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This paper presents a novel method for constructing controllers for a class
of single-input multiple-output (SIMO) linear parameter varying (LPV) sys-
tems. This class of systems encompasses many physical systems, in particular
systems where individual components vary with time, and is therefore of sig-
nificant practical relevance to control designers. The control design presented
in this paper has the properties that the system matrix of the closed loop is
multi-affine in the various scalar parameters, and that the resulting controller
ensures a certain degree of stability for the closed loop even when the pa-
rameters are varying, with the degree of stability related directly to a bound
on the average rate of allowable parameter variations. Thus, if knowledge of
the parameter variations is available, the conservativeness of the design can
be kept at a minimum. The construction of the controller is formulated as
a standard linear time-invariant (LTT) design combined with a set of linear
matrix inequalities, which can be solved efficiently with software tools. The
design procedure is illustrated by a numerical example.

1 Introduction

Many nonlinear systems can be formulated within the framework of linear
parameter varying (LPV) systems and, as a consequence, LPV systems have
received much attention in the control research community within the last
two decades.



2 Brian D. O. Anderson, Alexander Lanzon, and Jan Bendtsen

U — Y

—=O— M(s)! ~ Nis) —=O—

Fig. 1. Perturbed plant represented using coprime factorizations.

In general, LPV systems are systems that can be described by linear trans-
fer functions or state space realizations, but where certain parameters in the
description are non-constant. Obviously, such a description is quite general;
it captures, for instance, many nonlinear systems that can be modeled using
linearized dynamics, but where the parameters vary as the operating point
changes. Many examples of such systems can be found in the literature; [1]
describes a method for formulating LPV models of propagation phenomena
and shows two examples involving temperature control for a plate cooled by
convection and mass flow rate regulation in a pneumatic network. [2] con-
tains an example of gain scheduled H., control design for the pitch axis of a
(simplified) LPV model of a missile. [3] shows how to write the Van der Pol
equation in LPV form; and so forth.

Due to the close relation to LTI plants, it is natural to want to use gain
scheduling techniques to control LPV plants. Care must be exercised, how-
ever, when designing gain scheduled controllers that do not explicitly take
into account the rate of parameter variations for LPV plants, since a gain
scheduled closed-loop system can become unstable unless the scheduling hap-
pens “sufficiently slowly” [4]. It is thus desirable to take knowledge of the
rate of parameter variations into account in the design, since otherwise one
may be forced to introduce conservativeness by allowing arbitrarily fast vari-
ations. [5] provides a general survey of gain scheduling techniques and also
lists references to various applications.

1.1 Systems of Interest

In this paper, we are interested in LPV plants where the parameter depen-
dence can be written using a matrix fractional description, and where the
parameter dependence terms are affine or in fact multi-affine in the parame-
ters.

Specifically, we look at SIMO plants that permit a description of the form

P(\,s) = (N(s) + Na(s)A)(M(s) + Ma(s)4) ™" (1)

where N(s), Na(s), M(s) and M4(s) are appropriately chosen stable transfer
function matrices and N(s), M (s) are coprime factors over RHo of P(0,s),
and A is a vector multi-linear in some scalar \;, thus
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with A = [)\1,...,)\T]T € Adpox = {—5\1' < AN < j\i,i = 1,...,7‘}. The
term multi-affine allows products of different A;, but no powers. The vec-
tor A describes the variation from a specific ’central’ or 'nominal’ value of
the LPV system. This configuration is illustrated in Figure 1, from which
it is clear that with A\ = 0, the system is described by the 'nominal’ plant
P(0,5) = N(s)M(s)~L.

Reference [6] pointed out that many physical linear systems with variations
in individual physical parameters could be modelled in this way; essentially,
the only restriction is that the varying components must not allow cross-
couplings of energy storage. Examples of systems with multi-affine dependence
on parameters thus include electric circuits where individual components such
as resistors, capacitors and inductors vary, corresponding mechanical systems
(masses, friction coefficients, inertias etc.), thermo-dynamical systems (fluid
storage, valves etc.), and so forth3.

Such systems often arise as a selection of linearizations of a nonlinear plant
in various operating points, but may also appear from applications of system
identification or from first-principles modeling (see e.g. [7]). Note also that
parameter variations in physical systems may not be symmetrical about a
central value of zero in the way implied by the definition of Apox above; how-
ever, it is always possible, through a simple variable substitution, to rewrite
the system such that the parameter variation becomes symmetrical.

We are going to embed the problem of designing controllers to stabilise
the plant set of (1) within the problem of designing controllers to stabilise a
larger set of plants. Denote the 2" corners of Apox by Acor- Thus A € A¢or if and
only if A; = £, for each i. Call the set of such \ values Acori, 4 € {1,...,27}.
Each corner value of X\ gives rise to a plant P(Acori, $). It is not hard to see,
and indeed argued in [8], that for a generic value of A generated by a generic
A € Apos, there exists a set of nonnegative weights §; summing to 1 such that

2"
N(s) + Na(s)A =D 6[N(s) + Na(s)Acori] (2)
i=1
Indeed, we review this below, where it is also pointed out that the same
set of §; yield

-
M(s) + Ma(s)A =Y 8i[M(s) + Ma(s)Acori] 3)

=1

3 Note that sometimes the entry corresponding to an individual A; may correspond
to the inverse of a physical component value rather than the component value
itself; this is of course not relevant in terms of stability etc., since e.g., the behavior
of an electric circuit may be equally well described by a resistor’s conductance as
by its resistance.
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[Here, A.or; denotes the value of A corresponding to Acori]- So we cover all
plants of the set (1) by considering all plants of the form

P(d,s) = {Z Gi[N(s) + NA(S)Acm]}{Z 0i[M (s) + Ma(s) Acori]}

5;>0 Y 6i=1 (4

Call the set (1) Sy and call the set just defined Ss. There holds Sy C Ss.
We will actually explain how to design controllers for the set Ss.

The construction of the §; from a particular A can be made independent
of N4(s), M(s) etc, as indicated in the following argument, referred to in [9],
which is a minor development of [8]. Let g(A1, A2, ..., Ar) be any multi-affine
function of the A;, with —1 < \; < 1.Then successive use of the multi-affine
property yields:

(A1, A2, A) = (1/2)(1+A1)g(L, Agy oo, A )+(1/2)(1=A)g(=1, Ao, .. E\r))

(1/2)(1+ A)[(1/2(1 4+ X2)g(1,1, A3, ..., A)
+ (1/2)(1 = A2)g(1, =1, A3, ..., Ap)]
+(1/2)(1 = A)[(1/2(1 4+ A2)g(—1,1, Az, ..., Ap)
+ (1/2)(1 = A2)g(—1,—=1,As,. .., \)]

- ) Z (1/2T)[1 + (—1)i1)\1][1 + (_1)1’2)\2]

A CD)TAG (DT (D (1)) (6)

The §; are evidently the quantities (1/27)[1 + (—1)A\{][1 + (=1)% 3]

... [14(=1)* X\;]. We shall describe this decomposition as the standard convex
representation.

Now, in order to treat the controller synthesis problem and furthermore
be able to handle time-varying parameter values without losing stability guar-
antees, we will appeal to two different (though somewhat related) approaches
for dealing with LPV systems. The first approach relates directly to affine
parameter dependencies, but does not consider time variation. This idea was
developed in [9], which considered strict positive realness of families of trans-
fer function matrices and [10], which provided a convex parameterization of
all fized controllers that simultaneously stabilize a parameter-dependent sys-
tem for any permissible fixed values of the parameters. The second idea was
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developed in [11] and relates the rate of parameter variation for time varying
systems to degree of stability. We will briefly review the latter ideas in the
following section.

1.2 Robust Stability Results for LPV Systems

Reference [10] addressed the synthesis of robust controllers for linear time-
invariant systems. The uncertain real parameters were assumed to appear
linearly in the closed loop characteristic polynomial, and the parameters were
assumed to lie in a bounded set, i.e., a description that matched the setup in
(1). The paper proceeded to give a convex parameterization of all controllers
that stabilize P(A,s) for fized frozen values of A. The stability proof, which
was directly inspired by [9], relied on showing the equivalence between the
stability of a certain transfer function involving the parameters in an affine way
and the existence of a frequency-dependent (stable, positive-real) multiplier 7
such that the inverse of the transfer function multiplied by 7 has positive real
part for all frequencies. If a 7 can be found, it is then possible to compute a
controller that is independent of A and that stabilizes P for any value of A.
However, no stability guarantees were given if the parameters are allowed to
vary.

In the method presented here, the controller is allowed to depend on the
time varying parameters; in fact, some of the parameters in the controller will
be tracking the parameters in the plant directly. This offers the prospect of
better performance, or ability to deal with a larger uncertainty set.

A significant contribution of this paper is to give a theoretical justification
for being able to tolerate time varying parameters in a setup somewhat similar
to the one given in [10]. To this end, we will appeal to the second approach
to dealing with systems that are affine in the parameters mentioned in the
previous subsection.

Recall that an autonomous linear time varying (LTV) system

X(t) = AA®)x() (7)

where y € R” is the state vector and A € Apox C R” is a parameter vector
describing the variation in the system parameters at time t, is said to be
exponentially asymptotically stable with degree of stability v > 0 if there exist
real scalars ¢, > 0 such that for all x(¢o) and ¢t > o, we have

()€ < el (to) [l e 1)

Reference [11] dealt with systems of this form for which the existence can
be demonstrated of a quadratic Lyapunov function xT P(\)x with P()\) =
PT()) positive definite, multi-affine in A, and such that

ANTPN) 4+ P(V)AN) < —20P()) (8)
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[Existence of such P()) is demonstrated in [11] for the case where A(X\) =
A+ h(N)g? with h(\) € R™ affine in the elements of \; we will however not
appeal to this part of reference [11]]. Equation (8) ensures that for any frozen
value of A, the eigenvalues of A(A) lie to the left of Re[s] = —o. Propositions
5.1 and 5.2 of reference [11] proceed to quantify the stability of the system
(7) in terms of the permissible rate of change of parameter variation.

Theorem 1. For A € Apoy, let A(N) be a set of n X n matrices such that there
exists a positive definite symmetric P(X\), multi-affine in A, satisfying (8) for
some o > 0. Then the time-varying system (7) is exponentially asymptotically
stable with degree of stability v € [0, 0) if there exist T > 0 and €1, €2; > 0,1 =
1,...,7r such that for alli=1,...,r and all t > 0 we have

Ai(t) € [=Ai + €14, Ai — €24 (9)

and -
dln 31X

t+T T 2Tt A
sup/ S22 gy < 40— ) (10)
t

t>0 i1 dT
Proof. See [11].

This theorem implies that if it is possible to synthesize controllers for an
LPV plant such that the closed loop is o-Hurwitz for all (frozen) values of A,
and an associated quadratic Lyapunov function can be found with multi-affine
dependence on A, then we will have stability guarantees for the time-varying
closed-loop system provided known bounds on the average rate of variation
of A are observed. It is important to note here that (10) is a bound on the
average rate of parameter variation, and that abrupt parameter variations
such as steps are allowed, as long as they occur sufficiently infrequently.

1.3 Contribution of This Paper

The contribution of this paper is thus to provide a method for constructing
controllers for such systems with the property that the A-matrix of the closed
loop has the crucial property set out in Theorem 1. The construction of these
controllers is formulated by means of a set of linear matrix inequalities, which
can be solved efficiently with readily available software tools. If these matrix
inequalities are feasible, the resulting controller ensures a certain degree of
stability for the closed loop with any allowed constant parameter vector, and
we can then quantify the rate at which the parameter variations are allowed
to occur if certain extra conditions are satisfied, and build this knowledge into
the controller. This provides a potential for less conservative design than other
LFT-based methods in the sense that the resulting gain scheduled controller
does not have to take unreasonably fast parameter variations into account.
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1.4 Notation

Note that throughout the paper, 0 and I indicate zero and identity ele-
ments of appropriate vector spaces (of compatible dimension). RHEX™ de-
notes the space of all proper, real rational stable transfer matrices mapping
m-dimensional input signals to p-dimensional output signals. A system P(s)
is o-Hurwitz if P(s + o) € RHEX™.

We will also use the notion of a Laguerre basis (see e.g., [12]). If a transfer
function matrix P(s) with m inputs and p outputs can be written as

P(s) = PBk(s) (11)
where

p: [PO Pl PIJ ERPX(IH_l)m,
T
. 2_g 2_g 2 2_s k
B = 1 (552 1 (322) 1 (32) 1]

for some 7 € Ry and k € Z,, then P(s) obviously belongs to RHEX™. Finally,
Co{-} denotes the convex hull of (-).

1.5 Outline of paper

The outline of the rest of this paper is as follows. In the following section we
provide an overview of the systems we are considering and discuss how to han-
dle the parameter dependencies in a matrix fractional description of the plant
and controller. Then, in Section 3, we formulate a finite set of linear matrix
inequalities, which, if feasible, provides a controller that not only stabilizes the
plant under consideration for all possible parameter values, but also preserves
the appropriate parameter dependency for the closed loop characteristic poly-
nomial allowing application of Theorem 1. In Section 4 we provide an explicit
implementation of our proposed design procedure. Finally, we present a nu-
merical example illustrating the method in Section 5 and make some closing
remarks in Section 6.

2 LPV Framework

As stated in the introduction, we will employ a matrix fractional description
of the plant with parameter variations and demonstrate the existence of a set
of synthesis LMIs which, if feasible, will provide a controller that stabilizes
the LPV system for all permissible values of A, and which allows A to vary
with time. As will be shown, the controller constructed in this way depends
on A and the closed-loop characteristic polynomial of the controller-plant in-
terconnection will have multi-affine dependency on A.
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2.1 Plant and Controller fractional descriptions

Let P be a SIMO plant of the form (1), i.e., mapping a single input signal to
p > 1 output signals; we assume the parameter dependence allows us to find
stable transfer functions N(s) € RHEXL Na(s) € RHEX!, M(s) € RHIX!
and M4(s) € RHLX! such that

P(\,s) = (N(s) + Na(s)A)(M(s) + Ma(s)4) ™" (12)

where
A=A A2 A A A2, A1 A A A AT

with A = [, .., AT € Mdpox = {=A <X < \iyi=1,...,7}. One can check
that [ = 2" — 1. This configuration is illustrated in Figure 1, from which it is
clear that with A\ = 0 we have the nominal LTT plant P(0,s) = N(s)M(s)"L.

Specifically, N(s) and M(s) are chosen to be right coprime factorizations
of P(0,s), while Ns(s) and M,(s) are chosen such that N(s) + N4(s)A and
M (s) + Ma(s)A represent a right coprime factorization of P(A,s) over RH oo
for almost all A € Apox. There is a nontrivial assumption buried here. Note
though that a continuity argument shows that the coprimeness existing at
A = 0 persists for sufficiently small values of A. So the assumption is harmless
in a suitably small region. Also, in case p > 1, one could argue generically
that the zeros of the scalar denominator are never likely to be simultaneously
zeros of all entries of the vector numerator in (12), even if as A varies, these
zeros may move backwards and forwards along the real axis in the complex
plane.

We shall further assume that N4 and M, are strictly proper; if the form of
P(), s) arises as described in Section 1.1 or reference [6], this will occur. Using
this matrix fractional description, we define the following transfer function

N(s)+ Na(s)A
G(Ars) = [M(s) M)A

We now postulate a controller of basically the same structure as the plant,

] € RHEPHUXL, (13)

ie.,

C(\,5) = (V(s) + ATVa(s)) U (s) + ATUA(s)) (14)
where U(s) € RHLXP, V(s) € RHLXY, Ux(s) € RHEP and Va(s) € RHIX!
are chosen such that U(s),V(s) are left coprime factors over RHo of the
nominal controller C(0,s) and U(s) + ATU4(s) and V(s) + ATV, (s) represent
a left coprime factorization of C(),s) over RHo for almost all A € A\poy. In
fact, C'(0,s) = V(s)'U(s) should be designed (using any standard method)
to stabilize the nominal plant P(0,s) = N(s)M(s)~! and indeed achieve other
specified performance objectives. C'(0,s) might for instance be designed to
provide certain stability margins etc.

Analogously with G, we introduce the transfer function
K\ s) = [~U(s) = ATUA(s) V(s) + ATVa(s)] € RHLZPTD  (15)

corresponding to the controller C'(}, s).
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Fig. 2. Closed loop of plant and controller.

2.2 Internal Stability and Multi-affine Parameter Dependence

The controller is placed in closed loop with the plant as depicted in Figure 2.
The internal stability of the closed loop can then be determined by examining
the collection of transfer functions

P(\,s)
I
= G(KG) 'K (16)

H(P,C) = [ } (I—C(A\ )P\, s8)" " [-C(A,s) I]

Inserting the plant and controller factorizations in this expression yields

N+ N4 71f<
M+ MpA

=G (VM = ON)+ AT(VaM = UaN) + (VM — UNa)A

H(P,C)=G <[_z7 —ATU, V + ATV,] [

~ ~ -1 _
L ATV My — UANA)A) K (17)

where the dependencies on s have been suppressed in the notation for the sake
of brevity.

Note that the inverted term in the above expression is a scalar function
of the entries of A and thus of \; this term (without the inverse) plays the
role of the characteristic polynomial of the closed loop transfer matrix of the
controlled system including the A-dependence. Since both G and K are stable
transfer functions, the zeros of this “characteristic polynomial” determine the
stability of the closed loop, as any unstable poles must occur here. In order to
yield the desired multi-affine dependence on A of the closed-loop characteristic
polynomial, this scalar denominator must be affine in A (cf. [6]), which is
equivalent to enforcing Vi (s)M(s)—Ux(s)N4(s) to be skew-symmetric. Since
N, (s) and M4(s) are given from the plant description, it is clear that we must
choose Ux(s) and Vj(s) to achieve this.

Towards this end, let

_ Ny (p+1)x1
F= |:MA:| € RHE (18)
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and suppose the normal rank of F' is r. When r < p+ 1, F has a nontrivial
left kernel of dimension ¢ = p 4+ 1 — r. We pick a basis for this kernel F'+ €
RHL P that has full row normal rank and satisfies FL(s)F(s)=0V¥seC
(such an F'* always exists when r < p+1 and this is easily seen via a McMillan
decomposition of F'). We shall further require that F* is strictly proper. This
is a mild restriction, but appears necessary for the results to follow. The case
r < p+1 is guaranteed to arise when [ < p+ 1, a situation which corresponds
to having at least as many outputs as scalar parameters. The case may arise
even if | >= p+1, but it is not generic. If p = 1, i.e. we are working with SISO
systems; then » = 1 when there is one scalar parameter only. When r = p+1,
there is of course no nontrivial left kernel for F'; for consistency of notation

however, we let ¢ = 1 and set F- =0 € RHL ®*1) Then a simple choice
[—ﬁA(s) f/A(s)} =a(s)FL(s) + FT(s)8(s) (19)

with an arbitrary a € RHX? and an arbitrary 8 € RH&gtl)X(p T that
satisfies 3 = —47 (i.e. is skew-symmetric) does the job, since Vy(s)Ma(s) —
Ua(s)N4(s) is clearly skew-symmetric and hence

AT (Vy(s)Ma(s) — Ua(s)Na(s))A=0Vs € C.

Moreover, some lines of linear algebra shows that (19) includes all possible
choices which ensure the quadratic form is zero. Notice for future reference
that Ua(s) and V4(s) are necessarily strictly proper.

For notational convenience, we define

P(s) = V(s)Ma(s) = U(s)Na(s) (20)

Inserting this expression in equation (17), we arrive at

H(P,C) = G(), s) [[V(S)M(s) — U(s)N(s)] + B(s)A

—1 _

+ AT[a(s)F*(s) + FT(5)8(s)]G(0, s)] K\ s).

Note that there is no loss of generality in forcing the nominal controller co-
prime factors V and U to satisfy the Bezout identity V (s)M (s) — U(s)N(s) =
1, as can be seen from the following argument. Consider V (s)M (s)—U (s)N(s) =
Z(s) # 1, where Z(s), Z(s)™! € RH since the nominal controller is assumed
to stabilize the nominal plant. Then it will be possible to extract a common
factor Z(s)~! on the right of (KG)~!, which cancels the common factor Z(s)

that can be extracted on the left of K (X, s).

3 Controller Synthesis

We are now ready to state our main results. We first present a controller
synthesis result, and then show that the corresponding controller-plant inter-
connection has an appropriate multi-affine parameter dependence that allows
us to invoke Theorem 1 in order to deal with time variations.



LMI-based Gain Scheduling 11
3.1 Parameter-dependent controller construction

The synthesis result presented in the following theorem relates the existence
of a parameter-dependent controller to the feasibility of a set of linear matrix
inequalities.

Theorem 2. Consider the plant P()\, s) given in (12) where
A=A A2 A A2, A A A e AT =2 — 1

and the parameter vector \ belongs to the polytope Apox = {A € R" : —); <
Ni < Xiyi = 1,...,7}, and assume that the fractional description in (12)
is coprime for all X € Npog, with Na(s) and Mx(s) strictly proper. Assume
furthermore that a nominal LTI controller C(0,s) that stabilizes P(0,s) has
been found and let C(0,s) = V=1(s)U(s) be a left coprime factorisation over
RHoo such that U,V satisfy the Bezout identity V(s)M(s) — U(s)N(s) = 1.
Then there exists a controller C(\,s) of the form (14), where Ua(s)
and Va(s) are chosen in accordance with (18), (19) and the associated re-
marks, that stabilizes P(A,s) for all (frozen) A € A if there exist integers
Ni,Na, N3 € Z, constants 11,72, 73 € Ry and matrices IIe RlX(N1+1),f €
RIxa(N2+1) =, — —EZT € RPHUXH) for 4 € {0,1,..., N3} that satisfy

Re{ [1 + & (jw) AT BN (jw) + AT [ BY? (jw) F - (juw)
+ FT(jw) [Z0 21 ... En,] BiZS(jw)]G(O,jw)} >0 (21)

for allw € RU{oco} and all A = Acori, where Acori denotes the value assumed
by A when X\ € Acori, 4-€. A assumes a value at a corner of A\pox, and where

G,F,F+ & are all defined in Section 2.

Proof. We shall first establish that (21) is a necessary and sufficient condition
for the stability of a closed loop formed from one of the set of plants Ss, and
an associated controller. The set Sy of plants (12) is a subset of Sy, and thus
establishing the claim for Ss will yield the result for Sy. To establish the claim
in relation to Ss, we shall link a series of equivalent statements.

Consider the plant set introduced in Section 1 defined by

P(é, 5) = {Z(sz[N(S) + NA(S)Acori]}{Zéi[M(S) + MA(S)Acori]}_l

520 Y di=1 (22)

Consider also a corresponding set of controllers:



12 Brian D. O. Anderson, Alexander Lanzon, and Jan Bendtsen

5 S - {Za +AZOT1 1{25 +AZO7‘7, (S)]}
5 >0 Zé =1 (23)

where [~Ux(s) Va(s)] is chosen as described in the Theorem hypothesis.
We assert now the equivalence of the following statements.

1. there exists a controller C(4, s) of the form (23), where Ux(s) and V(s)
are chosen in accordance with (18), (19) and the associated remarks, that
stabilizes P(d, s) in (22) for all (frozen) é; with §; > 0 and >_4§; = 1.

2. Ja € RHX? and 8 € RHE (p+DX(PHD) that satisfies B = —p7T such that

H(P,C) = G(, [1 + &(s (Z 8i A)

(Z 5; /1) F(s)+ F"(s)B(s)IG(0, s)} T R(Ms) € RHa
Vo >0, 6 =1,

where ¢, G, K,F,F+ & are all defined in Section 2. This is merely a re-
statement of (a) above and the algebra for massaging H(P,C) into the
form given here was discussed in Section 2.

3. Ja € RHX9 and B € RHEZTY*PHY that satisfies 3 = —B7 such that

[1+¢ <Z 5; A) <Z 5; A) F(s)+FT (s)3(s)]|G(0, s)] N
€ RMoe V6; >0, 6 =1.

Sufficiency is obvious since G(\, s), K (), s) € RHoo. Necessity follows via
the following argument: Since coprimeness of the fractional descriptions?
of P(\,s) and C(),s) means that G(),s) and K (X, s) have full column
and full row rank respectively at all s € C, then there exist left and right
stable inverses for G()\, s) and K (), s) respectively.

4. 3r € RHY, o € RHYX and B € RHEZTY*PHY that satisfies 8 = —37
such that

4 Notice that if the fractional descnptlon of the plant P(),s) (resp. the controller
C(),s)) is not coprime for some X € A, then G(A,s) (resp. K (), s)) will drop
in rank for some so € C4 and for ), and the interconnection of plant P(, s)
and controller C'(A,s) will not be internally stable. Thus the presumption that
the controller C'(A, s) stabilises P(), s) automatically requires coprimeness of the
fractional description for all A of interest.
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Re{ {1 + &(jw) <i 51-Acori>

,

+ (Z 6iAcTori> (i) P (w) + FTUw)ﬁ(jw)]G(o,jw)}w(jw)} >0
=1

Yw e RU{oo}, A € A.

This equivalence is via [9].
I e RHYY, o € RHIXY and 3 € RHETD*ED) that satisfies B =37
such that

Re{ {1 + P(jw) Acori

+ AL )P () + P ()80, o) n(ie) } >0
Yw e RU{o0},i=1,...,2",

Necessity is obvious since if condition (d) holds for all §; > 0, 4d; = 1,
then it is also satisfied for the corner points. On the other hand, suffi-
ciency follows by taking a positive linear combination of the inequalities
of condition (e).

C3r € RHYXL v € RHIXT and € € RHETD*PTY that satisfies ¢ = —¢7
such that

Re{ [1 + Qp(jw)/lcori]ﬂ—(jw)

AT ()P () + T <jw>5<jw>]G<o,jw>} >0
Yw e RU{oo},i=1,...,2".

Necessity is easy via a relabling of v = ar and £ = @r. Sufficiency follows
via the following argument: Summing up the 2" inequalities above yields

2"Re{n(jw)} >0 Vw e RU {0}

since all the other terms disappear due to the symmetry about zero of
the polytope considered. Consequently, 7 is stable and strictly positive
real, which implies it must be a unit in RHX!. Hence, given any v €
RHX? and any & € RH(()@H)X(I)H) that satisfies ¢ = —¢7, it is possible
to construct a = /7 € RHXY and 8 = &/7 € RHETD*EHD hat
satisfies 3 = —7.

. there exist integers Ni, No, N3 € Z,, constants 71, 72,73 € R4 and ma-
trices I € RNt [ g RixaWotl) = — _ 2T ¢ R+ for
1€{0,1,..., N3} that satisfy
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Re{[l + B(jw) AT BN (jw) + AT [T B2 (jw) F* (jw)
+ FT(jw) [Zo 21 ... En,] Bi\f‘(jw)]G(O,jw)} >0

for all w € RU{oo} and all A = Acor. Here, BYi(s) (i € {1,2,3}) denotes
Laguerre basis matrices as defined in (11). The index m in (11) takes the
values 1, ¢ and p + 1 respectively.

Sufficiency is trivially easy via a labelling © = 7 Bﬁf(s) € RHXY v =
I'BY:(s) € RHIX9 and € = [y 3, ... Z,] BN (s) € RHET* @+
and noting that the constructed ¢ also satisfies € = —£7 since =, is skew-
symmetric for all ¢ € {0,1,..., N3}. Necessity on the other hand follows
via the following argument: Since Laguerre parametrisations provide a
uniform approximation of objects in RHo, and furthermore since the in-
equalities in (f) are strict inequalities, it follows that there always exists
sufficiently large N; and sufficiently small 7; (¢ € {1,2,3}) to ensure that
the truncation error does not alter the sign of the inequalities.

At this point, we have a necessary and sufficient condition for the con-
trollers (23) to stabilize the corresponding plant in the set Ss, see (22). Now
recall from Section 1 that for any A generated by a generic A € Apoz, there
exists a set of nonnegative weights d; summing to 1 such that

or
N(s)+ Na(s)A = > 6;[N(s) + Na(s) Acors] (24)
i=1

This is the standard convex representation and there are three similar
equations for M (s) + M4(s)A and the two fractional components of the con-
troller. Recall also that the injective mapping from A to the ¢; is indepen-
dent of N4(s) etc. It follows that the set of plants P(A,s) and controllers
C(\,8), A € Aoz, are respectively subsets of the set of plants P(6,s) and
controllers C(§, s). Hence condition (g) is a sufficient condition guaranteeing

the C(}, s) stabilize the corresponding P(], s).

3.2 Incorporating a degree of stability in the frozen parameter
design

As pointed out in the Introduction, Theorem 1 relates a certain degree of
stability of a collection of frozen parameter systems to the degree of stability
of a time-variable parameter system given a bound on the average rate of
change of the parameters. In order to allow a reasonable amount of time-
variation in the parameter A\, we have to ensure that the closed loop with
frozen parameter values has a degree of stability of ¢ and that this property
is expressible with a particular Lyapunov function. We shall deal with the
Lyapunov function in the next subsection, and the degree of stability issue
here. The results of Subsection 3.1 only ensure the closed-loop is stable with
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no extra degree of stability, i.e., that the closed-loop poles are only guaranteed
to be in the left half of the complex plane for all A € Apox. Fortunately, this
difficulty is straightforward to address. We will first shift the given plant by
an amount ¢ > 0 to the right in the complex plane, work with this o-shifted
version of the plant, design a controller for this shifted plant such that the
plant/controller interconnection is stable for all permissible values of A, and
then shift the controller back to obtain the necessary degree of stability o for
the closed-loop interconnection.

In more detail, assume the original given plant that we wish to control is
P(), s) € RP*! and that the shifted plant, denoted by P(),s), is defined by

P\, s) := A()\,s—a) ) ) A
= (N(s—0) + Na(s —0)A)(M(s — o) + Mu(s —o)A)~" (25)

where N(s — 0) € RHEXY, Ny(s — o) € RHEXL, M(s — o) € RHLX' and
My(s — o) € RH\X! and o > 0 is a real constant. Of course, (25) must be a
coprime factorization for all A of interest, which is a stronger condition than
requiring (N (s) + N4 (s)A)(M(s) + M, (s)A)~" being a coprime realization of
P()\, s). Design a controller C(), s) for the shifted plant P(),s) according to
the results presented in the previous two subsections. This controller C(), s)
should then be shifted back to get the correct controller C'(\,s) that will
actually be implemented in closed loop with the original given plant P(/\, s).
This controller C'(), s) is given by

C(A\8):=C(\ s+ o0).

Note that this o-shift does not ruin the multi-affine parameter dependency
appearing in the fractional descriptions of the plant and controller, nor in the
closed-loop quantity required to have no zeros in the closed right half plane.

3.3 Securing a quadratic Lyapunov function with multi-affine
parameter dependence

Theorem 1 is the key result from which one can conclude retention of stability
even in the face of parameter variations. In this subsection we explain how the
Lyapunov equation (8) can be satisfied with a multi-affine P(\). The argument
is akin to that in [11]. With notation as arising in the proof of Theorem 2,
define for ¢ = 1,2,...,2" strictly positive real functions Z;(s) by

Zi(jw) = |1+ Q(jw)/lcori
+ AL, [a(jw)FH(jw) + FT (jw)B(jw)] G(0, jw) |7 (jw) (26)

where, without loss of generality, we assume 7(s) has been normalised to
satisfy m(c0) = 1. Suppose that each Z;(jw) has a minimal state-variable
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realization 1+ ¢ (sI — A)~1b. [Recall that &(s) and a(s)F+(s) + FT(s)3(s)
are strictly proper; this ensures Z(oo) = 1]. We are implicitly ruling out
the possibility of any A..-; being non-generic in the sense of giving rise to
a pole-zero cancellation, or nonminimality for some i of the state-variable
realization. As recalled in [11] by the Kalman-Yakubovic Lemma, there exist
positive definite symmetric P; and @Q; with

—PA—ATP, —Q; Pib—¢;

(P )T s | >0 (27)

Now we know that for any A € A\pyz, the transfer function

Z(\ jw) = [1 + () A + AT[a(jw) F- (jw) + FT (jw)8(jw)]G(O, )

28

is expressible as a convex combination of the Z,(jw), and accordingly is

also strictly positive real. Moreover, the standard convex representation in

Section 1 implies the existence of a unique multi-affine P(\), @(A) and c(X)

(expressible with the same weights as a convex linear combination of the
respective corner values as for Z(\, jw)) for which

Z(\ jw) =14+ "\ (Gwl — A)~ ' (29)

and

TJ%MA—%FPQ)—Q@)PQM_CQW:>O (30)

(P(A)b —c(A)T 2
Of course, P(A\),Q(\) and ¢(\) assume the values P;,Q; and ¢; at the
corners of Ay, Now when the shifting procedure of subsection 3.3 is used, it

actually results that Z;(jw — o) and Z(\, jw — o) are strictly positive real,
which means that

—P(\)A— ATP()) — Q(\) — 20P(A\) P(A\)b — ¢()\)
[ (P(A)b = c(N)T 2

Performing a congruence transformation

)

} >0 (31)

on inequality (31) yields inequality (32) below

—PA\)[A = bcT (V)] = [A = b (W)]TP(A) — Q(N) — 20P(A) P(A\)b+ c(N)
(PO + ()T 2 >0
(32)
which is associated with X ~1(s) = 1 — ¢T'(sI — A + beT)~1b being strictly
positive real, due to X (s) = 1+ ¢?'(sI — A)~'b being strictly positive real.
From inequality (32), it is immediate that
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[A — b (V)T P(N) + P(V)[A = b (\)] < —20P(N) (33)

Now the frozen closed-loop characteristic polynomial as derived in the
proof of Theorem 2 is the numerator of

14 ®(s)A + AT[a(s)FL(s) + FT(s)3(s)]G(0, s) (34)

which is a factor of the numerator of

[1+®(s)A+ AT[a(s)FL(s) + FT(5)3(5)]G(0, s)]m(s) = 1+ T (N (sI — A)~ b

(35)

Thus the closed-loop characteristic polynomial is a factor of the charac-

teristic polynomial of A — beT'()\). Equation (33) above, Theorem 1 and the

multi-affine character of P(\) then assure stability for time-varying A, as sum-
marized in the following theorem.

Theorem 3. Consider a plant P(/\,s) and the associated o-shifted plant
P(\,s) as given in (25). Assume that a controller of the form (14) that satis-
fies the suppositions of Theorem 2 has been synthesised for the o-shifted plant
P()\, s). Further, define C(\,s) := C(\, s+0) as the controller that is actually
implemented with the original plant f’(/\, s). Then the closed-loop interconnec-
tion of P(\,s) and C(\, s) is exponentially asymptotically stable with degree
of stability v € [0,0] for all time-varying A(t) € Apox that satisfy conditions
(9) and (10) of Theorem 1.

4 Design Procedure

We will now provide an explicit procedure that can be followed in order to
construct the LPV controller proposed above. We will assume that a descrip-
tion of the plant I:’(/\, s) with multi-affine parameter dependence of the form
(1) is available. If the plant is described in state space, it can be rewritten in
transfer matrix form by following the procedure in [6].

1. Rescale, if necessary, the polytope Apor so that it is symmetric around
A =0 and obtain P(),s) by shifting P(), s) by ¢ > 0 as detailed in (25).

2. Design a nominal controller C(0, s) for the nominal shifted plant P(0,s)
and calculate coprime factors U (s) and f/(s) satisfying a Bezout identity
with the nominal plant coprime factors N(s) and M(s).

3. Define G()\, s) asin (13), F(s) as in (18) and construct F+(s) as described
immediately after (18) ensuring F*(s) is strictly proper. Define ®(s) as
in (20) and BYi(s) for i € {1,2,3} as in (11), with m = 1,¢,(p + 1)
respectively.

4. Set up the 2" linear matrix inequalities (21) corresponding to every ver-
tex in Apox and specify an appropriate w-grid in order to obtain a finite-
dimensional problem (a set of LMIs). Attempt to solve (as is standard,
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see [13]) these LMIs for matrices IT € RN+ 7 ¢ RIxa(Na+1) = —
—2T ¢ RO+ for 4 e {0,1,..., N3}: start with small integers
N1, Na, N3 and large 11, 72, 73 > 0, yielding a crude Laguerre parametrisa-
tion, and if infeasible, gradually increase N1, No, N3 and decrease 11, 72, 73 >
0 until the LMIs can be solved.

5. Once matrices IT € RMX(N1+1) [ ¢ Rixa(N2+1) =, — —:iT € R+ x(p+1)
for i € {0,1,..., N3} have been found, construct m = ﬁBNl( ) €
RHIY, v = I'BN2(s) € RHZY and € = [5) 5, ... Zx,] BY3(s) €

RH (p+1)x PJFl)

6. Define o = 7/7r € RHX? and 8 = /7 € RHE (pF1)x pH), and model
reduce if necessary (one should check that the reduced quantities still
satisfy the LMIs).

7. Compute

[~Ua(s) Va(s)] = a(s)F*(s) + FT(s)B(s)

as described in (19) and construct C(A, s) as given in (14).

8. Shift the controller by o to obtain the final controller C'(\, s) = C/(\, s+0).
The closed loop involving C'(\,s) and P(),s) will then have degree of
stability o > 0 for all (frozen) A € Apox, and will also be guaranteed to
be exponentially asymptotically stable with degree of stability v € [0, 0)
for all time-varying A(f) € Apox that satisfy conditions (9) and (10) in
Theorem 1.

For a given (fixed) ¢ > 0, we can attempt to maximize \;, without really
worrying about the possible isolated points where we might lose coprimeness,
as the existence of a solution to the LMIs is still sufficient for H(P,C) to
be stable. Maximization over each separate )\; at a time (or all together,
assuming \; = Ay = = )\;) is a generalized eigenvalue (i.e., quasi-convex)
problem, which can be easily solved using commercially available software.
Consequently, one strategy is to first set the same value for all \; and optimize
this value until the largest hyper-cube of feasible parameters is found. Then,
\; is fixed for some i and the optimization is repeated for a hyper-cube of
lower dimension, and so forth. By this strategy, eventually, a large polytope
symmetric around A\ = 0 for which the LMIs are satisfied will be found,
allowing for correspondingly large parameter variations.

To find a good trade-off between o and X, a bisection algorithm may be
run for different values of o, where the quasi-convex optimization strategy
outlined above can be carried out for each chosen value of o. One has to
employ a bisection algorithm (or similar technique) to optimise o because o
enters the expressions for @(s), F(s), F*(s),G(0,s),... in a highly nonlinear
fashion.
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Perturbed system, nominal control

-8 I I I I I
0 5 10 15 20 25 30

Time

Fig. 3. Simulation of P(),s) interconnected with the nominal controller C(0,s);
the parameters are fixed to A = [—1, —0.98]T. The system is disturbed by a step in
wa (see Figure 2) to wa = —1 at time t = 0 followed by another step back to ws = 0
at time t = 5.

5 Numerical Example

Here, we will illustrate the procedure outlined in Section 3 with a numerical
example. Consider the unshifted LPV plant P(), s) given by

P\ s) =

where the nominal part is given as

P(0,s) =

n2(s) I 3 p)
m(s) s442.3253+7.485%2+9.165+5

ni(s) 1
m(s) | _ |:s4+2.32s3+7.48s2+9.165+5:|
S

and the system variations given by vy (s) = 0.13s 4 0.0494, v(s) = 0.156 and
p(s) = 0.195s + 0.2041. The parameters A = [A;, \o]7 are allowed to vary
within the square Apox = [—1; 1%

The plant is shifted by ¢ = 0.38 and an observer-based state space com-
pensator C(0,s) is designed to place the closed-loop poles in s = —1,5 =
—2,...,5 = —8. Figure 3 shows a closed-loop simulation with A = [~1, —0.98]%’;
as can be seen, the nominal controller is able to stabilize the system for this
fixed value of the parameters. The nominal controller also stabilises the system
for the four corners of Apox and indeed throughout Apex.

However, when A is allowed to vary as
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LPV system, nominal control

0 PN NN N N N e e o]

Y, )y, ()

5 10 15 20 25 30

I I I
5 10 15 20 25 30
Time

20 I I
]

Fig. 4. Simulation of P(), s) interconnected with the nominal controller C(0, s) and
time varying parameters. The same disturbance as in Figure 3 is used. The system
becomes unstable due to the time variation.

sin 5t
A=A(t) = cos bt
sin 5t cos 5t

the nominal controller is not able to stabilize the system, even in case of a
vanishing disturbance. This is shown in Figure 4. Notice that the frequency
of variation is substantial in comparison with the degree of stability of the
frozen-parameter nominal closed-loop system.

The plant and controller are now factorized as
r 1

[N(s)} ks

- d(s )
M(S) s4+0.853+5.7O2Es2)+4.2615+2.493
L d(s
[0.13s
0 0
|:NA(S):| _ dé)s) 0.156 0
Ma(s) 0 dé)s) 0.195?430.13
d(s

where d(s) = s* + 10s% + 35s% + 50s + 24, and
0(s) = {—604653 — 7.679 x 10*s® — 2.248 x 10°s + 6.125 x 10*
544 2653 + 25152 + 10665 + 1680
—4280s% — 2.867 x 10%s% + 3.394 x 10*s 4 1.888 x 10°
54 4 2653 + 25152 + 10665 + 1680
st 4 35.25% + 512.1s% + 39215 + 1.196 x 10*
5% 4 2653 + 25152 + 10665 + 1680 ’

V(s) =
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LPV system, LPV control
T

15 20 25 30

I I I
0 5 10 15 20 25 30
Time

Fig. 5. Simulation of P()\,s) interconnected with the LPV controller C'()\,s). The
same disturbance and parameter variation as in Figure 4 is used; the closed-loop
system remains stable.

respectively.
_ | Nals)
In our case, F(s) = [MA(S)
rank. Hence, the annihilator F*(s) for F(s) must be zero, and «a(s) is not
needed. We define a grid over the jw axis (in this case, equidistant in the
interval from w = 1072?rad/s to w = 10°rad/s, along with infinity) and set
up the synthesis LMIs (21) using Matlab’s LMILAB toolbox. In this example,
the LMIs were found to be feasible for N7 = 1,N3 = 0 and 7 = 0.05. Note
that Ny does not enter the picture because a(s) is absent, and 73 is not needed
because N3 = 0. We were able to compute the parameter-dependent factors
in the controller as

] is diagonal and obviously has full normal

0 50.725%+2029s
5 p(s)
_ —60.865—2435 0
Ur=| — %
30.155%+12265+804 181.152+73675+4830
L p(s) p(s)

[20.1524804s

p(s
VA 144.95(425797

p(s)

with p(s) = s° 4+50.275% +437.753 + 145952 + 20375 + 966.4. This controller is
then shifted back (by o = —0.38) and implemented in closed loop with P(), s).
Figure 5 shows a simulation of the closed loop with the LPV controller, in
which it is seen that the controller is now able to stabilize the system.
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6 Discussion

In this paper we presented a novel procedure for design of controllers for LPV
systems whose transfer functions display multi-affine parameter dependence.
This class of systems encompasses many physical systems, and is therefore of
significant practical relevance to control designers. The controller structure
was chosen to reflect the structure of the plant, and the terms associated
with parameter dependencies in the controller were chosen to remove terms
that are not multi-affine in the parameters. The idea was to obtain a multi-
affine dependence for the parameters of the closed loop A-matrix, and thus
allow the designer to obtain guarantees on the extent of time variation in the
parameters that can be allowed.

The problem of finding the controller parameter dependencies was cast as a
finite-dimensional LMI problem. We outlined the procedure in a constructive
manner for a particular choice of controllers and illustrated the feasibility of
the method with a numerical example. With r parameters, we actually have
2" different frequency domain conditions which have to be fulfilled.

As it stands, the method is limited to apply to single-input (but possibly
multi-output) plants. This is due to the fact that some of the manipulations of
(f( G)~! rely on this quantity being scalar. This is a weakness of the current
design and should be alleviated in future research if possible.

Finally, it should be noted that all the results presented deal with stability,
not performance, i.e., we are not able to quantify loss of performance compared
to the nominal designs, either due to time variations or due to the constrained
way of handling the parameter dependence in the controller. This would be
interesting to deal with in the future.
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