ € {1,2}. Then we
have R;u; = u; and S;w; = w; for i € {1,2} and any
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u,w € W,. Furthermore, ||uirllq, < v1(|lwrlp,,p,) and
luorllyy < Vollwrllpyps) —> v € & such that [lu, | <
~(||w, ), hence supposition 3 of this corollary is equivalent to
supposition 3 of Theorem 3. Input-restricted stability for inputs
in (B‘(,i\,/[ 1’M2))pl7p2 then follows directly from Theorem 3. W

The next corollary to the general input-restricted stability
result, Theorem 3, allows the input to one of the systems in
the closed-loop with additive exogenous inputs to be unre-
stricted. Note that a similar corollary to Theorem 2 can be
developed for the non-additive exogenous input case through
an appropriate choice of R.

Corollary 5: Consider the feedback interconnection in
Fig. 2, governed by (4), and assume the interconnection is
strongly well-posed. Suppose that there exist: some functionals
a, B: W1 x Wy = R, 5,7 € k; some reals My, My, N >0
with M = |(My, Ms)| and (M) < N; some integers
P1,P2,q € Noo; and some static linear mappings R : Wi, —
X, S1 0 Wie = Zi1e, S2 0 Woe — Z5. and a combined
static linear mapping S : W, — Z. such that, V7 € T, the
following hold:

1) (u1,y1) € Gy and ||R(u1-)|lq < N

= a(uir,yir) < 0;
2) (ya2,u2) € Gy = B(yar,uar) < 0;
3) Yw € S‘l[(B;Ml’MZ))pl,pQ], a(Uyr, ugr — war) < 0,
ﬁ(ul'r - w177u27') S 0
= [[R(uir)llq < (IS (wr)llp, p)
and [[ur || < ~y(|Jwe]).
Furthermore, suppose that G; N G = 0, i.e. the origin is a
solution of the feedback interconnection with zero exogenous
signals. Then, the feedback system is input-restricted stable
for all inputs in S—1[(BY™ M) 1.
Proof: Apply Theorem 3 setting R; = R and Ry =0
(the null operator), which implies ||Ra(u2r)|lq, = 0 for
all 7 € T and u € W,. Therefore suppositions 2 and 3
in Theorem 3 are equivalent to suppositions 2 and 3 in
this corollary. Hence input-restricted stability for inputs in
S=1BY M) - follows directly from Theorem 3. |

Remark 13: Corollary 5 is beneficial as it restricts the input
to only one system, thus allowing supposition 2 to capture
global input-output behaviour of ¥5. This is useful when ¥ is
LTI, as the input-output behaviour of an LTI system is invariant
to a scaling of the input.

V. SPECIALISATIONS AND APPLICATIONS

The input-restricted stability results presented in this paper,
while powerful, are not easily applicable to problems a control
engineer might face. Therefore this section aims to motivate
the use of this theory through two specific applications,
including numerical examples. The first application is a type
of nonlinear small-gain result, and the second is a passivity
result.

A. Input-restricted nonlinear small gain with a quadratic
gain bound

The small-gain theorem is a classic and well-known feed-
back stability result, both for linear systems [3] and nonlinear

systems [7]. Here, we present a type of input-restricted nonlin-
ear small-gain stability theorem where one system is bounded
by a linear gain and the other system is bounded by a quadratic
gain. Global stability of this system cannot be proven using
standard small-gain theory, but we can use Corollary 4 to prove
input-restricted stability for some value of M. Note that as
this theorem is based on Corollary 4, which is a corollary of
Theorem 3, it is applicable in the discrete time domain as well
as the continuous time domain unlike the similar specialisation
given in [24].

Theorem 4 (Input-restricted nonlinear small gain with a
quadratic gain bound): Consider the positive feedback in-
terconnection with additive exogenous signals as shown in
Fig. 2, governed by (4). Let w,u € Wi X Whe = W, and
Y € Wae X Wy, = WY, with w = (wy,ws),u = (uy,us),y =
(41, 92) and [lz]| = [[(z1,22)l| = max{[lz:], 2]} for all
x € X, or X!. Let the system X; have quadratic bound gain
given by some k; > 0 and the system X, have linear gain
bound given by some k2 > 0, i.e.

VreT,(u,y) € G, (B
VT €T, (y2,u2) € Gy, (6)

ly1-l < Eaflur- |
[y2r | < Kalluz-||

and assume that the feedback interconnection of >; and Y5 is
strongly well-posed. Then, the system is input-restricted stable
for any input w in Bi, where

1
B 4]€1k‘2(k/’2 + 1) ’ )
Proof: We will apply Corollary 4 to prove this result. We
will omit the subscripts p1,p2, q1 and gs; these are defined by
the norms which W, and W, respectively are equipped with.
First let us choose functionals « and 3 as

®)
)

a(uir, yir) = yarll = kulluar [,
B(Yar, uzr) = [[yar || — kalluz-|,
which satisfy suppositions 1 and 2 of Corollary 4 for any
My, Ms, Ny, Ny > 0, and suppose we choose M = My = M
where M is given by (7).
Next we show how these choices satisfy supposition 3 of

Corollary 4. Using the triangle inequality, V7 € 7 and w €
B we have

a (Utr, Ugr — War) < 0 <=|lug, — wor || — k1 flus-||* <0
—>|ugr || < lwar || + ki lur-]* (10)

and similarly for 8, V7 € T and w € B% we have

B (u1r — wir, u2r) < 0<=|Jur, — wir|| — kaf|ua-|| <0
= lui|| < [lwirl| + ke2llua-||. (11)

Supposition 3 of Corollary 4 must be satisfied when both
o (u1r,uzr —w2,) < 0 and B (uir —wir,uar) < 0 V7 €
T,w € BJ. Therefore, (10) and (11) together imply that,
V7 e T,w e B, we have

uir || < llwir || + kallwar || + kika|lus|?

= [Jurr || — krkollurr ||* < (k2 + 1) [Jw, |- (12)
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Let us define y; € k as

1 — /max{0,1 — 4ki ko (k2 + 1)z}

7(w) = 21 kg
1- \/max{(), 1- x/M}
B 2y ky '

Now consider the quadratic equation —kikqz? 4+ z —
(k2 + 1)z = 0. This equation has roots at z = (1 £
/1 —x/M)/2kiks, hence for 0 < x < M ithas aroot at z =
41 (z). The quadratic inequality —kyko22 +2 — (ky+ 1)z < 0
is therefore satisfied, for 0 < z < M, when z < 7;(x) and
z > (14 +/1—ax/M)/2k ko. Therefore, by replacing z with
||u1-|| and z with ||w. ||, we can see that (12) is satisfied when
sl < () ¥r € Tow € BY.

By (10), V7 € T,w € BJL, we then have

luarll < flwar | + Kallusr |

= uzr || < llwar || + k17 (w-1)? = 72 (lw-])

13)
(14)

for some 5 € k.

As « and [ chosen earlier hold for any Ny, Ny > 0
respectively and any M > 0 (as they hold globally), we
can choose any N; > 71(M) and Ny > ~2(M). Finally,
from (5) and (6) we have that 0 € G; and 0 € G, which
together imply that G; N G, = 0 by well-posedness. Hence
the system is input-restricted stable for any input w in 3% for
any M = (4k1k2(k2 + 1))71. |

Remark 14: 1f (5) included |luy,|| instead of |jui, ||, we
would then have 71 (z) = (k2 +1)/(1 — k1k2) in the proof
above, which clearly has no reliance on x and M and is the
standard small-gain closed-loop gain [3, Theorem 1]. Hence,
in this scenario Theorem 4 reduces to the classic small-gain
theorem.

Fig. 3 shows the regions in which the graphs of X; and Yo
reside if both systems are static nonlinearities.

S1(ur(t)) T (ua(t))

uy (t) ua(t)

(@ (b)

Fig. 3. Plots of (a) w1 (t) against 1 (u1(t)) and (b) uz2(t) against
32 (u2(t)) for static nonlinearities bounded by quadratic and linear
gains respectively. The solid black lines in both plots show the quadratic
and linear boundaries of the system graphs, and the graphs must remain
within the shaded grey regions.

Example 1: As a numerical example, first we define the
extended Lebesgue spaces X, and W, = X, x X, where the
underlying non-extended space X" is equipped with the £..-
norm and ||(w1,,wa, )| = max{||wi,|, |we,|} V7 € T and
all w € W,. Then consider the forced nonlinear differential
equation with a quadratic nonlinearity, with state vector z €

X, and inputs w = (w1, ws) € W,, given by
&4 &+ 100z — 0.88|x + w1 |(z + wy) = 1.766ws.

Note that this system has no physical significance; it simply
aims to give a simple example of a system with a quadratic
nonlinearity.

By defining yo = x, y1 = 0.5|x 4w |(z+w1), us = y1 +ws
and u; = ys+wy, we see that this equation can be rewritten as
the feedback interconnection of two systems X1 and Yo, as per
Fig. 2 and governed by (4), where 3, is a static nonlinearity
with a quadratic gain of k; = 0.5 as per (5) and g is an LTI
system with induced £,-to-L, gain of ky = 0.25 as per (6).

Then, by applying Theorem 4, we can say that this nonlinear
differential system will remain stable for all w € BJ, where
M =1.6.

This feedback interconnection was simulated with square
waves injected at w; and ws. Letting wy be the resonant
frequency of the LTI system X, then: we chose the square
wave at w; to have a frequency equal to wy/2; the square
wave at wo to have a frequency equal to wy; the square wave
at wy to have a 7/wy second delay; and both had amplitudes
of 1.6\. The frequencies of the square waves were chosen
to maximise the output from the LTI system (as, when the
quadratic nonlinearity is given a sinusoidal input, it will output
a sinusoid of twice the frequency of the incoming signal).
Theorem 4 states that stability will hold for all A € [0, 1]. This
was confirmed in simulation. We then continue to increase A
beyond unity to see when the feedback interconnection lost
stability. We found that the feedback interconnection went
unstable at A = 6.51. Given that the result of Theorem 4 is a
type of nonlinear small gain stability theorem, conservatism is
expected in the result. However, a factor of 6.51 is less than
one order of magnitude, and therefore shows promise for the
application of this work.

B. Input-restricted passivity

The next application of the input-restricted stability theory
developed herein is a passivity-based result in which one
system is an LTI system.

When one system in the loop is an LTI system, it is often
useful to define « and 3 as functionals operating on the states
of the LTI system as well as on the exogenous inputs and
signals around the loop. To achieve this, the LTI system can be
modified to include the states and state derivatives as outputs.
The following lemma shows how this can be achieved.

wy

> 3,

{7

Y2

A

*

Wa

Fig. 4. Canonical feedback system redrawn as per Lemma 5.
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Lemma 5: Let X1 : Wie X Yie = Yaoe and X9 @ Wh, X
Yae — Vie be in a feedback interconnection as per Fig. 1,
governed by (2). Let X5 be an LTI system given by

A| By B
Ya(s) = |: C Di Dz :|

with states and state derivatives x,& € X, and initial state
2(0) = 0. Then, this feedback interconnection can be equiva-
lently redrawn as Fig. 4 where

Y2 = 21(/w17 gl) = E1(/w17 y1)7

U1 = Yo (w2, ya),

A| B B
& C|D:y D

and X5(s) = A Bi B;
I 0 0

Furthermore, if A is Hurwitz, then input-restricted stability
of the feedback interconnection of ¥; and ¥ is equivalent to
that of f)l and f)g.

Proof: The first part of the result is trivial on noting that
the extra outputs from ﬁ)g do not effect f]l.

The second part of the result easily follows on noting that
o= [yl &7 xT]T and ||Z||, ||z|| are bounded above by
[lwall, |ly2]| when A is Hurwitz. |

The following corollary applies Lemma 5 to the feedback
interconnection with additive exogenous inputs shown in Fig.2.

Corollary 6: Let X1 : u1 € Wi — y1 € Woe and X5 :
Uy € Woe — y2 € Wi, be in a feedback interconnection as
per Fig. 2, described by (4). Let X5 be an LTI system given

T el

with states and state derivatives x,& € X, and initial state
2(0) = 0. Then, this feedback interconnection can be equiva-
lently recast as the feedback interconnection of 521 and 532
with 4 = 1 + g2, uz = w2 +y1, y1 = Xi(l) =
Si([f 0 0]ar), g2 = B2(uz) with

)

A
()= |
1

o olWw

where w; = [wlT 0 O]T € Wie x X, x X,. Furthermore,
if A is Hurwitz, then input-restricted stability of the feedback
interconnection of ¥; and X5 is equivalent to that of 21 and
3.
Proof: Trivial. Direct consequence of Lemma 5. ]
Before the passivity result can be presented, we define
passivity, very strict passivity and the new concept of input-
restricted passivity.

Definition 24 (Input-restricted passive systems):Let %
W, — ). be a causal system mapping one extended Lebesgue
space to another, and let S C W,. The system X is input-
restricted passive on S if, YVw € S and 7 € T, we have

(wr, (X(w))r) = 0.

3. is input-restricted very strictly passive on S if there exists
€,0 > 0 such that, Vw € S and 7 € T, we have

(wr, (B(w))r) > elw-|* + [ (S(w))-[I*. (15)

If S = W.,, instead the system is passive or very strictly
passive, respectively.

We now present the input-restricted passivity result, in
which one system is a passive LTI system and another is an
input-restricted very strictly passive nonlinear system. What
is notable in this result is that we restrict the £o-norm of the
input while we restrict the L..-norm of the output of the LTI
system.

Theorem 5 (Input-restricted passivity): Let 21 :Wie = Wae
be a locally Lipschitz continuous, static nonlinear system
which is input-restricted very strictly passive on (Bgvl)oo for
some (@ > 0 and €, > 0O satisfying (15). Let Xo : Wh, —
Wi be a stable, passive, LTI and strictly proper system
with minimal state space realisation (A, B,C,0) satisfying
ATP + PA < 0 and PB = C7 for some P = PT > 0.
Let W; and W (i.e. the non-extended spaces corresponding
to Wi, and W) be both equipped with the L..- and Lo-
norms. Let a,b > 0 satisfy

1
b> o (16)
P CTq
[C’a b } 20 a7

Then, the negative feedback interconnection of 21 and Yo
is input-restricted stable for all w; = 0, wy € (3%2)2 with
M < 92
Proof: First, we can, without loss of generality, consider

the positive feedback interconnection in Fig. 2 between ¥, =
—3; and Y, instead of the negative feedback interconnection
between 3y and Y.

Applying Corollary 6, we can replace yo, w1, u1, 21 and
Yo with gs, w1, U1, f]l and f)g such that

Y2 w1 U1
o= |z |, wr=|0], 1= +FP=|2]|,
x 0 T

A| B

& c|o
A| B
I

0

where x, & € X, are the states and state derivatives of Yo with
z(0) =0.

Since Y9 is stable and the realisation is minimal, A is
Hurwitz. Then, input-restricted stability of the interconnection
of X1 and Y is equivalent to input-restricted stability of the
interconnection of f]l and f)g via Corollary 6. We also define
Gy and G’Q as the graph and inverse graph of $1 and 3,
respectively.

¢ To prove stability of the feedback interconnection of
1 and ¥y, we will apply Corollary 5. We will choose
the matrix R associated with the static linear mapping R
as R = [I 0 0] such that Riiy = w1, R = y» and
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Rw; = wi, and therefore il(Rﬁl) = il(ul). We also
choose S; = Sy = [ (the identity operator) such that

11/ 3(My, M (M1, M
STHBLM),, ) = (B M), o, for any My, M, py
and po.

We choose M7 =0, Mo =M, N =Q,p; = 2,192 =2, and
q = oo. Finally, we will note that wy = 0,w; € (B}, )2 <
(@1, ws) € (Bi™)a..

)

For supposition 1 of Corollary 5, choose

a(tnr, yir)
= ellusr |13 + 0l (Z1(ua))r I3 — (urr, (B1(u))r)
= €| Ria- |5 + 8| (Z1.(1)) 715 — (Ritnr, —(Z1(d))-)
= €| Riix- |3 + 8lly1- I3 + (Riiar, y17)
which by definition of 3, and R is less than or equal to 0 for
all 7 € 7 and all (G1,y1) € G1 when ||Ri || < Q. Hence

supposition 1 in Corollary 5 is satisfied.
For supposition 2 of Corollary 5, choose

B(far, uzr) = max{x(r)" Pa(r) — 2(uzr, Cay),
||I-,— — AIT — BU27-||2, 7”117— - A:I;’T - Bu2T||27

HRQQT _CJUTH%—HR?QQT—Cl'THQ} (18)

where = and 2 can be included as they are part of ¢j5. The first
entry on the right hand side is less than or equal to 0 for all
TET,(Y2,u2) € CJ’Q because, forallt € T, ATP+PA <0
and PB = CT imply

ol (55 7 ] =
4 (x(t)" Pa(t)) — 2us(t)T Ca(t) <0,

dit

which implies that (1) Pz (1) —2(uz,, Cz,) < 0 forall T €
T. Furthermore, (2, u2) € CJ’Q = Cz, = Yo = Ri9ar
and &, = Ax, + Bug, for all 7 € T, which implies (and
is implied by) max{||Rgz, — Cx,||2, —||RJ2r — Cz+||2} <O
and max{||t, — Ax; — Bua,||2, —||&r — Az — Bua,|2} <0
respectively. Hence (18) is less than or equal to zero for all 7 €
T, ({2,u2) € Gb and therefore supposition 2 in Corollary 5
is satisfied.

For supposition 3, we first find 4. Suppose (16) holds. Then,
there always exists some o > 0 large enough such that

(55 —0) 1 !
-1 (Z - b) I

Applying two Schur complements and a congruence transfor-
mation to this implies that

<0.

—2el 0 —2el I
0 —201 —I 0
<
-2l -1 —(2e+o0)] 0 |~ 0
1 0 0 —bl
Pre- and post-multiplying this LMI by
[z®)TCT y ()T [Rwi(t)]" wj] and its transpose

respectively and then integrating from ¢ = 0 to ¢t = 7 gives

—2¢)|Cxr + Rii- |13 — 28 ||y1- I3 — 0| Ridr~ |13 — bllwe- |13
— 2<y1-,—, R?f)17—> + 2<w27, CI'T> <0VreT.

Grouping terms and noting that supposition 3 requires
(1, ws) € (B, implies

= 2({y1r, Cor) + 8llynr |3 + el Car[I3) — bllwar |13

+ 2(war + y1r, Car) <O VT € Tow € (BUM)gs. (19)

By applying B(d1, — Wi-,u2,) < 0 and using the relations

us = wg + y1 and Ri, = Ruy + R:IJQ = Rﬁz when w €

(BSY™))3.5, (19) implies

a(7)" Px(7) — 2((Riiyr, y1-) + €| Ri |13 + 6ly1-113)
—bllwar |2 <0 V7 e T, we (B™)as

which, via a(t1,,y1-) < 0, implies

o(7)" P () < bllwar |13 = bllw- |3 5 (20)

forall € T,w € (B%’M))zg-

Applying Schur’s complement to (17) and pre- and
post-multiplying by z(7)7 and x(7) respectively gives
(1) Px(r) — “—;(Cx(r))TC:z:(T) > 0 for all 7 € T.
Substituting this into (20) and again applying Cx, = Rys, =
Ry, (which is implied by a(t1.+,§1-) < 0 and w; = 0), (20)

implies
b\ 2
=] fw-
a

. b
= [Rirrllec < —lwrll22

(Riy (7))" Ria (7)

IN

2
2,2

= Y(llwrll2.2) 2D

forall T € T,w e (B%’NI)

)2,2-
Note that as ¥(z) = 2z as chosen in (21), M < % ensures

that N = @ > (M) as required by Corollary 5.

Next we find ~, beginning with a bound on |lus.||. Since
a(tr,y1-) <0Vr €T and 33 is static, we can consider only
the integrand of «(@1,,y1-) so that a(dy-,y1,) <OVT €T
implies, V7 € T,

(Riiy (1)) 11 (1) + e(Ria (7))" (Ril (7))
+6y1(r) Ty (r) <0
—> (Riy (7)) 1 (7) + y1. () ya(7) <0
— 8ly2 (7)* < [Rit (7)[|ya ()]
<= 0|y1(7)| < |Ria(7)] when |y:(7)| # 0.

7Applying uy = we + y1 and (21) gives, V7 € T,w €

By ™)2,2

Oluz (1) — wa(7)| < |Rin (1)
= Oluar[loo < [[Rinr]loo + [warloo

|2.2) + [[war[l0)

= 72(llwrl2,2ve0)-

1,
= luzello < 5 G0,
(22)
In the sequel, we denote |w,| = ||w;||2,2ve0. Noting that
A is Hurwitz, ||z;||c and ||Z;||co are bounded above by

l[uar|loo and hence 3v;,73, 92,52 € & such that ||z [ <
Yo (lluzrlloe) < Fz(llwrll) and fli7lloc < 7a([luzrlloo) <
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Yi(lw-]]) V7 € T and w € (31(,(\),’]\4))272. Combining these

gains gives us, V7 € 7 and w € (B%,NI))

[urlloo < A(llwrll) + Fa(llwr ) + Fa ([[wr 1) + v2(l[wr]])
= 7([Jw-))

where v € k, as required by supposition 3.

Finally, from the local Lipschitz continuity of ¥; and
D =0, Lemma 1 proves that the feedback interconnection is
strongly well-posed, and 0 € Gi.0e G"Q imply that e ﬁéé =
0. Therefore, by Corollary 5 the feedback interconnection
between 37 and 35 is input-restricted stable for all inputs
wy € By, with wy = 0, and therefore by Corollary 6 the
positive feedback interconnection between 3; and X5, and
therefore the negative feedback interconnection between ¥,
and ¥, is input-restricted stable for all inputs wy € 8%2 with
wi = 0. |

Remark 15: It is simple to see that if the nonlinear system
is very strictly passive with no input restriction (i.e. @ = o),
then we have M < oo and therefore the result is simply the
classic passivity theorem, specialised to a static nonlinearity
and an LTT system.

Remark 16: Note that this result holds for any positive
0, analogously to how the passivity theorem holds for any
positive § and € [13, p.350]. It is only € which affects 4 in the
proof, and therefore the smaller e is, the larger 7 is, and the
smaller M must be for a given Q.

Remark 17: The feedback system is robust to non-zero
inputs at wj. Let the induced Lo-to-L., gain of ¥y be k.
Then if we have ||ws|| = M — 6 for some 0 < 6 < M, the
system will remain input-restricted stable for some nonzero
wy with ||wy|lee < k4, as this still ensures ||u1r]jcc < N =Q
forall 7 € T.

Theorem 5 shows how the theory developed herein, while
complex in its most general form, can be specialised to
produce stability criteria which are both simple to test (i.e.
by solving an LMI) and powerful in practice. If we choose b
incrementally above % and maximise a when solving the LMI,
we in turn maximise the upper bound on M, thus maximising
our bound on the energy that the input ws to the system can
have before the feedback interconnection becomes unstable.

Let us apply Theorem 5 in a numerical example.

Example 2: Choose Y5 to be a stable, passive, SISO, LTI
and strictly proper system with minimal state space realisation
(A, B,C,0) where

-0.7 14 05 0
A=|-14 —08 -13|,B=12|,C=[0 07 0].
—-0.6 1.2 —07 0

(23)

Choose 21 to be a SISO, continuous, piece-wise linear,

static mapping from u; € Wi, to y; € Ws, given by (24)
and depicted in Fig. 5, which we will denote ®:

y1(t) = (Pur)(t)

505uy (t) for —0.03 < uy(t) < 0.03,
15.45 — 10u, () for 0.03 < uy(t) < 1345,

) —1545 - 10uy(t)  for — 1343 <y (t) < —0.03,
0.1uq (%) for 1345 < |uy ()] < 5,

500.5 — 100u; ()

for uy(t) > 5,
—500.5 — 100u; () for uy (t) < —5.

(24)
yi(t)
10
— ‘ uy(t)
-6 -4 =2 2 4 6
—1
Fig. 5. Input-output relationship for ®. The blue line is the graph of ®

and the red shaded area includes the graphs of all static very strictly
passive systems for e > 0.099 and § > 0.00198. The solid red lines
are the solutions to w1 (t)y1 (t) = 0.099u1 ()2 + 0.00198y1 (t)2.

It is easy to verify that ® is locally very strictly passive
on (B}, )so With € = 0.099 and 6 = 0.00198 by noting that
the lines y;(t) = 505uq(t), £15.45 — 10uy(t) and y;(t) =
0.1uq (t) satisfy uy(t)ys(t) — euq(t)? — dy1(t)? > 0 for all
u1 (t) in the associated domains. Hence both ¥, and X, satisfy
the prerequisites for applying Theorem 5.

1

By setting b incrementally above 5- and maximising a

as discussed earlier, we minimise v, (;ﬁ) = ga: and in turn
maximise the upper bound on M. Doing so gives this upper
bound to be % = 5?_%’?3593 = 1.88 rounded down to two
decimal places. Hence this feedback interconnection is input-
restricted stable for all inputs wy € BJ;5® with wy = 0.
Simulations of this feedback interconnection reveal that
the system becomes unstable when given a ramp input with
gradient 118.1 and length of 0.3 seconds at w;. This signal
has an Lo-norm of 6.47, which is 3.44 times greater than the
upper bound on M given in this example. While this shows
some expected conservatism in the value of M given, it is just
slightly larger than M which is encouraging for the practical

application of this theory.

VI. CONCLUSION

In this paper, the concept of input-restricted stability over
a set was introduced, which determines whether a system is
stable (i.e. there exists a gain relationship between the norms
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of the truncated system inputs and outputs) when subjected
to inputs within the given restricted set. Graph separation
concepts and system continuity were employed to develop
Theorem 1, in which sufficient conditions on the open-loop
systems guarantee input-restricted stability of a feedback inter-
connection of two nonlinear systems over a ball of exogenous
input signals. Various corollaries of Theorem 1, and theorems
extending the result, were also developed. Notable in these
extensions are Theorems 2 and 3, along with their corollaries,
which allow for the inputs and outputs to be restricted to a set
other than a ball. The paper concludes with two specialisations
of Corollary 4 and Corollary 5, giving: an input-restricted
small-gain theorem for a feedback interconnection comprising
a nonlinear system with a linear gain bound and a nonlinear
system with a quadratic gain bound; and an input-restricted
passivity theorem for a feedback interconnection comprising
a passive LTI system and a static nonlinearity which is very
strictly passive on a restricted set of input signals, respectively.
These specialisations were then applied to numerical examples
which produced an upper bound on the energy of the input
signal for which input-restricted stability is guaranteed if said
bound is not violated. It is notable that both of these feedback
interconnections are not globally stable as per traditional
definitions of input-output stability [6], [7].
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APPENDIX
This Appendix includes proofs to Lemma 2 and to the main
theorems presented in this paper.
A. Proof of Lemma 2

Proof: Step 1: First, we define a locally continuous path
between the origin of ), and ¥(w) for some w € W,. Define
a function f : [0,1] x W, — ), as

FIAw) = S(w).

We then define f*[A] = f[\, w*] where 0 # w* € W, is now
fixed, rather than a variable of f.

Next, we prove that f* is a locally continuous mapping
from A € [0,1] to y = S(w*) € V.. Let y@ = B(w®) for
i € {1,2}. By local continuity of X, we have

Vw®e W,,e> 0,7 € 7,36 > 0 such that, for wVe W,,

1P (0™ —w®)|| <& = [|Pr(y™ — )| < e
=VA; €[0,1],e > 0,7 € 7,36 > 0 such that, for \; € [0, 1],
[1Pr(Aw”™ = Agw™)[| <& = [[P-(f*[M] = fH[he])]| <€
=VA2 € [0,1],6 > 0,7 € 7,36 > 0 such that, for A\; € [0,1],
A= sl <82 [P = S Dal)l < e
Hence, the mapping from A to P, (f*[\]) is locally continuous
in [0, 1] for all 7 € T, and therefore f* is a locally continuous
path between f*[0] = X(0) =0 and f*[1] = E(w*).

Step 2: We now show that, for w* € S, local continuity of
P.(f*[)\]) implies that P, (f*[\]) € Q for all A € [0,1],7 €
T, and hence P (X(w)) € QVw e S, 7€ T.

We begin by fixing w* € §. From the star shapedness of
S, we infer that Aw* € S VA € [0,1]. From our original
suppositions, we can then say that

P.(f*[\) ¢ 90Q YA € [0,1],7 € T. (25)

Let us now assume there exists some 7 € 7 and A1, Ay €
[0, 1], where without loss of generality A\; < g, such that
P, (f*[M\1]) € Q and P.(f*[A\2]) ¢ Q. By our assumption that
Q is open, we have 9Q N Q = (), and as such this ensures
that P-(f*[M]), Pr(f*[X2]) ¢ OQ as required by (25).

By local continuity of P,(f*[A]) in A, there exists a 6 €
(0,1) such that P-(f*[(1 — 0)A1 + 6X2]) € 0Q, leading
to a contradiction in (25). Therefore, our assumption that
P, (f*[M\1]) € Q and P.(f*[\2]) ¢ Q at this value of T
contradicts local continuity of Pr(f*[A]) in A and as such
cannot hold. This proves we must either have

P.(f*[A\])) e @V¥A€[0,1],7 €T or
P.(f*\) ¢ QVvre[0,1],7€T.

By the assumption that ¥(0) = 0, P.(f*[0]) = 0 for all
7 €T and any w* € S. As P-(f*[0]) =0 € Q, (26) ensures
that P.(f*[\]) € Q VA € [0,1],7 € T and w* € S. Finally,
since f*[1] = E(w*), itfollows thatw € S = P (X(w)) €
QvVreT. u

(26)

B. Proof of Theorem 1

Proof: Step 1: We begin by showing that, for any w €
B%, the resulting solution y to the feedback interconnection
described by (2) and shown in Fig. 1 satisfies y, ¢ 8B§,V
vreT.

First, we define the set I' as

F:{(T,w,y) eT x B% X V. y=Gilw) mG/Q(wQ)’}

yr € BY
This is the set of all truncation times 7 and all inputs w in the
ball of radius M which give an output y of the closed-loop
system such that the truncation of y at time 7 is in the ball of
radius N.

Suppositions 1 and 2 together give

O‘(wﬂyﬂ—) <0, B(w7'7y7') <0 V(T,w,y) el

Supposition 3 then gives that ||y, || < N V(r,w,y) € T.

Given w € BXL, there is some y which is a solution to (2),
ie. y = Gi(wr) N Gy(ws), due to well-posedness. Let us
assume that, for some 7 € T, we have ||y,|| = N. This means
that, for such a 7, y, € Bg, giving (7,w,y) € I' which
in turn (via suppositions 1-3) implies that ||y.|| < N. This
is a contradiction to our initial assumption, and therefore we
must infer that we cannot have a y which is a solution to (2)
with input w € By and ||y,|| = N for any 7 € 7. This is
equivalent to

[P;G1(wr)] N [PrGhy(w2)] NOBY =0

forall 7€ T,w € B% . This is also equivalent to stating that
for any w € B}y, the solution y to (2) satisfies y, ¢ B3
vreT.
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Step 2: In this step, we apply Lemma 2 to prove that w €
B% — yTEBgVTET.

By strong well-posedness of the feedback interconnection,
G1(w1) N GY(ws) is a unique point for a given w € W,, and
hence we define ¥ from Lemma 2 as ¥(w) = Gi(wi) N
GhL(wsy). Also by strong well-posedness, this mapping is
locally continuous as is required by Lemma 2, and the assump-
tion that G1 (0)NG%(0) = 0 gives X(0) = 0 as required. Define
S from Lemma 2 as S = B}, which is star shaped as required,
and define Q from Lemma 2 as Q = Bﬁ,v , which is open
and star shaped as required. Finally, in Step 1 it was proved
that, via suppositions 1-3, w € § = y, ¢ 0Q Vr € T
where y = X(w). Hence, by invoking Lemma 2, it follows
that w € § = By, = y. € Q =By vVr e T
where y = G1(w1) N G4(w2) is the solution to the feedback
interconnection with input w.

Step 3: By one final implication of suppositions 1-3 we have
ly-|| <~(|lw-|]) V7 € T and w € BJ. Hence, by definition,
the system is input-restricted stable for all inputs in B%. [ ]

C. Proof of Theorem 2

Proof: The proof of Theorem 2 is analogous to the
proof of Theorem 1. Step I: As with Theorem 1, we begin
by showing that, for any w € S™1[(BY),], the resulting
solution y to the feedback interconnection described by (2) and
shown in Fig. 1 which satisfies suppositions 1-3 also satisfies
yr ¢ OR(BY) ) N Y ¥r € T.

First, we notice that ||R(y,)|l, < NVr e T < y, €
R7Y(BY)NY V¥r € T and similarly ||R(y,)|, < N V7 €
T < y. € RYBY)JNY VT €T (asy €Y. =
yr € Y V7 € T by definition).

Next, we define the set I" as

(ryw,y) € T x STH(BY)p) X Ve,
y = Gi(w1) N GhH(w2),
yr € R (BY) NY

which is analogous to the set I' from Theorem 1 with the space
of w modified by S~! and the restriction on y, altered to
include R~!. Following similar reasoning, (7,w,y) € I =
y = G1(wy) N Gz2(ws) and |R(y,)|l; < N. Then applying
suppositions 1 to 3 gives

['=4q (rw,y)

[1R(yr)llg < N V(T w,9) €T,

which implies that y, € R7[(BY),|NY ¥Y(r,w,y) € T.

Continuing to follow the reasoning given in the proof of
Theorem 1, it can now be seen that if w € S~![(BY),]
there exists no y which is a solution to the system such that
IR(y-)|lq = N for some 7 € T as this would violate the
relationship (1,w,y) € ' = ||R(y-)|lq < N. Hence,
for w € ST(BY),], the solution y to the system satisfies
yr ¢ O(R7U(BY)NY) Vr € T as R7Y(BY),]NY is open
as per Lemma 4.

Step 2: As in Step 2 of the proof of Theorem 1, in this step
we apply Lemma 2 to prove that w € S~1[(BY),] = y, €
RYUBY)JINYVVreT.

Strong well-posedness of the feedback interconnection al-
lows us to define ¥ from Lemma 2 as Y (w) = Gi(wy) N

G%(w2). The addition of local continuity of R from Lemma 3,
ensures this mapping is locally continuous as is required by
Lemma 2, and G1(0) N G4(0) = 0 = X(0) = 0 as
required. Define & = S~![(BY),], which is trivially star
shaped (similar to the argument near (3)) as required, and
Q = R7Y(BY),] N Y, which, by Lemma 4, is open and
star shaped as required. Then the result from Step 1 can be
rewritten as w € S = y, ¢ 0Q V7 € T where y = X(w).
Hence, by invoking Lemma 2, it is shown that w € § =
STBY),] — yr € Q= RIBY)JNY ¥reT
where y = G1(wy1) N G4(w2) is the solution to the feedback
interconnection with input w.

Step 3: By one final implication of suppositions 1-3 we have
ly-I| < y(Jw.|]) V7 € T and w € S™[(BY),]. Hence the
system is input-restricted stable for all inputs in S~1[(BY),].

|

D. Proof of Theorem 3

Proof: Let Ri and Si be the associated matrices for the
static linear mappings R; and .S; respectively. Once again, the
proof of Theorem 3 follows a similar trajectory as the proofs
of the previous stability theorems.

First, define the set I' as

(row,u) € T x STHBE M), L] x W,
(u1,u2 — we) € Gy,

(U1 — wl;UZ) S G/Qa

ur € RY(BY™M) gy 0] OW

['=q(mw,u)

Note that the requirements (u1,us — ws) € Gp and (u; —
wy, ug) € G are precisely the restrictions imposed by (4), and
hence these requirements in I' taken together ensure that, by
well-posedness, for any (7,w,u) € I, u is the unique solution
to the feedback interconnection given by (4) to the input w.
Hence (1,w,u) € T,u; = w1 + yo and us = we +y; =
(ul,yl) € (1 and (’LLQ,yQ) € Gs.

Analogously to Step 1 of the proof of Theorem 2, ap-
plying suppositions 1 through 3 now gives || Ri(uir)|lq, <
Nl, ||R2(U27-)||q2 < Ny V(T/LU,’LL) erl.

By following a similar argument as posed in Step 1
of the proof of Theorem 1, it is clear that given w €
Sfl[(BZMl’M”)pl,m] there exists no 7 € 7T such that
[R1(ur)llg, = N1 or [|Ra(uzr)llq, = N2 where u € W
is the solution to the feedback equations (4), as this would
violate the relationship (7,w,u) € I' = ||R1(u1r)|lq <
N1, ||[R2(uzs)|lgs < Na. Hence, as with Theorem 1, we have
uir & O(Ry(BY)g,) N W1) and uy- ¢ O(Ry ' [(BY2)g,] N
Wh) V7 € T, where u is the solution to (4) for a given input
w e STHBLM M)y, 5.

Having found a region in WV which is infeasible for u, for
all 7 € T when w € S~1[(BL™M2)), 1, similarly to the
proof for Theorem 1 we can apply Lemma 3 by choosing
8§ = STBL" M)y, 5] @ = RBY )y ] WY
and X(w) = wu where u; = Xo(u) + wy and uy =
31 (u1) + we as per (4), i.e. u is the solution to the feedback
interconnection with input w. These choices ensure that S
is star shaped and that Q is open and star shaped (by
application of Lemma 4). They also ensure that u = X(w)



IEEE TRANSACTIONS ON AUTOMATIC CONTROL

is unique (due to well-posedness), > is a locally continu-
ous mapping (due to strong well-posendess and Lemma 3),
¥(0) = 0 (due to the assumption that G; N G5 = 0),
and w € § = P(Bw)) ¢ 0Q Vr € T by
the product rule of boundaries?>. We are then able to apply
Lemma 3, which gives w € § = 571[(B(ZM1,M2))p17p2] =
ur € Q R‘l[(Bg(Nl’Nz))qth] AW Vr € T. Then,
vr e T,w € S’l[(B(ZMl’Mﬂ)phm], one last implication
of suppositions 1 to 3 gives ||u,|| < y(|lw.||) V7T € T

and w € S‘l[(E(ZMl’MQ))phpz]. Hence, the system is input-
(M1,M2)) -
z

restricted stable for all inputs in S~1[(B p1p2)-
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