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Connections between integral quadratic constraints and
dissipativity

Sei Zhen Khong and Alexander Lanzon

Abstract—We show that a recent dissipativity approach to feedback
stability analysis of potentially open-loop unstable systems, which encom-
passes the classical soft integral quadratic constraint (IQC) theorem, may
be recovered by hard IQC theory. The latter is known to be subsumable
by the more general soft IQC theory endowed with homotopies that are
continuous in the gap topology. Additionally, we demonstrate how the
aforementioned classical soft IQC theorem, initially introduced for the
analysis of a feedback interconnection of a nonlinear component and
a linear system, may be recast to analyse the stability of a feedback
interconnection of two nonlinear systems. This generates a frequency-
dependent (Q(w), S(w), R(w))-dissipativity result.

Index Terms—Feedback stability, integral quadratic constraints, dissi-
pativity, uncertainty

I. INTRODUCTION

The seminal paper [1] by Megretski and Rantzer introduced a pow-
erful and flexible framework within which robust stability of feedback
interconnections of open-loop stable systems can be analysed via the
use of soft (a.k.a. conditional) integral quadratic constraints (IQCs).
A soft IQC differs from a hard (a.k.a. unconditional) IQC in that the
corresponding time-domain integral is taken from O to oo with respect
to signals lying in the Lo-graph of the system under consideration,
whereas a hard IQC involves integrating extended Lo signals in the
graph of the system over all finite intervals starting from O [2]. Hard
IQC theory for robust stability analysis of feedback interconnections
of possibly open-loop unstable systems is discussed in depth in [3],
where it is shown it can be established by more general soft IQC
theory equipped with homotopies that are continuous in the gap
topology from [4]. The latter was first developed in the technical
report [5] and later modified in [3] to tailor to the purpose of
establishing the link between hard and soft IQC results. Related
results in the linear setting may be found in [6], [7], [8], [9], [10],
[11].

In recent years, numerous efforts have been invested into proving
the soft IQC theorem via dissipativity theory [12], [13], [14], [15],
[16]. They rely on the existence of certain canonical factorisations,
which may be traced back to the classical multiplier approach [17],
[18]. In particular, [15], [16] proposed a dissipativity framework
from which it is possible to establish the classical soft (frequency-
domain) IQC result in [1] where boundedness of both open-loop
components, one of which linear time-invariant (LTI), is required and
the components are subject to real-rational multipliers. This provides
a beautiful link between classical soft IQCs and dissipativity.
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In this paper, we show that the hard IQC result in [3] can be used
to establish the dissipativity result in [15], [16]. In doing so, we tie up
loose ends with regards to the connections between dissipativity and
hard/soft IQC approaches. In particular, through the results in [15],
[16] and this paper, the standard soft IQC theorem in [1] may now
be seen to be derivable from the hard IQC theorem described in [3].

Additionally, the soft IQC theorem from [1] was developed for
a feedback interconnection of a nonlinear component and an LTI
system. We demonstrate in this paper that it can be recast to
analyse the stability a feedback interconnection of two nonlinear
systems. In doing so, it explicitly leads to a frequency-dependent
(Q(w), S(w), R(w))-dissipativity result that can be used to recover
several known results in the literature, including small-gain, passivity,
and static (Q, S, R)-dissipativity [19].

The paper is organised as follows. The next section defines the
notation and provide the preliminaries for the paper. Section III
recapitulates three known results on feedback stability from the
literature — soft I1QC, dissipativity, and hard IQC. Section IV is
devoted to establishing the dissipativity based feedback stability result
using hard IQC theory. The feedback interconnection of two nonlinear
systems is studied using soft IQC theory from [1] in Section V.
Finally, concluding remarks are provided in Section VII.

II. NOTATION AND PRELIMINARIES

Let R, R™, RP*™, CP*™ denote the sets of real numbers, n-
dimensional real column vectors, p X m real matrices, and p X m
complex matrices, respectively. Given a matrix M € CP*™, its
complex conjugate tranpose is denoted by M™*. The transpose of
M € RPX™ is denoted by M. Let |z| = (xTx)% forz € R". A
matrix M € C"*™ is said to be positive (semi)definite, denoted by
M(>) > 0, if v*Muv(>) > 0 for all v # 0. M(<) < 0 is used to
denote —M(>) > 0. An M € R™ ™ is said to be Hurwitz if the
real parts of all its eigenvalues are negative. Denote by I, the n-
dimensional identity matrix. In the sequel, the subscript n is omitted
when the dimension is clear from the context.

Denote by L3 the set of R"-valued Lebesgue square-integrable

functions:
/ (b)) dt < 00 .
0
For v,w € L3, let

(uw):/ooov(t)Tw(t)dt and |[v]|* = (v,v).

Define the truncation operator (Prv)(t) = wv(¢) for ¢t < T and
(Prv)(t) =0 for t > T, and the extended space

Li. = {v:[0,00) = R" | Prv € Ly ¥T € [0, 00)}.

Ly = {1} :[0,00) = R"

Subsequently, the superscript n is often suppressed for notational
convenience. Given v, w € Lo, let

(v,w)T:/O o(t) "w(t)dt and |v|F = (v,v)r.



A system in this paper is taken to be an operator A : L. — Loe.
A is said to be causal if PrAPr = PrA for all T' > 0. A causal
A is called bounded if its bound [20, Section 2.4] is finite, i.e.

[Aulr _ [Au]

uE Loe,T>0:||ul|r#£0 ||UHT Hu”

Al = < o0

0#u€ Ly

The identity operator [ : Ly, — L3 satisfies I(f) = f for any
f € L5:. The zero operator 0 : Ly; — LB, satisfies 0(f) = 0 for
any f € L5.. Given two nonlinear operators Aq, Ao : L5y — L5 |
the nonlinear operator (A1 + Ag) : Ly, — LY, satisfies (A1 +
A2)(f) = A1(f) + Az(f) for any f € Ly;. Given four nonlinear
operators A;j : Ly’ — L5 with i, j € {1,2}, the packed nonlinear
operator

A Ag . ymi1t+ma P1+p2
|:A21 A22:| . L2e - LQE
satisfies
Ay Agg Sl [An(f) + Aw(f2)
Az Ao f2 AQl(fl) + A22(f2)

for any f; € L3t with ¢ € {1,2}. Given two nonlinear operators
Ay : Ly, — LB, and A, : LY, — LI, the composition of
these two nonlinear operators As o Ay : Ly, — Lge satisfies
Az o Ai(f) = Az (Ai(f)) for any f € L3:. Given a non-
linear operator A : L3 — L3¢, the inverse nonlinear operator
A7 LT — LT satisfies AT (A(f)) = f for any f € L.
The inverse of a composition of two nonlinear operators satisfies
Ao Al ' =AT oA

[
ua YA
G A
Yya ua
d

Fig. 1. Standard feedback configuration

The main object of study in this paper is the feedback intercon-
nection of causal systems A : Ly, — L5, and G : LY, — L3}
described by

Yo = Gug.
M
This is denoted by [A,G] and illustrated in Fig. 1. The notions

of feedback well-posedness and stability defined below are well
studied [20], [18].

Definition IL1. [A,G] is said to be well-posed if the map
(ua,ug) — (d,e) defined by (1) has a causal inverse Ha g on
L. [A, G] is said to be (finite-gain) stable if it is well-posed and

—e=ya —ug; d=ua—Yc; Ya = Aua;

Hac = M € Loe — {UA] € Loe
e uG
is bounded, i.e. there exists C' > 0 such that
T T
[ hea®F + luaPde <€ [ 1dOF + le(o)
0 0

for all d,e € La. and T > 0.

Define the graph and extended graph of A as,
respectively, 4(A) = {[y]€L2:y=Au} and 9% (A) =
{[y] € L2e : y = Au}. Likewise, define the inverse graph

and extended inverse graph of G as, respectively, ¥'(G) =

{[¥] € L2 : y=Gu} and . (G) = {[Y] € L2c : y = Gu}.
Let
B= {d) :R — C"™*™ | ¢ is piecewise continuous,
p(w) = ¢(w)" Yw ER
and supa(p(w)) < oo}7
weR

where G(-) denotes the largest singular value. Given II € B and
v € Lo, define the quadratic form

o(Il,v) = /jc (jw) T (w)d(jw) dw,

where © denotes the Fourier transform of v, ie. 9(jw) =
\/%7 I3 v(t)e 7@ dt.

Given a bounded causal system A and static matrices Q > 0,
R < 0and S, A is said to be ultimately dissipative [19] with respect
to (@, S, R) if o(II,v) > 0 for all v € ¥(A), where

_|1Q S
In particular, if S = 0, Q = 721 and R = —I, then A is said
to have bound «. On the other hand, if S = I, Q = —4I and
R = —el, then A is said to have input-feedforward passivity index

é and output-feedback passivity index e.
Given a linear time-invariant (LTI) G = u — y described by

= Az + Bu, z(0)=0
y = Cz + Du,
denote by G its transfer function representation, i.e.
G(s)=C(sI—A)~'B+D

and define G*(s) = G(—s) .

III. FEEDBACK STABILITY

This section summarises three feedback stability results adopted
from the literature. It sets up the preliminaries for the succeeding
section, where the relationship between the results is manifested and
discussed.

A. Soft IQCs

Consider the feedback interconnection [A, G|, where G is LTI
with a state-space realisation

& = Az + Bug,
ya = Czr 4+ Dug.

z(0) =z0 € R @)

The following feedback stability result based on soft IQCs is a
restatement of [1, Theorem 1]. Note that only rational multipliers
were considered in [1, Theorem 1], but this restriction may be
removed without affecting the result, as is done below.

Theorem IIL.1. Let A be a bounded causal (nonlinear) system and
G be of the form (2) with A being Hurwitz and z(0) = 0. Suppose
there exists 11 € B such that

(i) [rA, G] is well-posed for all T € [0, 1];

(i) o(Il,v) > 0 for all v € 4(TA), T € [0,1];

(i) o (I, w) < —¢llw||® for all w € 4'(G) and some ¢ > 0.
Then [A, G] is stable.

Remark IIL.2. It may be shown that condition (iii) in Theorem III.1
is equivalent to

] [ <0 v



See, for example, [21, Proposition 4].

B. Dissipativity

Consider the feedback interconnection [A, G] where G is given
by (2), and an LTI operator ¥ with a state-space realisation

£ = A&+ Byv, £0)=0
z = C\pf + Dyv.

The following result is taken from [16, Theorem 13 and Lemma 17].
In the statement of the result, we have imposed an additional well-
posedness assumption on the feedback interconnection and causality
requirements on the open-loop systems so that they are in line with
the definition of feedback stability in Definition II.1.

3)

Theorem IIL.3. Given a causal (nonlinear) system A and an LTI
system G of the form (2), suppose there exist Z =7, X = X | =
[y;(i );22 , P = PT, and U of the form (3) with a Hurwitz; Ay
such that

i) [A, G] is well-posed when z(0) = 0;

(i) (Tv, POv)r —&(T)TZE(T) > 0 forallv e G, (A), T > 0;

(iii)
&(r (T)
) <[]+t pee
+e(lElT + llzll7 + lull7) < 2(0) " X2(0)
forall [Y] €9, (G), z(0) € R", T > 0 and some € > 0;
@v)

Xi5 X2
If £(0) = 0, then [A, G] is stable.

Mo Bz X,

Even though Ay is not assumed to be Hurwitz in [16, Theorem
13], one can observe from the proof of the theorem that £ € Lo for
any z(0) € R™. This means that even if Ay is not Hurwitz to begin
with, the unstable modes in £ are never excited as far as establishing
feedback stability is concerned. Thus, one can assume without loss
of generality that Ay is Hurwitz, as is done in Theorem IIL.3.

Note that the open-loop boundedness of G and A is not assumed
in Theorem II1.3. Moreover, it has been shown in [15] that Theo-
rem III.3 encompasses Theorem III.1 when the multiplier II therein
is restricted to be real-rational proper; see also [16, Theorem 30].
This means Theorem II1.3 is more general than Theorem III.1 under
the aforementioned real-rational restriction on II and provides a tight
relationship between dissipativity and soft IQC theory of the type
described in Theorem III.1.

C. Hard IQCs
The following feedback stability result based on hard IQCs may
be specialised from [3, Theorem IIL.1].

Theorem IIL4. Given causal (nonlinear) systems A : L3, — L%,
and G : L5, — L35, suppose [A,G] is well-posed and there
exist linear bounded causal multipliers ® : L3P — L% and
I : L7 — LY, such that

(Ov,IIv)r > 0Vv € 4. (A), T >0

(Ow, TIw)r < —€||w||F Yw € 9, (G), T > 0.

Then [A, G] is stable.

and

An instance of the hard IQC theorem above may be found in [22],
where the multipliers ® and IT take specific forms corresponding
to ‘mixed’ small-gain and passivity properties. Notice that similar

to the dissipativity based feedback stability result in Theorem III.3,
the open-loop systems in the hard IQC based Theorem III.4 are not
required to be bounded. Importantly, the next section shows that
Theorem III.3 may be recovered from Theorem II1.4, and hence the
latter also subsumes the soft IQC based Theorem III.1. It is worth
noting that the hard IQC based Theorem II1.4 can be recovered by a
more general soft IQC based result equipped with a homotopy that
is continuous in the directed gap, as detailed in [3].

IV. DISSIPATIVITY AND HARD IQCS

The purpose of this section is to demonstrate that whenever
the conditions in the dissipativity-based Theorem IIL.3 hold, the
complementary hard IQC conditions in Theorem III.4 also hold, so
that feedback stability may be concluded using the latter. In other
words, the latter theorem is more general. First, a couple of lemmas
are established.

Lemma IV1 Let ¥ = 11 — z be given in (3) and the LTI system

€= Ag&+ Byv, £(0)=0
z1 = Cg€ + Dyv
1 w w (4)
Z9 = f
= Aq;§ + Bywv.
Also, let P=P", Z=2", and
P 0 0
Q=10 0 -z
0 -Z 0
Then,
(W, POv)r — {(T) " ZE(T) = (B0, QPv)r
forall v € Lae, T > 0.
Proof: Note that
(v, POv)p — €(T) T Z&(T)
T
d
= (Wo, POo)r — [ = (&(t) Z6(1) dt
0
= (®v, PRv)r — 2(¢, Z) 7
= (®v, QPv)r.
The claim thus follows. |

Lemma IV.2. Let the suppositions of Lemma IV.1 hold, X = X T =
l;{i );122 , and G have the form (2) with (0) = 0. Then, conditions
iii) and (1v) in Theorem II1.3 imply that
(@[4],Q2[4)r < el [4]I7
forall [Y] € 9. (G) and some € > 0.

Proof: First note that condition (iii) with z(0) = 0 implies that

&))" [6T) ’ (el a2
5] x50 + e e L+ el 4 i) <0

for all [¥] € 4.(G) and T > 0. Using condition (iv), this then
implies that

—&(T) " Z&(T) +
By Lemma IV.1, this is simply
(@[4],Q2[U])r < —e(llzl|7 + [lullZ)-
Since y = Cx + Du, it follows that there exists € > 0 such that

(@[], Q2 [4N)r < —&l [T,

(@4, PO [E]D)r < —ellelT + lull?).



as required. |
The main result of this section is now in order.

Theorem IV.3. [f the suppositions and conditions in Theorem II1.3
hold, then the suppositions and conditions in Theorem I11.4 hold.

Proof: This follows by combining Lemmas IV.1 and IV.2, and
taking ®@ = ®, IT = Q® in Theorem II1.4. |
Theorem IV.3 shows that the dissipativity-based Theorem II1.3 can
be established via the hard IQC based Theorem II1.4. In other words,
the latter is more general than the former. It is noteworthy that an
asymptotic stability version of Theorem III.3 may also be recovered
from a more general result on dynamic dissipativity [23].

V. FEEDBACK INTERCONNECTION OF TWO NONLINEAR SYSTEMS

This section examines the feedback interconnection of two
bounded nonlinear systems each satisfying a soft IQC that can be
selected independently of the other and provides an approach to
robust stability analysis using the standard soft IQC Theorem III.1
developed in [1]. The latter was originally established for a feedback
interconnection of a nonlinear component and an LTI system, and
hence is not directly applicable to the study of a feedback intercon-
nection of two nonlinear systems.

Theorem V.1. Let Ay and Ay be bounded causal (nonlinear)
systems. Suppose there exist 111,112 € B such that

(i) [TA1,TA2] is well-posed for all T € [0,1];
(i) o(Il;,v) >0 forall v € 9(TA;), 7 € [0,1], i € {1,2};
>iii) for some o > 0,

H'IL (W) H + oIl (w) <0 Vw € [0,00],

where 0 7
w=7 )
Then [A1, As] is stable.
Proof: Let
Ay 0
A- [ : AJ .

The equivalence between well-posedness (resp. stability) of [TA, H]
and well-posedness (resp. stability) of [TA1, 7As] is established via
the following chain of equivalent reformulations:'

[TA, H] is well-posed (resp. stable)

< [HoTA,I]is well-posed (resp. stable) {since H is linear and
unimodular in RH . ; in fact H is static and invertible; see [24,
Lemma 3.1]}

I
—HotA I
(resp. casual bounded inverse) on L2, {via Definition II.1 and
feedback equations (1)}
< the nonlinear operator

I R N ]

< the nonlinear operator has a casual inverse

I -1 0 1 I -1

has a casual inverse (resp. casual bounded inverse) on Lo,
{since

I A I 1 ()
Sl B (%)

I'We do not distinguish between an operator H and a matrix H as the
relevant object is clear from the context.

_ | _1[] ([(I—I]glo_rgxfnb

(e

| Ji—fa }
|fo— HoTA(f1)

T -1 f1
|-HoTA I] ([f2:|>
for any f1, f2 € Lae}
< the nonlinear operator (I — H o7A) has a casual inverse (resp.
casual bounded inverse) on L2 {by inspection}
—T AQ
—T A1 I
(resp. casual bounded inverse) on L2, {simple rewriting}
< [TA1,7A:] is well-posed (resp. stable) {via Definition II.1
and feedback equations (1)}.
Therefore, it suffices to establish that [A, H] is stable. Let II; be
partitioned conformably as

11
I — 3(11)
’ |:Hi(21)

~ o '~ o

< the nonlinear operator has a casual inverse

IT;(12)
IT;(22)

By hypothesis (ii), it holds that
o(Ilq,v) >0 Yve¥9(rA),7€[0,1],a >0,

where
Ty (11 0 1T, (12) 0
. — 0 06H2(11) 0 06H2(12)
o=
Iy (21) 0 1T, (22) 0
0 OZH2(21> 0 OCHQ(QQ)

Therefore, by hypothesis (i), Theorem III.1, and Remark III.2,
[A, H] is stable if there exists o > 0 such that

m*na(w) m <0 Ve [0, 00].

This is simply hypothesis (iii). |

Remark V.2. Note that in Theorem V.1, if II;(11)(w) > 0 and
IT;(22)(w) < 0 for all w > 0, then o(IL;,v) > 0 for all v € F(A;)
if and only if o(IL;,v) > 0 for all v € ¥(TA;), T € [0, 1].

It can be seen that while condition (ii) in Theorem V.1 allows for
the IQCs for the open-loop systems to be selected independently,
the frequency-dependent multipliers that define the IQCs are coupled
in a specific fashion in condition (iii). In the case where II;(w) is

expressed as
_ | Qi(w)  Si(w)
Hl(w) = [Sl(w)* Rl(W):| )

Theorem V.1 can be seen as a frequency-dependent
(Q(w), S(w), R(w))-dissipativity result because conditions (ii)
and (iii) in Theorem V.1 are similar (though not identical) to the
corresponding conditions in the classical (Q, S, R)-dissipativity
result with static @, S and R matrices (cf. Corollary V.5).
Theorem V.1 may be used to characterise a myriad of interesting
open-loop properties, such as “mixed” small-gain and passivity in
similar spirits to [25].

In what follows, we specialise Theorem V.1 to three classical
results.

A. Small gain

First, we show how Theorem V.1 specializes to the classical small-
gain theorem [26] for the feedback interconnection of two nonlinear
systems.



Corollary V.3. Let A1 and Az be bounded causal (nonlinear)
systems. Suppose [TA1,TA2] is well-posed for all 7 € [0,1].
For i € {1,2}, let A; have bound -, i.e. o(Il;,v) > 0 for all
v € G(A;), where

I, = [%'2 ro ] .

0 -1
Then [A1, Ag] is stable if y1v2 < 1.

Proof: Apply Theorem V.1 and Remark V.2 with @ = 7% + ¢
and € > 0 being sufficiently small. |

B. Passivity indices

Next, we show how Theorem V.1 specializes to the classical
passivity theorem [18] for the negative feedback interconnection of
two nonlinear systems.

Corollary V4. Let A1 and Az be bounded causal (nonlinear)
systems. Suppose [T A1, —TA2] is well-posed for all T € [0,1]. For
i € {1,2}, let A; have input-feedforward passivity index 6; < 0
and output-feedback passivity index ¢; > 0, i.e. o(Il;,v) > 0 for all
v € 9(A;), where

m, — {—&I I ] .

I —GiI
Then, [A1, —A3] is stable if 61 + €2 > 0 and §2 + €1 > 0.

Proof: Define Ay = —A and apply Theorem V.1 and Re-
mark V.2 with a =1 to [A1, Ag]. |

C. (Q, S, R)-dissipativity

Lastly, we show how Theorem V.1 specializes to the classical
(Q, S, R)-dissipativity theorem with static @, S, and R matrices [19]
for the positive feedback interconnection of two nonlinear systems.

Corollary V.5. Let A1 and Ag be bounded causal (nonlinear)
systems. Suppose [TA1,TAs] is well-posed for all T € [0,1]. For
i€ {1,2}, let Q; > 0, Ry < 0 and A; be ultimately dissipative
with respect to (Qi,S;, R;), i.e. o(Il;,v) > 0 for all v € G(A,),

where 0 g
Then [A1, As] is stable if there exists a > 0 such that
Ri+aQ: S{ +aS;
T < 0.
S1 + aSy Ql + aRs
Proof: Straightforward application of Theorem V.1 and Re-
mark V.2. u

VI. NUMERICAL EXAMPLE

In this section, we provide a numerical example of two uncertain
nonlinear systems in a positive feedback interconnection to illustrate
Theorem V.1.

Let A; operate on a scalar input signal u to produce a scalar
output signal y, i.e. y = Aju, according to the nonlinear state-space
representation

. M 2i+1
1 =u—ar1—y,, bz,
l"Q =Uu— T2,

Yy =1 — T2,

A =

where x1 and 2 are states, 21(0) = z2(0) =0,a > 1,b; > 0Vi €
{—N,...,M} and N,M € Z>¢ (i.e. non-negative integers). It is

easy to see that A; is causal, bounded and satisfies condition (ii) of
Theorem V.1 with

% —jw
N T—jw
H1(w) = |:1j.;:;w 731 :|
by invoking Remark V.2. It is also clear that A; is an uncertain
nonlinear system since its parameters a and b; are allowed to take a
range of values.

Now, let Ao operate on scalar signals according to the nonlinear
map (A2v)(t) = §(v(¢)), where ¢ is an odd function on R such
that %(m) lies in the sector [0, k| for some constant k£ > 0. It is
clear that A, is a static, monotonic, and odd nonlinearity (hence
also causal and bounded). Therefore, by Section VLK in [1], A2
satisfies condition (ii) of Theorem V.1 with

. 0 1+ Z(jw)
T 1+ Z(—jw) =24 Z(jw) + Z(—jw)]/k|’

where Z € B is arbitrary except that [*°_|z(t)|dt < 1 with z(t)
being the impulse response of Z. This is known as a Zames-Falb
multiplier Z [17].

The well-posedness condition (i) of Theorem V.1 is trivially
fulfilled since A; does not have a direct feedthrough term. What
remains to be verified is whether we can find a Z that satisfies
condition (iii) of Theor?m V.1 for some k > 0.

Choosing Z(s) = %

H2 (w)

with o > 1 gives

HIL (W) H + ofl = .
1) 2= 1ha - -2

By selecting & = 1 and any k£ < %, condition (iii) of Theorem V.1 is
satisfied and hence the positive feedback interconnection of the two
uncertain nonlinear systems A; and Aj is stable via Theorem V.1.

VII. CONCLUSIONS

Within the context of input-output feedback stability analysis, we
completed the picture involving integral quadratic constraint (IQC)
and dissipativity with respect to quadratic supply rate approaches
by showing that hard IQC theory generalises the dissipativity-with-
terminal-cost approach, which in turn encompasses the classical soft
IQC theorem from [1] as shown in [15], [16]. Hard 1QC theory is
itself subsumed by a more general soft IQC theory equipped with
gap-continuous homotopies, as established in [3].

We also demonstrated how the classical soft IQC theorem from [1],
originally developed for a feedback interconnection of a nonlinear
component and an LTI system, can be recast to investigate the robust
stability of a feedback interconnection of two nonlinear systems.
This directly yields a frequency-dependent (Q(w),S(w), R(w))-
dissipativity analysis result which was then shown to reduce to small-
gain, passivity, and static (Q, S, R)-dissipativity results.

Interesting future research directions include studying connections
between dissipativity, IQC, and Lyapunov theories for input-state-
output systems and incremental-type stability results.
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