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Abstract

The primary purpose of this thesis is to present optimisation algorithms which facilitate the selection

of weights in robust control techniques. The robust control paradigms investigated in this thesis are

µ-synthesis andH∞ loop-shaping, as these techniques offer a systematic framework for synthesising

sensible controllers that meet performance objectives and guarantee robustness to model uncertainty

and unmeasured disturbances. This dissertation is essentially composed of two parts.

In the first part of the thesis, a conceptually new approach to theµ-synthesis robust performance

problem is presented, whereby an optimisation problem is proposed which maximises the performance

weights in the frequency ranges of interest subject to the existence of an internally stabilising controller

that guarantees robust performance with respect to these maximised weights. Thus, performance

weights and a robustly stabilising controller are simultaneously synthesised by one algorithm in a

systematic way. Two solution algorithms are given for the posed optimisation problem — one being

pointwise in frequency and the other using state-space techniques. The latter solution eliminates all

of the disadvantages of the pointwise approach and considerably enhances the benefits of this type

of optimisation based weight selection. The resulting conceptually novel method for performing

µ-synthesis robust performance based design is a valuable alternative to the standard D-K iterative

procedure.

In the second part of the thesis, several steps of the standardH∞ loop-shaping design proce-

dure are combined into one optimisation problem that maximises the robust stability margin over the

loop-shaping weights subject to constraints which ensure that the loop-shape and the singular val-

ues/condition numbers of the weights lie in pre-specified regions. In this framework, loop-shaping

weights, which can be required to have either a diagonal or a non-diagonal structure, and a robustly

stabilising controller are simultaneously synthesised by one algorithm systematically.

Correspondingly, the proposed algorithms greatly simplify the design of “good” performance

weights and loop-shaping weights, and hence allow the designer to concentrate on more fundamental

design issues. These algorithms also give an indication of what performance is achievable, although

further research is required in that direction.

Keywords: weight selection, performance optimisation,µ-synthesis,H∞ loop-shaping, robust

performance, D-K iterations,H∞-control, robust control.
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Chapter 1

Introduction

1.1 Background and Motivation

Central to the development of feedback control theory has been the notion of uncertainty. This arises in

two forms: (a) discrepancy between the physical plant and the mathematical model used for controller

design, and (b) unmeasured noises and disturbances that act on the physical plant. Feedback is used

to desensitise the control system from the effect of both these types of uncertainty. Care must be

exercised, however, as feedback in the presence of an uncertain plant can easily lead to instability if

due consideration is not given to the way in which this uncertainty modifies the system behaviour.

Classical control techniques were developed with both these uncertainty types in mind. Graphical

techniques capable of dealing with single-input single-output plants were the primary tool and quickly

found wide use in practice. These allowed performance specifications to be met, and when used

in conjunction with gain and phase margins, allowed the designer to account for uncertainties in an

intuitive manner. Unfortunately, these techniques are somewhat ad-hoc and often require a lot of

iteration and much intuition on the part of the designer. Also, they do not provide easy answers

to fundamental questions such as “What is the achievable performance?”. These techniques have

also been found to be rather difficult to apply on complex plants, for example those having multiple

unity-gain crossover frequencies, and they do not easily generalise to multivariable systems.

The classical control period gave way to the so-called Modern Control era which saw the de-

velopment of optimisation techniques that were more able to deal with performance and existence

issues. These design techniques are more systematic, with the designer only specifying the appropri-

ate weights in the cost function to achieve the desired performance characteristics. Of these, the Linear

Quadratic Gaussian technique (Anderson and Moore, 1989; Green and Limebeer, 1995; Zhou et al.,

1996) proved to be very popular as it dealt with multivariable plants in an elegant way. This technique

synthesises a controller which internally stabilises the feedback interconnection and minimises the

variance of a chosen set of output signals, when noise of known statistical properties (usually assumed

to be white noise) acts on the plant. These modern control techniques also found application in linear

1
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time-varying systems and appeared to offer a systematic and single-step approach to the design of

control systems. However, during this period, overemphasis on performance objectives at the expense

of uncertainty considerations quickly led to a schism between practitioners and theoreticians. This was

primarily because the controllers computed using these techniques would often perform inadequately

in practise.

Not surprisingly, considerable research effort subsequently went into the development of design

techniques which were based on optimisation principles but which allowed robustness properties to

be built into the controller directly. The result of this effort is a comprehensive theory (Francis,

1987; Maciejowski, 1994; Green and Limebeer, 1995; Zhou et al., 1996) which has its origins in the

seminal paper of Zames (1981) and which has come to be known asH∞ control theory. TheH∞
control problem synthesises a controller which internally stabilises the feedback interconnection and

minimises theL2 induced gain from exogenous inputs to regulated outputs. This induced gain has

direct robustness interpretations in terms of the small gain theorem (Zames, 1966) and also satisfies the

performance objective of minimising the energy in the output for the worst-case bounded-energy input.

There now exist a number of elegant solutions to this problem using a wide variety of mathematical

techniques. These range from the early operator-theoretic approaches (Francis, 1987) to the more

recent state-space procedures (Doyle et al., 1989) and LMI techniques (Gahinet and Apkarian, 1994).

Modern robust control paradigms, such asµ-synthesis andH∞ loop-shaping, have a lot to offer

in that they provide systematic procedures for obtaining sensible controllers that meet performance

objectives and guarantee robustness against model uncertainty and unmeasured disturbances. In

µ-synthesis, for example, the designer specifies performance weights to reflect the desired closed-loop

performance objectives in different frequency regions and a controller is synthesised to give robust

performance guarantees. Similarly, inH∞ loop-shaping, the designer specifies loop-shaping weights

to reflect the desired performance and robustness objectives and a controller is then synthesised to

give other types of robust performance guarantees. It is clear, however, that although these tech-

niques are very systematic and give controllers which perform sensibly, fundamental questions such

as “What is the achievable performance?” are not addressed since the success of these paradigms

hinges strongly on the designer being able to specify performance weights or loop-shaping weights

which meet the specifications. The design of these weights is non-trivial and may be time-consuming

for complex plants.

Any progress with questions concerning achievable performance limits and the existence of satis-

factory controllers is bound to involve some kind of optimisation theory. It is the opinion of the author

that answering such existence questions is an important component of a good design methodology.

One does not want to waste time trying to solve a problem that has no solution, nor does one want to

accept specification compromises without knowing that these are necessary. The aim of this thesis is

to develop a theoretical framework with which one may address these complex design questions in a

systematic way. It is believed that in order to determine the achievable performance limits, simulta-
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neous optimisation of (performance or loop-shaping) weights and controllers is necessary. With this

view in mind, this thesis proposes sub-optimal algorithms which attempt to answer the above questions

while ensuring that the robust performance properties of the standard approaches are still guaranteed.

In doing so, powerful optimisation algorithms are developed which assist the designer in the selection

of performance and loop-shaping weights.

1.2 Organisation of this Dissertation

This dissertation consists of six chapters and is organised as follows:

Chapter 2: Preliminaries

In this chapter, material is collected to facilitate understanding of the main components of this thesis.

First, non-standard terms, quantities and operations are defined for the sake of unambiguity and relevant

signal and system spaces are introduced. Then,µ-synthesis andH∞ loop-shaping are motivated and

quantities important in these frameworks are defined. Finally, some interesting mathematical results

are collected which will be used throughout the dissertation. Some of the non-widely known results

are proven for the sake of completeness.

Chapter 3: A Pointwise Algorithm for µ-Synthesis

A conceptually new approach to theµ-synthesis robust performance problem is proposed in this chap-

ter. The optimisation problem posed maximises the performance weights with respect to a suitable

cost function that captures the desired closed-loop performance. This maximisation of performance

weights is limited by the fact that there must exist some internally stabilising controller that guarantees

robust performance with respect to these maximised weights. Thus, performance weights and a ro-

bustly stabilising controller are simultaneously synthesised by one algorithm in a systematic way. The

designer is only required to specify the plant set and an optimisation directionality. This directionality

only appears in the cost function and reflects the desired closed-loop properties in particular frequency

regions. It is pointed out that choosing this directionality is much easier than choosing the performance

weights directly. Correspondingly, this approach greatly simplifies the often long and tedious process

of designing “good” performance weights directly and gives an indication of what is the achievable

performance. A pointwise in frequency solution to the posed optimisation problem is also developed

in this chapter.

Chapter 4: A State-Space Algorithm forµ-Synthesis

Here, the optimisation problem posed in Chapter 3 is modified slightly to yield a new optimisation

problem that admits a state-space solution without significantly compromising the properties of the

original optimisation. The corresponding state-space solution eliminates the disadvantages of the
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pointwise approach taken in Chapter 3 and considerably enhances the benefits of this type of optimi-

sation based weight selection. The resulting conceptually novel method of performingµ-synthesis

robust performance based design is a valuable alternative to the standard D-K iterative procedure.

Chapter 5: An Algorithm for H∞ Loop-Shaping

In this chapter, several steps of the standardH∞ loop-shaping design procedure are combined into

one optimisation problem that maximises the robust stability margin over the loop-shaping weights

subject to constraints which ensure that the loop-shape and the singular values/condition numbers of

the weights lie in pre-specified regions. Thus, loop-shaping weights, which can be required to have

either a diagonal or a non-diagonal structure, and a robustly stabilising controller are simultaneously

synthesised by one algorithm in a systematic way. The designer is only required to specify the

boundaries of these allowable regions and the optimisation problem automatically synthesises loop-

shaping weights and a robustly stabilising controller which immediately satisfy the specifications and

give an indication of what is really attainable. Correspondingly, this approach greatly simplifies the

often long and tedious process of designing “good” loop-shaping weights directly and allows the

designer to concentrate on more fundamental design issues.

Chapter 6: Conclusions

This chapter summarises the contributions of this thesis and outlines potential directions for future

research.

Appendices A and B

In the appendices, proofs are given of results presented in the main chapters. Only original material

is proved in these appendices, as well-known results are given in the chapters without proof (but

with references). Most proofs have been moved to the appendices for the sake of continuity in the

corresponding chapters.



Chapter 2

Preliminaries

In this chapter, basic mathematical tools and important background material are collected for use in

subsequent chapters. This chapter is by no means self-contained, as it assumes that the reader is

already familiar with various fundamental concepts. General references are cited which contain fuller

expositions of these topics.

In Section 2.1, some matrix quantities and operations are defined. This is followed by formal defini-

tions of function spaces in Section 2.2 and by state-space formulae in Section 2.3. Then,µ-synthesis

andH∞ loop-shaping are motivated in Sections 2.4 and 2.5. This chapter ends with a collection

of mathematical results that will be extensively used in subsequent chapters. These results are on

parahermitian functions in Section 2.6, from calculus in Section 2.7 and on LMIs in Section 2.8.

2.1 Linear Algebra

Some basic linear algebra (or more specifically, matrix) facts will reviewed in this section. A detailed

treatment of this topic can be found in Horn and Johnson (1996) and Golub and Van Loan (1996).

A useful tool in matrix analysis is Singular Value Decomposition. This is because the singular

values of a matrix are good measures of the “size” of the matrix and the corresponding singular vectors

are good indicators of strong/weak input or output directions. Geometrically, the singular values of a

matrix A ∈ Cm×n are precisely the lengths of the semi-axes of the hyper-ellipsoidE defined by

E := {y ∈ Cm : y = Ax, x ∈ Cn, ‖x‖ = 1
}
.

The corresponding left (resp. right) singular vectors ofA are the directions ofy (resp.x) that achieve

the same semi-axes of the hyper-ellipsoid. More formally, letσi be thei -th singular value of matrixA

and let the vectorsui andvi be the correspondingi -th left andi -th right singular vectors respectively.

Then, it is easy to verify that

Avi = σi ui

A∗ui = σivi .

5
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These equations give

A∗Avi = σ 2
i vi

AA∗ui = σ 2
i ui .

Hence,σ 2
i is an eigenvalue ofA∗A or AA∗, vi is the corresponding eigenvector ofA∗A andui is the

corresponding eigenvector ofAA∗. Recall that the non-zero eigenvalues ofA∗A are identical to the

non-zero eigenvalues ofAA∗. The first definition given here formally defines the singular values of a

matrix A in terms of the eigenvalues ofA∗A or AA∗.

Definition 2.1.1 GivenA ∈ Cm×n with m≥ n,

• thei -th singular value of matrixA is given by

σi (A) :=
√
λi (A∗A).

• the largest singular value of matrixA is given by

σ (A) :=
√
λ(A∗A).

• the smallest singular value of matrixA is given by

σ (A) := √λ(A∗A).
If A ∈ Cm×n is such thatm≤ n, thenA∗A is replaced byAA∗ in the above definitions.

Next, the condition number of a matrix is defined. The condition number is a measure of the

variation in gain of a matrix over different directions. It is always greater than or equal to unity and a

large condition number means that the gain of the matrix is very different in different directions.

Definition 2.1.2 The condition number of matrixA is defined by

κ(A) := σ(A)

σ (A)
.

The Moore-Penrose inverse (or pseudo-inverse) of a matrixA may be defined in terms of its

singular value decomposition. This generalised inverse denoted byA† always exists, is unique and

satisfies the following conditions:

(i) AA† A = A,

(ii) A† AA† = A†,

(iii) (AA†)∗ = AA†,

(iv) (A† A)∗ = A† A.
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Definition 2.1.3 GivenA ∈ Cm×n with singular value decompositionA = U

[
6r 0

0 0

]
V∗, whereU

andV are unitary matrices and6r is a diagonal strictly positive real matrix, the pseudo-inverse ofA

is given by

A† := V

[
6−1

r 0

0 0

]
U ∗.

Now, the Frobenius norm of a matrix is defined. This norm is not an induced norm but has the

very nice property that the square of the Frobenius norm of matrixA is equal to the sum of the squares

of the singular values ofA.

Definition 2.1.4 The Frobenius norm of matrixA is defined by

‖A‖F :=
√

trace(A∗A).

The vector formed by stacking the columns of a matrix on top of each other into one long vector

is defined next. It has important uses in conjunction with the Kronecker product and the Kronecker

sum defined below.

Definition 2.1.5 Let A ∈ Cm×n be partitioned asA =
[
a1 a2 · · · an

]
with ai ∈ Cm ∀i . Then

vec(A) :=


a1

a2

...

an

 ∈ Cnm.

The Kronecker product and Kronecker sum of two matrices are now defined. Interesting algebraic

properties of the Kronecker product and sum, some of which are used in this dissertation, may be

found in Brewer (1978).

Definition 2.1.6 Let A ∈ Cm×n and B ∈ Cp×q. Then the Kronecker product ofA and B is defined by

A⊗ B :=


a11B a12B · · · a1nB

a21B a22B · · · a2nB
...

...
. . .

...

am1B am2B · · · amnB

 ∈ Cmp×nq.

Definition 2.1.7 Let A ∈ Cn×n and B ∈ Cm×m. Then the Kronecker sum ofA and B is defined by

A⊕ B := (A⊗ Im)+ (In ⊗ B) ∈ Cnm×nm.
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z1

P

Qu
P

Ql z2 w2

w1

Figure 2.1:Diagrammatic representations ofFl (P, Ql ) andFu (P, Qu)

A Linear Fractional Transformation is a matrix function which is usually used in control to for-

mulate apparently different control problems into the same framework and hence to be able to treat all

such problems in a similar way. Algebraic properties of LFTs are summarised in Doyle et al. (1991)

and Zhou et al. (1996). The motivation for the terminologies “lower” and “upper” LFTs should be

clear from the diagram representations ofFl (P,Ql ) andFu (P,Qu) given in Figure 2.1.

Definition 2.1.8 Let P ∈ C(p1+p2)×(q1+q2) be partitioned asP =
[

P11 P12

P21 P22

]
with P11 ∈ Cp1×q1 and

P22 ∈ Cp2×q2. Then, givenQl ∈ Cq2×p2 and Qu ∈ Cq1×p1,

• the lower LFT is defined by

Fl (P,Ql ) := P11+ P12Ql (I − P22Ql )
−1P21,

• the upper LFT is defined by

Fu (P,Qu) := P22+ P21Qu(I − P11Qu)
−1P12,

provided that the required inverses exist.

2.2 Function Spaces

This section defines the signal and system spaces used in this dissertation. Further details may be

found in Rudin (1987) and Young (1988).

Definition 2.2.1 R is a space of complex matrix valued functions defined onC and consists of all

proper rational functions with real coefficients.

Definition 2.2.2 L2 is a Hilbert space of complex matrix valued functions defined onjR and consists

of all functionsG such that ∫ ∞
−∞

trace
[
G( jω)∗G( jω)

]
dω <∞.
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The corresponding norm for this Hilbert space is defined by:

‖G‖L2
:=

√
1

2π

∫ ∞
−∞

trace
[
G( jω)∗G( jω)

]
dω.

Definition 2.2.3 H2 is a Hardy space of complex matrix valued functions defined onC+ and consists

of all functionsG that are analytic inC+ and satisfy

sup
α>0

∫ ∞
−∞

trace
[
G(α + jω)∗G(α + jω)

]
dω <∞.

The corresponding norm for this Hardy space is defined by:

‖G‖H2
:= sup

α>0

{√
1

2π

∫ ∞
−∞

trace
[
G(α + jω)∗G(α + jω)

]
dω

}
.

The spaceH2 may also be regarded as a (closed) subspace ofL2 since the boundary function defined

by Gb( jω) := limα↓0 G(α+ jω) exists for almost allω, Gb ∈ L2 and the mappingG 7→ Gb is linear,

injective and satisfies (Francis, 1987)

‖G‖H2
= ‖Gb‖L2

.

Hence, in the sequel, both theL2 and theH2 norms will be written simply as‖G‖2.

Definition 2.2.4 L∞ is a Banach space of complex matrix valued functions defined onjRand consists

of all functionsG that are (essentially) bounded, with norm defined by:

‖G‖L∞ := ess sup
ω∈R

σ
[
G( jω)

]
.

Definition 2.2.5 H∞ is a Hardy space of complex matrix valued functions defined onC+ and consists

of all functionsG that are analytic and bounded inC+. The corresponding norm for this Hardy space

is defined by:

‖G‖H∞ := sup
s∈C+

σ
[
G(s)

]
.

The spaceH∞may also be regarded as a (closed) subspace ofL∞ since the boundary function defined

by Gb( jω) := limα↓0 G(α + jω) exists for almost allω, Gb ∈ L∞ and the mappingG 7→ Gb is

linear, injective and satisfies (Boyd and Desoer, 1985)

‖G‖H∞ = ‖Gb‖L∞ .

Hence, in the sequel, both theL∞ and theH∞ norms will be written simply as‖G‖∞.
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2.3 State-Space Systems

Consider a real-rational systemG(s) with state-space realisation:

G(s) =
[

A B

C D

]
.

Definition 2.3.1 The matrixA is said to be Hurwitz if all the eigenvalues ofA are inC−.

Definition 2.3.2 (A, B) is said to be stabilisable if the matrix
[
A− λI B

]
has full row rank for all

λ ∈ C+, and(C, A) is said to be detectable if(AT ,CT ) is stabilisable.

Definition 2.3.3 The transpose (or dual) ofG is given by

GT (s) = G(s)T =
[

AT CT

BT DT

]
.

Definition 2.3.4 TheL2-adjoint ofG is given by

G∼(s) = GT (−s) =
[
−AT −CT

BT DT

]
.

Definition 2.3.5 The inverse ofG, if it exists (i.e.ifD is square and non-singular), is given by

G−1(s) = G(s)−1 =
[

A− B D−1C −B D−1

D−1C D−1

]
.

2.4 Motivation for µ-synthesis

As pointed out in Chapter 1, most control system design techniques rely on the use of a mathematical

model and the quality of this model depends on how closely its responses match those of the physical

plant. Since it is very difficult (or perhaps even impossible) to obtain a mathematical model that is

identical to the physical plant, design techniques must be able to satisfy the stability and performance

requirements in the face of uncertainty and unknown disturbances. The sources of this uncertainty in

the mathematical model description may be unknown, in which case some general class of unstructured

uncertainty representation is used. In other design situations, the sources of uncertainty in the model

may be precisely known, in which case a structured uncertainty representation is used.

The basis of robust stability criteria for both unstructured and structured perturbations is the well-

known “small gain theorem” introduced by Zames (1966). Before stating this theorem, the following

two basic definitions are required.

Definition 2.4.1 A feedback interconnection of real-rational proper transfer function matrices is said

to be “well-posed” if all closed-loop transfer function matrices exist and are proper.
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Definition 2.4.2 A feedback interconnection of real-rational proper transfer function matrices is said

to be “internally stable” if the interconnection is well-posed and all closed-loop transfer function

matrices belong toRH∞.

Internal stability is an important property of a feedback system, as it ensures that all internal signals

are of bounded energy whenever the exogenous signals have bounded energy.

Several versions of the small gain theorem are available in the literature. The version presented

here is sufficient to illustrate its importance and links well with the robust performance theorem for

µ-analysis.

Theorem 2.4.1 (Small Gain Theorem)Consider the feedback interconnection depicted in Figure 2.2.

SupposeM ∈ RH∞ and letγ > 0. Then this feedback interconnection is internally stable for all

unstructured1 ∈ RH∞ with ‖1‖∞ ≤ 1/γ (< 1/γ ) if and only if‖M‖∞ < γ (≤ γ ).

M

1

w1

w2

−

−
e1

e2

Figure 2.2:Standard feedback configuration

It can be shown that the above small gain condition is sufficient to guarantee internal stability even if1

is a nonlinear time-varying “stable” operator, given an appropriately defined stability notion (Desoer

and Vidyasagar, 1975).

Although the small gain theorem can be used directly to derive robust stability and performance

results, it may be very conservative for systems with structured uncertainty. The exact stability and

performance analysis for such systems requires the definition of another matrix function called the

structured singular value, denoted byµ.

Definition 2.4.3 SupposeM ∈ Cn×m and let1 ⊂ Cm×n be some set which determines the uncertainty

structure. Then the structured singular value ofM with respect to uncertainty structure1 is defined by

µ1(M) := 1

min
{
σ (1) : 1 ∈ 1, det(I − M1) = 0

}
unless no1 ∈ 1 makesI − M1 singular, in which caseµ1(M) := 0.

Conceptually, the structured singular value is nothing but a straightforward generalisation of the

singular values for constant matrices. To be more specific, consider again the robust stability problem

depicted in Figure 2.2, where bothM(s) and1(s) are stable. An important question one might ask
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is how large1 can be (in the sense of‖1‖∞) without destabilising the feedback system. Since the

closed-loop poles are given by det(I − M(s)1(s)) = 0, the feedback system becomes unstable if

det(I − M(s)1(s)) = 0 for somes ∈ C+. Now, letα > 0 be a sufficiently small number so that the

closed-loop system is internally stable for all1 ∈ RH∞ satisfying‖1‖∞ < α. Then, start increasing

the valueα until the closed-loop system just becomes unstable. Denote the value ofα which just

makes the loop unstable byαmax. By the small gain theorem,

‖M‖∞ := sup
ω∈R

σ
[
M( jω)

] = 1

αmax

if 1 is unstructured. Thus, at any fixedω, σ
[
M( jω)

]
can be written as

σ
[
M( jω)

] = 1

min
{
σ [1( jω)] : 1 is unstructured, det(I − M( jω)1( jω)) = 0

}
In other words, the reciprocal of the largest singular value ofM is a measure of the smallest unstructured

1 that causes instability of the feedback system.

To quantify the smallest destabilising structured1, the concept of singular values has to be

generalised. In view of the above characterisation, the structured singular value may be written as

follows:

µ1
[
M( jω)

] = 1

min
{
σ [1( jω)] : 1 is structured, det(I − M( jω)1( jω)) = 0

}
where the set1 determines the structure of1. Then, the following theorem (Packard and Doyle,

1993) is a natural extension of the small gain theorem to the structured uncertainty case.

Theorem 2.4.2 Consider the feedback interconnection depicted in Figure 2.2. SupposeM ∈ RH∞
and letγ > 0. Then this feedback interconnection is internally stable for all structured1 ∈ RH∞with

‖1‖∞ ≤ 1/γ (< 1/γ ) if and only ifsupω∈R µ1
[
M( jω)

]
< γ (≤ γ ), where the set1 determines

the structure of1.

Hence, the peak value of theµ-plot of M( jω) determines the size of the perturbations that the loop is

robustly stable against.

Often, stability is not the only property of a closed-loop system that must be robust to perturbations.

Typically, there are exogenous disturbances acting on the system which result in tracking and regulation

errors. In most cases, long before the onset of instability, the closed-loop performance will degrade

to the point of unacceptability, hence the need for robust performance analysis tests.

Although it is possible toanalyse different problems individually, it is desirable towrite all problems

in a unified framework. The LFT definitions of Section 2.1 provide precisely this framework, as any

linear interconnection of systems, inputs and outputs may be written into this form. Besides relieving

the mathematical burden of dealing with specific problems individually, this unified approach also

provides a framework in which robust stability and robust performance analysis and synthesis problems

may be addressed. The following theorem (Packard and Doyle, 1993, Theorem 5.4) gives the required

robust performance analysis test.
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Theorem 2.4.3 (Robust Performance)Consider the feedback interconnectiondepicted inFigure 2.3.

SupposeM ∈ RH∞ and letγ > 0. Then this feedback interconnection is internally stable and satisfies

‖Fu (M,1)‖∞ < γ for all structured1 ∈ RH∞ with ‖1‖∞ ≤ 1/γ if and only if

sup
ω∈R

µ1TOT

[
M( jω)

]
< γ,

where1TOT :=
{
diag(1,1P) : 1 ∈ 1,1P ∈ Cm×n

}
and the set1 determines the structure of1.

M

1

z w
n m

Figure 2.3:Performance analysis LFT framework

This is a remarkably important theorem which states that robust performance is equivalent to robust

stability with an augmented uncertainty.

In order to apply the general structured singular value theory outlined above to control system

design, the control problem has to first be recast into the appropriate LFT setting as shown in Figure 2.4.

Here,G is the generalised plant which includes all system components that are given or specified,K

1P

1

K

W G

In general, this
is structured.

Figure 2.4:Performance synthesis LFT framework

is the controller which is to be synthesised,W represents the performance weights used to specify the

relative importance of the magnitudes of the regulated variables,1 is the structured uncertainty in the

system and1P is a fictitious uncertainty used only so as to view the robust performance problem as
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an equivalent robust stability problem. It is clear that ifG, W andK were all given, then they could

be combined together to give the transfer function matrixM shown in Figure 2.3. Consequently,

by Theorem 2.4.3, a necessary and sufficient condition for robust performance in the face of stable

structured uncertainty that is norm bounded by unity is

sup
ω∈R

µ1TOT

[(
I 0

0 W( jω)

)
Fl (G( jω), K ( jω))

]
< 1.

In view of this, the general approach adopted inµ-synthesis is to seek to minimise the left-hand side

of the above inequality over the set of internally stabilising controllers. Robust performance is then

guaranteed if this minimisation achieves a value that is less than unity.

This synthesis problem is in general difficult asµ is not easily computable. Thus, a computable

upper bound ofµ has to be used instead. One such upper bound involves scalings that complicate

slightly the synthesis procedure. However, this upper bound is desirable as it is equal toµ under some

particular circumstances. When using this upper bound, alternate minimisation over these scalings

and the set of internally stabilising controllers results in the so-called D-K iterative procedure which is

probably the most common method used today in the design of robust controllers usingµ-synthesis.

The interested reader is referred to Zhou et al. (1996) for further details of the standard D-K iterative

procedure.

2.5 Motivation for H∞ Loop-Shaping

The H∞ loop-shaping design procedure proposed by McFarlane and Glover (1992) is an effective

method for designing robust controllers and has been successfully used in a variety of applications

(see Papageorgiou and Glover (1999b) and references therein).

Desired closed-loop performance is specified by shaping the singular values of the scaled nominal

plant P using pre- and post-compensatorsW1 andW2, as shown in Figure 2.5, to obtain the shaped

plantPs = W2PW1. Since the notions of classical loop-shaping carry through,W1 andW2 are typically

W1

w2 w1

−−

C∞

P

z1z2

W2

Ps

Figure 2.5:TypicalH∞ loop-shaping framework

chosen so thatPs has large gain at low frequency, small gain at high frequency and does not roll off
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at a high rate near cross-over. However, in contrast with classical loop-shaping, the designer does not

need to explicitly shape the phase of the nominal plant.

Loop-shaping weightsW1 andW2 are usually designed in two stages. In the first stage, the desired

loop-shape is determined. This usually involves translating time-response requirements and closed-

loop performance specifications into the frequency domain. To do this, engineers largely rely on

their intuition and their past experience with loop-shaping concepts. In the second stage, the designer

selects loop-shaping weightsW1 and W2 so thatPs has the desired loop-shape. Diagonal weights

are often adequate to achieve the desired loop-shape (Hyde, 1995). However, some design examples

have shown that diagonal weights do not work well for plants with strong cross-coupling between the

channels. In such cases, non-diagonal weights are necessary which are of course more difficult to

design.

Once a desired loop-shape is achieved, the optimal robust stability marginbopt(Ps) is computed.

Glover and McFarlane (1989) showed that this optimal value can be explicitly calculated using a simple

formula and gave a characterisation of the set of all internally stabilising controllersC∞ that achieve

some robust stability marginb(Ps,C∞) less than this optimal value. Subsequently, McFarlane and

Glover (1992) showed that the valuebopt(Ps) is also a good indicator of the success of the loop-shaping

stage. A large (resp. small) value ofbopt(Ps) indicates compatibility (resp. incompatibility) between

the specified loop-shape and closed-loop robust stability. A controllerC for the scaled nominal plant

P is finally obtained by pulling around the weights to obtainC = W1C∞W2. A full tutorial on how to

design robust controllers using theH∞ loop-shaping design procedure can be found in Papageorgiou

and Glover (1999b).

More formally, let the feedback interconnection ofPs andC∞ shown in Figure 2.5 be denoted

by [Ps,C∞].

Definition 2.5.1 The interconnection[Ps,C∞] is said to be “well-posed” if each of the four transfer

functions mapping

[
w1

w2

]
to

[
z1

z2

]
exist.

Note that[Ps,C∞] is well-posed whenever det(I − C∞(∞)Ps(∞)) 6= 0. In this case, these four

transfer functions can be written as:[
z1

z2

]
=
[

Ps

I

]
(I − C∞Ps)

−1
[
−C∞ I

] [w1

w2

]
.

It is clear that the study of feedback interconnections that are not well-posed is meaningless. Hence-

forth, whenever a feedback interconnection is invoked, well-posedness will be implicitly assumed.

Definition 2.5.2 The interconnection[Ps,C∞] is said to be “internally stable” if it is well-posed and

each of the four transfer functions mapping

[
w1

w2

]
to

[
z1

z2

]
belongs toRH∞.



2.5 Motivation for H∞ Loop-Shaping 16

Next, the robust stability marginb(Ps,C∞)and the optimal robust stability marginbopt(Ps)are defined.

Definition 2.5.3 Given a plantPs and a controllerC∞, the “robust stability margin”b(Ps,C∞) is

defined by:

b(Ps,C∞) :=



∥∥∥∥∥∥
Ps

I

 (I − C∞Ps)
−1
[
−C∞ I

]∥∥∥∥∥∥
−1

∞

if [Ps,C∞] is internally stable,

0 otherwise.

Definition 2.5.4 Given a plantPs, the largest value of the robust stability margin is defined by:

bopt(Ps) := sup
C∞

b(Ps,C∞) .

It is shown in Glover and McFarlane (1989) thatbopt(Ps) ≤ 1 for anyPs. Hence, the robust stability

marginb(Ps,C∞) is always some number between zero and one (both inclusive).

The following theorem (Zhou et al., 1996) relates the robust stability marginb(Ps,C∞) to the size

of the largestH∞-norm bounded perturbation on the normalised coprime factors of the shaped plant

Ps for which closed-loop stability is maintained.

Theorem 2.5.1 Given a shaped plantPs with a normalised right coprime factorisation overRH∞
denoted by(Ns,Ms) and a controllerC∞, the following statements are equivalent for any0≤ ε < 1:

(i) b(Ps,C∞) > ε,

(ii) [P̃s,C∞] is internally stable for all plantsP̃s ∈P, where

P :=
{

P̃s = (Ns +1Ns)(Ms +1Ms)
−1 such that

[
1Ns

1Ms

]
∈ RH∞,∥∥∥∥∥

[
1Ns

1Ms

]∥∥∥∥∥
∞
≤ ε and(Ms +1Ms) is invertible inR

}
.

Recall that uncertainty in the coprime factors is the most general type of unstructured uncertainty as it

allows for low/high frequency modelling errors and an unknown number of right-half plane poles and

zeros (Zhou et al., 1996, Table 9.1). This theorem shows why the robust stability marginb(Ps,C∞) is

a good measure of the robustness of the closed-loop. The reader is also referred to Vinnicombe (2000)

for further interesting properties ofb(Ps,C∞) and relations to the gap andν-gap metrics.

It is also possible to motivate the use ofb(Ps,C∞) as a performance measure by noting that it

bounds the gains of all closed-loop transfer functions between inputs and outputs at any point in the

loop, as shown in the following theorem (Zhou et al., 1996). Tighter bounds are given in Vinnicombe

(2000) which exploit the singular vector directions. However, the bounds presented in the following

theorem are considerably simpler and hence easier to use in application.
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Theorem 2.5.2 Let P be the scaled nominal plant and letC = W1C∞W2 be the associated controller

obtained from theH∞ loop-shaping design procedure (i.e.C∞ is the robustly stabilising controller

for the shaped plantPs = W2PW1). Then the size of each closed-loop transfer function matrix in the

interconnection[P,C] can be bounded frequency-by-frequency as follows:

σ
[
(I − C P)−1

]
≤ min

{
γ σ(Ms) κ(W1), 1+ γ σ(Ñs) κ(W1)

}
,

σ
[
(I − PC)−1

]
≤ min

{
γ σ(M̃s) κ(W2), 1+ γ σ(Ns) κ(W2)

}
,

σ
[
C P(I − C P)−1

]
≤ min

{
γ σ(Ñs) κ(W1), 1+ γ σ(Ms) κ(W1)

}
,

σ
[

PC(I − PC)−1
]
≤ min

{
γ σ(Ns) κ(W2), 1+ γ σ(M̃s) κ(W2)

}
,

σ
[
C(I − PC)−1

]
≤ γ σ(Ms) σ (W1) σ (W2),

σ
[

P(I − C P)−1
]
≤ γ σ(Ns)

σ (W1) σ (W2)
,

where

γ = 1

b(Ps,C∞)
,

σ (Ns) = σ (Ñs) =
[

σ(Ps)
2

1+ σ (Ps)
2

]1/2

,

σ (Ms) = σ (M̃s) =
[

1

1+ σ (Ps)2

]1/2

,

and(Ns,Ms) (resp.(Ñs, M̃s)) is the normalised right (resp. left) coprime factorisation overRH∞ of

the shaped plantPs.

It should be pointed out that all the above bounds are expressed in terms ofb(Ps,C∞), W1, W2 andPs

only. Thus, by specifying the sizes of these variables in different frequency regions, it is possible to

indirectly constrain the size of each closed-loop transfer function matrix given in the above theorem.

Finally, the standardH∞ loop-shaping design procedure of McFarlane and Glover (1992) is

outlined and some justification is given as to why this design method is sensible.

The standardH∞ loop-shaping design procedure

I. Scale the inputs and outputs of the nominal plantPnom with pre- and post-diagonal scaling

matricesS1 and S2 to give the scaled nominal plantP = S2PnomS1. This scaling is important

so that differences between the units of each input or output channel are compensated for by the

scaling matricesS1 andS2.

II. Shape the singular values of the scaled nominal plantP with frequency dependent pre- and

post-compensatorsW1 andW2 such that the achieved loop-shape (i.e. the singular values of the

shaped plantPs = W2PW1) satisfies the closed-loop performance requirements. It is important
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to ensure thatW1 andW2 are chosen such that the interconnectionW2PW1 contains no unstable

hidden modes. Usually,W1,W
−1
1 andW2,W

−1
2 are restricted to belong toRH∞.

III. Computebopt(Ps). If bopt(Ps)� 0.3, then it means that the designed loop-shape is incompatible

with robust stability/performance and hence the designer should go back to Step II to design a

“better” loop-shape1.

IV. Synthesise a controllerC∞ that achieves a robust stability marginb(Ps,C∞) that is slightly less

than the computedbopt(Ps). The reason for this is that optimal controllers cannot be written

in observer form, which is often desirable, and do not roll-off at high frequency. Design a

command pre-filter (if required) and pull around the loop-shaping weightsW1, W2 and the

scaling matricesS1, S2.

V. Finally check time-simulations (for settling time, overshoot, actuator saturation, etc.) of the

resulting closed-loop system to verify its robust performance and tune as necessary.

The theoretical basis forH∞ loop-shaping is thatC∞ does not modify the loop-shape significantly at

low and high frequencies ifb(Ps,C∞) is large, but it essentially shapes the phase ofPs around cross-

over to improve robustness. Therefore, the designer can specify closed-loop performance objectives

by shaping the singular values of the open-loop plantP with frequency dependent weightsW1 andW2

and let the controllerC∞ take care of stability.

2.6 Results on Parahermitian Functions

The first lemma given in this section shows that parahermitian rational matrix functions can be rewritten

with arbitrary (1,1)-block.

Lemma 2.6.1 Let A, B, P, S, R be real matrices of compatible dimensions such thatP = PT,

R= RT andλi (A) 6= −λ j (A) ∀i, j . Define the parahermitian rational matrix function

0(s) :=
[
BT(−s I − AT )−1 I

] [ P S

ST R

][
(s I − A)−1B

I

]
.

Then, given an arbitrary real matrix̂P = P̂T of the same dimensions asP, there exists a real matrix

Ŝof the same dimensions asSsuch that

0(s) =
[
BT (−s I − AT )−1 I

] [ P̂ Ŝ

ŜT R

][
(s I − A)−1B

I

]
.

1Experience has shown thatbopt(Ps) ≥ 0.3 is usually good enough, in the same way as a gain margin of 5.4dB and a

phase margin of 35◦ are for a SISO design (Glover et al., 2000).
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In fact, Ŝ is given by

Ŝ= S+ X B,

where the real matrixX = XT is the unique solution to the Lyapunov equation

X A+ AT X = (P̂ − P).

Proof Sinceλi (A) + λ j (A) 6= 0 ∀i, j , the Lyapunov equationX A+ AT X = (P̂ − P) has a

unique solution (Zhou et al., 1996, Lemma 2.7). Furthermore, sinceA is real and(P̂− P) is real and

symmetric, such a solution is real and symmetric. Now, note that0(s) can be written in state-space

form as:

0(s) =


A 0 B

−P −AT −S

ST BT R

 .

Applying the similarity transformation

[
I 0

X I

]
to this state-space realisation gives

0(s) =


A 0 B

−(X A+ AT X + P) −AT −(S+ X B)

(ST + BT X) BT R



=


A 0 B

−P̂ −AT −Ŝ

ŜT BT R


=
[
BT (−s I − AT )−1 I

] [ P̂ Ŝ

ŜT R

][
(s I − A)−1B

I

]
.

2

As a consequence of Lemma 2.6.1, the following corollary states that a parahermitian rational

matrix function can be decomposed into the sum of a stable transfer function matrix and its adjoint.

Although the statement in this corollary assumes thatA is Hurwitz, this is an over-restriction and a

similar result can be proven (Francis, 1987) under a weaker assumption. However, this dissertation

makes use of this corollary only in the situation whenA is Hurwitz, and hence attention is limited to

this case for ease of proof and notation.

Corollary 2.6.2 Let A, B, P, S, R be real matrices of compatible dimensions such thatP = PT,

R= RT and A is Hurwitz. Define the parahermitian rational matrix function

0(s) :=
[
BT(−s I − AT )−1 I

] [ P S

ST R

][
(s I − A)−1B

I

]
.
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Letting the real matrixX = XT be the unique solution to the Lyapunov equationX A+ AT X+ P = 0,

it follows that

0(s) =
[

A B

ST + BT X 1
2 R

]
+

[
A B

ST + BT X 1
2 R

]∼
.

Proof SelectingP̂ = 0 in Lemma 2.6.1 and lettingX be the solution toX A+ AT X + P = 0 gives

0(s) =
[
BT(−s I − AT )−1 I

] [ 0 S+ X B

ST + BT X R

][
(s I − A)−1B

I

]

=
[

A B

ST + BT X 1
2 R

]
+

[
−AT −(S+ X B)

BT 1
2 R

]

=
[

A B

ST + BT X 1
2 R

]
+

[
A B

ST + BT X 1
2 R

]∼
.

2

The next lemma gives a complete parametrisation of frequency functions of the formT ( jω)∗T( jω)

whereT, T−1 ∈ RH∞. Using 0 as the arbitrary (1,1)-block in this parametrisation reduces the number

of potential decision variables in an eventual optimisation. This particular parametrisation will also

turn out to be of crucial importance in the proof of Theorem 4.7.1.

Lemma 2.6.3 GivenA ∈ Rn×n and B ∈ Rn×m with A Hurwitz.

(i) For everyC∈ Rm×n andD ∈ Rm×m such thatT (s) :=
[

A B

C D

]
∈ RH∞ satisfiesT−1∈ RH∞,

there existQ12 ∈ Rn×m and Q22 = QT
22 ∈ Rm×m such that

T( jω)∗T( jω) =
[
( jω I − A)−1B

I

]∗ [
0 Q12

QT
12 Q22

][
( jω I − A)−1B

I

]
> 0 ∀ω ∈ R ∪ {∞}.

(ii) For every Q12 ∈ Rn×m and Q22 = QT
22 ∈ Rm×m such that[

( jω I − A)−1B

I

]∗ [
0 Q12

QT
12 Q22

][
( jω I − A)−1B

I

]
> 0 ∀ω ∈ R ∪ {∞},

there existC∈ Rm×n andD ∈ Rm×m such thatT (s) :=
[

A B

C D

]
∈ RH∞ satisfiesT−1∈ RH∞

and

[
( jω I − A)−1B

I

]∗ [
0 Q12

QT
12 Q22

][
( jω I − A)−1B

I

]
= T( jω)∗T( jω) ∀ω ∈ R ∪ {∞}.
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Proof

(i) For anyC ∈ Rm×n andD ∈ Rm×m such thatT (s) :=
[

A B

C D

]
∈ RH∞ satisfiesT−1 ∈ RH∞,

T( jω)∗T( jω) > 0 ∀ω ∈ R ∪ {∞} and

T( jω)∗T( jω) =
[
BT (− jω I − AT )−1 I

] [CT C CT D

DTC DT D

][
( jω I − A)−1B

I

]

for all ω ∈ R ∪ {∞}. Now using Lemma 2.6.1 witĥP = 0, there existQ12 ∈ Rn×m and

Q22 = QT
22 ∈ Rm×m (in fact Q22 = DT D) such that

T( jω)∗T( jω) =
[
BT (− jω I − AT )−1 I

] [ 0 Q12

QT
12 Q22

][
( jω I − A)−1B

I

]
∀ω ∈ R ∪ {∞}.

(ii) For any Q12 ∈ Rn×m andQ22 = QT
22 ∈ Rm×m such that[

( jω I − A)−1B

I

]∗ [
0 Q12

QT
12 Q22

][
( jω I − A)−1B

I

]
> 0 ∀ω ∈ R ∪ {∞},

it follows by (Zhou et al., 1996, Theorem 13.19 I(a)) and (Zhou et al., 1996, Corollary 13.20)

that there exist aC ∈ Rm×n and aD ∈ Rm×m such thatT(s) :=
[

A B

C D

]
∈ RH∞ satisfies

T−1 ∈ RH∞ and[
( jω I − A)−1B

I

]∗ [
0 Q12

QT
12 Q22

][
( jω I − A)−1B

I

]
= T( jω)∗T( jω) ∀ω ∈ R ∪ {∞}.

2

2.7 A Result from Calculus

The lemma given in this section is a standard result from calculus. It will be used in the derivation of

the cost function for one of the optimisation problems proposed in this thesis.

Lemma 2.7.1 Suppose thatA is Hurwitz. Then∫ ∞
−∞
( jω I − A)−1 dω = π I .

Proof Consider the contourC depicted in Figure 2.6 and note that sinceA is Hurwitz, (s I − A)−1

is analytic for alls ∈ {s ∈ C : <(s) > −ε}, whereε ∈ R+ is a sufficiently small number.
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C− j R

+ j R
=(s)

<(s)

R

Figure 2.6:ContourC in the right half plane

Then, by Cauchy’s Theorem (Rudin, 1987, Theorem 10.14)∮
C
(s I − A)−1 ds= 0 ∀R.

Consequently,

lim
R→∞

∮
C
(s I − A)−1 ds = 0

⇒ lim
R→∞

∫ R

−R
( jω I − A)−1 j dω + lim

R→∞

∫ − π2
+ π2

(Rej θ I − A)−1 j Rej θ dθ = 0

∴
∫ ∞
−∞
( jω I − A)−1 dω = lim

R→∞

∫ + π2
− π2

(Rej θ I − A)−1Rej θ dθ

so
∫ ∞
−∞
( jω I − A)−1 dω =

∫ + π2
− π2

lim
R→∞

(
I − 1

R
e− j θ A

)−1

dθ

hence
∫ ∞
−∞
( jω I − A)−1 dω =

∫ + π2
− π2

I dθ = π I .

2

2.8 Linear Matrix Inequality Results

The computational methods proposed in this thesis heavily rely on convex optimisation problems and

Linear Matrix Inequality (LMI) constraints. It is beyond the scope of this thesis to give a comprehensive

treatment of this topic. However, the most fundamental results are collected here for completeness.

LMI constraints have the form

F(x) := F0 +
m∑

i=1

xi Fi > 0 (or ≥ 0),

wherex := [x1 x2 . . . xm]T ∈ Cm is the vector of decision variables and the hermitian matrices

Fi = F∗i ∈ Cn×n are given. LMIs as the one above are convex constraints inx (i.e. the feasible set

{x : F(x) > 0} is a convex set). Multiple LMIsF1(x) > 0, . . . , F p(x) > 0 may be combined into
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a single LMI to give diag
[
F1(x), . . . , F p(x)

]
> 0. As such, multiple coupled LMIs are treated as a

single LMI with no additional difficulty.

A large varietyof problems in control can be written as optimisation problems with LMI constraints.

Hence, LMIs are now an area of considerable research interest. Analytic solutions to these linear

matrix inequalities generally do not exist, but efficient numerical methods exist (which are coded in

commercially available software packages) to find feasible solutions, if any. Boyd et al. (1994) stress

that as long as analytic solutions are not required, reduction of an analysis or a synthesis problem to

linear matrix inequalities is sufficient to have “solved” the problem. This is precisely the viewpoint

taken in this thesis.

There are also quasi-convex optimisation problems (closely related to LMIs) which can be solved

very efficiently. These problems usually take the form of generalised eigenvalue problems as follows:

Minimiseλ : A(x) − λB(x) < 0, B(x) > 0, C(x) > 0.

Here,A(x), B(x) andC(x) are hermitian matrices that depend affinely onx.

In the remaining part of this section, some of the most important LMI results are collected for ease

of reference in subsequent chapters of this dissertation.

Some nonlinear convex inequalities can be converted into LMI form using Schur Complements.

The following lemma states such an equivalence (Horn and Johnson, 1996).

Lemma 2.8.1 (Schur Complement)Suppose thatP = P∗ ∈ Cn×n, R= R∗ ∈ Cm×m andS∈ Cn×m.

Then

R< 0 and P − SR−1S∗ < 0 ⇔
[

P S

S∗ R

]
< 0.

The next result by Kalman, Yakubovich and Popov states the equivalence between a frequency

domain condition and an LMI. See (Willems, 1971, Theorems 3, 4) or (Rantzer, 1996, Theorem 1) for

a proof.

Lemma 2.8.2 (Kalman-Yakubovich-Popov Lemma)Given matricesA ∈ Rn×n, B ∈ Rn×m and

Q = QT ∈ R(n+m)×(n+m) with det( jω I − A) 6= 0 ∀ω ∈ R and(A, B) controllable, the following two

statements are equivalent:

(i) For all ω ∈ R ∪ {∞}, [
( jω I − A)−1B

I

]∗
Q

[
( jω I − A)−1B

I

]
≤ 0.

(ii) There exists a matrixX = XT ∈ Rn×n such that

Q +
[

X A+ AT X X B

BT X 0

]
≤ 0.

The corresponding equivalence for strict inequalities holds even if(A, B) is not controllable.
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The next lemma gives necessary and sufficient conditions for the existence of a matrix variable

that enters an LMI in a particular form. See Gahinet and Apkarian (1994) or Boyd et al. (1994) for a

proof.

Lemma 2.8.3 (Projection Lemma) Suppose thatQ = QT ∈ Rn×n, U ∈ Rp×n and V ∈ Rq×n.

Denote by9U and9V any matrices with columns that form bases for the null spaces ofU and V

respectively. Then there exists a8 ∈ Rp×q such that

Q +U T8V + VT8TU < 0

if and only if

9T
U Q9U < 0 and 9T

V Q9V < 0.

The following lemma by Packard (1994) will be used to uncouple LMIs having matrix variables

X andX−1, which usually result from the application of the above Projection Lemma.

Lemma 2.8.4 Suppose thatP = PT ∈ Rn×n and Q = QT ∈ Rn×n with P > 0 and Q > 0. Let

m be a positive integer and let� denote “Don’t Care” elements. Then there existS ∈ Rn×m and

R= RT ∈ Rm×m such that

X =
[

P S

ST R

]
> 0 satisfies X−1 =

[
Q �
� �

]

if and only if [
P In

In Q

]
≥ 0 and rank

(
P − Q−1) ≤ m.



Chapter 3

A Pointwise Algorithm for µ-Synthesis

3.1 Introduction

It is well known that the design of performance weights forH∞-control andµ-synthesis problems

is a non-trivial task. Usually, suitable performance weights are obtained via a long and tedious trial

and error process based primarily on engineering judgement and intuition (Stoughton, 1990; Jovik

and Lennartson, 1996). For simple single-input single-output control systems with only two or three

performance outputs, trial and error can be manageable. However, this approach becomes increasingly

complicated as the number of performance channels increases, since it may not be possible to choose

the performance weights for each channel independently.

The focus in control systems design is often on tracking and disturbance rejection in the low-

frequency region and robustness to unmodelled dynamics in the high-frequency region, although the

problem specifications may in some cases determine otherwise. The former is usually captured by

weighting the closed-loop sensitivity functions with weights that are large at low-frequencies, thereby

ensuring that the sensitivity functions are small in this frequency region. The latter is usually captured

by weighting the closed-loop complementary sensitivity functions with weights that are large at high-

frequency, thereby ensuring that the complementary sensitivity functions are small in this frequency

region. Note however that the crossover region is critical for both robustness and performance, and

in this frequency region neither the sensitivity nor the complementary sensitivity functions are small

(Kwakernaak, 1993). Thus, choosing the performance weights in this mid-frequency region to optimise

the desired closed-loop performance while maintaining robust stability can be very difficult (Balas

and Doyle, 1990).

The D-K iterative procedure of Doyle (1985) is probably the most popular method used in

µ-synthesis to design robustly stabilising controllers. Other methods with different computational

benefits have later been proposed, such asµ-K iterations in Lin et al. (1993), E-K iterations in Chang

et al. (1994) and L-R iterations in Rotea and Iwasaki (1994). However, all these methods assume that

the performance weights have already been chosen. Some authors have suggested “rules” for choos-

25
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ing such performance weights for specific design problems (Stoughton, 1990; Jovik and Lennartson,

1996). However, all of this work heavily relies on the designer’s experience and the final performance

weights used are often the result of a long trial and error process.

In Fan and Tits (1992), a mathematical quantity (closely related toµ) was introduced to answer

the question: “Determine the smallestα such that for any uncertainty bounded by unity, anH∞
performance level ofα is guaranteed”. Although this may be considered as an initial step towards

optimising robust performance (i.e. the determination of the smallestα) for a given uncertainty set,

the valueα is a constant bound over all frequencies and channel directions. In this chapter, the

following more general problem is addressed: “Determine the largest performance weights (in some

sense, at each frequency and channel direction) such that for any uncertainty bounded by unity, an

H∞ performance level of unity is guaranteed”.

Consequently, a conceptually new approach to the robust performanceµ-synthesis problem is

proposed in this chapter. Performance weights, maximised with respect to a suitable cost function

that captures the desired closed-loop performance, are synthesised simultaneously with an internally

stabilising controller to immediately guarantee robust performance. This optimisation problem yields

a closed-loopµ-curve that is as flat as possible across frequency and very close to unity, reflecting

optimised robust performance. The designer is only required to specify the plant set and an optimisation

directionality. This directionality only appears in the cost on the performance weights and reflects the

desired closed-loop properties. Correspondingly, this approach greatly simplifies the often long and

tedious process of designing “good” performance weights directly. Of course, a sensible plant set and

directionality are still necessary for a sensible result.

3.2 Problem Formulation

Consider the LTI system depicted in Figure 3.1. This LFT framework is very general as any linear

1P

r r

q p

nn

1

m

K

W G

In general, this
is structured.

Figure 3.1:Typicalµ-synthesis LFT framework
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interconnection of systems, inputs, outputs and model uncertainties can be recast into this framework

(Doyle et al., 1991). For notational convenience all uncertainty blocks, except those for performance,

are assumed to be square. This can be done without loss of generality by adding dummy inputs and

outputs (i.e. by padding the non-square uncertainty blocks and the corresponding rows/columns of the

generalised plantG with zeros) (Helmersson, 1995, Section 5.2.1). Before formulating the problem

of interest, some sets need to be defined.

Definition 3.2.1 The sets of allowable perturbations are defined by:

1 :=
{

f
diag
i=1

(
Iαi ⊗1i

) : 1i ∈ Cβi×βi ,

f∑
i=1

αiβi = r

}
1P :=

{
1P ∈ Cm×n

}
1TOT :=

{
diag(1,1P) : 1 ∈ 1,1P ∈ 1P

}
B1TF := {1(s) ∈ RH∞ : 1(so) ∈ 1 ∀so ∈ C+, ‖1‖∞ ≤ 1

}
B1TF

P :=
{
1P(s) ∈ RH∞ : 1P(so) ∈ 1P ∀so ∈ C+, ‖1P‖∞ ≤ 1

}
.

Here,αi denotes the number of times that uncertainty block1i is repeated, the prefixB denotes a

“ball” of uncertainty and the superscript TF denotes a set of transfer function matrices.

It appears that the results presented in this thesis extend to the case where the set1P has a block-

diagonal structure and/or to the case where the uncertainty sets defined above have mixed real and

complex uncertainty. This, however, will not be done here in the interest of simpler notation. If the set

1P is defined to have a block-diagonal structure, then the framework introduced in this chapter also

allows for optimisation of specific input uncertainty weights associated with full uncertainty blocks

and for specific channel-to-channel performance gain constraints.

Definition 3.2.2 The set of diagonal complex matrices is defined by:

3 :=
{

n
diag
i=1

(`i ) : `i ∈ C
}
.

Definition 3.2.3 The scaling setsD andDTF are defined by:

D :=
{

D =
f

diag
i=1

(
Di ⊗ Iβi

) : detD 6= 0, Di ∈ C αi×αi ,

f∑
i=1

αiβi = r

}
DTF := {D(s) ∈ RH∞ : D(s)−1 ∈ RH∞, D(so) ∈ D ∀so ∈ C+

}
.

Note that (both) these sets commute with1 andB1TF.

Definition 3.2.4 The sets of performance weights and directionality matrices are defined by:

WTF := {W(s) ∈ RH∞ : W(s)−1 ∈ RH∞,W(so) ∈ 3 ∀so ∈ C+
}

ϒTF := {ϒ(s) ∈ RH∞ : ϒ(so) ∈ 3 ∀so ∈ C+
}
.

Note that these two sets commute with3.
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Definition 3.2.5 Given a generalised plant

G(s) =


A B1 B2 B3

C1 D11 D12 D13

C2 D21 D22 D23

C3 D31 D32 D33


partitioned consistently with Figure 3.1, let the term “Standard Assumptions” refer to:

(A1) (A, B3) is stabilisable and(C3, A) is detectable,

(A2) D33 = 0.

Assumption (A1) is necessary and sufficient for the existence of an internally stabilising output-

feedback controller (Green and Limebeer, 1995, Appendix A.4), whereas assumption (A2) incurs no

loss of generality but considerably simplifies calculations. IfD33 6= 0, one may restore theD33 = 0

situation by a loop-shifting argument that absorbsD33 into K (s) as described in Glover and Doyle

(1988) or Safonov and Limebeer (1988).

Definition 3.2.6 Given a generalised plantG, the set of internally stabilising output-feedback con-

trollers K ∈ R p×q for the LFT interconnectionFl (G, K ) is denoted byKTF
G .

Then, in Figure 3.1:

(i) G denotes the LTI generalised plant. Before constructing such a generalised plant, the designer

would have already decided what “plant set” to design for. This “plant set” is determined from the

nominal plant model, the structure, type and size of the uncertainty and any ‘a priori’ knowledge

about the frequency content of the exogenous signals. Here it is assumed that all of this has

already been done andG(s) is given. See (Balas et al., 1996; Zhou et al., 1996; Skogestad and

Postlethwaite, 1998) for a detailed explanation on how to construct such a generalised plant.

(ii) K ∈KTF
G denotes an LTI controller which is to be designed. Besides being internally stabilising,

K (s) must also achieve the required closed-loopµ-value.

(iii) W ∈WTF is a stable minimum-phase invertible (and hence bi-proper) diagonal transfer function

matrix containing the performance weights. It is required to find the “biggest”W(s), in some

sense, such that some constraints are not violated.

(iv) 1 ∈ B1TF is the structured/unstructured uncertainty in the system. Thus,1 is an unknown

stable LTI system which has some block-diagonal structure and satisfies‖1‖∞ ≤ 1.

(v) 1P ∈ B1TF
P is the “performance uncertainty”. This uncertainty is fictitious and is only used to

transform the robust performance problem into an equivalent robust stability problem. Hence,

1P is an unknown stable LTI system that satisfies‖1P‖∞ ≤ 1.
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Given an internally stabilising controllerK ∈ KTF
G and a performance weightW ∈ WTF, it follows

from Robust Performance Theorem 2.4.3 that robust performance is achieved for the setup of Figure 3.1

for all 1 ∈ B1TF if and only if

sup
ω

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (G( jω), K ( jω))

]
< 1.

Moreover, it is required to capture the size of the performance weights in some way.

Definition 3.2.7 Given a systemP ∈ RH∞ and a frequency range[ωL, ωH] with ωL > 0 and

ωH <∞, let ‖P‖[ωL ,ωH ] be defined by:

‖P‖[ωL ,ωH ] :=
√∫ log10ωH

log10ωL

‖P( jω)‖2F d(log10ω).

This object is a semi-norm as it satisfies positivity, homogeneity and the triangular inequality but not

positive-definiteness, and in some sense it is a measure of the size ofP( jω) in the frequency range

[ωL, ωH]. Logarithmic frequency is chosen as the variable of integration so that‖P‖[ωL ,ωH ] has a direct

interpretation when the singular values ofP are plotted on a Bode diagram (recall that the square of

the Frobenius norm of a matrix is equal to the sum of the squares of all singular values of that matrix).

Now consider the following optimisation problem for a given generalised plantG(s) satisfying

the standard assumptions stated in Definition 3.2.5, a given frequency range[ωL, ωH] and an ‘a priori’

chosen directionality transfer function matrixϒ(s) ∈ ϒTF:

max
W∈WTF

1∥∥ϒW−1
∥∥[ωL ,ωH ]

: min
K∈KTF

G

sup
ω

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (G( jω), K ( jω))

]
< 1. (3.1)

Here,[ωL, ωH] is the frequency range where maximisation of the performance weightW(s) is required.

This frequency range should be chosen sensibly and a good rule-of-thumb is to consider two or three

decades below and above the required closed-loop bandwidth. This ensures that all the closed-loop

dynamics are captured by the above optimisation problem.

Some justification will now be given as to why this is a sensible optimisation problem to consider.

First observe that the square of the cost function may be expressed as:

1∥∥ϒW−1
∥∥2
[ωL ,ωH ]

= 1∫ log10ωH

log10ωL

∥∥ϒ( jω)W( jω)−1
∥∥2

F
d(log10ω)

= 1∫ log10ωH

log10ωL

n∑
i=1

1∣∣∣wi ( jω)
υi ( jω)

∣∣∣2 d(log10ω)

,

wherewi ( jω) (resp.υi ( jω)) is thei -th diagonal element ofW( jω) (resp.ϒ( jω)). From this decom-

position, it is clear that the cost function1
/∥∥ϒW−1

∥∥[ωL ,ωH ] is a cumulative measure of the frequency

dependent size of the performance weightswi ( jω) in the frequency range[ωL, ωH]. Each performance
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weightwi ( jω) is weighted differently across frequency in this cost function due to the directionality

factorsυi ( jω). Thus, the directionality matrixϒ(s) ∈ ϒTF may be chosen by the designer so as

to direct the maximisation as desired. In fact,υi ( jω) will be chosen large (resp. small) where the

corresponding performance weightwi ( jω) is required to be large (resp. small). Since maximisation

will only take place in the frequency range[ωL, ωH], ϒ( jω) is only relevant in this frequency range.

This however does not makeϒ( jω) a substitute for the performance weightW( jω), asϒ( jω)

only captures the desired directionality of the optimisation. The absolute size of eachυi ( jω) is

completely irrelevant as this will only affect the value of the cost associated with the above optimisation

problem. Only the shape across frequency and the relative sizes amongst the different diagonal entries

of ϒ( jω) are important. Furthermore, incompatible directionalities can never be specified, unlike

directly specifying the performance weights. This is because the performance weights given by the

above optimisation problem must always be feasible to the optimisation’s constraint and hence will

always satisfyµ < 1. Sensible choice ofϒ( jω) is of course still necessary (this is however much easier

than choosing the actual performance weights) in order to obtain a controller which performs sensibly

and satisfies reasonable stability/performance requirements (e.g. small sensitivity at low frequency

and small complementary sensitivity at high frequency).

The constraint in optimisation problem (3.1) ensures that maximisation of the performance weight

W(s) is limited by the fact that there must exist some internally stabilising controllerK (s) which

achieves robust performance for all uncertainty1 ∈ B1TF.

3.3 Rewriting the Optimisation Problem

In this section, optimisation problem (3.1) is rewritten in a form which is more suitable for subsequent

synthesis steps. This rewriting will make use of the following well-known theorem and corollary

(Green and Limebeer, 1995; Zhou et al., 1996).

Theorem 3.3.1 (Youla Parametrisation) Given a generalised plantG satisfying the standard as-

sumptions stated in Definition 3.2.5, letF andL be such thatA+ B3F and A+ LC3 are Hurwitz and

define

J :=


A+ B3F + LC3 −L B3

F 0 I

−C3 I 0

 .
Then the setKTF

G is parametrised by{
K = Fl (J,Q) : Q ∈ RH∞

}
.

Observe that the mapping fromQ ∈ RH∞ to K ∈KTF
G is bijective.
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Corollary 3.3.2 The set of all closed-loop transfer function matricesFl (G, K ) achievable by an

internally stabilising controllerK ∈KTF
G is parametrised by{

Fl (T,Q) =
(

T11+ T13QT31 T12+ T13QT32

T21+ T23QT31 T22+ T23QT32

)
: Q ∈ RH∞

}
,

whereT is given by

T =


T11 T12 T13

T21 T22 T23

T31 T32 0

 =


A+ B3F −B3F B1 B2 B3

0 A+ LC3 B1+ L D31 B2+ L D32 0

C1+ D13F −D13F D11 D12 D13

C2+ D23F −D23F D21 D22 D23

0 C3 D31 D32 0


.

Note that all transfer function matricesTi j are stable and that the parametrisationFl (T,Q) is affine

in the parameterQ. Moreover, sinceG is given at the beginning of the problem,T can be computed

prior to evaluating the optimisation.

Consequently, optimisation problem (3.1) can equivalently be rewritten as:

max
W∈WTF

1∥∥ϒW−1
∥∥[ωL ,ωH ]

: min
Q∈RH∞

sup
ω

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (T( jω),Q( jω))

]
< 1.

Furthermore, since only the arguments of the optimisation are of interest, this optimisation problem

may be rewritten as:

min
W∈WTF

∥∥ϒW−1
∥∥2

[ωL ,ωH ]

such that (3.2)

∃Q ∈ RH∞ satisfyingµ1TOT

[(
Ir 0

0 W( jω)

)
Fl (T( jω),Q( jω))

]
< 1 ∀ω.

This optimisation problem is however non-convex (due to theµ constraint) and hence its solution is

not easily computable.

3.4 A Tractable Reformulation

In this section, each part of optimisation (3.2) will be investigated separately and a computationally

tractable optimisation problem with tighter (i.e. more restrictive) constraints will be derived. The

derivation is divided into several sub-sections for clarity.

3.4.1 Rewriting the Cost Function

In this sub-section, the cost function
∥∥ϒW−1

∥∥2
[ωL ,ωH ] is rewritten into a form more suitable for subse-

quent operations. To this end, first define the following sets:
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Definition 3.4.1 The sets of strictly-positive and non-negative vector valued functions are defined by

V :=
{

f : R 7→ R n
+
}
,

V :=
{

f : R 7→ Rn
+
}
.

Then, for ease of notation, define the following vector functions:

vW(ω) :=
[
W( jω)∗W( jω)

]−1


1

1
...

1

 =

|w1( jω)|−2

|w2( jω)|−2

...

|wn( jω)|−2

 ∈ V , (3.3)

and v
ϒ
(ω) := [

ϒ( jω)∗ϒ( jω)
]


1

1
...

1

 =

|υ1( jω)|2
|υ2( jω)|2

...

|υn( jω)|2

 ∈ V . (3.4)

Using this notation, it is easy to see that

∥∥ϒW−1
∥∥2

[ωL ,ωH ] =
∫ log10ωH

log10ωL

trace
(
W( jω)−∗ϒ( jω)∗ϒ( jω)W( jω)−1) d(log10ω)

=
∫ log10ωH

log10ωL

trace
(
ϒ( jω)∗ϒ( jω)W( jω)−1W( jω)−∗

)
d(log10ω)

=
∫ log10ωH

log10ωL

trace
([
ϒ( jω)∗ϒ( jω)

][
W( jω)∗W( jω)

]−1
)

d(log10ω)

=
∫ log10ωH

log10ωL

v
ϒ
(ω)TvW(ω) d(log10ω). (3.5)

The cost function in this last form is more suitable for subsequent operations as will be seen later.

Note thatv
ϒ
(ω) ∈ V is determined by the designer on specifiedϒ(s) ∈ ϒTF. Furthermore, given a

continuousvW(ω) ∈ V , it is always possible to construct aW(s) ∈WTF that satisfies equation (3.3)

by fitting a stable minimum-phase transfer function to each magnitude function.

3.4.2 A Sufficient Condition so thatQ ∈ RH∞

A sufficient condition which ensures thatQ(s) ∈ RH∞ is obtained by parametrising a subspace

of RH∞ as follows:

Q(s) = Q̆B(s) in which


Q̆ :=

[
Q̆0 Q̆1 Q̆2 . . . Q̆N

]
∈ Rp×(N+1)q

B(s) :=
[

Iq

( 2
τ
−s

2
τ +s

)
Iq

( 2
τ
−s

2
τ +s

)2
Iq . . .

( 2
τ
−s

2
τ +s

)N

Iq

]T

.

(3.6)

This parametrisation provides a uniform approximation of anyQ ∈ RH∞. In fact,τ will be chosen
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sufficiently smallto capture all fast dynamics andN will be chosensufficiently largeso that there

are enough parameters̆Qi to be able to closely model most transfer functions inRH∞. This can be

easily justified by considering a discrete-time finite impulse response withN samples, each spaced by

τ seconds, as depicted in Figure 3.2.

τ

0 τ (N-1)τ

Q̆0

Q̆2
Q̆3

Q̆N

2τ 3τ Nτ t

Q̆N−1

Q̆1

Figure 3.2:Impulse response in discrete and continuous time

TheZ-transfer function matrix for this discrete-time impulse response is given by

Q̆0+ Q̆1 z−1+ Q̆2 z−2+ · · · + Q̆N z−N,

which when transformed into a continuous system by Tustin’s Transformationz−1 =
( 2
τ −s
2
τ
+s

)
yields

Q(s) := Q̆0+ Q̆1

(
2
τ
− s

2
τ
+ s

)
+ Q̆2

(
2
τ
− s

2
τ
+ s

)2

+ · · · + Q̆N

(
2
τ
− s

2
τ
+ s

)N

.

This is the Laguerre-like parametrisation stated in equation (3.6).

3.4.3 A Sufficient Condition so thatµ(·) < 1

Since theµ constraint in optimisation problem (3.2) is not easily computable, it is necessary to replace

µ1TOT

[ · ] with some computationally tractable upper bound. A sufficient condition1 will thus be

presented in this sub-section which ensures that

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (T( jω),Q( jω))

]
< 1 ∀ω.

Towards this end, note that at each fixed frequencyω,

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (T( jω),Q( jω))

]

≤ inf
Dω∈D

σ

[(
Dω 0

0 In

)(
Ir 0

0 W( jω)

)
Fl (T( jω),Q( jω))

(
D−1
ω 0

0 Im

)]
1This sufficient condition is also necessary when the uncertainty set1TOT satisfies certain conditions.
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with equality achieved when the conditions in (Packard and Doyle, 1993, Theorem 8.4) are satisfied.

Then,

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (T( jω),Q( jω))

]
< 1 ∀ω

⇐ ∀ω inf
Dω∈D

σ

[(
Dω 0

0 W( jω)

)
Fl (T( jω),Q( jω))

(
D−1
ω 0

0 Im

)]
< 1

⇔ ∀ω ∃Dω ∈D : Fl (T( jω),Q( jω))∗
(

D∗ωDω 0

0 W( jω)∗W( jω)

)
Fl (T( jω),Q( jω))

<

(
D∗ωDω 0

0 Im

)

⇔ ∀ω ∃Dω ∈D :


((

D∗ωDω

)−1
0

0 diag
(
vW(ω)

)) Fl (T( jω),Q( jω))

∗
((

D∗ωDω

)
0

0 Im

)
 > 0. (3.7)

The last condition follows from a straightforward application of Schur Complement Lemma 2.8.1 and

by replacing
[
W( jω)∗W( jω)

]−1
with diag

(
vW(ω)

)
, wherevW(ω) is defined in equation (3.3). Now,

since condition (3.7) is not simultaneously convex inDω ∈ D and Q ∈ RH∞, Dω ∈ D will be

held fixed in an eventual optimisation. In order to reduce conservativeness2 in such an optimisation,

Dω ∈D will be chosen as the argument of the following frequency-by-frequency minimisation:

min
Dω∈D

σ

[(
Dω 0

0 W( jω)

)
Fl (T( jω),Q( jω))

(
D−1
ω 0

0 Im

)]
.

This minimisation problem can be rewritten as:

For eachω ∈ R,

minimiseγω

such that∃ Dω ∈ D satisfying

σ

[(
Dω 0

0 W( jω)

)
Fl (T( jω),Q( jω))

(
D−1
ω 0

0 Im

)]
< γω,

2That is, in order to ensure that condition (3.7) with a fixedDω ∈D is not too restrictive when compared to the original

conditionµ1TOT

[ · ] < 1.
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which after some algebra yields:

For eachω ∈ R,

minimiseγ 2
ω

such that∃ (D∗ωDω) ∈ D with (D∗ωDω) > 0 satisfying (3.8)

Fl (T( jω),Q( jω))∗
(
(D∗ωDω) 0

0 diag
(
vW(ω)

)−1

)
Fl (T( jω),Q( jω)) < γ 2

ω

(
(D∗ωDω) 0

0 Im

)
.

Minimisation problem (3.8) is easy to solve as it is a quasi-convex generalised eigenvalue problem in

the variables(D∗ωDω) andγ 2
ω .

3.4.4 The Tractable Optimisation Problem

Consider the following optimisation problem, derived using the results of Sections 3.4.1 to 3.4.3:

min
vW∈V

∫ log10ωH

log10ωL

v
ϒ
(ω)TvW(ω) d(log10ω)

such that

∃ a Q̆ ∈ Rp×(N+1)q and ∀ω a (D∗ωDω) ∈D (3.9)

satisfying
((

D∗ωDω

)−1
0

0 diag
(
vW(ω)

)) Fl

(
T( jω), Q̆B( jω)

)
∗

((
D∗ωDω

)
0

0 Im

)
 > 0.

It can be seen that the closed-loop properties guaranteed by optimisation problem (3.2) are also

guaranteed by the above optimisation problem, as the latter has tighter (i.e. more restrictive) constraints.

Recall also thatFl

(
T( jω), Q̆B( jω)

)
appearing above is affine in̆Q, as can be seen from the definition

of T(s) in Corollary 3.3.2.

Unfortunately, optimisation problem (3.9) cannot be easily solved as the constraint of this problem

is not simultaneously convex in(D∗ωDω) andQ̆. If however(D∗ωDω) is held fixed, then optimisation

problem (3.9) reduces to a simple LMI optimisation problem. In order to reduce conservativeness, this

fixed (D∗ωDω) should be chosen as the solution of optimisation problem (3.8), which itself requiresQ̆

andvW(ω) to be fixed. This co-dependence between these optimisation problems indicates that some

sort of iterative scheme must be used (see Section 3.6) to solve optimisation problem (3.9).

3.5 A Pointwise Approximation

In this section, optimisation problem (3.9) will be approximated by a pointwise optimisation problem,

as (3.9) involves a search over a functional set with constraints holding for allω ∈ R. To this end, let
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ω̃ denote logarithmic frequency (i.e.ω̃ := log10ω) and consider Figure 3.3 in which

ω̃ = log10ω

lo
g 1

0
ω

L
/
10

lo
g 1

0
ω

L

lo
g 1

0
ω

H

lo
g 1

0
10
ω

H

Mω̃

ω̃s
0 ω̃s

1 ω̃s
2 ω̃s

gs−1

ω̃a−4

ω̃a−3 ω̃a
0

ω̃a
1 ω̃

a
2

ω̃a
3

ω̃a
4 ω̃

a
5

ω̃a
6

ω̃a
7

ω̃a
mags

ω̃a
mags+1

analysis
grid points

synthesis
grid points

Figure 3.3:Synthesis and analysis grid points on a logarithmic scale

• gs ∈ Z+ is the desired number of synthesis grid points between log10ωL and log10ωH . It must

be emphasised that the synthesis grid must be chosen dense enough to ensure that all changes

in the transfer function matricesTi j (s), defined in Corollary 3.3.2, are captured;

• ma ∈ Z+ denotes the multiplicity for the analysis grid points. That is,ma ∈ Z+ represents how

much denser the analysis gridding is required when compared to the synthesis gridding. Note

that the analysis grid points are also required to extend a decade below and a decade above the

synthesis grid points.

Now, define the (constant) spacing between the synthesis grid points to be:

Mω̃ := log10ωH − log10ωL

gs
= log10

[(
ωH

ωL

)1/gs
]
. (3.10)

Then, the synthesis grid points are given by:

ω̃s
k := log10ωL + kMω̃ = log10

[
ωL

(
ωH

ωL

)k/gs
]

for k ∈ Z, 0≤ k ≤ (gs − 1)

⇒ ωs
k := 10ω̃

s
k = ωL

(
ωH

ωL

)k/gs

for k ∈ Z, 0 ≤ k ≤ (gs − 1). (3.11)

Note that there is no synthesis grid point at the frequencyωH . The reason for this will become apparent

later when the cost function of optimisation problem (3.9) is approximated by a pointwise in frequency

cost function.

Before defining the analysis grid points in a similar way, the following set needs to be defined:

Definition 3.5.1 Let the set of indices for the analysis grid points be defined by:

� :=
{
k ∈ Z : −

⌊ ma

Mω̃
⌋
≤ k ≤

⌊ ma

Mω̃
⌋
+mags

}
wherebxc is the “floor” of x.
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Then, the analysis grid points are given by:

ω̃a
k := log10ωL + k

Mω̃
ma
= log10

[
ωL

(
ωH

ωL

)k/(mags)
]

for k ∈ �

⇒ ωa
k := 10ω̃

a
k = ωL

(
ωH

ωL

)k/(mags)

for k ∈ �. (3.12)

Now, a first-order approximation of the cost function in optimisation problem (3.9) is given by:∫ log10ωH

log10ωL

v
ϒ
(ω)TvW(ω) d(log10ω) ≈ (Mω̃)

gs−1∑
k=0

v
ϒ
(ωs

k)
TvW(ω

s
k).

Then, for ease of notation, define the following vector (belonging toRn) for eachk ∈ �:

v
ϒ,k :=


v
ϒ
(ωs

k/ma
) when 0≤ bk/mac = k/ma ≤ (gs − 1),[

ε ε · · · ε

]T
otherwise,

(3.13)

whereε ∈ R+ is some very small number3. It is easy to see thatv
ϒ,k is simply the directionality vector

v
ϒ
(ω) whenever the synthesis grid points and the analysis grid points coincide (see Figure 3.3) and is

a very small cost elsewhere.

Hence, a pointwise in frequency approximation of optimisation problem (3.9) is given by:

min
v

W,k∈Rn ∀k∈�

∑
k∈�

(
v
ϒ,k

)T(
vW,k

)
such that

∃ a Q̆ ∈ Rp×(N+1)q and ∀k ∈ � a 2k ∈ D (3.14)

satisfying
(
2−1

k 0

0 diag
(
vW,k

)) Fl

(
T( jωa

k), Q̆B( jωa
k)
)

∗
(
2k 0

0 Im

)
 > 0.

On writing the above optimisation problem,(Mω̃) has been removed from the cost function as it is

a constant and hence does not affect the arguments of the minimisation. Furthermore, observe that

in the above optimisation problem,vW,k (resp.2k) represents the pointwise values ofvW(ω) (resp.

D∗ωDω) at each analysis grid frequencyω = ωa
k . Note also that there is no need to restrict the vectors

vW,k to belong toRn+ in the arguments of minimisation (3.14), as positivity of each element invW,k is

implicitly guaranteed by the constraint of this optimisation problem.

A smallε ∈ R+ is used in the definition ofv
ϒ,k (see equation (3.13)) so as to ensure that the vectors

vW,k resulting from optimisation problem (3.14) are “reasonably smooth” ask changes in�. This is
3By “very small” it is meant a factor of 100, say, less than the smallest element invϒ(ω

s
k) ∀k ∈ Z, 0 ≤ k ≤ (gs− 1).
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because the vectorsvW,k at grid points corresponding to the analysis grid but not to the synthesis grid

(see Figure 3.3) still appear in the cost function, although their contribution towards the reduction of

the cost is small.

Furthermore, a pointwise in frequency approximation of optimisation problem (3.8) can be ob-

tained in a similar way and is given by:

For eachk ∈ �,

minimiseγ 2
ωa

k

such that∃2k ∈ D with 2k > 0 satisfying (3.15)

Fl

(
T( jωa

k), Q̆B( jωa
k)
)∗ (2k 0

0 diag
(
vW,k

)−1

)
Fl

(
T( jωa

k), Q̆B( jωa
k)
)
< γ 2

ωa
k

(
2k 0

0 Im

)
.

Here, again,vW,k and2k are the pointwise values ofvW(ω) and(D∗ωDω) at each analysis grid fre-

quencyω = ωa
k . This is a quasi-convex generalised eigenvalue problem which is easily solved using

LMI routines.

3.6 Solution Algorithm

Optimisation problem (3.14) cannot be directly solved, as this problem is not simultaneously convex

in2k andQ̆. If, however, the variables2k are held fixed, then optimisation problem (3.14) reduces to

a simple LMI optimisation problem. In order to reduce conservativeness,2k should be chosen as the

solution of optimisation problem (3.15) at each grid pointk ∈ �. Now, since these two optimisation

problems are interdependent, an iterative algorithm is proposed.

Inputs to the algorithm:

• Generalised plantG(s) satisfying the standard assumptions of Definition 3.2.5,

• Directionality transfer function matrixϒ(s) ∈ ϒTF.

The solution algorithm:

1. ComputeT(s) using the definition in Corollary 3.3.2,B(s) using the definition in equation (3.6)

andv
ϒ,k using both equations (3.4) and (3.13).

Then, for everyk ∈ �, select a2?
k,0 ∈D with2?

k,0 > 0 such that the constraint of the optimisation

problem given in Step 3 below admits some feasible solution, provided that such a solution exists.

These2?
k,0 ∈D constitute a feasible initial starting point for the algorithm. A systematic procedure

for selecting such a feasible initial starting point is available and will be described in detail in

Section 3.7. However, it should be pointed out that setting2?
k,0 = Ir ∀k ∈ � is usually good

enough.

Seti = 0, wherei denotes the iteration number, andη?0 = ∞.



3.6 Solution Algorithm 39

2. Incrementi by 1.

3. Solve the following convex optimisation problem:

min
v

W,k∈Rn ∀k∈�

∑
k∈�

(
v
ϒ,k

)T(
vW,k

)
such that∃ Q̆ ∈ Rp×(N+1)q satisfying

(
(2?

k,i−1)
−1 0

0 diag
(
vW,k

)) Fl

(
T( jωa

k), Q̆ B( jωa
k)
)

∗
(
(2?

k,i−1) 0

0 Im

)
 > 0 ∀k ∈ �.

HereT( jωa
k), B( jωa

k) andv
ϒ,k are given and2?

k,i−1 is the value of2k obtained in the previous

iteration. Recall thatFl

(
T( jωa

k), Q̆ B( jωa
k)
)

is affine in Q̆ and hence the above optimisation

problem is a simple LMI problem.

Let the value of this minimum cost be denoted byη?i and let the values of̆Q and diag
(
vW,k

)
at each

k ∈ � that achieve this minimum be denoted byQ̆?
i and5?

k,i for eachk ∈ � respectively.

4. Solve the following convex optimisation problemfor eachk ∈ �:

Minimise γ 2
ωa

k

such that∃2k ∈ D with 2k > 0 satisfying

Fl

(
T( jωa

k), Q̆?
i B( jωa

k)
)∗ (2k 0

0
(
5?

k,i

)−1

)
Fl

(
T( jωa

k), Q̆?
i B( jωa

k)
)
< γ 2

ωa
k

(
2k 0

0 Im

)
.

HereT( jωa
k)andB( jωa

k)are given, and̆Q?
i and5?

k,i are the values of thĕQ and diag
(
vW,k

)
obtained

in Step 3. Note that the above optimisation problem can be easily solved using LMI routines.

For eachk ∈ �, let the square root of the above minimum cost be denoted byγ ?
ωa

k , i
and let the value

of 2k that achieves this minimum be denoted by2?
k,i .

5. Evaluate(η?i−1 − η?i ). If this difference (which is always positive) is very small and has remained

very small for the last few iterations, then go to Step 6. Otherwise return to Step 2.

6. Construct the controllerK ?
i (s) corresponding to the abovĕQ?

i using Theorem 3.3.1 withQ(s) =
Q̆?

i B(s) and then model reduceK ?
i (s) if necessary.

Outputs from the algorithm: (after i iterations)

• The element-by-element magnitude of the largest performance weights obtainedby the algorithm

in
(
5?

k,i

)− 1
2 ∀k ∈ �,

• The final D-scales used by the algorithm in
(
2?

k,i

) 1
2 ∀k ∈ �,
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• The controllerK ?
i (s) ∈KTF

G that achieves robust performance with respect to these weights,

• The value of the minimum costη?i and the final upper bound ofµ1TOT

[ · ] in γ ?
ωa

k , i
∀k ∈ �.

Note that at each iterationi , Step 3 ensures that maxk∈� γ ?ωa
k , i
≤ 1 and Step 4 minimisesγ ?

ωa
k , i

at each

fixedk ∈ �. This immediately guarantees robust performance for all uncertainty1 ∈ B1TF.

Moreover, as the iterations proceed (i.e. asi increases), the minimum costη?i is monotonically

non-increasing. This is because the solutionsQ̆?
i and5?

k,i ∀k ∈ � obtained in Step 3 at thei -th

iteration always satisfy the constraint of the same optimisation problem in Step 3 at the(i + 1)-th

iteration. This can be seen by observing that at Step 4,Q̆?
i and5?

k,i ∀k ∈ � are held fixed while

γ 2
ωa

k
(which is always≤ 1) is minimised at each fixedk ∈ � over2k to give the new2?

k,i for each

k ∈ �. This new2?
k,i will then be used in Step 3 at the(i + 1)-th iteration. The fact thatη?i is

monotonically non-increasing and is bounded below by 0 means that it will converge to a limit point as

the number of iterations tend to infinity, by the ‘Principle of Monotone Sequences’ (Haggarty, 1994).

However, iterative algorithms as the one presented above cannot be guaranteed to converge to the

global minimum. Only monotonic properties can be proved.

3.7 Finding a Feasible Initial Starting Point

The algorithm proposed in Section 3.6 requires in its first step a feasible initial starting point that

initialises the algorithm. That is, it requires for allk ∈ � some2?
k,0 ∈D with2?

k,0 > 0 such that the

constraint of the optimisation problem given in Step 3 admits some feasible solution. The aim of this

section is to find such a2?
k,0. However, before doing this, the following lemma will be stated which

considerably simplifies the problem.

Lemma 3.7.1 Let T(s) be defined as in Corollary 3.3.2 andB(s) be defined as in equation(3.6).

Then the following two statements are equivalent:

(i) There exists aQ̆ ∈ Rp×(N+1)q and∀k ∈ � a2?
k,0 ∈ D and avW,k ∈ Rn satisfying

(
(2?

k,0)
−1 0

0 diag
(
vW,k

)) Fl

(
T( jωa

k), Q̆ B( jωa
k)
)

∗
(
(2?

k,0) 0

0 Im

)
 > 0.

(ii) There exists aQ̆ ∈ Rp×(N+1)q and∀k ∈ � a2?
k,0 ∈ D satisfying[

(2?
k,0)
−1 T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)

∗ (2?
k,0)

]
> 0.

Proof See Appendix A.1 for proof. 2



3.8 Numerical Example 41

This lemma gives a simpler equivalent condition (which can be given the interpretation of a robust

stability condition) that will be used to construct a feasible initial starting point for the algorithm of

Section 3.6. Towards this end, note that the inequality in condition (ii) of Lemma 3.7.1 is equivalent to:

σ
[
(2?

k,0)
1
2

[
T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)
]
(2?

k,0)
− 1

2

]
< 1 with2?

k,0 > 0 ∀k ∈ �.

Consequently, one way of finding a feasible initial starting point for the algorithm of Section 3.6 is to

minimise

σ
[
(2?

k,0)
1
2

[
T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)
]
(2?

k,0)
− 1

2

]
(3.16)

over both2?
k,0 ∈ D with 2?

k,0 > 0 for all k ∈ � and Q̆ ∈ Rp×(N+1)q, and stop this minimisation

when expression (3.16) is less than unity. This minimisation problem is however not simultaneously

convex in both variables and hence expression (3.16) has to be alternately minimised over each vari-

able in succession. The two steps in the resulting iterative minimisation are obtained by noting that

at eachk ∈ �:

σ
[
(2?k,0)

1
2

[
T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)
]
(2?k,0)

− 1
2

]
< ςωa

k

m[
T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)
]∗
(2?k,0)

[
T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)
]
< ς2

ωa
k
(2?k,0),

and that:

σ
[
(2?k,0)

1
2

[
T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)
]
(2?k,0)

− 1
2

]
< ς ∀k ∈ �

m[
ς.(2?k,0)

−1 T11( jωa
k)+ T13( jωa

k)Q̆B( jωa
k)T31( jωa

k)

∗ ς.(2?k,0)

]
> 0 ∀k ∈ �

m[
0 T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)

∗ 0

]
< ς

[
(2?k,0)

−1 0

0 (2?k,0)

]
∀k ∈ �.

The former inequality can be used for minimisation ofς2
ωa

k
over(2?

k,0), whereas the latter inequality

can be used for minimisation ofς over Q̆. This iterative minimisation may be stopped when either

ς ≤ 1 orς2
ωa

k
≤ 1 ∀k ∈ �.

3.8 Numerical Example

The algorithm proposed in Section 3.6 will now be illustrated by a numerical example. Consider

the block diagram shown in Figure 3.4, which is a typical Sensitivity/Complementary Sensitivity

reduction problem.

The actual plant is uncertain but is known to belong to the set
{

Po(1+ 1Wu) : 1 ∈ RH∞,
‖1‖∞ ≤ 1

}
parametrised by1 (see dashed box). Here, the nominal plantPo was chosen as 10

s(s+10) and
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PoK

WS Wu WT
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r ye

Figure 3.4:Block diagram for a typical S/T problem

the uncertainty weightWu as 10(s+5)
(s+100) . The uncertainty weightWu represents any ‘a priori’ knowledge

about the frequency dependent size of the uncertainty. In this example, the chosenWu allows the

magnitude of the actual plant to differ from that of the nominal plant by as much as 50% in the

low-frequency region (say, below 5rad/s ) and by as much as 1000% in the high-frequency region.

It is required to maximise the performance weightsWS andWT according to some pre-specified

directionality while ensuring that there exists an internally stabilising controllerK (s) ∈ KTF
G that

achieves robust performance with respect to these maximised weights. The directionality used in this

example is shown in Figure 3.5. This directionality basically states that the optimisation problem
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Figure 3.5:Desired directionality for the optimisation

should maximiseWS (resp.WT ) in the low-frequency (resp. high-frequency) region and that it should

not bother too much about maximisingWS (resp.WT ) in the remaining high-frequency (resp. low-

frequency) region. The scale on the y-axis of this figure is unimportant as it only affects the cost

associated with the optimisation. Only the relative sizes between the different curves and the shape of

each curve across frequency is important. Note that the low-frequency value of the solid curve is equal

to the high-frequency value of the dashed curve. This means that the optimisation problem should

value the maximisation ofWS at low-frequency equally as the maximisation ofWT at high-frequency.
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At around 1rad/s , the solid curve and the dashed curve are also equal. This again means that around

this frequency, the maximisation ofWS is equally important as the maximisation ofWT . However,

sinceS+ T = 1, it is not possible to make bothWS andWT large at this same frequency. Thus, in

this case, the optimisation problem needs to sort out by itself how much maximisation is possible in

each of these weights. Furthermore, since the magnitude of the directionalities at 1rad/s is about a

decade less than the magnitude of the directionalities at low and high-frequency, maximisation ofWS

andWT at this mid-frequency region should be considered less important than maximisation ofWS

andWT at low and high-frequency.

The frequency range[ωL, ωH] selected for maximising the performance weights was
[
10−2,102

]
,

whereas that selected for gridding the constraint was
[
10−3,103

]
. Furthermore,τ = 0.2 andN = 1

were found to be sufficiently good, as smaller values ofτ and larger values ofN did not give any

improvement4. In order to illustrate the behaviour of the algorithm as iterations proceed, consider

Figure 3.6 which gives plots of intermediate results at thei -th and(i + 1)-th iterations. Figure 3.6(a)

shows typical inverse magnitude pointwise plots of the performance weights obtained by the algorithm

at somei -th iteration. These weights together with some internally stabilising controller give the

computed upper bound ofµ depicted in Figure 3.6(b). This upper bound can be seen to be less

than unity at all frequencies, as it must satisfy the optimisation’s constraint. The “space” between this

computed upper bound ofµ and unity will then be exploited by the algorithm at the(i + 1)-th iteration

to synthesise better pointwise performance weights. In other words, at the(i + 1)-th iteration, the

algorithm will push|WS( jω)|−1 and|WT ( jω)|−1 down at appropriate frequencies (according to the

directionalities of Figure 3.5) while ensuring that the upper bound ofµ never exceeds unity. The new

pointwise performance weights resulting from this minimisation are shown in Figure 3.6(c). It is clear

that these new performance weights guarantee a higher level of robust performance. The upper bound

of µ resulting from this change in performance weights is the solid line in Figure 3.6(d). It is flat

across frequency and is slightly less than unity, thereby implying that all freedom has been exploited.

Then, this new upper bound ofµ is minimised at each frequency over the D-scales, keeping the new

performance weights and the new internally stabilising controller fixed. The result of this D-scale

minimisation is seen as the dashed-dotted curve in Figure 3.6(d). Consequently, there is now some

further “space” between the computed upper bound ofµ and unity which can be exploited by the

algorithm in the next iteration.

Six iterations were found to be sufficient for convergence of the algorithm and the total iteration

time taken was less than 7 minutes (on a 400 MHz Pentium II PC). Figure 3.7 shows plots of the

final pointwise performance weights|WS( jω)|−1 and |WT ( jω)|−1 obtained by the algorithm. The

magnitude plot of the sensitivity (resp. complementary sensitivity) function of any plant in the set{
Po(1+ 1Wu) : 1 ∈ RH∞, ‖1‖∞ ≤ 1

}
will be below the|WS( jω)|−1 (resp.|WT ( jω)|−1) plot

4Such a low-order basis is due to the simplicity of the problem considered. For more complex problems, a higher-order

basis is obviously required.
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(a) Performance weights ati -th iteration
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(b)µ upper bound ati -th iteration
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(c) Performance weights at(i + 1)-th iteration
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Figure 3.6:Intermediate results at thei -th and(i + 1)-th iterations

since robust performance is guaranteed. A controller that achieves robust performance with respect

to these maximised performance weights was computed at the end of the iterations and is given by the

following state-space representation:

K (s) =



−5.80 2.09 −57.60 13.42 −7.62

−3.06 −10.07 2.40 −0.44 0.30

0 1.00 −1.74 0 −0.17

0 0 44.72 −10.00 4.47

−3.06 −0.07 1.87 −0.44 0.25


.

Its Bode plot is shown in Figure 3.8. This controller together with the performance weights of Figure 3.7

gave a flat curve across frequency for the computed upper bound ofµ that was slightly less than unity.
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Figure 3.7:Final pointwise inverse magnitude performance weights
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Figure 3.8:Bode plot for controllerK (s) = Fl
(
J(s), Q̆B(s)

)
The algorithm is said to have converged as the computed upper bound ofµ could not be minimised

any further over the D-scales and hence no further improvement of the performance weights could

be achieved.

3.9 Summary and Comments

The problem of maximising performance weights in the frequency range of interest, subject to the ex-

istence of an internally stabilising controller that guarantees robust performance with respect to these

maximised weights, was posed as an optimisation problem in Section 3.2. However, this optimisation

problem was difficult to compute. Thus, a computationally tractable optimisation problem was formu-

lated in Section 3.4 which had tighter and hence more restrictive constraints than the original problem.

A pointwise approximation of this optimisation problem was then given in Section 3.5. Reduction

of conservativeness in this problem required D-scales to be computed from yet another optimisation,
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that was unfortunately interlinked with the chosen optimisation problem. Consequently, an iterative

procedure was proposed in Section 3.6 to take care of this. Both these optimisation problems were

written as LMI problems.

Some important advantages of this algorithm over existing methods for robust performanceµ-

synthesis (e.g. D-K iterations) are given here:

I. Performance weights, which maximise some cost function that captures the desired closed-loop

performance, are synthesised simultaneously with an internally stabilising controller by one

systematic algorithm.

II. The controller synthesised by this algorithm immediately guarantees robust performance with re-

spect to these maximised weights. Also, incompatible performance weights can never be obtained

by this algorithm, as the performance weights obtained must be feasible to the optimisation’s

constraint.

III. This optimisation usually gives a final closed-loopµ-curve that is as flat as possible across

frequency and very close to unity, reflecting the fact that robust performance has been maximised.

IV. Performance weights and D-scales are found and used pointwise in frequency and hence need

not be fitted with stable minimum-phase transfer function matrices.

Consequently, this approach greatly simplifies the often long and tedious trial and error process of

designing “good” performance weights directly.

The proposed algorithm does, however, suffer from some important disadvantages:

I. The Laguerre-like parametrisationQ(s) = Q̆B(s) usually causes high-order controllers to be

synthesised.

II. Frequency gridding causes loss of information between the grid-points and hence a dense grid

can only give confidence thatµ < 1 rather than absolute certainty.

III. Maximisation of performance weights occurs only in the frequency range[ωL, ωH].

All these problems will be directly addressed in Chapter 4, where a very similar optimisation problem

is computed using state-space methods that completely eliminate the above mentioned difficulties.

In summary, this chapter addresses theµ-synthesis robust performance problem from a new and

conceptually different point of view. The results presented in this chapter were also published in

Lanzon and Richards (1999).



Chapter 4

A State-Space Algorithm forµ-Synthesis

The optimisation problem posed in Chapter 3 is modified slightly in this chapter to yield a new opti-

misation problem that admits a state-space solution without significantly compromising the properties

of the original optimisation. This state-space solution eliminates the disadvantages of the pointwise

approach taken in Chapter 3 and considerably enhances the benefits of this type of optimisation based

weight selection. For instance, the controller is no longer parametrised by a basis function and its

order is guaranteed to be less than or equal to that of the scaled generalised plant. Consequently, this

chapter presents a significant generalisation of the work and results given in the previous chapter and

develops an algorithm that is a valuable alternative to the standard D-K iterative procedure.

4.1 Problem Modification

Consider the optimisation framework introduced in Section 3.2. This same framework will also be

used in this chapter with only one technical difference — the setϒTF will be restricted to contain only

strictly proper transfer function matrices.

Definition 4.1.1 Re-define the set of directionality transfer function matrices by:

ϒTF := {ϒ(s) ∈ RH∞ : ϒ(∞) = 0, ϒ(so) ∈ 3 ∀so ∈ C+
}
.

The reason for this technical restriction is that the cost function of the new optimisation problem

involves
∥∥ϒW−1

∥∥
2. Now, sinceW(s) ∈WTF is invertible, a strictly properϒ(s) ∈ ϒTF is necessary

for a finite two-norm. The fact thatϒ(s) is forced to be strictly proper does not limit its choice, as

any directionality functionϒ(s) can be rolled-off at sufficiently high frequencies (beyond the system

dynamics) without affecting its functionality.

Now consider the following optimisation problem for a given generalised plantG(s) satisfying

the standard assumptions stated in Definition 3.2.5 and an ‘a priori’ chosen directionality transfer

47
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function matrixϒ(s) ∈ ϒTF:

max
W∈WTF

1∥∥ϒW−1
∥∥

2

: min
K∈KTF

G

sup
ω

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (G( jω), K ( jω))

]
< 1. (4.1)

It can be easily seen that this optimisation problem is very similar to optimisation problem (3.1)

proposed in Section 3.2 — the only difference being in the cost function. Thus, the motivation given

in Section 3.2 as to why optimisation problem (3.1) is an interesting and sensible problem to consider

also justifies the interest in the above optimisation problem. The interpretation of the above constraint

and the meaning of the directionality transfer function matrixϒ(s) is identical. However, unlike the

cost function used in optimisation problem (3.1),1
/∥∥ϒW−1

∥∥
2 covers the entire frequency range from

−∞ to∞. Furthermore, a simple‖·‖2 is used here instead of the semi-norm defined in Definition 3.2.7,

which involved logarithmic frequency as the variable of integration, since optimisation problem (4.1)

will be solved using state-space techniques, and gridding on a logarithmic scale is no longer required.

4.2 Replacingµ with an Upper Bound

Since theµ constraint in optimisation problem (4.1) is not easily computable, it is necessary (as in

Chapter 3) to replaceµ1TOT

[ · ] with a computationally tractable upper bound. To this end, recall that

(Packard and Doyle, 1993)

µ1
[
P( jω)

] ≤ inf
Dω∈D

σ
[
DωP( jω)D−1

ω

]
,

with equality achieved when certain conditions are satisfied (Packard and Doyle, 1993, Theorem 8.4).

Then,

sup
ω

µ1TOT

[(
Ir 0

0 W( jω)

)
Fl (G( jω), K ( jω))

]

≤ sup
ω

inf
Dω∈D

σ

[(
Dω 0

0 In

)(
Ir 0

0 W( jω)

)
Fl (G( jω), K ( jω))

(
D−1
ω 0

0 Im

)]

≤ inf
D∈DTF

∥∥∥∥∥
(

D 0

0 W

)
Fl (G, K )

(
D−1 0

0 Im

)∥∥∥∥∥
∞
.

The last inequality follows from (Zhou et al., 1996, Section 11.4). It is not an equality asD ∈ DTF is

restricted to bereal-rational and hence cannot uniformly approximate discontinuousDω ∈D.

Recall also that supω µ1TOT

[ · ] < 1 is necessary and sufficient for robust stability/performance

against linear time-invariant structured perturbations of norm no greater than unity (see Theorem 2.4.3).

So, by the above upper bound, infD∈DTF

∥∥ · ∥∥∞ < 1 is a sufficient condition (in some cases conservative

and in others tight) which guarantees that supω µ1TOT

[ · ] < 1. However, infD∈DTF

∥∥ · ∥∥∞ < 1 is

important in its own right since it is necessary and sufficient for robust stability/performance against
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arbitrarily slow time-varying linear structured perturbations of norm no greater than unity (Poolla and

Tikku, 1995).

In view of these points, the following optimisation problem

max
W∈WTF

1∥∥ϒW−1
∥∥

2

: min
K∈KTF

G

inf
D∈DTF

∥∥∥∥∥
(

D 0

0 W

)
Fl (G, K )

(
D−1 0

0 Im

)∥∥∥∥∥
∞
< 1 (4.2)

will be considered henceforth for a given generalised plantG(s) satisfying the standard assumptions

stated in Definition 3.2.5 and an ‘a priori’ chosen directionality transfer function matrixϒ(s) ∈ ϒTF.

Optimisationproblem (4.2) will now be rewritten into a form more suitable for subsequent synthesis

steps. First note that since only the arguments of the optimisation are of interest, an equivalent problem

to optimisation (4.2) is

min
W∈WTF

∥∥ϒW−1
∥∥2

2 : min
K∈KTF

G

inf
D∈DTF

∥∥∥∥∥
(

D 0

0 W

)
Fl (G, K )

(
D−1 0

0 Im

)∥∥∥∥∥
∞
< 1.

Furthermore, since
∥∥P
∥∥

2,(∞) =
∥∥PT

∥∥
2,(∞) and using the definitions

D̄ := D−T ∈DTF

and W̄ := W−T ∈WTF,

this optimisation problem may be rewritten as

min
W̄∈WTF

∥∥W̄ϒ
∥∥2

2 : min
K∈KTF

G

inf
D̄∈DTF

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1. (4.3)

The reasons for considering the dual systems inside the norms rather than the original systems will

become apparent in the proofs of the main theorems given in this chapter. As an indication, note

that this transpose operation moves the performance weights from the left ofFl (G, K ) to the right

of Fl (G, K )T , which is desirable, without altering the stability properties of the systems inside the

norms.

This optimisation problem is however not simultaneously convex in all of the variables. Hence,

a sub-optimal iterative algorithm will be derived in subsequent sections to solve optimisation prob-

lem (4.3). This algorithm basically alternates between:

• holdingK ∈KTF
G fixed and solving optimisation problem (4.3) overW̄∈WTF andD̄ ∈DTF and

• holding D̄ ∈DTF fixed and solving optimisation problem (4.3) overW̄∈WTF andK ∈KTF
G .

Sections 4.5, 4.6 and 4.7 explore this in more detail. However, the commuting properties satisfied by

the state-space realisations ofD̄ ∈DTF, W̄ ∈WTF andϒ ∈ ϒTF need to be explicitly defined first.
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4.3 Commuting Properties

This section derives the commuting properties which need to be satisfied by the state-space realisations

of D̄ ∈ DTF, W̄ ∈WTF andϒ ∈ ϒTF. To this end, selectarbitrary realisations

D̄ :=
[

AD̄ BD̄

CD̄ DD̄

]
∈DTF,

W̄ :=
[

AW̄ BW̄

CW̄ DW̄

]
∈WTF,

and ϒ :=
[

Aϒ Bϒ

Cϒ 0

]
∈ ϒTF,

with AD̄, AW̄ andAϒ Hurwitz. Furthermore, define

To
D̄
(s) :=

[
(s IsD
− AD̄)

−1BD̄

Ir

]
and To

W̄
(s) :=

[
(s IsW

− AW̄)
−1BW̄

In

]
. (4.4)

Then, by Lemma 2.6.3, the frequency function:

I. D̄( jω)∗D̄( jω) can be written asTo
D̄
( jω)∗D̆To

D̄
( jω) for someD̆ :=

[
0 D̆12

D̆T
12 D̆22

]
with D̆12 ∈

RsD×r and D̆22 = D̆T
22 ∈ Rr×r ,

II. W̄( jω)∗W̄( jω) can be written asTo
W̄
( jω)∗W̆ To

W̄
( jω) for someW̆ :=

[
0 W̆12

W̆T
12 W̆22

]
with W̆12 ∈

RsW×n andW̆22 = W̆T
22 ∈ Rn×n.

Different parametrisations are of course also possible. However, some parametrisations result in non-

convex conditions and others are unnecessarily complicated or have considerable redundancy. The

above parametrisations are chosen with this in mind and according to what is needed in subsequent

sections.

Since it is required that̄D ∈ DTF, W̄ ∈WTF andϒ ∈ ϒTF, it is clear thatD̄( jω)∗D̄( jω) should

commute with1, W̄( jω)∗W̄( jω) should commute with3 andϒ( jω) should commute with3. As

such,To
D̄
( jω)∗D̆To

D̄
( jω) needs to commute with1 andTo

W̄
( jω)∗W̆ To

W̄
( jω) needs to commute with

3. These commuting conditions ensure that states associated with one D-scale block, performance

weight or directionality factor do not get mixed up with states associated with other D-scale blocks,

performance weights or directionality factors. An approach similar to that in (Helmersson, 1995,

Section 8.4.3) is taken here to ensure all of this.
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Definition 4.3.1 Define the following sets:

1̂ :=
{

f
diag
i=1

(
Iζi ⊗1i

) : 1i ∈ Cβi×βi ,

f∑
i=1

ζiβi = sD

}

3̂W :=
{

n
diag
i=1

(
IζW

i
⊗ `i

)
: `i ∈ C,

n∑
i=1

ζW
i = sW

}

3̂ϒ :=
{

n
diag
i=1

(
Iζϒi ⊗ `i

)
: `i ∈ C, ζϒi 6= 0,

n∑
i=1

ζϒi = s
ϒ

}
,

in whichsD, sW ands
ϒ

are the total number of states allocated toD̄(s), W̄(s) andϒ(s) respectively.

Here, ζiβi is the number of states allocated to thei -th D-scale block,ζW
i is the number of states

allocated to thei -th performance weight andζϒi is the number of states allocated to thei -th diagonal

element inϒ(s). If ζi = 0 or ζW
i = 0, then there are no states associated with thei -th block of D̄(s)

or W̄(s) respectively. Consequently, these scalings are constant across frequency, hence allowing

for nonlinear time-varying uncertainty or constant performance across frequency (Helmersson, 1995,

Section 8.4.3). Note however thatζϒi is not allowed to be 0 in the definition of set3̂ϒ . This is because

ζϒi = 0 would imply that thei -th diagonal element ofϒ( jω) is identically zero across frequency

(as each diagonal element ofϒ( jω) is strictly proper), and in turn this would mean that thei -th

performance weight, which was selected for maximisation, would not be maximised at all.

Definition 4.3.2 Define the “copy” operatorsC, CW andCϒ by the following mappings:

C :
f

diag
i=1

(
Iαi ⊗1i

) ∈ 1 7→
f

diag
i=1

(
Iζi ⊗1i

) ∈ 1̂
CW :

n
diag
i=1

(I1⊗ `i ) ∈ 3 7→ n
diag
i=1

(
IζW

i
⊗ `i

)
∈ 3̂W

Cϒ :
n

diag
i=1

(I1⊗ `i ) ∈ 3 7→ n
diag
i=1

(
Iζϒi ⊗ `i

)
∈ 3̂ϒ.

Then, it follows that:

I. D̄( jω)∗D̄( jω) = To
D̄
( jω)∗D̆To

D̄
( jω) commutes with1 if[

1̂ 0

0 1

]
D̆ = D̆

[
1̂ 0

0 1

]
and

[
1̂ 0

0 1

]
To

D̄
( jω) = To

D̄
( jω)1

for all 1̂ = C(1),1 ∈ 1;

II. W̄( jω)∗W̄( jω) = To
W̄
( jω)∗W̆ To

W̄
( jω) commutes with3 if[

3̂W 0

0 3W

]
W̆ = W̆

[
3̂W 0

0 3W

]
and

[
3̂W 0

0 3W

]
To

W̄
( jω) = To

W̄
( jω)3W

for all 3̂W = CW(3W),3W ∈ 3.
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This leads to the following characterisations of the required structure ofD̆, W̆, AD̄ , BD̄, AW̄ andBW̄.

Definition 4.3.3 The following sets define the structure of the parametersD̆ andW̆.

4D̆ :=
{

D̆ =
[

0 D̆12

D̆T
12 D̆22

]
: D̆12 ∈ RsD×r , D̆22 = D̆T

22 ∈ Rr×r ,[
1̂ 0

0 1

]
D̆ = D̆

[
1̂ 0

0 1

]
∀1̂ = C(1),1 ∈ 1

}
,

4W̆ :=
{

W̆ =
[

0 W̆12

W̆T
12 W̆22

]
: W̆12 ∈ RsW×n, W̆22 = W̆T

22 ∈ Rn×n,[
3̂W 0

0 3W

]
W̆ = W̆

[
3̂W 0

0 3W

]
∀3̂W = CW(3W),3W ∈ 3

}
.

The commuting conditions onTo
D̄
( jω) andTo

W̄
( jω)may be rewritten as commuting conditions on

(AD̄, BD̄) and(AW̄, BW̄) respectively as follows:

(a)

[
1̂ 0

0 1

]
To

D̄
( jω) = To

D̄
( jω)1

∀1̂ = C(1),1 ∈ 1.
⇔ 1̂AD̄ = AD̄1̂ and1̂BD̄ = BD̄1

∀1̂ = C(1),1 ∈ 1.

(b)

[
3̂W 0

0 3W

]
To

W̄
( jω) = To

W̄
( jω)3W

∀3̂W = CW(3W),3W ∈ 3.
⇔ 3̂WAW̄ = AW̄3̂W and3̂WBW̄ = BW̄3W

∀3̂W = CW(3W),3W ∈ 3.

Definition 4.3.4 The following sets define the structure of(AD̄, BD̄) and(AW̄, BW̄).

4(AD̄ ,BD̄)
:=
{
(AD̄, BD̄) : AD̄ ∈ RsD×sD , BD̄ ∈ RsD×r , AD̄ is Hurwitz,

1̂AD̄ = AD̄1̂ and1̂BD̄ = BD̄1 ∀1̂ = C(1),1 ∈ 1
}
,

4(AW̄,BW̄)
:=
{
(AW̄, BW̄) : AW̄ ∈ RsW×sW, BW̄ ∈ RsW×n, AW̄ is Hurwitz,

3̂WAW̄ = AW̄3̂W and3̂WBW̄ = BW̄3W ∀3̂W = CW(3W),3W ∈ 3
}
.

Finally, note thatϒ(s) commutes with3 if[
3̂ϒ 0

0 3ϒ

][
Aϒ Bϒ

Cϒ 0

]
=
[

Aϒ Bϒ

Cϒ 0

][
3̂ϒ 0

0 3ϒ

]
∀3̂ϒ = Cϒ(3ϒ),3ϒ ∈ 3. (4.5)

4.4 Restrictions of the Optimisation Sets

As is usual with state-space methods used to address optimisation problems such as the one posed

here, attention has to be limited to optimisation over a subclass of performance weights and D-scales
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— that is, those spanned by some fixed basis functions. This is necessary to obtain convex state-

space conditions. Thus, the optimisation setsWTF andDTF in optimisation problem (4.3) need to be

restricted in some way.

Since the frequency functions̄D( jω)∗D̄( jω) andW̄( jω)∗W̄( jω) are completely parametrised by

To
D̄
( jω)∗D̆To

D̄
( jω)andTo

W̄
( jω)∗W̆ To

W̄
( jω) respectively (as explained in Section 4.3), it is natural to re-

strict these parametrisations by holding the basis functionsTo
D̄
( jω)andTo

W̄
( jω) fixed. This effectively

amounts to keeping(AD̄, BD̄) ∈ 4(AD̄ ,BD̄)
and(AW̄, BW̄) ∈ 4(AW̄,BW̄)

fixed. Thus,D̄( jω)∗D̄( jω)

andW̄( jω)∗W̄( jω) will be solely parametrised in terms of̆D ∈ 4D̆ andW̆ ∈ 4W̆. This of course

restricts the parametrisation ofD̄( jω)∗D̄( jω) andW̄( jω)∗W̄( jω) to the span ofTo
D̄
( jω) andTo

W̄
( jω)

respectively. However, with a sufficiently large number of statessD andsW, a large enough class can

usually be parametrised.

It is desirable, however, to choose fixed values of(AD̄ , BD̄) ∈ 4(AD̄ ,BD̄)
and(AW̄, BW̄) ∈ 4(AW̄,BW̄)

that are sufficiently close to the optimal values which would have been obtained if these quantities

were free variables. This is desirable so that the above parametrisations introduce little restriction.

Towards constructing such “close to optimal” values, observe that for a givenG satisfying the standard

assumptions stated in Definition 3.2.5, a fixedK ∈ KTF
G and an ‘a priori’ chosenϒ ∈ ϒTF, the

following optimisation problem

min
W̄∈WTF

∥∥W̄ϒ
∥∥2

2 : inf
D̄∈DTF

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1 (4.6)

is convex if solved pointwise in frequency. To see this, define the following sets and quantities in a

similar way to Section 3.4.1.

Definition 4.4.1 The sets of strictly-positive and non-negative vector valued functions are defined by:

V :=
{

f : R 7→ R n
+
}
,

V :=
{

f : R 7→ Rn
+
}
.

Furthermore, for ease of notation, define the following vector functions:

vW(ω) :=
[
W̄( jω)∗W̄( jω)

]


1

1
...

1

 =

|w1( jω)|−2

|w2( jω)|−2

...

|wn( jω)|−2

 ∈ V , (4.7)

and v
ϒ
(ω) := [

ϒ( jω)ϒ( jω)∗
]


1

1
...

1

 =

|υ1( jω)|2
|υ2( jω)|2

...

|υn( jω)|2

 ∈ V . (4.8)
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Then, using this notation, optimisation problem (4.6) can be rewritten as:

min
vW∈V

∫ ∞
−∞

v
ϒ
(ω)TvW(ω) dω

such that

∀ω ∈ R ∪ {∞} ∃ a continuous2ω ∈D with 2ω > 0 (4.9)

satisfying[
Fl (G( jω), K ( jω))T

]∗ (2ω 0

0 Im

)[
Fl (G( jω), K ( jω))T

]
<

(
2ω 0

0 diag
(
vW(ω)

)) .
Here,2ω denotes the pointwise values ofD̄( jω)∗D̄( jω) at everyω. It is now easy to see that this

optimisation is convex in the variables and can be solved pointwise in frequency over a finite grid

using LMI routines. Moreover, given a continuous2ω ∀ω satisfying the above conditions, it is

always possible to fit (to any required accuracy) a self-adjoint real-rational unit inRL∞, denoted

by2(s), which is also positive at infinity. A spectral factor̄D ∈ DTF which satisfies the constraint

of optimisation problem (4.6) can then be computed for this2(s). Similarly, given a continuous

vW(ω) ∈ V , one can always construct āW ∈ WTF that satisfies equation (4.7) by fitting a stable

minimum-phase transfer function to each magnitude function. Finally,(AD̄, BD̄) ∈ 4(AD̄,BD̄)
and

(AW̄, BW̄) ∈ 4(AW̄,BW̄)
are obtained from the appropriate state-space realisations ofD̄ ∈ DTF and

W̄ ∈ WTF respectively. The first few iterations in the solution algorithm proposed in Section 4.8

construct such “close to optimal” values, besides minimising the appropriate cost function.

Once “close to optimal” values for(AD̄, BD̄) ∈ 4(AD̄ ,BD̄)
and(AW̄, BW̄) ∈ 4(AW̄,BW̄)

are found,

optimisation problem (4.3) may be restricted by restricting the setsWTF andDTF.

Definition 4.4.2 Given(AD̄, BD̄) ∈ 4(AD̄,BD̄)
and(AW̄, BW̄) ∈ 4(AW̄,BW̄)

, define

DTF
(AD̄ ,BD̄)

:=
{

D̄(s) =
[

AD̄ BD̄

CD̄ DD̄

]
: D̄(s) ∈DTF

}
⊂DTF

WTF
(AW̄,BW̄)

:=
{

W̄(s) =
[

AW̄ BW̄

CW̄ DW̄

]
: W̄(s) ∈WTF

}
⊂WTF.

Using these definitions, optimisation problem (4.3) can be restricted to:

min
W̄∈WTF

(AW̄ ,BW̄ )

∥∥W̄ϒ
∥∥2

2 : min
K∈KTF

G

inf
D̄∈DTF

(AD̄ ,BD̄ )

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1, (4.10)

where(AW̄, BW̄) ∈ 4(AW̄,BW̄)
,ϒ ∈ ϒTF, (AD̄, BD̄) ∈ 4(AD̄,BD̄)

andG are known prior to solving the

optimisation. This optimisation problem is of course sub-optimal to optimisation problem (4.3), but

as justified above, conservatism is small ifsD andsW are chosen to be sufficiently large numbers and

(AW̄, BW̄) ∈ 4(AW̄,BW̄)
and(AD̄, BD̄) ∈ 4(AD̄ ,BD̄)

are chosen close to their optimal values. Each part

of optimisation problem (4.10) will be thoroughly investigated in the following sections.
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4.5 The Cost Function

In this section, the cost function
∥∥W̄ϒ

∥∥2

2 appearing in optimisation problem (4.10) is rewritten in a

more suitable form.

Theorem 4.5.1 Givenϒ(s) =
[

Aϒ Bϒ

Cϒ 0

]
∈ ϒTF with Aϒ Hurwitz, (AW̄, BW̄) ∈ 4(AW̄,BW̄)

and anyW̄(s) ∈ WTF
(AW̄,BW̄)

, defineTo
W̄
(s) as in equation(4.4) and let W̆ ∈ 4W̆ be such that

To
W̄
( jω)∗W̆ To

W̄
( jω) = W̄( jω)∗W̄( jω) ∀ω ∈ R ∪ {∞}. Then∥∥W̄ϒ

∥∥2

2 = cTvec
(
W̆
)

where

c := −
([

IsW
0

0 Cϒ

]
⊗
[

IsW
0

0 Cϒ

])([
AW̄ BW̄Cϒ

0 Aϒ

]
⊕
[

AW̄ BW̄Cϒ

0 Aϒ

])−1([
0

Bϒ

]
⊗
[

0

Bϒ

])
vec(In).

Proof See Appendix B.1 for proof. 2

This theorem implicitly states that “Minimising
∥∥W̄ϒ

∥∥2

2 over W̄(s) ∈ WTF
(AW̄,BW̄)

subject to some

constraint” is equivalent to “MinimisingcT vec
(
W̆
)

over W̆ ∈ 4W̆ subject to the same constraint”,

provided thatTo
W̄
( jω)∗W̆ To

W̄
( jω) > 0 ∀ω ∈ R ∪ {∞} is guaranteed by the constraint.

4.6 Holding K Fixed in the Constraint

This section shows that for a fixedK ∈KTF
G , the constraint

inf
D̄∈DTF

(AD̄ ,BD̄ )

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

appearing in optimisation problem (4.10) can be rewritten as a set of LMIs in the free variables.

Theorem 4.6.1 Given(AW̄, BW̄) ∈ 4(AW̄,BW̄)
and anyW̄(s) ∈ WTF

(AW̄,BW̄)
, defineTo

W̄
(s) as in equa-

tion (4.4)and letW̆ ∈ 4W̆ be such thatTo
W̄
( jω)∗W̆ To

W̄
( jω) = W̄( jω)∗W̄( jω) ∀ω ∈ R ∪ {∞}. Then

given also

Fl (G, K ) =


Acl B1cl B2cl

C1cl D11cl D12cl

C2cl D21cl D22cl

 ,
whereAcl ∈ Rscl×scl is Hurwitz and the partitioning is consistent with Figure 3.1, the following two

statements are equivalent for any(AD̄, BD̄) ∈ 4(AD̄,BD̄)
:

(i) inf
D̄∈DTF

(AD̄ ,BD̄ )

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1.
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(ii) ∃ D̆ ∈ 4D̆, X = XT ∈ RsD×sD andY = YT ∈ R(scl+2sD+sW)×(scl+2sD+sW) such that[
X A

D̄
+ AT

D̄
X X B

D̄

BT
D̄

X 0

]
+ D̆ > 0,

[
YÀ+ ÀT Y YB̀

B̀TY 0

]
+
[

C̀T

D̀T

]
Q̀
[
C̀ D̀

]
< 0;

whereÀ, B̀, C̀, D̀ and Q̀ are defined by

[
À B̀

C̀ D̀

]
:=



AD̄ 0 0 0 BD̄ 0

0 AW̄ 0 0 0 BW̄

0 0 AD̄ B
D̄

BT
1cl B

D̄
DT

11cl B
D̄

DT
21cl

0 0 0 AT
cl CT

1cl CT
2cl

0 0 IsD
0 0 0

0 0 0 BT
1cl DT

11cl DT
21cl

0 0 0 BT
2cl DT

12cl DT
22cl

IsD
0 0 0 0 0

0 0 0 0 Ir 0

0 IsW
0 0 0 0

0 0 0 0 0 In



,

Q̀ :=diag
(

D̆, Im, −D̆, −W̆
)

=diag

([
0 D̆12

D̆T
12 D̆22

]
, Im, −

[
0 D̆12

D̆T
12 D̆22

]
, −

[
0 W̆12

W̆T
12 W̆22

])
.

Proof See Appendix B.2 for proof. 2

The conditions given in Part (ii) of the Theorem are a set of LMIs which are also simultaneously affine

in W̆. Thus one could optimise some convex cost function overW̆ ∈ 4W̆ subject to the existence of

variablesD̆, X andY satisfying the LMI constraints given in Part (ii) of the Theorem.

4.7 Holding D̄ Fixed in the Constraint

This section shows that for a fixed̄D ∈ DTF
(AD̄,BD̄)

, the constraint

min
K∈KTF

G

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

appearing in optimisation problem (4.10) can be rewritten as a set of LMIs in the free variables.

ControllersK ∈KTF
G that satisfy this constraint will also be constructed at the end of this section.
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Theorem 4.7.1 Given a generalised plantG(s) satisfying the standard assumptions stated in Defini-

tion 3.2.5 and scalings̄D(s) ∈ DTF, define the scaled generalised plantG̃(s) by

G̃(s) :=


D̄(s)−T 0 0

0 In 0

0 0 Iq

G(s)


D̄(s)T 0 0

0 Im 0

0 0 I p


and let 

Ã B̃1 B̃2 B̃3

C̃1 D̃11 D̃12 D̃13

C̃2 D̃21 D̃22 D̃23

C̃3 D̃31 D̃32 D̃33


be a stabilisable and detectable realisation forG̃(s) with Ã ∈ Rs

G̃
×s

G̃ , D̃11 ∈ Rr×r , D̃22 ∈ Rn×m and

D̃33 = 0 ∈ Rq×p. Furthermore, given(AW̄, BW̄) ∈ 4(AW̄,BW̄)
and anyW̄(s) ∈ WTF

(AW̄,BW̄)
, define

To
W̄
(s) as in equation(4.4) and let W̆ ∈ 4W̆ be such thatTo

W̄
( jω)∗W̆ To

W̄
( jω) = W̄( jω)∗W̄( jω)

∀ω ∈ R ∪ {∞}. Then the following two statements are equivalent:

(i) min
K∈KTF

G

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1.

(ii) ∃ P = PT ∈ R(sW+s
G̃
)×(sW+s

G̃
), R= RT ∈ RsW×sW , S∈ RsW×s

G̃ andT = TT ∈ Rs
G̃
×s

G̃ such that

P > 0, R> 0, T > 0,
P

[
R −S

0 Is
G̃

]
[

R 0

−ST Is
G̃

] [
R 0

0 T

]
 ≥ 0,

9T
P .



P

[
AW̄ 0

0 ÃT

]
+ {·}T

P

[
0 BW̄

C̃T
1 C̃T

2

] [
0 0

B̃1 B̃2

]

∗
[
−Ir 0

0 0

] [
D̃11 D̃12

D̃21 D̃22

]

∗ ∗
[
−Ir 0

0 −Im

]


. 9P

<



[
IsW

0

0 ψT
3

]
[

0 0

0 0

]
 W̆

([
IsW

0

0 ψ3

] [
0 0

0 0

])
,
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and

9T
Q .



[
R S

−ST T

][
AW̄ 0

0 Ã

]
+ {·}T ∗ ∗

[
0 B̃T

1

0 B̃T
2

][
IsW

0

ST T

] [
−Ir 0

0 −Im

]
∗

[
0 C̃1

BT
W̄

C̃2

][
R −S

0 Is
G̃

] [
D̃11 D̃12

D̃21 D̃22

] [
−Ir 0

0 0

]


. 9Q

<



[
IsW

0

0 0

]
[

0 0

0 In

]
 W̆

([
IsW

0

0 0

] [
0 0

0 In

])
,

where

9P :=



[
IsW

0

0 ψ1

] [
0 0

0 0

]
[

0 ψ2

0 ψ3

] [
0 0

0 0

]
[

0 0

0 0

] [
Ir 0

0 Im

]


, 9Q :=



[
IsW

0

0 ψ4

] [
0 0

0 0

]
[

0 ψ5

0 ψ6

] [
0 0

0 0

]
[

0 0

0 0

] [
Ir 0

0 In

]



and the columns of


ψ1

ψ2

ψ3

 (respectively,


ψ4

ψ5

ψ6

) form bases for the null space of
[

B̃T
3 D̃T

13 D̃T
23

]
(respectively,

[
C̃3 D̃31 D̃32

]
).

Proof See Appendix B.3 for proof. 2

The conditions given in Part (ii) of the Theorem are a set of LMIs which are also simultaneously affine

in W̆. Thus one could optimise some convex cost function overW̆ ∈ 4W̆ subject to the existence of

variablesP, R, SandT satisfying the LMI constraints given in Part (ii) of the Theorem.

Corollary 4.7.2 Let the suppositions of Theorem 4.7.1 hold. Then there exist controllersK ∈ KTF
G

of ordersK satisfying ∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

if and only if the LMI constraints given in Part(ii) of Theorem 4.7.1 hold for someP = PT ∈
R(sW+s

G̃
)×(sW+s

G̃
), R= RT ∈ RsW×sW , S∈ RsW×s

G̃ andT = TT ∈ Rs
G̃
×s

G̃ that further satisfy

rank

([
IsW

S

0 Is
G̃

]
P

[
IsW

0

ST Is
G̃

]
−
[

R 0

0 T−1

])
≤ sK .
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Such controllersK (s) =
[

AK BK

CK DK

]
can then be constructed by solving

F +U T8K V + VT8T
K U < 0

for the controller parameters8K :=
[

AK BK

CK DK

]
, whereF, U andV are defined by:

F :=



X


AW̄ 0 0

0 ÃT 0

0 0 0

 + {·}T
X


0 BW̄

C̃T
1 C̃T

2

0 0




0 0

B̃1 B̃2

0 0


∗

[
−Ir 0

0 0

] [
D̃11 D̃12

D̃21 D̃22

]

∗ ∗
[
−Ir 0

0 −Im

]



−




IsW

0

0 0

0 0


[

0 0

0 In

]
[

0 0

0 0

]


W̆

([
IsW

0 0

0 0 0

] [
0 0

0 In

] [
0 0

0 0

])
,

U :=
([

0 0 IsK

0 B̃T
3 0

] [
0 0

D̃T
13 D̃T

23

] [
0 0

0 0

])
,

V :=
([

0 0 IsK

0 C̃3 0

]
X

[
0 0

0 0

] [
0 0

D̃31 D̃32

])
,

and X is constructed as follows:

• DefineQ :=
[

IsW
0

ST Is
G̃

][
R−1 0

0 T

][
IsW

S

0 Is
G̃

]
.

• FactoriseP − Q−1 = H H T with H ∈ R(sW+s
G̃
)×sK .

• DefineX :=
[

P H

H T IsK

]
.

Proof See Appendix B.4 for proof. 2
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4.8 Solution Algorithm

This section summarises a sub-optimal iterative algorithm for solving optimisation problem

min
W̄∈WTF

∥∥W̄ϒ
∥∥2

2 : min
K∈KTF

G

inf
D̄∈DTF

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

given in Section 4.2. Analogous to D-K iterations and other solution methods forµ-type optimisations,

an iterative algorithm must be used as the above constraint is not simultaneously convex inK ∈KTF
G

and D̄ ∈DTF.

Inputs to the algorithm:

• Generalised plantG(s) satisfying the standard assumptions stated in Definition 3.2.5,

• Directionality transfer function matrixϒ(s) ∈ ϒTF.

The solution algorithm:

1. First find a controllerK ?
0 which robustly stabilises the interconnectionFu

(
Fl

(
Ĝ, K ?

0

)
,1
)

for all

1 ∈ B1TF, where

Ĝ :=


A B1 B3

C1 D11 D13

C3 D31 0

 .
Such a controller may be found by a variety of design methods, the most popular being the standard

D-K iterative procedure. Note that one iteration is usually good enough as initially interest is only

in a controller which achieves robust stability regardless of performance requirements (compare

Ĝ with the original generalised plantG). It is not required to find a controller that minimises the

value ofµ, but only some controller that achievesµ < 1. Such a controllerK ?
0 provides an initial

feasible starting point for the algorithm proposed here.

Seti = 0, wherei denotes the iteration number, andη?0 = ∞.

2. Incrementi by 1.

3. • During the first few iterations:

(a) Solve the following convex optimisation problem

min
W̄∈WTF

∥∥W̄ϒ
∥∥2

2 : inf
D̄∈DTF

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl

(
G, K ?

i−1

)T (D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

pointwise in frequency on a sufficiently dense but finite grid using the reformulation given

in optimisation problem (4.9). Here,ϒ andG are given andK ?
i−1 is the controller obtained

in the previous iteration.
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Let the respective values ofvW(ω) and2ω at each grid frequencyω = ωk (these are vec-

tor/matrix decision variables in optimisation problem (4.9)) that achieve the above minimum

be denoted byv?W,ωk
and2?

ωk
.

(b) Construct aW̄? ∈WTF by fitting a stable minimum-phase transfer function to each magni-

tude function inv?W,ωk
. This is always possible becausev?W,ωk

∈ R n+ ∀ωk, as guaranteed by

optimisation problem (4.9).

(c) Construct a self-adjoint real-rational unit inRL∞ which is positive at infinity by fitting real-

rational functions to each element in2?
ωk

. Denote this unit by2?(s). Such a construction

is always possible because2?
ωk
> 0 ∀ωk, as guaranteed by optimisation problem (4.9).

Then compute, for this2?(s), a spectral factor1 D̄?
i ∈ DTF as outlined in (Francis, 1987,

Section 7.3) and model reduce this spectral factor if necessary.

(d) Let (AW̄, BW̄) ∈ 4(AW̄,BW̄)
and (AD̄, BD̄) ∈ 4(AD̄,BD̄)

be obtained from the appropriate

state-space realisations ofW̄?(s) and D̄?
i (s) respectively.

• During the last few iterations:

(a) Solve the following convex optimisation problem

min
W̄∈WTF

(AW̄ ,BW̄ )

∥∥W̄ϒ
∥∥2

2 : inf
D̄∈DTF

(AD̄ ,BD̄ )

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl

(
G, K ?

i−1

)T (D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

by making use of Theorems 4.5.1 and 4.6.1. Note that(AW̄, BW̄) and(AD̄, BD̄) have been

previously fixed,ϒ and G are given andK ?
i−1 is the controller obtained in the previous

iteration.

Theorem 4.5.1 states that minW̄∈WTF
(AW̄ ,BW̄)

∥∥W̄ϒ
∥∥2

2 can be replaced by min̆W∈4W̆
cTvec

(
W̆
)
,

and Theorem 4.6.1 states that the constraint of the above optimisation problem can be re-

placed by a set of LMI constraints (see Part (ii) of Theorem 4.6.1). Hence, the above

optimisation problem reduces to a simple LMI problem.

Let the value ofD̆ (a matrix decision variable in the LMI constraints) that achieves this

minimum be denoted by̆D?
i .

(b) Using the values of(AD̄, BD̄) ∈ 4(AD̄ ,BD̄)
and the value ofD̆?

i ∈ 4D̆ just obtained, define

the parahermitian rational matrix function

2?
i (s) :=

[
BT

D̄
(−s IsD

− AT
D̄
)−1 Ir

]
D̆?

i

[
(s IsD
− AD̄)

−1BD̄

Ir

]
.

Then compute, for this2?
i (s), a spectral factor̄D?

i ∈DTF
(AD̄,BD̄)

(see Footnote 1 on Page 61).

This is always possible because2?
i ( jω) > 0 ∀ω ∈ R ∪ {∞}, as guaranteed by the LMI

constraints in Part (ii) of Theorem 4.6.1.
1Since spectral factors are not unique and the required spectral factor has to have a block-diagonal structure, each

individual diagonal block in2?(s) is spectrally factored separately.
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4. (a) Solve the following convex optimisation problem

min
W̄∈WTF

(AW̄ ,BW̄ )

∥∥W̄ϒ
∥∥2

2 : min
K∈KTF

G

∥∥∥∥∥
(

D̄?
i 0

0 Im

)
Fl (G, K )T

(
D̄?−1

i 0

0 W̄−1

)∥∥∥∥∥
∞
< 1

by making use of Theorems 4.5.1 and 4.7.1. Note that(AW̄, BW̄) has been previously fixed,ϒ

andG are given andD̄?
i is the scaling just obtained in Step 3.

Theorem 4.5.1 states that minW̄∈WTF
(AW̄ ,BW̄ )

∥∥W̄ϒ
∥∥2

2 can be replaced by min̆W∈4W̆
cTvec

(
W̆
)
,

and Theorem 4.7.1 states that the constraint of the above optimisation problem can be replaced

by a set of LMI constraints (see Part (ii) of Theorem 4.7.1). Hence, the above optimisation

problem reduces to a simple LMI problem.

Let the value of this minimum cost be denoted byη?i and let the value of̆W (a matrix decision

variable in the cost function/LMI constraints) that achieves this minimum be denoted byW̆?
i .

(b) Using the values of(AW̄, BW̄) ∈ 4(AW̄,BW̄)
and the value ofW̆?

i ∈ 4W̆ just obtained, define

the parahermitian rational matrix function

5?
i (s) :=

[
BT

W̄
(−s IsW

− AT
W̄
)−1 In

]
W̆?

i

[
(s IsW

− AW̄)
−1BW̄

In

]
.

Then compute, for this5?
i (s), a spectral factorW̄?

i ∈WTF
(AW̄,BW̄)

(see Footnote 1 on Page 61).

This is always possible because5?
i ( jω) > 0 ∀ω ∈ R ∪ {∞}, as guaranteed by the LMI

constraints in Part (ii) of Theorem 4.7.1.

(c) Using Corollary 4.7.2, find a controller that satisfies the constraint of the above optimisation

problem and denote this controller byK ?
i .

The additional freedom inselecting this controller maybe exploited to simultaneouslyguarantee

other properties such asH2-norm minimisation, regional pole-placement, etc..

5. Evaluate(η?i−1 − η?i ). If this difference (which is always positive) is very small and has remained

very small for the last few iterations, then EXIT. Otherwise return to Step 2.

Outputs from the algorithm: (after i iterations)

• The inverse of the largest performance weights obtained by the algorithm inW̄?
i ∈WTF,

• A controller K ?
i ∈KTF

G that achieves robust performance with respect to these weights,

• The final scalingsD̄?
i ∈ DTF used by the algorithm,

• The value of the minimum costη?i obtained.
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Note thatη?i is monotonically non-increasing asi increases. This can be seen by observing that

the solutions of the optimisation problem at any one step of the algorithm are always feasible to

the constraints of the optimisation problem at the next step of the algorithm. The fact thatη?i is

monotonically non-increasing and is bounded below by 0 means that it will converge to a limit point as

the number of iterations tend to infinity, by the ‘Principle of Monotone Sequences’ (Haggarty, 1994).

However, iterative algorithms as the one presented above cannot be guaranteed to converge to the

global minimum. Only monotonic properties can be proven.

Observe also that in the first few iterations, the algorithm constructs(AW̄, BW̄) ∈ 4(AW̄,BW̄)

and (AD̄, BD̄) ∈ 4(AD̄ ,BD̄)
that are reasonably close to their optimal values. This is because no

parametrisation of performance weights and D-scales is required for a pointwise in frequency solution

of the optimisation problem in Step 3. Once the performance weights and D-scales are found pointwise

in frequency, rational approximations need to be computed which must satisfy the optimisation’s

constraint. If this can be done, then the values of(AW̄, BW̄) and(AD̄, BD̄) are updated to the new

computed values, otherwise no update will take place. In the last few iterations, the algorithm makes

use of these “close to optimal” values and the state-space formulation of both optimisation problems

to ensure that the solutions obtained by the algorithm guarantee the attained robust performance level.

4.9 Numerical Example

The algorithm proposed in the previous section will now be illustrated by a numerical example. The

same example used in Balas et al. (1996) to illustrate the standard D-K iterative procedure will be

used here for ease of comparison. This example considers the design of a pitch axis controller for

an experimental highly maneuverable aeroplane, the HIMAT. The HIMAT vehicle was a scaled-down

remotely piloted vehicle version of an advanced fighter which was flight tested in the late 1970s. The

actual HIMAT vehicle is currently on display in the Smithsonian National Aerospace Museum in

Washington D.C.

This design example only considers the longitudinal dynamics of the aeroplane. These dynamics

are assumed to be decoupled from the lateral dynamics. The state vector consists of the vehicle’s basic

rigid body variables — i.e. forward velocity, angle-of-attack, pitch rate and pitch angle respectively.

The problem is posed as a robust performance problem with multiplicative plant uncertainty at the plant

input, and plant output weighted sensitivity/complementary sensitivity as the performance criterion.

A block diagram for the closed-loop system, which includes the feedback structure of the plant and

controller and elements associated with the uncertainty model and performance objectives, is shown

in Figure 4.1. The dashed box represents the “true” aeroplane with associated transfer function matrix

P. Inside this box is the nominal model of the aeroplane dynamics,Po, and the two elements,Wu

and1, which parametrise the uncertainty in the model. The transfer function matrixWu reflects any

‘a priori’ knowledge about the frequency dependent size of the uncertainty in the model. Thus, the
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Po

1

Wu

+
+

+
+++

[
d1

d2

]

[
e1

e2

]

[
d3

d4

]
Wn

Wp

K

P

Figure 4.1:Block diagram of HIMAT and required feedback structure

true plant is uncertain but is known to belong to the set
{

Po(I + 1Wu) : 1 ∈ RH∞, ‖1‖∞ ≤ 1
}
.

Similar toWu, the transfer function matrixWn reflects any ‘a priori’ knowledge about the frequency

dependent size of the sensor noise. The state-space realisations ofPo, Wu andWn are given in Balas

et al. (1996). Here, only their singular value plots are given for the sake of the discussion.

It is required to maximise the performance weightWp (in the sense of a suitable cost function

that captures the desired closed-loop performance) subject to the existence of an internally stabilis-

ing controller K that guarantees robust performance with respect to this maximised weight. For a

sensible control problem,Wp should be maximised in the low-frequency region, thereby achieving

low-frequency disturbance rejection at the plant output. Figure 4.2 gives singular value plots of the

nominal plantPo, the directionality matrixϒ , the uncertainty weightWu and the noise weightWn

used in this example. Note that the directionality functions are such that the performance weights are

maximised in the low frequency region, and the weightsWu andWn introduce high frequency model

uncertainty and sensor noise respectively.

The algorithm proposed in Section 4.8 was programmed using MATLAB 5.3. The results obtained

by using this algorithm are depicted in Figure 4.3 together with the results obtained from the standard

D-K iterative procedure, so that comparison can be made. First of all, observe that unlike theµ-curve

resulting from the standard D-K iterative procedure, the finalµ-curve obtained by the proposed algo-

rithm is flat across frequency and very close to unity, as depicted in Figure 4.3(a). This reflects that

robust performance has been optimised. In fact, it can be seen from Figure 4.3(b) that the inverse

performance weights synthesised by the proposed algorithm are everywhere less than those used by

Balas et al. (1996) to explain the standard D-K iterative procedure. That is, a higher level of robust

performance is attained by the proposed algorithm. Of course, different performance weights then

lead to different D-scales and a different internally stabilising controller, as illustrated in Figures 4.3(c)

and 4.3(d). The final controller synthesised by the proposed algorithm had 26 states and hence was of

the same order as the scaled generalised plant, as expected.
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(a) Singular values ofPo
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(b) Directionalities|υ11( jω)| and|υ22( jω)|
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(c) Magnitude plots of|wn11
( jω)| and|wn22

( jω)|
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(d) Magnitude plots of|wu11
( jω)| and|wu22

( jω)|

Figure 4.2:Singular value plots of input data
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(a) Upper bounds forµ-curves
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(b) Magnitude plots of|wp11
( jω)|−1, |wp22

( jω)|−1
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(d) Singular values of controllersK

Figure 4.3:Singular value plots of results obtained by proposed algorithm and D-K iterations
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4.10 Summary and Comments

The problem of maximising performance weights, subject to the existence of an internally stabilising

controller that guarantees robust performance with respect to these maximised weights, was again

posed as an optimisation problem in Section 4.1. This optimisation problem is very similar to the one

posed in Chapter 3, the important difference being that the optimisation problem proposed here admits

a solution algorithm based on state-space techniques.

Unfortunately, theµ constraint renders the posed optimisation problem difficult to solve. Hence,

this constraint was replaced by a computationally tractable upper bound in Section 4.2. The chosen

upper bound was justified by noting that it is necessary and sufficient for robust stability/performance

against arbitrarily slow time-varying linear structured perturbations of norm no greater than unity.

Each part of the resulting optimisation problem was studied in detail in the subsequent sections and

equivalent LMI conditions were given. A solution algorithm for this optimisation problem was then

proposed in Section 4.8. This solution algorithm first constructs good approximations of the optimal

basis functions by solving one of the iterations pointwise in frequency and then uses these good

approximations together with the state-space formulation of both optimisation problems to find exact

solutions that guarantee the designed robust performance level.

As stated in the introductory paragraph, this chapter is an important generalisation of the pointwise

work presented in Chapter 3. The algorithm presented here eliminates all of the disadvantages of the

pointwise approach and considerably enhances the benefits of using such a method. More specifically,

I. the controller is no longer parametrised by a basis function and its order is guaranteed to be less

than or equal to that of the scaled generalised plant,

II. the state-space conditions given here guarantee thatµ < 1 rather than simply give confidence,

III. maximisation of performance weights occurs over the entire frequency range from−∞ to∞,

IV. the solution algorithm given here is numerically more robust than the pointwise algorithm of

Chapter 3 (this is because the Laguerre-like parametrisation used in Chapter 3 introduces all

sorts of numerical difficulties when the designed controller is of high order),

V. the additional freedom in selecting a controller that achieves the designed robust performance

level may be exploited by adding additional LMI constraints to simultaneously achieve other

closed-loop objectives such as pole placement,H2-norm minimisation, etc.

In summary, this chapter presents a new and conceptually different method for performingµ-synthesis

robust performance based designs and is hence a valuable alternative to the standard D-K iterative

procedure. The approach presented here greatly simplifies the often long and tedious trial and error

process of designing “good” performance weights directly. The results presented in this chapter were

also published in Lanzon and Cantoni (2000).



Chapter 5

An Algorithm for H∞ Loop-Shaping

5.1 Introduction

TheH∞ loop-shaping design procedure is an effective method for designing robust controllers and

has been successfully used in a wide variety of applications. Motivation and justification for this was

given in Section 2.5. The typical design framework is re-depicted in Figure 5.1 for ease of reference.

W1

w2 w1

−−

C∞

P

z1z2

W2

Ps

Figure 5.1:TypicalH∞ loop-shaping framework

Despite its success, the selection of loop-shaping weightsW1, W2 to achieve a desired loop-shape

is not always straightforward, especially for plants with strong cross-coupling. This is because it is not

always clear how each element in the weights affects the singular values of the scaled nominal plant

and the complexity of this relationship considerably increases when non-diagonal weights are used.

In addition, lack of design experience with loop-shaping concepts may lead to a designed loop-

shape that does not achieve a sufficiently large robust stability marginbopt(Ps). In this case, the

designer has to first determine the factors in the designed loop-shape that are giving rise to a small

bopt(Ps) and then understand how to modify these factors (without compromising the specifications)

in order to increase the robust stability margin. This may not be obvious and the designer may have

to iterate between the selection of loop-shaping weights and the evaluation ofbopt(Ps) several times

before a sufficiently large value ofbopt(Ps) is achieved. For instance, the designer must ensure that

68
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the loop-gain is large around the frequencies and in the directions of open-loop unstable poles, small

around the frequencies and in the directions of open-loop unstable zeros and that the loop-gain does

not roll-off at a high rate around cross-over. If any one of these is violated, a smallbopt(Ps) is obtained.

Besides achieving the desired loop-shape, the designer might also want to ensure that some of the

closed-loop transfer function matrices appearing in Theorem 2.5.2 are small in appropriate frequency

ranges. This can be achieved by ensuring that their corresponding upper bounds, given in the same

theorem, are small in the required frequency ranges. However, these upper bounds depend on the

condition number and the maximum/minimum singular values of the loop-shaping weights, and the

standardH∞ loop-shaping design procedure gives no direct handle on these variables. Thus, the

designer can only check the size of these closed-loop transfer function matrices at the end of the design

cycle and if they are not sufficiently small, the whole design must be repeated from the beginning.

All of this can be fairly time-consuming if done in an ad-hoc manner and although designers

usually arrive at very good loop-shaping weights and controllers using their engineering insight and

intuition, trial and error can never be guaranteed to yield the best possible results. The length of this

iterative process strongly depends on the experience of the designer with loop-shaping concepts and

on the cross-coupling present in the plant.

Consequently, it is believed that by combining several steps of the standardH∞ loop-shaping

design procedure into one optimisation problem, the design procedure can be made even more sys-

tematic and hence even easier to use in application. The proposed optimisation problem maximises

the robust stability margin over the loop-shaping weights subject to constraints which ensure that the

loop-shape and the singular values/condition numbers of the weights lie in pre-specified regions. Thus,

loop-shaping weights, which can be required to have a diagonal or a non-diagonal structure, and a

robustly stabilising controller are simultaneously synthesised by one algorithm in a systematic way.

This algorithm enables the designer to quickly get a feel of what performance is achievable, determine

whether non-diagonal weights would be beneficial and easily understand the tradeoffs involved in the

particular problem at hand.

5.2 A New Optimisation Problem

In this section, a new optimisation problem is proposed which directly addresses the aforementioned

difficulties. Before posing this optimisation problem, the following assumption is made.

Assumption: Let the scaled nominal plantP ∈ R m×n be such thatm≥ n.

This assumption incurs no loss of generality but considerably simplifies notation. If the plant has

strictly fewer outputs than inputs (i.e.m< n), then the dual problem to that shown in Figure 5.1 would

be considered. That is, one would use the same optimisation framework proposed in this chapter

with PT replacingP. Then, the resulting pre-compensator for the original plant is given byWT
2 , the



5.2 A New Optimisation Problem 70

resulting post-compensator for the original plant is given byWT
1 and the resulting robust stabilising

controller for the shaped plant is given byCT∞.

Now, consider the following optimisation problem:

max
W1,W

−1
1 ∈RH∞

W2,W
−1
2 ∈RH∞

bopt(Ps)

subject to

(a) |s( jω)| < σi

(
Ps( jω)

)
< |s( jω)| ∀i, ω,

(b) |w 1( jω)| < σi

(
W1( jω)

)
< |w1( jω)| and |w 2( jω)| < σi

(
W2( jω)

)
< |w2( jω)| ∀i, ω,

(c) κ
(
W1( jω)

)
< |k1( jω)| and κ

(
W2( jω)

)
< |k2( jω)| ∀ω,

where the scaled nominal plantP is given and satisfies the above assumption, ands, s,w i ,wi andki

(i = 1,2) are SISO transfer functions specified by the designer such that:

(i) the frequency functions|s( jω)| and |s( jω)| are boundaries for an allowable loop-shape (see

Figure 5.2),

(ii) the frequency functions|w i ( jω)| and |wi ( jω)| delimit the allowable region for the singular

values of loop-shaping weightWi ( jω) (i = 1,2),

(iii) the frequency function|ki ( jω)| bounds the condition number of loop-shaping weightWi ( jω)

(i = 1,2).

|s( jω)|

|s( jω)|

Mdb

log10ω

Figure 5.2:Typical loop-shape boundary
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5.3 Rewriting the Optimisation Problem

The optimisation problem proposed in the previous section will now be rewritten into a form which is

more suitable for a subsequent algorithm. First, however, the following set will be defined.

Definition 5.3.1 Let the set of real diagonal matrices of dimensionn× n be defined by:

3n :=
{ n
diag
i=1

(xi ) : xi ∈ R ∀i
}
.

This definition will be used at the end of this section. For the time being, note that the optimisation

problem posed in Section 5.2 can be rewritten as:

Minimise γ

such that∃W1,W2,C∞ satisfying

(a) W1,W
−1
1 ∈ RH∞, W2,W

−1
2 ∈ RH∞ and [Ps,C∞] is internally stable,

(b)

∥∥∥∥∥
[

Ps

I

]
(I − C∞Ps)

−1
[
−C∞ I

]∥∥∥∥∥
∞
< γ ,

(c) |s( jω)| < σi

(
Ps( jω)

)
< |s( jω)| ∀i, ω,

(d) |w 1( jω)| < σi

(
W1( jω)

)
< |w1( jω)| and |w 2( jω)| < σi

(
W2( jω)

)
< |w2( jω)| ∀i, ω,

(e) κ
(
W1( jω)

)
< |k1( jω)| and κ

(
W2( jω)

)
< |k2( jω)| ∀ω.

Then, usingPs = W2PW1 andC = W1C∞W2, it follows (after some algebra) that the above optimi-

sation problem can be rewritten as:

Minimise γω at eachω

such that∃W1,W2,C satisfying

(a) W1,W
−1
1 ∈ RH∞, W2,W

−1
2 ∈ RH∞ and [P,C] is internally stable,

(b) σ

[W2 0

0 W−1
1

][
0 P

0 I

][
I P

C I

]−1[
W−1

2 0

0 W1

] ( jω) < γω ∀ω,

(c) |s( jω)| < σi

(
W2( jω)P( jω)W1( jω)

)
< |s( jω)| ∀i, ω,

(d)
1

|w1( jω)| < σi

(
W1( jω)−1

)
<

1

|w 1( jω)| and |w 2( jω)| < σi

(
W2( jω)

)
< |w2( jω)| ∀i, ω,

(e) κ
(
W1( jω)−1) < |k1( jω)| and κ

(
W2( jω)

)
< |k2( jω)| ∀ω.
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Dropping the dependence on( jω) for P, C, W1 andW2 in the interest of clarity, the above optimisation

problem can be restated as:

Minimise γ 2
ω at eachω

such that∃W1,W2,C satisfying

(a) W1,W
−1
1 ∈ RH∞, W2,W

−1
2 ∈ RH∞ and [P,C] is internally stable,

(b)

[
0 P

0 I

]∗ [
W∗2 W2 0

0 W−∗1 W−1
1

][
0 P

0 I

]
< γ 2

ω

[
I P

C I

]∗ [
W∗2 W2 0

0 W−∗1 W−1
1

][
I P

C I

]
∀ω,

(c) |s( jω)|2 (W−∗1 W−1
1

)
< P∗

(
W∗2 W2

)
P < |s( jω)|2 (W−∗1 W−1

1

) ∀ω,

(d) ∀ω, ∃ ξ
2ω
, ξ2ω satisfying ξ

2ω
I < W∗2 W2 < ξ2ω I , ξ2ω < |k2( jω)|2 ξ

2ω
,

|w 2( jω)|2 < ξ
2ω
, ξ2ω < |w2( jω)|2,

(e) ∀ω, ∃ ξ
1ω
, ξ1ω satisfying ξ

1ω
I < W−∗1 W−1

1 < ξ1ω I , ξ1ω < |k1( jω)|2 ξ
1ω
,

1
|w1( jω)|2 < ξ 1ω

, ξ1ω <
1

|w 1( jω)|2 .

If the loop-shaping weights are required to have a diagonal structure, then the frequency functions

W−∗1 W−1
1 andW∗2 W2 reduce to simple strictly positive diagonal real matrices at each frequencyω. Let

these strictly positive frequency dependent diagonal matrices be denoted by31ω and32ω respectively

(i.e. at each fixedω, 0< 31ω := W1( jω)−∗W1( jω)−1∈ 3n and 0< 32ω := W2( jω)∗W2( jω) ∈ 3m).

Note that given any31ω ∈ 3n with 31ω > 0 ∀ω (resp.32ω ∈ 3m with 32ω > 0 ∀ω), it is

always possible to construct a diagonal weightW1 (resp.W2) that is a unit inRH∞ and satisfies

W1( jω)−∗W1( jω)−1 = 31ω ∀ω (resp.W2( jω)∗W2( jω) = 32ω ∀ω) by fitting stable minimum phase

transfer functions to each magnitude function on the main diagonal of31ω (resp.32ω).

If, on the other hand, the loop-shaping weights are required to have a non-diagonal structure, then

the frequency functionsW−∗1 W−1
1 and W∗2 W2 are strictly positive non-diagonal complex hermitian

matrices at each frequencyω. The problem, in this case, is significantly more difficult if approached

directly. However, the technique developed by Papageorgiou and Glover (1997) may be used to

simplify the problem. Building on that work, let̂U(s) andV̂(s) be units inRL∞ that approximately

interpolate the frequency-by-frequency unitary matrices containing the left and right singular vectors

of the scaled nominal plantP. Then it is possible to parametrise:

• W1( jω)−∗W1( jω)−1 by V̂( jω)−∗31ωV̂( jω)−1 for some31ω ∈ 3n with 31ω > 0 ∀ω,

• W2( jω)∗W2( jω) by Û ( jω)32ωÛ( jω)∗ for some32ω ∈ 3m with 32ω > 0 ∀ω,

with very little restriction. This is because the parameters in31ω and32ω are able to directly influence

the singular values ofP( jω). The construction of̂U(s) andV̂(s)will be explored in more detail in the
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next section. The interested reader is referred to Papageorgiou and Glover (1997) for a full exposition

of the original idea. As before, note that given any31ω ∈ 3n with 31ω > 0 ∀ω (resp.32ω ∈ 3m

with 32ω > 0 ∀ω), it is always possible to construct a diagonal weightD1 (resp.D2) that is a unit

in RH∞ and satisfiesD1( jω)−∗D1( jω)−1 = 31ω ∀ω (resp.D2( jω)∗D2( jω) = 32ω ∀ω). Then,

corresponding non-diagonal weightsW1 andW2 that are units inRH∞ are obtained by solving the

following co-spectral and spectral factorisations:

W1W∼
1 = V̂ D1D∼1 V̂∼,

W∼
2 W2 = Û D∼2 D2Û

∼.

With the above argument in mind, it follows that the previous optimisation problem can be rewritten as:

Minimise γ 2
ω at eachω

such that

∃ aC and∀ω a31ω ∈ 3n and a32ω ∈ 3m

satisfying

(a) [P,C] is internally stable,

(b)

[
0 P

0 I

]∗ [
Û32ωÛ ∗ 0

0 V̂−∗31ωV̂−1

][
0 P

0 I

]

< γ 2
ω

[
I P

C I

]∗ [
Û32ωÛ ∗ 0

0 V̂−∗31ωV̂−1

][
I P

C I

]
,

(c) |s( jω)|2 (V̂−∗31ωV̂−1
)
< P∗

(
Û32ωÛ ∗

)
P < |s( jω)|2 (V̂−∗31ωV̂−1

)
,

(d) ∃ ξ
2ω
, ξ2ω satisfying ξ

2ω
I <

(
Û32ωÛ ∗

)
< ξ2ω I , ξ2ω < |k2( jω)|2 ξ

2ω
,

|w 2( jω)|2 < ξ
2ω
, ξ2ω < |w2( jω)|2,

(e) ∃ ξ
1ω
, ξ1ω satisfying ξ

1ω
I <

(
V̂−∗31ωV̂−1) < ξ1ω I , ξ1ω < |k1( jω)|2 ξ

1ω
,

1
|w1( jω)|2 < ξ

1ω
, ξ1ω <

1
|w 1( jω)|2.

Note that31ω and32ω are implicitly restricted to be strictly positive matrices at each frequencyω by

constraints (d) and (e) above. Also,Û(s) = Im andV̂(s) = In when diagonal weights are required,

whereasÛ(s) andV̂(s) are units inRL∞ that approximately interpolate the frequency-by-frequency

unitary matrices containing the left and right singular vectors respectively of the scaled nominal plant

P when non-diagonal weights are required. Furthermore, observe that the above problem is a quasi-

convex optimisation problem if the controllerC is held fixed at an internally stabilising controller for

the scaled nominal plantP.
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5.4 Construction ofÛ (s) and V̂(s)

There are a variety of reasons for requiring both diagonal and non-diagonal loop-shaping weights.

Diagonal weights are simple to construct, easy to tune by hand and very clear in the way they affect

the nominal plant. Furthermore, diagonal weights are very easy to interpolate in gain-scheduling.

However, diagonal weights suffer from the problem that they do not directly affect the singular values

of the nominal plant. In fact, examples have shown that for plants with strong cross-coupling between

the channels, diagonal loop-shaping weights are not very effective and non-diagonal weights have

to be used instead. The task of choosing such loop-shaping weights can be very difficult and time

consuming if done in an ad-hoc manner. In view of this, Papageorgiou and Glover (1997) proposed a

systematic procedure to assist such designs. The reader is referred there for a detailed exposition of

the original idea. This section is based on that work, only outlines the construction ofÛ (s) andV̂(s)

and is given here for completeness.

First recall that the scaled nominal plantP ∈ R m×n is assumed to have more outputs than inputs

(i.e.m≥ n). Then, the following frequency-by-frequency decomposition1 of the scaled nominal plant

P( jω) is computed on a sufficiently dense grid:

P( jωk) = Uωk
6ωk

V∗ωk
,

whereUωk
∈ Cm×n ∀ωk andVωk

∈ Cn×n ∀ωk are matrices with orthonormal columns containing the

left and right singular vectors ofP( jωk), and6ωk
∈ Rn×n ∀ωk is a diagonal matrix containing the

singular values ofP( jωk). As explained in Papageorgiou and Glover (1997), it is important to ensure

that the ordering of the singular values is uniform across frequency. By uniform it is meant that the

ordering of the singular values at each frequency is the same as the ordering of the singular values at

zero frequency. This will ensure correct ordering of the singular vectors inUωk
andVωk

as frequency

varies.

However, observe that the matrices of singular vectorsUωk
andVωk

are not unique in the above

decomposition and hence can vary discontinuously with frequency. Any unitary matrix (possibly a

different one at each frequencyωk) that commutes with6ωk
can post-multiplyUωk

andVωk
to give

the same type of decomposition. Thus, one could try to select these unitary matrices (up to which

Uωk
andVωk

are unique) in such a way so thatUωk
andVωk

vary continuously with frequency. This

is possible and indeed easy when the singular values are distinct, as these unitary matrices reduce to

simplediagonal all-pass factors (Horn and Johnson, 1996, Lemma 7.3.1). However, at frequencies

where repeated singular values occur, this is simply not possible as there are multiple vectors (at this

single frequency point) which can be used as perfectly valid singular vectors. This is not of major

difficulty in the method of Papageorgiou and Glover (1997), as continuity of singular vectors can be

ensured at every frequency except the finite number of frequencies, if any, where the plant has repeated

singular values.
1This is very similar to Singular Value Decomposition and can be easily obtained from it.
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After determining the diagonal all-pass factors that make the singular vectors inUωk
and Vωk

piecewise continuous, real-rational (possibly high order) transfer function matricesÛ (s) andV̂(s) are

found which approximately interpolateUωk
andVωk

in the sense that:

σ
(
Û( jωk)−Uωk

)
≤ δu

ωk

and σ
(

V̂( jωk)− Vωk

)
≤ δvωk

,

for each frequencyωk. The above approximations can be done element-by-element, as suggested in

Papageorgiou and Glover (1997), or using more elaborate techniques which immediately find real-

rational transfer function matrix approximations. Ifδu
ωk

andδvωk
are small, then it is easy to show that

all the singular values of̂U( jωk) andV̂( jωk) are close to unity. This follows from:

1− δu
ωk
≤ σ

(
Û ( jωk)

)
≤ σ

(
Û ( jωk)

)
≤ 1+ δu

ωk
,

1− δvωk
≤ σ

(
V̂( jωk)

)
≤ σ

(
V̂( jωk)

)
≤ 1+ δvωk

.

Now, if the scaled nominal plantP ∈ R m×n is tall (i.e. m > n), then Û(s) is a tall transfer

function matrix. The following lemma (Zhou et al., 1996, Theorem 13.32) can be used to construct a

complementary factor2 for this Û (s). The suppositions in this lemma are easily satisfied in practise

as they simply state that̂U (s) should have no zeros on the imaginary axis.

Lemma 5.4.1 SupposeÛ(s) =
[

A B

C D

]
∈ R m×n is such thatm> n andÛ( jω)∗Û( jω) > 0 for

all ω ∈ R ∪ {∞}. Furthermore, assume that(A, B) is stabilisable and that

[
A− jω I B

C D

]
has full

column rank for allω ∈ R. Then a complementary factor̂U⊥(s) is given by:

Û⊥(s) =
[

A+ BF −X†CT D⊥
C + DF D⊥

]
,

where

(i) D⊥ is the orthogonal complement ofD,

(ii) F = −R−1(BT X + DTC) with R= DT D > 0,

(iii) X = XT ≥ 0 is the unique real stabilising solution to(
A− B R−1DTC

)T
X + X

(
A− B R−1DTC

)− X
(
B R−1BT

)
X + CT

(
I − DR−1DT

)
C = 0.

Consequently, botĥU (s) andV̂(s) are now completely constructed and are units inRL∞.

2A transfer function matrixÛ⊥(s) is called acomplementary factorof a tall transfer function matrix̂U (s) satisfying

Û ( jω)∗Û( jω) > 0 ∀ω ∈ R ∪ {∞} if Û∼⊥ (s)
[
Û(s) Û⊥(s)

] = [0 I
]
.
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5.5 Solution Algorithm

This sectionpresents a sub-optimal iterative algorithm for solving the optimisation problem proposed in

Section 5.2. This optimisation problem has been reformulated in several different ways in Section 5.3

and the following sub-optimal iterative algorithm is based on the last reformulation given in that

section. Analogous to D-K iterations and other solution methods for these types of optimisations, an

iterative algorithm must be used since the posed problem is not simultaneously convex in all variables.

Inputs to the algorithm:

• Scaled nominal plantP satisfying the assumption stated in Section 5.2,

• Frequency functions|s( jω)| and|s( jω)| that are boundaries for an allowable loop-shape,

• Frequency functions|w i ( jω)| and|wi ( jω)| that delimit the allowable region for the singular

values of loop-shaping weightWi ( jω) (i = 1,2),

• Frequency function|ki ( jω)| that bounds the condition number of loop-shaping weightWi ( jω)

(i = 1,2).

The solution algorithm:

1. Find a controllerC?
0 such that the interconnection[P,C?

0] is internally stable. This controller can

be found by a variety of standard techniques and provides a feasible initial starting point for the

algorithm.

Furthermore, letÛ(s) = Im (resp.V̂(s) = In) if a diagonal loop-shaping weightW2 (resp.W1)

is required, or letÛ (s) (resp.V̂(s)) be constructed as described in Section 5.4 if a non-diagonal

weightW2 (resp.W1) is required.

Seti = 0, wherei denotes the iteration number, and letε?max,0 = −1.

2. Incrementi by 1.

3. Solve the following quasi-convex optimisation problemat each frequencyω:

Minimiseγ 2
ω

such that∃31ω ∈ 3n,32ω ∈ 3m satisfying

(a)

[
0 Û ∗PV̂

0 I

]∗ [
32ω 0

0 31ω

][
0 Û ∗PV̂

0 I

]

< γ 2
ω

[
I Û ∗PV̂

V̂−1C?
i−1Û−∗ I

]∗ [
32ω 0

0 31ω

][
I Û ∗PV̂

V̂−1C?
i−1Û−∗ I

]
,
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(b) |s( jω)|231ω < (Û ∗PV̂)∗32ω (Û
∗PV̂) < |s( jω)|231ω,

(c) ∃ ξ
2ω
, ξ2ω ∈ R : ξ

2ω

(
Û ∗Û

)−1
< 32ω < ξ2ω

(
Û ∗Û

)−1
,

ξ2ω < |k2( jω)|2 ξ
2ω
, |w 2( jω)|2 < ξ

2ω
, ξ2ω < |w2( jω)|2,

(d) ∃ ξ
1ω
, ξ1ω ∈ R : ξ

1ω

(
V̂∗V̂

)
< 31ω < ξ1ω

(
V̂∗V̂

)
,

ξ1ω < |k1( jω)|2 ξ
1ω
, 1
|w1( jω)|2 < ξ 1ω

, ξ1ω <
1

|w 1( jω)|2.

Note thatC?
i−1 is the controller synthesised in the previous iteration. The above minimisation

problem can thus be easily solved using LMI routines.

Denote by3?
1ω and3?

2ω the values of31ω and32ω that achieve the minimum of the above optimi-

sation problem at each frequencyω.

4. Constructdiagonal transfer function matricesD?
1(s) and D?

2(s) that are units inRH∞ by fitting

stable minimum phase transfer functions to each magnitude function on the main diagonal of(
3?

1ω

)− 1
2 and

(
3?

2ω

) 1
2 respectively.

5. Solve the following co-spectral and spectral factorisations (Francis, 1987, Section 7.3)(
W?

1,i

)(
W?

1,i

)∼ = (
V̂
) (

D?
1

)(
D?

1

)∼ (
V̂
)∼
,(

W?
2,i

)∼(
W?

2,i

) = (
Û
) (

D?
2

)∼(
D?

2

) (
Û
)∼
,

to obtain loop-shaping weightsW?
1,i (s) andW?

2,i (s) that are units inRH∞ and have the required

structure. Note that the above factorisations reduce to simply settingW?
1,i (s) = D?

1(s) (resp.

W?
2,i (s) = D?

2(s)) whenV̂(s) = In (resp.Û (s) = Im).

6. Computebopt

(
W?

2,i PW?
1,i

)
as detailed in Glover and McFarlane (1989) and let this value be denoted

by ε?max,i . Furthermore, synthesise a controllerC?
∞,i that achievesb

(
W?

2,i PW?
1,i ,C

?
∞,i
) = ε?max,i

using the state-space formula given in (Glover, 1984, Theorem 6.3). Finally, letC?
i = W?

1,i C
?
∞,i W

?
2,i .

Note that all these calculations are easily computed using well-known formulae which are coded

in commercially available software.

7. Evaluate(ε?max,i − ε?max,i−1). If this difference (which is always positive) is very small and has

remained very small for the last few iterations, then EXIT. Otherwise return to Step 2.

Outputs from the algorithm: (after i iterations)

• The largest value ofbopt(Ps) obtained by the algorithm in the variableε?max,i ,

• Loop-shaping weightsW?
1,i (s) andW?

2,i (s) that achieve this maximised robust stability margin,

• A controllerC?
∞,i (s) that achievesb

(
W?

2,i PW?
1,i ,C

?
∞,i
) = ε?max,i .
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Note that the algorithm presented above is an ascent algorithm. By this it is meant that the value

ε?max,i is monotonically non-decreasing asi increases and that at each iterationi , the reciprocal of the

square-root of the minimum costγ 2
ω obtained in Step 3 of the algorithm is greater than or equal to

ε?max,i−1 for all frequencyω. Note however that iterative algorithms as the one presented above cannot

be guaranteed to converge to theglobal maximum. Only monotonicity properties can be guaranteed.

5.6 Numerical Example

The algorithm proposed in Section 5.5 will now be illustrated by a numerical example. Two different

designs will be considered — one using a diagonal pre-compensator and the other using a non-diagonal

pre-compensator. The post-compensator will be held fixed in both design cases for simplicity of

illustration.

The plant used to demonstrate the applicability of the proposed algorithm is a scaled-down version

of the High Incidence Research Model (HIRM) developed by the Defence Evaluation and Research

Agency in Bedford, UK. A physical model of this was constructed at the Department of Engineering

of the University of Cambridge in order to investigate problems associated with the control of air-

vehicles at high angles of attack. This model was flown in a wind-tunnel at a speed of 30m/s and

at a fixed pitch angle of 30◦. The following model was identified from measurements taken off the

experimental rig:

P̂nom(s) =



0 1 0 0 0 0

−23.8 −3.36 4.60 −0.239 1.67 0

0 0 0 1 0 0

−16.8 −0.0248 22.8 −0.916 0 1.39

1 0 0 0 0 0

0 0 1 0 0 0


.

This linear time-invariant model of the plant has two inputs, roll and yaw thrusters, and four states, roll

and yaw angles and their corresponding rates. The measured outputs that are used for feedback are roll

and yaw angles. The torque produced by the thrusters is measured inNmand the angles inrad . Each

of the actuators which drives the thrusters may be modelled by a 50rad/s low-pass filter in series

with a first-order Padé approximation of a 0.05 s time delay. This actuator model isnot included in

P̂nom(s) above. Thus, the nominal open-loop plantPnomwith the actuator model included has 8 states.

Further details about the HIRM can be found in Papageorgiou and Glover (1999a) and Halsey (2000).

The nominal plantPnom is unstable and non-minimum phase. The RHP pole, due to an unstable

yaw mode, has a natural frequency of about 4rad/s and the RHP zero, coming from the Padé

approximation, has a natural frequency of about 40rad/s . These restrict the closed-loop bandwidth

of each channel to lie between 4 and 40rad/s . The nominal plantPnom requires no scaling as the
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units of the input and output channels are already consistent (henceP = Pnom). The singular values

of the scaled nominal plantP are plotted in Figure 5.3.
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Figure 5.3:Singular values of scaled nominal plantP

Besides the scaled nominal plantP, the algorithm presented in Section 5.5 also requires loop-shape

boundaries|s( jω)| and|s( jω)|. The boundaries used in this example are shown in Figure 5.4. These
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Figure 5.4:Frequency plots of loop-shape boundaries

loop-shape boundaries are usually determined from the closed-loop performance specifications. For

example, the bandwidth determines the rise time and the low-frequency gain determines the sensitivity

reduction and hence the reference tracking capabilities.

The post-compensatorW2 was fixed in both design cases (i.e. no optimisation was required onW2,

as will usually be the case) and was chosen, for sensor noise rejection, to be a first-order low-pass filter

with a corner frequency of 300rad/s on each output channel. The frequency functions|w 1( jω)|
and|w1( jω)| that delimit the allowable region for the singular values of the pre-compensatorW1 were

chosen to be 10−10 and 1010 respectively, whereas the frequency function|k1( jω)| that bounds the

condition number of the pre-compensatorW1 was chosen to be 20. These bounds were chosen as stated
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above for ease of specification and never became active in this particular design example. In other

design problems (say, for plants with very large condition number and/or stringent requirements on

gains from plant output disturbances to control signal or from plant input disturbances to output signal),

it may be necessary to specify more complicated, perhaps frequency dependent, bounds|w 1( jω)|,
|w1( jω)| and|k1( jω)| to satisfy the problem specifications.

The algorithm presented in Section 5.5 was coded up in MATLAB 5.3 and this code was used to

design two loop-shaping controllers for the same plant. In first design case, a diagonal pre-compensator

W1 was synthesised, whereas in the second design case, a non-diagonal pre-compensatorW1 was

synthesised. Table 5.1 summarises the results obtained for both design cases. A detailed description

is given below.

DiagonalW1 Non-diagonalW1

No. of iterations for convergence 4 iterations 4 iterations

Time taken for convergence ≈ 5 minutes ≈ 6 minutes

Order of weightW1 4 states + 4 states38 states (model reduced to 12 states)

Condition number of weightW1 < 3 ∀ω < 4 ∀ω
Order of controllerC∞ 17 states 46 states (model reduced to 11 states)

Order ofC after model reduction 17 states 17 states

Robust stability margin 0.368 0.382

Table 5.1:Comparison of results for diagonal and non-diagonal pre-compensator designs

For the diagonal pre-compensator design, four iterations were found tobe sufficient for convergence

of the algorithm and this took around 5 minutes on a 400MHzPentium II PC. The pre-compensator

W1 synthesised by the algorithm had 8 states (i.e. a 4th-order weight in each channel) and hence the

synthesised controllerC∞ had 17 states (i.e. 8 states due toW1, 2 states due toW2 and another 8 states

due toP less 1 state due to optimal controller synthesis). However, it was observed that the controller

C = W1C∞W2 could easily be model reduced to 17 states with very minor changes in the loop-gain.

The singular values of this pre-compensatorW1 are plotted in Figure 5.5(a), the corresponding loop-

shape depicted in Figure 5.5(c) and the singular values of the simultaneously synthesised robustly

stabilising controllerC∞ illustrated in Figure 5.5(e). It can be easily seen that the loop-shape lies

in the pre-specified region and that it rolls-off at a very small rate around cross-over. Furthermore,

both the loop-shaping weightW1, which is clearly bi-proper, and the controllerC∞ introduce some

phase lead around cross-over to improve the robust stability margin. The final robust stability margin

bopt(Ps) obtained by the algorithm for this loop-shaping design is 0.368, which is immediately very

good. It is probably also worth mentioning that the condition number ofW1 was everywhere less

than 3. All these important design properties were quickly obtained by one systematic algorithm.

For the non-diagonal pre-compensator design, four iterations were again found to be sufficient

for convergence of the algorithm and this took just under 6 minutes on a 400MHzPentium II PC.
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The pre-compensatorW1 synthesised by the algorithm had 38 states, due to the high order fitting

required to accurately reproduce the matrix of singular vectors, but this could easily be model reduced

to 12 states without any significant deterioration in the loop-shape and the correspondingly achieved

robust stability margin. Furthermore, the synthesised robustly stabilising controllerC∞ had 46 states,

which again could easily be model reduced to 11 states without any significant deterioration in the

robust stability margin. The singular values of this pre-compensatorW1 are plotted in Figure 5.5(b),

the corresponding loop-shape depicted in Figure 5.5(d) and the singular values of the simultaneously

synthesised robustly stabilising controllerC∞ illustrated in Figure 5.5(f). Again, it can be easily seen

that the loop-shape lies in the pre-specified region, rolls-off at a very small rate around cross-over and

has both singular values overlapping each other. This is because the non-diagonal pre-compensator

W1 can completely influence the singular values of the shaped plantPs and maximising the robust

stability margin leads to this overlapping of the singular values. The final robust stability margin

bopt(Ps) obtained by the algorithm for this loop-shaping design is 0.382, which is again very good and

is slightly better than that obtained in the diagonal pre-compensator design case. This is of course due

to the fact that a non-diagonal weightW1 has more “authority” on the singular values of the shaped

plant Ps than a diagonal weight. Again, the condition number ofW1 is small, in fact it is less than 4

at all frequencies, as expected.

Although the synthesised weight and controller were of much higher order in the non-diagonal

pre-compensator design case, the achieved robust stability margin was slightly higher too. It was also

noted that the controllerC = W1C∞W2 could be model reduced to 17 states inboth design cases

with negligible deterioration of the designed properties. Thus, one should not be scared ‘a priori’ of

a non-diagonal design simply on the grounds that it may give higher order weights, as these can often

be model reduced afterwards. However, if diagonal weights achieve approximately the same robust

stability margin as non-diagonal weights, then it is futile to use more complicated weights to achieve

very minor improvements.
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Figure 5.5:Plots on the left are for diagonalW1 and on the right for non-diagonalW1
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5.7 Summary and Comments

An algorithm for the simultaneous synthesis of weights and controllers inH∞ loop-shaping has been

presented. This algorithm requires pre-specified allowable regions for the loop-shape and the singular

values/condition numbers of the weights. These regions are usually determined from the closed-loop

performance specifications. This step is often not easy as it typically involves translating time domain

specifications into the frequency domain. Although the proposed algorithm doesnot improve the

standardH∞ loop-shaping design procedure in this respect, it does however introduce several other

benefits:

I. Loop-shaping weights are synthesised by a systematic algorithm to immediately have the required

structure (i.e. diagonal/non-diagonal), satisfy the designer-specified constraints on their singular

values and condition numbers and achieve a loop-shape which falls in a pre-specified region

and maximises the robust stability marginbopt(Ps). A robustly stabilising controllerC∞ is also

synthesised by the algorithm to achieve this maximised robust stability margin.

II. Specifying acceptable regions rather than exact weights and hence an exact loop-shape makes

it more difficult for inexperienced designers to obtain very bad loop-shapes. This is because

the algorithm always tries to select a loop-shape, within the acceptable regions, that maximises

bopt(Ps).

III. This algorithm gives direct handles that enable the designer to constrain the singular values and

condition numbers of the loop-shaping weights in appropriate frequency ranges.

IV. Since the algorithm is not time-consuming, the designer can quickly determine whether a diagonal

weight design is sufficiently good or if non-diagonal weights are necessary. Furthermore, it allows

the designer to concentrate on more fundamental design issues than simply finding weights that

achieve the desired loop-shape.



Chapter 6

Concluding Remarks

By way of conclusion, the main contributions of this thesis are summarised and suggestions for possible

future research directions are outlined. The central idea behind this thesis was to provide optimisation

algorithms which assist the designer in selecting weights for robust control techniques. The proposed

algorithms also partly address the question of determining the achievable performance for a particular

control system design.

6.1 Contributions

The main contributions of this thesis are summarised below.

In the area ofµ-synthesis

• A new and conceptually different method for performingµ-synthesis robust performance based

designs is proposed in this thesis. It is shown that this approach greatly simplifies the often long

and tedious trial and error process of designing “good” performance weights directly and is hence

a valuable alternative to the standard D-K iterative procedure. The proposed algorithm maximises

performance weights in the frequency ranges of interest subject to the existence of an internally

stabilising controller that guarantees robust performance with respect to these maximised weights.

• The cost function chosen in Chapters 3 and 4 to ensure the desired maximisation of performance

weights is not obvious. It has the form of the reciprocal of the cumulative weighted sum of recip-

rocals of each frequency dependent performance weight. This form ensures that the performance

weights resulting from the proposed optimisation problem have the desired characteristics.

In the area of H∞ loop-shaping

• The optimisation problem proposed in this thesis forH∞ loop-shaping robust performance based

designs combines various steps of the standardH∞ loop-shaping design procedure. It is quali-

84
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tatively shown that this optimisation problem facilitates the design of loop-shaping weights and

controllers by making the design procedure more systematic and hence even easier to use in ap-

plication. This optimisation problem maximises the robust stability margin subject to constraints

on the loop-shape and the singular values/condition numbers of the weights.

• The proposed solution algorithm for this optimisation problem provides a unified framework for

the synthesis of both diagonal and non-diagonal loop-shaping weights. This algorithm also gives

handles that enable the designer to directly influence the size of the singular values/condition

numbers of the loop-shaping weights at each frequency. Furthermore, provided that the loop-

shape boundaries are correctly specified, the proposed algorithm always gives a loop-shape that

is feasible to the specifications.

6.2 Directions for Future Research

Some possible directions for future research are hereby outlined.

In the area ofµ-synthesis

• The sets of allowable perturbations were restricted to complex blocks for notational convenience.

It was claimed that most proofs presented in the thesis generalise to the case where the allowable

perturbations have mixed real and complex blocks. This generalisation needs to be clearly written

down and problems particular to this framework need to be individually investigated.

• The “fictitious” performance uncertainty set1P was defined to contain unstructured full complex

blocks, as is standard in the literature. More complicated structures could be defined which

would allow the proposed algorithm to have other meaningful uses (for example, the imposition

of specific channel-to-channel performance gain constraints and the optimisation of specific input

uncertainty weights).

• A natural extension of thisµ-synthesis work is the generalisation of the proposed optimisation

problem to LPV systems. An algorithm similar to the one proposed in this thesis would be

particularly beneficial in that scenario because maximisation of performance weights would

occur at each frequency and at each point in the parameter space. This would help the designer

to identify problematic regions in the parameter space and hence compromise the specifications

(if necessary) only in those regions.

In the area of H∞ loop-shaping

• Tight lower and upper bounds ofbopt(Ps) (in terms of the loop-shaping weights and the plant

only) could perhaps be used to obtain a non-iterative solution to the optimisation problem posed

in Chapter 5.
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• It is desirable to incorporate complexity constraints (i.e. smoothness constraints) on the loop-

shaping weights and the controller. This would indirectly lead to the synthesis of lower order

weights and controllers which is greatly desirable in applications involving highly resonant plants

(e.g. flexible structures). Smoothness constraints on the loop-shaping weights would also allow

the direct construction of non-diagonal weights from the frequency-by-frequency optimisation

data. This is important as the interpolation of singular vectors used in this thesis suffers from the

possible lack of continuity at points of repeated singular values.

• An conceptually different approach might also be taken. Instead of maximising the robust stability

margin bopt(Ps), one might optimise the loop-shape and constrainbopt(Ps) to be greater than

0.3, say.

• Again, an important extension of thisH∞ loop-shaping work is the generalisation of the proposed

optimisation problem to LPV systems. An algorithm similar to the one proposed in this thesis

would be particularly beneficial in that scenario as loop-shaping weights would be synthesised

pointwise in both frequency and parameter space. This would help the designer to identify

problematic regions in the parameter space and hence compromise the specifications (if necessary)

only in those regions.

In other similar areas

• It is believed that the benefits introduced by this thesis in the area ofµ-synthesis robust perfor-

mance based designs can be transported to the newly formulated RobustH2 control framework

without much difficulty.
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Appendix to Chapter 3

A.1 Proof of Lemma 3.7.1

Statements (i) and (ii) in the Lemma will be connected by a sequence of equivalent reformulations.

(a) There exists ăQ ∈ Rp×(N+1)q and∀k ∈ � a2?
k,0 ∈ D and avW,k ∈ Rn satisfying

(
(2?k,0)

−1 0

0 diag
(
vW,k

)) Fl

(
T( jωa

k), Q̆B( jωa
k)
)

∗
(
(2?k,0) 0

0 Im

)
 > 0.

(b) There exists ăQ ∈ Rp×(N+1)q and∀k ∈ � a2?
k,0 ∈ D and avW,k ∈ R n+ satisfying

(2?k,0)
−1 H11( jωa

k) H12( jωa
k)

∗ (2?k,0) 0

∗ ∗ Im

 >


0

H21( jωa
k)
∗

H22( jωa
k)
∗

diag
(
vW,k

)−1
[
0 H21( jωa

k) H22( jωa
k)

]
,

(A.1)

where[
H11( jωa

k) H12( jωa
k)

H21( jωa
k) H22( jωa

k)

]
:=
[

T11( jωa
k) T12( jωa

k)

T21( jωa
k) T22( jωa

k)

]
+
[

T13( jωa
k)

T23( jωa
k)

]
Q̆B( jωa

k)
[
T31( jωa

k) T32( jωa
k)

]
= Fl

(
T( jωa

k), Q̆B( jωa
k)
)
.

The equivalence (a)⇔ (b) follows from Schur Complement Lemma 2.8.1 applied around the

term “diag
(
vW,k

)
” appearing in (a).

(c) There exists ăQ ∈ Rp×(N+1)q and∀k ∈ � a2?
k,0 ∈ D satisfying

(2?
k,0)
−1 H11( jωa

k) H12( jωa
k)

∗ (2?
k,0) 0

∗ ∗ Im

 > 0.
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Note that (b)⇒ (c) trivially follows from inequality (A.1), whereas (b)⇐ (c) is because given

that (c) is true there always exists a sufficiently largevW,k ∈ R n+ at everyk ∈ � that makes the

RHS of inequality (A.1) sufficiently small to also imply that (b) is true.

(d) There exists ăQ ∈ Rp×(N+1)q, aρ ∈ R+ and∀k ∈ � a2?
k,0 ∈D satisfying

(2?
k,0)
−1 H11( jωa

k) H12( jωa
k)

∗ (2?
k,0) 0

∗ ∗ ρ Im

 > 0. (A.2)

The equivalence (c)⇔ (d) can be seen through the application of the congruence transformation

diag
(√
ρ Ir ,

1√
ρ

Ir ,
1√
ρ

Im

)
on inequality (A.2).

(e) There exists ăQ ∈ Rp×(N+1)q, aρ ∈ R+ and∀k ∈ � a2?
k,0 ∈D satisfying[

(2?
k,0)
−1 H11( jωa

k)

∗ (2?
k,0)

]
>

1

ρ

[
H12( jωa

k)

0

] [
H12( jωa

k)
∗ 0

]
. (A.3)

The equivalence (d)⇔ (e) follows from Schur Complement Lemma 2.8.1 applied around the

(3,3)-element of inequality (A.2).

(f) There exists aQ̆ ∈ Rp×(N+1)q and∀k ∈ � a2?
k,0 ∈ D satisfying[

(2?
k,0)
−1 H11( jωa

k)

∗ (2?
k,0)

]
> 0.

Note that (e)⇒ (f) trivially follows from inequality (A.3), whereas (e)⇐ (f) is because given that

(f) is true there always exists a sufficiently largeρ ∈ R+ that makes the RHS of inequality (A.3)

sufficiently small to also imply that (e) is true. This last condition is in fact Statement (ii) in

the Lemma (sinceH11( jωa
k) = T11( jωa

k)+ T13( jωa
k)Q̆B( jωa

k)T31( jωa
k)) and hence the proof is

complete.
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Appendix to Chapter 4

B.1 Proof of Theorem 4.5.1

First note that Lemma 2.6.3 together with Section 4.3 ensure that given anyW̄(s) ∈WTF
(AW̄,BW̄)

, there

exists aW̆ ∈ 4W̆ such thatTo
W̄
( jω)∗W̆ To

W̄
( jω) = W̄( jω)∗W̄( jω) ∀ω ∈ R ∪ {∞}. Then

ϒ( jω)∗W̄( jω)∗W̄( jω)ϒ( jω) = ϒ( jω)∗To
W̄
( jω)∗W̆ To

W̄
( jω)ϒ( jω)

= ϕ( jω)∗


[

IsW
0

0 CT
ϒ

]
W̆

[
IsW

0

0 Cϒ

] [
0

0

]
[
0 0

]
0

 ϕ( jω),

where

ϕ(s) :=


(

s I −
[

AW̄ BW̄Cϒ

0 Aϒ

])−1[
0

Bϒ

]
In

 .

Using Corollary 2.6.2 on thejω-axis (noting that

[
AW̄ BW̄Cϒ

0 Aϒ

]
is Hurwitz), it follows that

ϒ( jω)∗W̄( jω)∗W̄( jω)ϒ( jω) = E( jω)+ E( jω)∗

where

E(s) :=


AW̄ BW̄Cϒ 0

0 Aϒ Bϒ(
0 BT

ϒ

)
X 0


and the real matrixX = XT is the unique solution to Lyapunov equation

X

[
AW̄ BW̄Cϒ

0 Aϒ

]
+
[

AW̄ BW̄Cϒ

0 Aϒ

]T

X = −
[

IsW
0

0 CT
ϒ

]
W̆

[
IsW

0

0 Cϒ

]
. (B.1)

89
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Consequently,

∥∥W̄ϒ
∥∥2

2 =
1

2π

∫ ∞
−∞

trace
{
ϒ( jω)∗W̄( jω)∗W̄( jω)ϒ( jω)

}
dω

= 1

2π

∫ ∞
−∞

trace
{
E( jω)+ E( jω)∗

}
dω

= 1

2π

∫ ∞
−∞

2<
[
trace

{
E( jω)

}]
dω

= 1

π

∫ ∞
−∞
<
trace

[0 BT
ϒ

]
X

(
jω I −

[
AW̄ BW̄Cϒ

0 Aϒ

])−1[
0

Bϒ

]
 dω

= <
trace

[0 BT
ϒ

]
X .

1

π

∫ ∞
−∞

(
jω I −

[
AW̄ BW̄Cϒ

0 Aϒ

])−1

dω .

[
0

Bϒ

]


= trace

{[
0 BT

ϒ

]
X

[
0

Bϒ

]}
by Lemma 2.7.1

= vec(In)
T vec

([
0 BT

ϒ

]
X

[
0

Bϒ

])

= vec(In)
T

([
0

Bϒ

]
⊗
[

0

Bϒ

])T

vec(X). (B.2)

Then note that Lyapunov equation (B.1) can be rewritten as[AW̄ BW̄Cϒ

0 Aϒ

]T

⊕
[

AW̄ BW̄Cϒ

0 Aϒ

]T
 vec(X) = −

[IsW
0

0 Cϒ

]T

⊗
[

IsW
0

0 Cϒ

]T
 vec

(
W̆
)
.

Since the matrix

[
AW̄ BW̄Cϒ

0 Aϒ

]
is Hurwitz, the required inverse exists and

vec(X) = −
([

AW̄ BW̄Cϒ

0 Aϒ

]
⊕
[

AW̄ BW̄Cϒ

0 Aϒ

])−T([
IsW

0

0 Cϒ

]
⊗
[

IsW
0

0 Cϒ

])T

vec
(
W̆
)
. (B.3)

The required result then follows directly from equations (B.2) and (B.3).

B.2 Proof of Theorem 4.6.1

Statements (i) and (ii) in the Theorem will be connected by a sequence of equivalent reformulations.

(a) inf
D̄∈DTF

(AD̄ ,BD̄ )

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1.
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(b) ∃ D̄ ∈ DTF
(AD̄,BD̄)

:
[
Fl (G( jω), K ( jω))T

] ∗ (D̄( jω)∗D̄( jω) 0

0 Im

)[
Fl (G( jω), K ( jω))T

]
<

(
D̄( jω)∗ D̄( jω) 0

0 W̄( jω)∗W̄( jω)

)
∀ω ∈ R∪ {∞}.

(c) ∃ D̆ ∈ 4D̆ such that

To
D̄
( jω)∗D̆To

D̄
( jω) > 0 ∀ω ∈ R ∪ {∞},[

Fl (G( jω), K ( jω))T
] ∗ (To

D̄
( jω)∗D̆To

D̄
( jω) 0

0 Im

) [
Fl (G( jω), K ( jω))T

]

<

(
To

D̄
( jω)∗ D̆To

D̄
( jω) 0

0 To
W̄
( jω)∗W̆ To

W̄
( jω)

)
∀ω ∈ R ∪ {∞},

whereTo
D̄
(s) is defined as in equation (4.4). Note that (b)⇒ (c) follows from Lemma 2.6.3 (i)

and Section 4.3, whereas (b)⇐ (c) follows from Lemma 2.6.3 (ii) and Section 4.3 on noting

that the above two inequalities together implicitly guarantee thatTo
W̄
( jω)∗W̆ To

W̄
( jω) > 0 for all

ω ∈ R ∪ {∞}.
(d) ∃ D̆ ∈ 4D̆ such that

To
D̄
( jω)∗D̆To

D̄
( jω) > 0 ∀ω ∈ R ∪ {∞},

ϕ( jω)∗Q̀ ϕ( jω) < 0 ∀ω ∈ R ∪ {∞},
where

ϕ(s) :=



[
To

D̄
(s) 0

0 Im

]
Fl (G(s), K (s))T

[
To

D̄
(s) 0

0 To
W̄
(s)

]
 ,

Q̀ := diag
(

D̆, Im, −D̆, −W̆
)
.

Observe that (c)⇔ (d) follows from simple algebraic manipulations.

(e) ∃ D̆ ∈ 4D̆ such that[(
jω I − AD̄

)−1
BD̄

Ir

]∗
D̆

[(
jω I − AD̄

)−1
BD̄

Ir

]
> 0 ∀ω ∈ R ∪ {∞},

[(
jω I − À

)−1
B̀

I

]∗ [
C̀T

D̀T

]
Q̀
[
C̀ D̀

] [( jω I − À
)−1

B̀

I

]
< 0 ∀ω ∈ R ∪ {∞},

whereÀ, B̀, C̀, D̀ andQ̀ are defined as in Part (ii) of the Theorem. Then (d)⇔ (e) easily follows

by noting thatϕ(s) =
 À B̀

C̀ D̀

.



B.3 Proof of Theorem 4.7.1 92

(f) ∃ D̆ ∈ 4D̆, X = XT ∈ RsD×sD andY = YT ∈ R(scl+2sD+sW)×(scl+2sD+sW) such that[
X A

D̄
+ AT

D̄
X X B

D̄

BT
D̄

X 0

]
+ D̆ > 0,

[
YÀ+ ÀT Y YB̀

B̀TY 0

]
+
[

C̀T

D̀T

]
Q̀
[
C̀ D̀

]
< 0.

The equivalence (e)⇔ (f) follows from KYP Lemma 2.8.2.

B.3 Proof of Theorem 4.7.1

Before proving the equivalence between the Theorem’s two statements, some notation needs to be

defined. To this end, let the controllerK (s) ∈ KTF
G have a state-space realisation

[
AK BK

CK DK

]
,

where AK ∈ RsK×sK and DK ∈ Rp×q. The ordersK of this controller is not yet known (i.e.sK is a

variable), as the setKTF
G contains all internally stabilising controllers forG of anyorder. Define


Â B̂1 B̂2 B̂3

Ĉ1 D̂11 D̂12 D̂13

Ĉ2 D̂21 D̂22 D̂23

Ĉ3 D̂31 D̂32 8T
K

 :=



Ã 0 B̃1 B̃2 0 B̃3

0 0 0 0 IsK
0

C̃1 0 D̃11 D̃12 0 D̃13

C̃2 0 D̃21 D̃22 0 D̃23

0 IsK
0 0 AT

K CT
K

C̃3 0 D̃31 D̃32 BT
K DT

K


,

and


Ãcl B̃1cl B̃2cl

C̃1cl D̃11cl D̃12cl

C̃2cl D̃21cl D̃22cl

 :=


Â B̂1 B̂2

Ĉ1 D̂11 D̂12

Ĉ2 D̂21 D̂22

+


B̂3

D̂13

D̂23

8K

[
Ĉ3 D̂31 D̂32

]
.

ThenFl

(
G̃, K

) =


Ãcl B̃1cl B̃2cl

C̃1cl D̃11cl D̃12cl

C̃2cl D̃21cl D̃22cl

 andK (s) ∈KTF
G if and only if K (s) ∈KTF

G̃
.

Statements (i) and (ii) in the Theorem will now be connected by a sequence of equivalent reformula-

tions.

(a) min
K∈KTF

G

∥∥∥∥∥
(

D̄ 0

0 Im

)
Fl (G, K )T

(
D̄−1 0

0 W̄−1

)∥∥∥∥∥
∞
< 1.

(b) min
K∈KTF

G̃

∥∥∥∥∥Fl

(
G̃, K

)T

(
Ir 0

0 W̄−1

)∥∥∥∥∥
∞
< 1.
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(c) ∃ K ∈KTF
G̃

such that

[
Fl

(
G̃( jω), K ( jω)

)T]∗ [Fl

(
G̃( jω), K ( jω)

)T]
<

(
Ir 0

0 W̄( jω)∗W̄( jω)

)

for all ω ∈ R ∪ {∞}.

(d) ∃ K ∈KTF
G̃

such that

[
Fl

(
G̃( jω), K ( jω)

)T]∗ [Fl

(
G̃( jω), K ( jω)

)T]
<

(
Ir 0

0 To
W̄
( jω)∗W̆ To

W̄
( jω)

)

for all ω ∈ R∪ {∞}. Note that (c)⇒ (d) follows from Lemma 2.6.3 (i) and Section 4.3, whereas

(c)⇐ (d) follows from Lemma 2.6.3 (ii) and Section 4.3 on noting that the above frequency

domain inequality implicitly guarantees thatTo
W̄
( jω)∗W̆ To

W̄
( jω) > 0 for all ω ∈ R ∪ {∞}.

(e) ∃ K ∈KTF
G̃

such that
Fl

(
G̃( jω), K ( jω)

)T[
Ir 0

0 To
W̄
( jω)

]

∗

Ir+m 0

0

[
−Ir 0

0 −W̆

]


Fl

(
G̃( jω), K ( jω)

)T[
Ir 0

0 To
W̄
( jω)

]
 < 0

for all ω ∈ R ∪ {∞}. Observe that (d)⇔ (e) follows from simple algebraic manipulations.

(f) ∃ sK ∈ Z+ and8K ∈ R(sK+p)×(sK+q) such that

Ãcl is Hurwitz,[(
jω I − Á

)−1
B́

I

]∗ [
ĆT

D́T

]
Q́
[
Ć D́

] [( jω I − Á
)−1

B́

I

]
< 0 ∀ω ∈ R ∪ {∞},

whereÁ, B́, Ć, D́ andQ́ are defined by

[
Á B́

Ć D́

]
:=



AW̄ 0 0 BW̄

0 ÃT
cl C̃T

1cl C̃T
2cl

0 B̃T
1cl D̃T

11cl D̃T
21cl

0 B̃T
2cl D̃T

12cl D̃T
22cl

0 0 Ir 0

IsW
0 0 0

0 0 0 In


,

Q́ := diag
(

Ir , Im, −Ir , −W̆
)
= diag

(
Ir , Im, −Ir , −

[
0 W̆12

W̆T
12 W̆22

])
.
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The equivalence (e)⇔ (f) follows by rewriting the frequency domain inequality in (e) using

state-space realisations and further noting thatK (s) internally stabilisesG̃(s) if Ãcl is Hurwitz,

and Ãcl is Hurwitz if there is a stabilisable and detectable state-space realisation forK (s) which

internally stabilisesG̃(s) (Green and Limebeer, 1995, Lemma A.4.1).

(g) ∃ sK ∈ Z+,8K ∈ R(sK+p)×(sK+q) andX = XT ∈ R(sW+s
G̃
+sK )×(sW+s

G̃
+sK ) such that

X > 0,[
X Á+ ÁT X XB́

B́T X 0

]
+
[

ĆT

D́T

]
Q́
[
Ć D́

]
< 0, (B.4)

whereÁ, B́, Ć, D́ andQ́ are defined as in (f) above. Since inequality (B.4) implicitly guarantees

that X Á+ ÁT X < −ĆTQ́ Ć ≤ 0, a standard Lyapunov type argument givesX > 0 if and only

if Á is Hurwitz. Now Á is Hurwitz if and only if Ãcl is Hurwitz, asAW̄ is already restricted to

be Hurwitz in the set4(AW̄,BW̄)
. Then (f)⇔ (g) follows from a straightforward application of

KYP Lemma 2.8.2.

(h) ∃ sK ∈ Z+,8K ∈ R(sK+p)×(sK+q) andX = XT ∈ R(sW+s
G̃
+sK )×(sW+s

G̃
+sK ) such that

X > 0,

X

[
AW̄ 0

0 ÃT
cl

]
+
[

AT
W̄

0

0 Ãcl

]
X X

[
0 BW̄

C̃T
1cl C̃T

2cl

] [
0 0

B̃1cl B̃2cl

]
[

0 C̃1cl

BT
W̄

C̃2cl

]
X

[
−Ir 0

0 0

] [
D̃11cl D̃12cl

D̃21cl D̃22cl

]
[

0 B̃T
1cl

0 B̃T
2cl

] [
D̃T

11cl D̃T
21cl

D̃T
12cl D̃T

22cl

] [
−Ir 0

0 −Im

]



<



[
IsW

0

0 0

]
[

0 0

0 In

]
[

0 0

0 0

]


W̆

([
IsW

0

0 0

] [
0 0

0 In

] [
0 0

0 0

])
.

Note that (g)⇔ (h) follows by applying Schur Complement Lemma 2.8.1 around the (3,3)-block

of the above inequality and then re-arranging to give inequality (B.4).

(i) ∃ sK ∈ Z+,8K ∈ R(sK+p)×(sK+q) andX = XT ∈ R(sW+s
G̃
+sK )×(sW+s

G̃
+sK ) such that

X > 0,

F +U T8K V + VT8T
K U < 0,
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where the real matricesF , U andV are defined by

F :=



X

[
AW̄ 0

0 ÂT

]
+
[

AT
W̄

0

0 Â

]
X X

[
0 BW̄

ĈT
1 ĈT

2

] [
0 0

B̂1 B̂2

]
[

0 Ĉ1

BT
W̄

Ĉ2

]
X

[
−Ir 0

0 0

] [
D̂11 D̂12

D̂21 D̂22

]
[

0 B̂T
1

0 B̂T
2

] [
D̂T

11 D̂T
21

D̂T
12 D̂T

22

] [
−Ir 0

0 −Im

]



−



[
IsW

0

0 0

]
[

0 0

0 In

]
[

0 0

0 0

]


W̆

([
IsW

0

0 0

] [
0 0

0 In

] [
0 0

0 0

])
,

U :=
([

0 B̂T
3

] [
D̂T

13 D̂T
23

] [
0 0

])
,

V :=
([

0 Ĉ3

]
X

[
0 0

] [
D̂31 D̂32

])
.

This equivalence follows by simply extracting8K from the closed-loop matrices. This is done in

preparation for the Projection Lemma which will be used next.

(j) ∃ sK ∈ Z+ andX = XT ∈ R(sW+s
G̃
+sK )×(sW+s

G̃
+sK ) such that

X > 0,

9T
U F9U < 0 and 9T

V F9V < 0,

whereF is defined as in (i) and9U and9V are matrices with columns that form bases for the

null spaces ofU andV respectively. Since

U =
([

0 0 IsK

0 B̃T
3 0

] [
0 0

D̃T
13 D̃T

23

] [
0 0

0 0

])

and V =
([

0 0 IsK

0 C̃3 0

]
X

[
0 0

0 0

] [
0 0

D̃31 D̃32

])
,
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one possible choice of9U and9V is

9U :=




IsW

0

0 ψ1

0 0




0 0

0 0

0 0


[

0 ψ2

0 ψ3

] [
0 0

0 0

]
[

0 0

0 0

] [
Ir 0

0 Im

]


, 9̂V :=




IsW

0

0 ψ4

0 0




0 0

0 0

0 0


[

0 0

0 0

] [
Ir 0

0 In

]
[

0 ψ5

0 ψ6

] [
0 0

0 0

]


,

and 9V :=


X−1 0 0

0 Ir+n 0

0 0 Ir+m

 9̂V .

Above, the columns of


ψ1

ψ2

ψ3

 (resp.


ψ4

ψ5

ψ6

) form bases for the null space of
[
B̃T

3 D̃T
13 D̃T

23

]
(resp.

[
C̃3 D̃31 D̃32

]
). The equivalence (i)⇔ (j) follows by Projection Lemma 2.8.3.

(k) ∃ sK ∈ Z+ andX = XT ∈ R(sW+s
G̃
+sK )×(sW+s

G̃
+sK ) such that

X > 0,

9T
U .



X


AW̄ 0 0

0 ÃT 0

0 0 0

+


AT
W̄

0 0

0 Ã 0

0 0 0

 X X


0 BW̄

C̃T
1 C̃T

2

0 0




0 0

B̃1 B̃2

0 0


[

0 C̃1 0

BT
W̄

C̃2 0

]
X

[
−Ir 0

0 0

] [
D̃11 D̃12

D̃21 D̃22

]
[

0 B̃T
1 0

0 B̃T
2 0

] [
D̃T

11 D̃T
21

D̃T
12 D̃T

22

] [
−Ir 0

0 −Im

]


. 9U

<



[
IsW

0

0 ψT
3

]
[

0 0

0 0

]
 W̆

([
IsW

0

0 ψ3

] [
0 0

0 0

])
,
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9̂T
V .




AW̄ 0 0

0 ÃT 0

0 0 0

X−1 + X−1


AT

W̄
0 0

0 Ã 0

0 0 0




0 BW̄

C̃T
1 C̃T

2

0 0

 X−1


0 0

B̃1 B̃2

0 0


[

0 C̃1 0

BT
W̄

C̃2 0

] [
−Ir 0

0 0

] [
D̃11 D̃12

D̃21 D̃22

]
[

0 B̃T
1 0

0 B̃T
2 0

]
X−1

[
D̃T

11 D̃T
21

D̃T
12 D̃T

22

] [
−Ir 0

0 −Im

]


. 9̂V

<



[
IsW

0 0

0 ψT
4 0

]
X−1


IsW

0

0 0

0 0


[

0 0

0 In

]


W̆


[

IsW
0 0

0 0 0

]
X−1


IsW

0

0 ψ4

0 0


[

0 0

0 In

] ,

where9U and9̂V are defined as in (j). Observe that (k) is simply a restatement of (j) with each

matrix written out in full so that its structure can be seen. This structure (i.e. the all-zero rows

and columns) will be exploited next.

(l) ∃ sK ∈ Z+, P = PT ∈ R(sW+s
G̃
)×(sW+s

G̃
) andQ = QT ∈ R(sW+s

G̃
)×(sW+s

G̃
) such that

P > 0, Q > 0,[
P I

I Q

]
≥ 0,

rank
(
P − Q−1) ≤ sK ,

9T
P .



P

[
AW̄ 0

0 ÃT

]
+
[

AT
W̄

0

0 Ã

]
P P

[
0 BW̄

C̃T
1 C̃T

2

] [
0 0

B̃1 B̃2

]
[

0 C̃1

BT
W̄

C̃2

]
P

[
−Ir 0

0 0

] [
D̃11 D̃12

D̃21 D̃22

]
[

0 B̃T
1

0 B̃T
2

] [
D̃T

11 D̃T
21

D̃T
12 D̃T

22

] [
−Ir 0

0 −Im

]


. 9P

<



[
IsW

0

0 ψT
3

]
[

0 0

0 0

]
 W̆

([
IsW

0

0 ψ3

] [
0 0

0 0

])
,
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9T
Q .



[
AW̄ 0

0 ÃT

]
Q + Q

[
AT

W̄
0

0 Ã

]
Q

[
0 0

B̃1 B̃2

] [
0 BW̄

C̃T
1 C̃T

2

]
[

0 B̃T
1

0 B̃T
2

]
Q

[
−Ir 0

0 −Im

] [
D̃T

11 D̃T
21

D̃T
12 D̃T

22

]
[

0 C̃1

BT
W̄

C̃2

] [
D̃11 D̃12

D̃21 D̃22

] [
−Ir 0

0 0

]


. 9Q

<



[
IsW

0

0 ψT
4

]
Q

[
IsW

0

0 0

]
[

0 0

0 In

]
 W̆

([
IsW

0

0 0

]
Q

[
IsW

0

0 ψ4

] [
0 0

0 In

])
, (B.5)

where9P and9Q are defined as in Part (ii) of the Theorem. Note that (k)⇔ (l) follows after

some algebra by exploiting the all-zero rows in9U and9̂V and by applying Lemma 2.8.4.

(m) ∃ sK ∈ Z+, P = PT ∈ R(sW+s
G̃
)×(sW+s

G̃
), R = RT ∈ RsW×sW , S ∈ RsW×s

G̃ andT = TT ∈ Rs
G̃
×s

G̃

such that

P > 0, R> 0, T > 0,


P

[
R −S

0 Is
G̃

]
[

R 0

−ST Is
G̃

] [
R 0

0 T

]
 ≥ 0,

rank

([
IsW

S

0 Is
G̃

]
P

[
IsW

0

ST Is
G̃

]
−
[

R 0

0 T−1

])
≤ sK ,

9T
P .



P

[
AW̄ 0

0 ÃT

]
+ {·}T

P

[
0 BW̄

C̃T
1 C̃T

2

] [
0 0

B̃1 B̃2

]

∗
[
−Ir 0

0 0

] [
D̃11 D̃12

D̃21 D̃22

]

∗ ∗
[
−Ir 0

0 −Im

]


. 9P

<



[
IsW

0

0 ψT
3

]
[

0 0

0 0

]
 W̆

([
IsW

0

0 ψ3

] [
0 0

0 0

])
,
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9T
Q .



[
R S

−ST T

][
AW̄ 0

0 Ã

]
+ {·}T ∗ ∗

[
0 B̃T

1

0 B̃T
2

][
IsW

0

ST T

] [
−Ir 0

0 −Im

]
∗

[
0 C̃1

BT
W̄

C̃2

][
R −S

0 Is
G̃

] [
D̃11 D̃12

D̃21 D̃22

] [
−Ir 0

0 0

]


. 9Q

<



[
IsW

0

0 0

]
[

0 0

0 In

]
 W̆

([
IsW

0

0 0

] [
0 0

0 In

])
, (B.6)

where9P and9Q are defined as in Part (ii) of the Theorem. The equivalence (l)⇔ (m) follows

by observing the following four facts:

• Any Q = QT ∈ R(sW+s
G̃
)×(sW+s

G̃
) satisfyingQ > 0 can be decomposed as follows:

Q =
[

IsW
0

ST Is
G̃

][
R−1 0

0 T

][
IsW

S

0 Is
G̃

]
,

whereR = RT ∈ RsW×sW , S ∈ RsW×s
G̃ andT = TT ∈ Rs

G̃
×s

G̃ arecompletely independent

variables which fully parametriseQ. Furthermore,Q > 0 if and only if R> 0 andT > 0.

• Using such a decomposition forQ,

[
P I

I Q

]
≥ 0 ⇔


P

[
IsW

−S

0 Is
G̃

]
[

IsW
0

−ST Is
G̃

] [
R−1 0

0 T

]
 ≥ 0

⇔


P

[
R −S

0 Is
G̃

]
[

R 0

−ST Is
G̃

] [
R 0

0 T

]
 ≥ 0.

• Again, using the above decomposition forQ,

rank
(

P − Q−1
)
= rank

(
P −

[
IsW
−S

0 Is
G̃

][
R 0

0 T−1

][
IsW

0

−ST Is
G̃

])

= rank

([
IsW

S

0 Is
G̃

]
P

[
IsW

0

ST Is
G̃

]
−
[

R 0

0 T−1

])
.
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• Finally, the equivalence between inequality (B.5) and inequality (B.6) is obtained through

the application of the congruence transformation

[
R −Sψ4

0 I

]
0

0

[
Ir 0

0 In

]


on inequality (B.5).

(n) The proof is completed by noting that for anysK ≥ (sW + s
G̃
), the ‘rank’ constraint in (m) is

redundant and the remaining conditions are exactly those stated in Part (ii) of the Theorem. The

controller ordersK can be chosen as desired since the setKTF
G contains all internally stabilising

controllers forG of anyorder (as stated at the beginning of the proof).

B.4 Proof of Corollary 4.7.2

The additional ‘rank’ condition for the existence of internally stabilising controllers of ordersK directly

follows from Step (m) in the proof of Theorem 4.7.1 given in Appendix B.3, whereas the LMI for the

construction of such controllers follows from Step (i) of the same proof on noting that it is always

possible to construct anX = XT ∈ R(sW+s
G̃
+sK )×(sW+s

G̃
+sK ) satisfying

X =
[

P �
� �

]
> 0 and X−1 =

[
Q �
� �

]
,

where� denotes “Don’t Care” elements. This is because given

X =
[

X11 X12

XT
12 X22

]
> 0,

it is easy to verify that

X−1 =
[
(X11− X12X−1

22 XT
12)
−1 �

� �

]
.

Consequently, ifX11 = P and(X11− X12X−1
22 XT

12)
−1 = Q, then one possible way of constructing

the matrixX using the givenP andQ is by letting X22 = I and computingX12 from the following

factorisationP − Q−1 = X12XT
12.
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