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Abstract

The primary purpose of this thesis is to present optimisation algorithms which facilitate the selection
of weights in robust control techniques. The robust control paradigms investigated in this thesis are
u-synthesis and7Z, loop-shaping, as these techniques offer a systematic framewaork for synthesising
sensible controllers that meet performance objectives and guarantee robustness to model uncertainty
and unmeasured disturbances. This dissertation is essentially composed of two parts.

In the first part of the thesis, a conceptually new approach tategnthesis robust performance
problem is presented, whereby an optimisation problem is proposed which maximises the performance
weights in the frequency ranges of interest subject to the existence of an internally stabilising controller
that guarantees robust performance with respect to these maximised weights. Thus, performance
weights and a robustly stabilising controller are simultaneously synthesised by one algorithm in a
systematic way. Two solution algorithms are given for the posed optimisation problem — one being
pointwise in frequency and the other using state-space techniques. The latter solution eliminates all
of the disadvantages of the pointwise approach and considerably enhances the benefits of this type
of optimisation based weight selection. The resulting conceptually novel method for performing
u-synthesis robust performance based design is a valuable alternative to the standard D-K iterative
procedure.

In the second part of the thesis, several steps of the stan#érdbop-shaping design proce-
dure are combined into one optimisation problem that maximises the robust stability margin over the
loop-shaping weights subject to constraints which ensure that the loop-shape and the singular val-
ues/condition numbers of the weights lie in pre-specified regions. In this framework, loop-shaping
weights, which can be required to have either a diagonal or a non-diagonal structure, and a robustly
stabilising controller are simultaneously synthesised by one algorithm systematically.

Correspondingly, the proposed algorithms greatly simplify the design of “good” performance
weights and loop-shaping weights, and hence allow the designer to concentrate on more fundamental
design issues. These algorithms also give an indication of what performance is achievable, although
further research is required in that direction.

Keywords: weight selection, performance optimisatiprrsynthesis,’Z%, loop-shaping, robust
performance, D-K iterationsiz,.-control, robust control.
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Chapter 1

Introduction

1.1 Background and Motivation

Central to the development of feedback control theory has been the notion of uncertainty. This arises in
two forms: (a) discrepancy between the physical plant and the mathematical model used for controller
design, and (b) unmeasured noises and disturbances that act on the physical plant. Feedback is used
to desensitise the control system from the effect of both these types of uncertainty. Care must be
exercised, however, as feedback in the presence of an uncertain plant can easily lead to instability if
due consideration is not given to the way in which this uncertainty modifies the system behaviour.

Classical control techniques were developed with both these uncertainty types in mind. Graphical
techniques capable of dealing with single-input single-output plants were the primary tool and quickly
found wide use in practice. These allowed performance specifications to be met, and when used
in conjunction with gain and phase margins, allowed the designer to account for uncertainties in an
intuitive manner. Unfortunately, these techniques are somewhat ad-hoc and often require a lot of
iteration and much intuition on the part of the designer. Also, they do not provide easy answers
to fundamental questions such as “What is the achievable performance?”. These techniques have
also been found to be rather difficult to apply on complex plants, for example those having multiple
unity-gain crossover frequencies, and they do not easily generalise to multivariable systems.

The classical control period gave way to the so-called Modern Control era which saw the de-
velopment of optimisation techniques that were more able to deal with performance and existence
issues. These design techniques are more systematic, with the designer only specifying the appropri-
ate weights in the cost function to achieve the desired performance characteristics. Ofthese, the Linear
Quadratic Gaussian technique (Anderson and Moore, 1989; Green and Limebeer, 1995; Zhou et al.,
1996) proved to be very popular as it dealt with multivariable plants in an elegant way. This technique
synthesises a controller which internally stabilises the feedback interconnection and minimises the
variance of a chosen set of output signals, when noise of known statistical properties (usually assumed
to be white noise) acts on the plant. These modern control techniques also found application in linear
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time-varying systems and appeared to offer a systematic and single-step approach to the design of
control systems. However, during this period, overemphasis on performance objectives at the expense
of uncertainty considerations quickly led to a schism between practitioners and theoreticians. This was

primarily because the controllers computed using these techniques would often perform inadequately

in practise.

Not surprisingly, considerable research effort subsequently went into the development of design
techniques which were based on optimisation principles but which allowed robustness properties to
be built into the controller directly. The result of this effort is a comprehensive theory (Francis,
1987; Maciejowski, 1994; Green and Limebeer, 1995; Zhou et al., 1996) which has its origins in the
seminal paper of Zames (1981) and which has come to be know#tasontrol theory. The,
control problem synthesises a controller which internally stabilises the feedback interconnection and
minimises the%, induced gain from exogenous inputs to regulated outputs. This induced gain has
direct robustness interpretations in terms of the small gain theorem (Zames, 1966) and also satisfies the
performance objective of minimising the energy in the output for the worst-case bounded-energy input.
There now exist a number of elegant solutions to this problem using a wide variety of mathematical
techniques. These range from the early operator-theoretic approaches (Francis, 1987) to the more
recent state-space procedures (Doyle et al., 1989) and LMI techniques (Gahinet and Apkarian, 1994).

Modern robust control paradigms, suchiasynthesis and7?, loop-shaping, have a lot to offer
in that they provide systematic procedures for obtaining sensible controllers that meet performance
objectives and guarantee robustness against model uncertainty and unmeasured disturbances. In
u-synthesis, for example, the designer specifies performance weights to reflect the desired closed-loop
performance objectives in different frequency regions and a controller is synthesised to give robust
performance guarantees. Similarly 4, loop-shaping, the designer specifies loop-shaping weights
to reflect the desired performance and robustness objectives and a controller is then synthesised to
give other types of robust performance guarantees. It is clear, however, that although these tech-
niques are very systematic and give controllers which perform sensibly, fundamental questions such
as “What is the achievable performance?” are not addressed since the success of these paradigms
hinges strongly on the designer being able to specify performance weights or loop-shaping weights
which meet the specifications. The design of these weights is non-trivial and may be time-consuming
for complex plants.

Any progress with questions concerning achievable performance limits and the existence of satis-
factory controllers is bound to involve some kind of optimisation theory. Itis the opinion of the author
that answering such existence questions is an important component of a good design methodology.
One does not want to waste time trying to solve a problem that has no solution, nor does one want to
accept specification compromises without knowing that these are necessary. The aim of this thesis is
to develop a theoretical framework with which one may address these complex design questions in a
systematic way. It is believed that in order to determine the achievable performance limits, simulta-
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neous optimisation of (performance or loop-shaping) weights and controllers is necessary. With this
view in mind, this thesis proposes sub-optimal algorithms which attempt to answer the above questions
while ensuring that the robust performance properties of the standard approaches are still guaranteed.
In doing so, powerful optimisation algorithms are developed which assist the designer in the selection
of performance and loop-shaping weights.

1.2 Organisation of this Dissertation

This dissertation consists of six chapters and is organised as follows:

Chapter 2: Preliminaries

In this chapter, material is collected to facilitate understanding of the main components of this thesis.
First, non-standard terms, quantities and operations are defined for the sake of unambiguity and relevant
signal and system spaces are introduced. Thesynthesis and#, loop-shaping are motivated and
guantities important in these frameworks are defined. Finally, some interesting mathematical results
are collected which will be used throughout the dissertation. Some of the non-widely known results
are proven for the sake of completeness.

Chapter 3: A Pointwise Algorithm for u-Synthesis

A conceptually new approach to thesynthesis robust performance problem is proposed in this chap-
ter. The optimisation problem posed maximises the performance weights with respect to a suitable
cost function that captures the desired closed-loop performance. This maximisation of performance
weights is limited by the fact that there must exist some internally stabilising controller that guarantees
robust performance with respect to these maximised weights. Thus, performance weights and a ro-
bustly stabilising controller are simultaneously synthesised by one algorithm in a systematic way. The
designer is only required to specify the plant set and an optimisation directionality. This directionality
only appears in the cost function and reflects the desired closed-loop properties in particular frequency
regions. Itis pointed out that choosing this directionality is much easier than choosing the performance
weights directly. Correspondingly, this approach greatly simplifies the often long and tedious process
of designing “good” performance weights directly and gives an indication of what is the achievable
performance. A pointwise in frequency solution to the posed optimisation problem is also developed
in this chapter.

Chapter 4: A State-Space Algorithm for u-Synthesis

Here, the optimisation problem posed in Chapter 3 is modified slightly to yield a new optimisation
problem that admits a state-space solution without significantly compromising the properties of the
original optimisation. The corresponding state-space solution eliminates the disadvantages of the
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pointwise approach taken in Chapter 3 and considerably enhances the benefits of this type of optimi-
sation based weight selection. The resulting conceptually novel method of perfomspgthesis
robust performance based design is a valuable alternative to the standard D-K iterative procedure.

Chapter 5: An Algorithm for .77, Loop-Shaping

In this chapter, several steps of the stand#{ loop-shaping design procedure are combined into
one optimisation problem that maximises the robust stability margin over the loop-shaping weights
subject to constraints which ensure that the loop-shape and the singular values/condition numbers of
the weights lie in pre-specified regions. Thus, loop-shaping weights, which can be required to have
either a diagonal or a non-diagonal structure, and a robustly stabilising controller are simultaneously
synthesised by one algorithm in a systematic way. The designer is only required to specify the
boundaries of these allowable regions and the optimisation problem automatically synthesises loop-
shaping weights and a robustly stabilising controller which immediately satisfy the specifications and
give an indication of what is really attainable. Correspondingly, this approach greatly simplifies the
often long and tedious process of designing “good” loop-shaping weights directly and allows the
designer to concentrate on more fundamental design issues.

Chapter 6: Conclusions
This chapter summarises the contributions of this thesis and outlines potential directions for future
research.

Appendices A and B

In the appendices, proofs are given of results presented in the main chapters. Only original material
is proved in these appendices, as well-known results are given in the chapters without proof (but
with references). Most proofs have been moved to the appendices for the sake of continuity in the
corresponding chapters.



Chapter 2

Preliminaries

In this chapter, basic mathematical tools and important background material are collected for use in
subsequent chapters. This chapter is by no means self-contained, as it assumes that the reader is
already familiar with various fundamental concepts. General references are cited which contain fuller
expositions of these topics.

In Section 2.1, some matrix quantities and operations are defined. This is followed by formal defini-
tions of function spaces in Section 2.2 and by state-space formulae in Section 2.3, Tdyenhesis
and 77, loop-shaping are motivated in Sections 2.4 and 2.5. This chapter ends with a collection
of mathematical results that will be extensively used in subsequent chapters. These results are on
parahermitian functions in Section 2.6, from calculus in Section 2.7 and on LMIs in Section 2.8.

2.1 Linear Algebra

Some basic linear algebra (or more specifically, matrix) facts will reviewed in this section. A detailed
treatment of this topic can be found in Horn and Johnson (1996) and Golub and Van Loan (1996).

A useful tool in matrix analysis is Singular Value Decomposition. This is because the singular
values of a matrix are good measures of the “size” of the matrix and the corresponding singular vectors
are good indicators of strong/weak input or output directions. Geometrically, the singular values of a
matrix A € C™" are precisely the lengths of the semi-axes of the hyper-ellipsaiéfined by

E={yeC": y=AxxeC" x| =1}

The corresponding left (resp. right) singular vectord\are the directions of (resp.x) that achieve
the same semi-axes of the hyper-ellipsoid. More formallyiléte thei -th singular value of matrixA
and let the vectors; andv; be the correspondinigth left andi -th right singular vectors respectively.
Then, it is easy to verify that

Avi = ojU;

A*Ui = OjVj.
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These equations give
A*Av; = crizvi
AA*Ui = Oizui .

Hence,o:? is an eigenvalue oA* A or AA¥, v; is the corresponding eigenvector Af A andu; is the
corresponding eigenvector #&fA*. Recall that the non-zero eigenvaluesASfA are identical to the
non-zero eigenvalues &A*. The first definition given here formally defines the singular values of a
matrix A in terms of the eigenvalues @ A or AA*.

Definition 2.1.1 Given A € C™" withm > n,

« thei-th singular value of matripA is given by
oi (A) = VA (A*A).

« the largest singular value of matri& is given by

T(A) =/ A(A*A).

* the smallest singular value of matrixis given by
a(A) = VA(AA).

If A e C™"is such thaim < n, thenA* A is replaced byA A* in the above definitions.

Next, the condition number of a matrix is defined. The condition number is a measure of the
variation in gain of a matrix over different directions. It is always greater than or equal to unity and a
large condition number means that the gain of the matrix is very different in different directions.

Definition 2.1.2 The condition number of matri& is defined by

a(A)

k(A = A

The Moore-Penrose inverse (or pseudo-inverse) of a maétnray be defined in terms of its
singular value decomposition. This generalised inverse denotedl layways exists, is unique and
satisfies the following conditions:

(i) AATA= A,
(i) ATAAT = AT,
(i) (AAH* = AAT

(iv) (ATA)* = ATA,
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X

" 0
Definition 2.1.3 Given A € C™" with singular value decompositioA = U |: 0} V*, whereU

andV are unitary matrices and., is a diagonal strictly positive real matrix, the pseudo-inversé\of
is given by

10
Al:=v|™" u*.
0 O

Now, the Frobenius norm of a matrix is defined. This norm is not an induced norm but has the
very nice property that the square of the Frobenius norm of matisequal to the sum of the squares
of the singular values oA.

Definition 2.1.4 The Frobenius norm of matrid is defined by
lAllg := /trace(A*A).

The vector formed by stacking the columns of a matrix on top of each other into one long vector
is defined next. It has important uses in conjunction with the Kronecker product and the Kronecker
sum defined below.

Definition 2.1.5 Let A € C™" be partitioned ash = [al 2 - an] witha € C™ vi. Then
=
a
vegA) :=| | eC™
—an—

The Kronecker product and Kronecker sum of two matrices are now defined. Interesting algebraic
properties of the Kronecker product and sum, some of which are used in this dissertation, may be
found in Brewer (1978).

Definition 2.1.6 Let A € C™" and B € CP*9. Then the Kronecker product éfand B is defined by

a B apB - anB
A® B = a2.1B ang . 8_2|:]B c (Cmpan.
amB apB --- anB

Definition 2.1.7 Let A € C™" and B € C™™, Then the Kronecker sum é&fand B is defined by

A®B:=(A®In + (In® B) e C"™"™,
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Al w1

Qi

Z2 w2

Figure 2.1:Diagrammatic representations §f (P, Q) and Fy, (P, Qu)

A Linear Fractional Transformation is a matrix function which is usually used in control to for-
mulate apparently different control problems into the same framework and hence to be able to treat all
such problems in a similar way. Algebraic properties of LFTs are summarised in Doyle et al. (1991)
and Zhou et al. (1996). The motivation for the terminologies “lower” and “upper” LFTs should be
clear from the diagram representationsff(P, Q,) and F, (P, Q) given in Figure 2.1.

Pi1 P2

Definition 2.1.8 Let P e C(P1+P2x(@1+4) pe partitioned aP =
Po1 P

:| with Pi1 e CP1>% gand

P, € CP2x%, Then, giverQ, € C%2*P2 and Q,, € CH*P1

« the lower LFT is defined by
Fi (P, Q) := Py + PpoQi(l — PooQ)tPoy,
 the upper LFT is defined by

Fu (P, Qu) = Pay+ PyQu(l — P11Qu) 1Py,

provided that the required inverses exist.

2.2 Function Spaces

This section defines the signal and system spaces used in this dissertation. Further details may be
found in Rudin (1987) and Young (1988).

Definition 2.2.1 % is a space of complex matrix valued functions definedand consists of all
proper rational functions with real coefficients.

Definition 2.2.2 % is a Hilbert space of complex matrix valued functions definegli®and consists
of all functionsG such that

/OO trace[G(j»)*G(jw)]do < oco.

oo
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The corresponding norm for this Hilbert space is defined by:

1 [ : :
IGllg, = \/Z/ trace[G(jw)*G(jw)]dw.

Definition 2.2.3 7% is a Hardy space of complex matrix valued functions defined oand consists
of all functionsG that are analytic inC, and satisfy

sup trace[G(a + jo)*G(a + jw)]dw < oo,

a>0 J—-c0

The corresponding norm for this Hardy space is defined by:

1 [ _ .
IGIlp, = sup{\/z—/ trace[G(a + jw)*G(a + jw)]dw ¢ .

a>0 T 00

The spacess may also be regarded as a (closed) subspacé aince the boundary function defined
by Gp(jw) := limg 0 G(x + jw) exists for aimost alb, G, € £ and the mapping +— Gy, is linear,
injective and satisfies (Francis, 1987)

Gl = IGbll -

Hence, in the sequel, both tH& and thes# norms will be written simply agG]|.

Definition 2.2.4 £, is a Banach space of complex matrix valued functions defing@&@md consists
of all functionsG that are (essentially) bounded, with norm defined by:

IGlly, = esssup[G(jw)].

weR

Definition 2.2.5 7, is a Hardy space of complex matrix valued functions defined oand consists
of all functionsG that are analytic and bounded @i, . The corresponding norm for this Hardy space
is defined by:

IGll ., = sup[G(s)].

SG(C+

The spacerl, may also be regarded as a (closed) subspaéé . ofince the boundary function defined
by Gp(jw) = limy 0 G(a + jw) exists for almost alb, G, € .Z,, and the mapping — Gy, is
linear, injective and satisfies (Boyd and Desoer, 1985)

IGI . = IGoll..

Hence, in the sequel, both tHé,, and the 7, norms will be written simply agG|| ..
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2.3 State-Space Systems

Consider a real-rational systeBy(s) with state-space realisation:

[42)

Definition 2.3.1 The matrixA is said to be Hurwitz if all the eigenvalues Afare inC_.

Definition 2.3.2 (A, B) is said to be stabilisable if the matr[>A — Al B] has full row rank for all
1 € C,,and(C, A) is said to be detectable (AT, CT) is stabilisable.

Definition 2.3.3 The transpose (or dual) @b is given by

AT | CT
G'(9 =GO = [ BT | D7 }

Definition 2.3.4 The %-adjoint of G is given by

6~ = GT(_s) [ _AT | _cT }
BT | DT |

Definition 2.3.5 The inverse o6, if it exists (i.e.ifD is square and non-singular), is given by

A—BDIC \ _BD! }

G =G =
(8) = G(s) [ bic | bt

2.4 Motivation for p-synthesis

As pointed out in Chapter 1, most control system design technigues rely on the use of a mathematical

model and the quality of this model depends on how closely its responses match those of the physical

plant. Since it is very difficult (or perhaps even impossible) to obtain a mathematical model that is

identical to the physical plant, design techniques must be able to satisfy the stability and performance

requirements in the face of uncertainty and unknown disturbances. The sources of this uncertainty in

the mathematical model description may be unknown, in which case some general class of unstructured

uncertainty representation is used. In other design situations, the sources of uncertainty in the model

may be precisely known, in which case a structured uncertainty representation is used.

The basis of robust stability criteria for both unstructured and structured perturbations is the well-

known “small gain theorem” introduced by Zames (1966). Before stating this theorem, the following

two basic definitions are required.

Definition 2.4.1 A feedback interconnection of real-rational proper transfer function matrices is said

to be “well-posed” if all closed-loop transfer function matrices exist and are proper.
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Definition 2.4.2 A feedback interconnection of real-rational proper transfer function matrices is said
to be “internally stable” if the interconnection is well-posed and all closed-loop transfer function
matrices belong tez2:7,,.

Internal stability is an important property of a feedback system, as it ensures that all internal signals
are of bounded energy whenever the exogenous signals have bounded energy.

Several versions of the small gain theorem are available in the literature. The version presented
here is sufficient to illustrate its importance and links well with the robust performance theorem for
u-analysis.

Theorem 2.4.1 (Small Gain Theorem)Considerthe feedback interconnection depicted in Figure 2.2.
SupposeM € %, and lety > 0. Then this feedback interconnection is internally stable for all
unstructuredA € Z, with Al < 1/y (< 1/y) ifand only if[M| o < v (£ ).

w2 €

M €& w1

Figure 2.2:Standard feedback configuration

It can be shown that the above small gain condition is sufficient to guarantee internal stability&ven if
is a nonlinear time-varying “stable” operator, given an appropriately defined stability notion (Desoer
and Vidyasagar, 1975).

Although the small gain theorem can be used directly to derive robust stability and performance
results, it may be very conservative for systems with structured uncertainty. The exact stability and
performance analysis for such systems requires the definition of another matrix function called the
structured singular value, denoted jfoy

Definition 2.4.3 SupposéM € C"™ ™M and letA ¢ C™" be some set which determines the uncertainty
structure. Then the structured singular valuevdfwvith respect to uncertainty structuseis defined by

1
min{z(A) : A €A, det(l —MA) =0}

ua(M) =
unless nAA € A makesl — M A singular, in which casgia (M) := 0.

Conceptually, the structured singular value is nothing but a straightforward generalisation of the
singular values for constant matrices. To be more specific, consider again the robust stability problem
depicted in Figure 2.2, where bol(s) and A(s) are stable. An important question one might ask
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is how largeA can be (in the sense ¢fA|,,) without destabilising the feedback system. Since the
closed-loop poles are given by det— M(s)A(s)) = 0, the feedback system becomes unstable if
det(l — M(s)A(s)) = O for somes € C,. Now, leta > 0 be a sufficiently small number so that the
closed-loop system is internally stable for Alle 277, satisfying||A| . < «. Then, start increasing
the valuea until the closed-loop system just becomes unstable. Denote the vatuevbich just
makes the loop unstable I,y By the small gain theorem,
Ml :=supa [M(jo)] =

weR Umax

if Ais unstructured. Thus, at any fixed & [M(j®)] can be written as

1
min{7 [A(jw)] : Ais unstructureddet(l — M(jo)A(jw)) =0}

7 [M(jw)] =

In other words, the reciprocal of the largest singular valud @ a measure of the smallest unstructured
A that causes instability of the feedback system.

To quantify the smallest destabilising structurad the concept of singular values has to be
generalised. In view of the above characterisation, the structured singular value may be written as
follows:

1
min{7 [A(jw)] : Ais structured det(l — M(jw)A(jw)) =0}

ma [M(jw)] =

where the seA determines the structure &. Then, the following theorem (Packard and Doyle,
1993) is a natural extension of the small gain theorem to the structured uncertainty case.

Theorem 2.4.2 Consider the feedback interconnection depicted in Figure 2.2. SupdoseZ.7,
andlety > 0. Thenthis feedback interconnectionis internally stable for all structired 277, with
Al < 1/y (< 1/y)ifand only ifsup,.g 1a [M(ja))] < y (£ y), where the seA determines
the structure ofA.

Hence, the peak value of theplot of M (j w) determines the size of the perturbations that the loop is
robustly stable against.

Often, stability is not the only property of a closed-loop system that must be robust to perturbations.
Typically, there are exogenous disturbances acting on the system which result in tracking and regulation
errors. In most cases, long before the onset of instability, the closed-loop performance will degrade
to the point of unacceptability, hence the need for robust performance analysis tests.

Althoughitis possible to analyse different problems individually, itis desirable to write all problems
in a unified framework. The LFT definitions of Section 2.1 provide precisely this framework, as any
linear interconnection of systems, inputs and outputs may be written into this form. Besides relieving
the mathematical burden of dealing with specific problems individually, this unified approach also
provides a framework in which robust stability and robust performance analysis and synthesis problems
may be addressed. The following theorem (Packard and Doyle, 1993, Theorem 5.4) gives the required
robust performance analysis test.



2.4 Motivation for u-synthesis 13

Theorem 2.4.3 (Robust Performance)Consider the feedback interconnection depicted in Figure 2.3.
SupposdM € Z#, andlety > 0. Thenthisfeedbackinterconnectionis internally stable and satisfies
| Fu (M, A)|l, < y forall structuredA € Z#, with ||All,, < 1/y if and only if

SUP paror [M(j@)] < 7.

weR

whereAtor:= {diag(A, Ap) : Ae A, Ap € (CmX”} and the sefA determines the structure af.

Figure 2.3:Performance analysis LFT framework

This is a remarkably important theorem which states that robust performance is equivalent to robust
stability with an augmented uncertainty.

In order to apply the general structured singular value theory outlined above to control system
design, the control problem has to first be recast into the appropriate LFT setting as shown in Figure 2.4.
Here,G is the generalised plant which includes all system components that are given or spKcified,

r=—="
FoTTTTTTTTTTTTII = Apr--mm oo }
| - In general, this |
1 is structured. |
1 - A |
| |
| |
| |
| |
| |
| - |
|
= K

Figure 2.4:Performance synthesis LFT framework

is the controller which is to be synthesis&ll,represents the performance weights used to specify the
relative importance of the magnitudes of the regulated variabhlésthe structured uncertainty in the
system and\p is a fictitious uncertainty used only so as to view the robust performance problem as
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an equivalent robust stability problem. It is clear thaBif W andK were all given, then they could

be combined together to give the transfer function maixshown in Figure 2.3. Consequently,

by Theorem 2.4.3, a necessary and sufficient condition for robust performance in the face of stable
structured uncertainty that is norm bounded by unity is

I 0
G(jw), K(j 1.

In view of this, the general approach adoptediisynthesis is to seek to minimise the left-hand side
of the above inequality over the set of internally stabilising controllers. Robust performance is then
guaranteed if this minimisation achieves a value that is less than unity.

This synthesis problem is in general difficult @ass not easily computable. Thus, a computable
upper bound ofx has to be used instead. One such upper bound involves scalings that complicate
slightly the synthesis procedure. However, this upper bound is desirable as it is equadder some
particular circumstances. When using this upper bound, alternate minimisation over these scalings
and the set of internally stabilising controllers results in the so-called D-K iterative procedure which is
probably the most common method used today in the design of robust controllergusymghesis.

The interested reader is referred to Zhou et al. (1996) for further details of the standard D-K iterative
procedure.

2.5 Motivation for 77, Loop-Shaping

The 7, loop-shaping design procedure proposed by McFarlane and Glover (1992) is an effective
method for designing robust controllers and has been successfully used in a variety of applications
(see Papageorgiou and Glover (1999b) and references therein).

Desired closed-loop performance is specified by shaping the singular values of the scaled nominal
plant P using pre- and post-compensat®s andW,, as shown in Figure 2.5, to obtain the shaped
plantPs = W, PW;. Since the notions of classical loop-shaping carry throdghandW, are typically

w2 22 1 w1

Ps

r-——~>~>"~>"~>"~>"~>"~"~>"~>"~>"~>"~>"~" =~~~ ="~ - == -

| |

| |

| |

> ‘ W1 P - W2 ‘ >

! !

L o _________ |
Coo ™

Figure 2.5:Typical %, loop-shaping framework

chosen so thalPs has large gain at low frequency, small gain at high frequency and does not roll off
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at a high rate near cross-over. However, in contrast with classical loop-shaping, the designer does not
need to explicitly shape the phase of the nominal plant.

Loop-shaping weight®g/; andW, are usually designed in two stages. In the first stage, the desired
loop-shape is determined. This usually involves translating time-response requirements and closed-
loop performance specifications into the frequency domain. To do this, engineers largely rely on
their intuition and their past experience with loop-shaping concepts. In the second stage, the designer
selects loop-shaping weight; and W, so thatPs has the desired loop-shape. Diagonal weights
are often adequate to achieve the desired loop-shape (Hyde, 1995). However, some design examples
have shown that diagonal weights do not work well for plants with strong cross-coupling between the
channels. In such cases, non-diagonal weights are necessary which are of course more difficult to
design.

Once a desired loop-shape is achieved, the optimal robust stability nigsgiRs) is computed.

Glover and McFarlane (1989) showed that this optimal value can be explicitly calculated using a simple
formula and gave a characterisation of the set of all internally stabilising contrGligthat achieve

some robust stability margib(Ps, C..) less than this optimal value. Subsequently, McFarlane and
Glover (1992) showed that the valbogy(Ps) is also a good indicator of the success of the loop-shaping
stage. A large (resp. small) value lmf( Ps) indicates compatibility (resp. incompatibility) between

the specified loop-shape and closed-loop robust stability. A conti®lfer the scaled nominal plant

P is finally obtained by pulling around the weights to obt&in= W;C,.W,. A full tutorial on how to
design robust controllers using tH,, loop-shaping design procedure can be found in Papageorgiou
and Glover (1999b).

More formally, let the feedback interconnection Bf and C., shown in Figure 2.5 be denoted
by [Ps, Col-

Definition 2.5.1 The interconnectiofiPs, C..] is said to be “well-posed” if each of the four transfer

. .l wr Z .
functions mappin to exist.
w2 Z

Note that[Ps, C..] is well-posed whenever dgt — C,,(c0)Ps(o0)) # 0. In this case, these four
transfer functions can be written as:

- e-ente 1]

It is clear that the study of feedback interconnections that are not well-posed is meaningless. Hence-
forth, whenever a feedback interconnection is invoked, well-posedness will be implicitly assumed.

Definition 2.5.2 The interconnectiofPs, C,.] is said to be “internally stable” if it is well-posed and

z
each of the four transfer functions mappiES) l} to |: l} belongs taZ.7. .
wo V)
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Next, the robust stability margim Ps, C..) and the optimal robust stability mardig (Ps) are defined.

Definition 2.5.3 Given a plantPs and a controllerC,,, the “robust stability margin”b(Ps, C) is
defined by:

-1

P (I —CyoPs)™t [—C |} if [Ps, Co] is internally stable
b(Ps, Cuc) 1= | > ’ ’

o0

0 otherwise

Definition 2.5.4 Given a plantP, the largest value of the robust stability margin is defined by:

bopt(Ps) = scupb(PSa Coo) -

o0

It is shown in Glover and McFarlane (1989) thgf(Ps) < 1 for any Ps. Hence, the robust stability
marginb(Ps, C,.) is always some number between zero and one (both inclusive).

The following theorem (Zhou et al., 1996) relates the robust stability maidin C..) to the size
of the largests7%,-norm bounded perturbation on the normalised coprime factors of the shaped plant
Ps for which closed-loop stability is maintained.

Theorem 2.5.1 Given a shaped plar®; with a normalised right coprime factorisation ové£77;,
denoted byNs, Ms) and a controllerC.,, the following statements are equivalent for &y ¢ < 1:

(i) b(Ps,Cyo) > e,
(i) [Ps, Coo]is internally stable for all plant®s € &2, where

~ A
P = Ps=(NS+ANS)(MS+AMS)‘lsuchthat|: N

An,
A,

Recall that uncertainty in the coprime factors is the most general type of unstructured uncertainty as it

S} € B,

Amg

<eand(Ms + Ay,) is invertible inZ ¢ .

9]

allows for low/high frequency modelling errors and an unknown number of right-half plane poles and
zeros (Zhou et al., 1996, Table 9.1). This theorem shows why the robust stability t@pgilC..) is

a good measure of the robustness of the closed-loop. The reader is also referred to Vinnicombe (2000)
for further interesting properties bf Ps, C.,) and relations to the gap amegap metrics.

It is also possible to motivate the uselmfPs, C,,) as a performance measure by noting that it
bounds the gains of all closed-loop transfer functions between inputs and outputs at any point in the
loop, as shown in the following theorem (Zhou et al., 1996). Tighter bounds are given in Vinnicombe
(2000) which exploit the singular vector directions. However, the bounds presented in the following
theorem are considerably simpler and hence easier to use in application.
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Theorem 2.5.2 Let P be the scaled nominal plant and Iét= W;C..W, be the associated controller
obtained from thei/%, loop-shaping design procedure (i€, is the robustly stabilising controller
for the shaped planP; = W, PW;). Then the size of each closed-loop transfer function matrix in the
interconnectior{ P, C] can be bounded frequency-by-frequency as follows:

[0 =P = min{yE(Mo Wy, 1+ (Ko W .
6[(! — PC)*lz < min{ya(Ms) (W), 14 y5(Ns) k (Wo) {,
7[cPa Py = min{yER (W), 14+ 7(Me) (W) .
E[PC(I _ PC)*l: < min]ya(Ng) k(Wa), 14 y5 (M) c(Wa) |,

7[ca —port] < yrMaTW Ty,

E[P(I —CP)‘l: < %
where
1
Yy = m,

7 (Py)? }”2

5(Ns) = o(Ns) = |:1—|—57(P)2

~ 1 1/2
E(Ms) = E(Ms) = [m} s

and (Ns, Mg) (resp.(Ns, Ms)) is the normalised right (resp. left) coprime factorisation ow@#%, of
the shaped planks.

It should be pointed out that all the above bounds are expressed in tebt o€ ), Wi, W, and Ps

only. Thus, by specifying the sizes of these variables in different frequency regions, it is possible to

indirectly constrain the size of each closed-loop transfer function matrix given in the above theorem.
Finally, the standard/z%, loop-shaping design procedure of McFarlane and Glover (1992) is

outlined and some justification is given as to why this design method is sensible.

The standard .77, loop-shaping design procedure

I. Scale the inputs and outputs of the nominal pl&4m, with pre- and post-diagonal scaling
matricesS; and S, to give the scaled nominal plaft = S,P.,omS;. This scaling is important
so that differences between the units of each input or output channel are compensated for by the
scaling matricess; andS,.

Il. Shape the singular values of the scaled nominal pRmwith frequency dependent pre- and
post-compensatord/; andW, such that the achieved loop-shape (i.e. the singular values of the
shaped planPs = W, PW,) satisfies the closed-loop performance requirements. It is important
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to ensure tha¥V, andW, are chosen such that the interconnectigyP W, contains no unstable
hidden modes. Usuallyy;, W, * andW,, W, * are restricted to belong t@7.

[1l. Computebgu(Ps). If bopt(Ps) <« 0.3, then it means that the designed loop-shape is incompatible
with robust stability/performance and hence the designer should go back to Step Il to design a
“petter” loop-shape

IV. Synthesise a controlleC,, that achieves a robust stability marditPs, C..) that is slightly less
than the computetd,,(Ps). The reason for this is that optimal controllers cannot be written
in observer form, which is often desirable, and do not roll-off at high frequency. Design a
command pre-filter (if required) and pull around the loop-shaping weightsW, and the
scaling matricess,, S.

V. Finally check time-simulations (for settling time, overshoot, actuator saturation, etc.) of the
resulting closed-loop system to verify its robust performance and tune as necessary.

The theoretical basis fo#7;, loop-shaping is that,, does not modify the loop-shape significantly at

low and high frequencies bB(Ps, C) is large, but it essentially shapes the phasBsadround cross-

over to improve robustness. Therefore, the designer can specify closed-loop performance objectives
by shaping the singular values of the open-loop pRmiith frequency dependent weightg andW,

and let the controlle€C,, take care of stability.

2.6 Results on Parahermitian Functions

The firstlemma givenin this section shows that parahermitian rational matrix functions can be rewritten
with arbitrary (1,1)-block.

Lemma 2.6.1Let A, B, P, S, R be real matrices of compatible dimensions such tRat PT,
R = R" andA;(A) # —A;(A) Vi, j. Define the parahermitian rational matrix function

A1
I'es) = [BT(—SI—AT)‘l |]{; ﬂ {(SI |A) B]

Then, given an arbitrary real matrif = PT of the same dimensions 85 there exists a real matrix
S of the same dimensions Ssuch that

P S | - A'B
r'(s) = [BT(—SI—AT)‘l |][§T ;j {(s |) }

1Experience has shown thiagpt(Ps) > 0.3 is usually good enough, in the same way as a gain margimdBsand a

phase margin of 35are for a SISO design (Glover et al., 2000).
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In fact, Sis given by

S= S+ XB,

where the real matrixX = XT is the unique solution to the Lyapunov equation

XA+ ATX = (P - P).

Proof Sinceii(A) + A;(A) # 0 Vi, j, the Lyapunov equatioXX A+ ATX = (P — P) has a
unique solution (Zhou et al., 1996, Lemma 2.7). Furthermore, Sisaeal and P — P) is real and

symmetric, such a solution is real and symmetric. Now, noteltlist can be written in state-space

form as:

A 0 |B
sy = -P —-AT|-S
ST BT \ R

I 0
Applying the similarity transformatio{x I} to this state-space realisation gives

I'(s)

As a consequence

[ A 0 B
= | —(XA+ATX+P) —AT | —(S+ XB)

| (ST+BTX) BT | R

[ A o0 | B
= | -P —-AT|-S§

§ B[R

- P S|[sl—-A1B
= |BT(=sl = AT)-1 |||, .

LX) [ |

of Lemma 2.6.1, the following corollary states that a parahermitian rational

matrix function can be decomposed into the sum of a stable transfer function matrix and its adjoint.

Although the statement in this corollary assumes thad Hurwitz, this is an over-restriction and a

similar result can be proven (Francis, 1987) under a weaker assumption. However, this dissertation

makes use of this corollary only in the situation whis Hurwitz, and hence attention is limited to

this case for ease of proof and notation.

Corollary 2.6.2 Let A, B, P, S, R be real matrices of compatible dimensions such fhat PT,

R = R" and A is Hurwitz. Define the parahermitian rational matrix function

T(s)

. B P S||I-A"'B
= [BT(—SI—AT) 1 I]|:ST RM | }
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Letting the real matrixX = X' be the unique solution to the Lyapunov equatibA+ AT X + P = 0,

it follows that
I's) = A ‘ B + A ‘ B 1
| T+BTX|[IR ST+BTX | IR

Proof SelectingP = 0in Lemma 2.6.1 and letting be the solution t& A+ AT X + P = 0 gives

- 0 S+ XB|| (sl —AB
rs) = |BT(~sl - AT)! |]LT+BTX . M | }
A B ] [ AT | (S+XB)
T srex[iR] | | IR }
[ A B A |B ]
T s+ex|IR]| _sT+BTx\%R} '

|

The nextlemma gives a complete parametrisation of frequency functions of th& {gun* T (j w)
whereT, T~1 € 2#,. Using 0 as the arbitrary (1,1)-block in this parametrisation reduces the number
of potential decision variables in an eventual optimisation. This particular parametrisation will also
turn out to be of crucial importance in the proof of Theorem 4.7.1.

Lemma 2.6.3 Given A € R™" and B € R™™ with A Hurwitz.

Al B
(i) ForeveryCe R™M"andD € R™™Msuchthafl (s) := {?\?} € BH, satisfies e A,

there existQ;, € R™™ and Q,, = QJ, € R™™M such that

(jol — A)lBT [ 0 le} {(jwl ~A'B

T(jo)'T(jo) =
|: | Q, Q2 I

:|>0 Yo € R U {oo}.

(i) ForeveryQi; € R™Mand Qy, = QJ, € R™M™ such that

. et * . a1
{(le A) B} [ 0 Qu} [(Jw' A B} >0 VYoeRU{o0),
| QIz Q22 !

A|B
thereexis€ € R™"andD € R™™Msuchthafl (s) := {?\?} € X, satisfied ~1e ZH,

. _ _1 * R _ -1
and |:(Ja)| A) Bi| |: 0 Q12i| |:(J(UI A Bi| =T(jo)*T(jw) VYo € RU{oco}.
I Ql, Qn |
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Proof

AlB
(i) ForanyC € R™"andD € R™™Msuchthaf (s) := |: oo } € R, satisfied ~1 € #H,
T(jo)*T(jw) > 0 VYo € RU {oo} and

C'C C'D||(jwl —A'B
T(ja))*T(ja)):[BT(—ja)l—AT)*l I]|: M(Jw ) }

D'C D'D |
for all € R U {oo}. Now using Lemma 2.6.1 witl® = 0, there existQ;, € R™™ and

Q22 = QJ, € R™™ (in fact Q,, = D' D) such that

0 jol — A7B
T(jo)'T(jw) = [BT(—ij _ AT)fl I] |: Q12:| |:(Ja) )

:| Yo € R U {oo}.
Ql, Q2 I

(i) Forany Q2 € R™™andQy = QJ, € R™™ such that

. B 1 * . _ 1
|:(ja)| A) B} [ 0 le} {(Jw' A B} >0 VoeRU{oo),
I QIz Q22 I

it follows by (Zhou et al., 1996, Theorem 13.19 I(a)) and (Zhou et al., 1996, Corollary 13.20)

A
that there exist & € R™" and aD € R™™ such thafT (s) := |: oo

B
} € X7, satisfies

T e 24, and

. =T ‘ _ AL
[(Jm A B} {o le} [(le A B}:T(jw)*T(jw) Yo € R U {oo).
I Q, Q2 '

2.7 A Result from Calculus

The lemma given in this section is a standard result from calculus. It will be used in the derivation of
the cost function for one of the optimisation problems proposed in this thesis.

Lemma 2.7.1 Suppose thaf is Hurwitz. Then

/ (jol = A do = nl.

Proof Consider the contou#” depicted in Figure 2.6 and note that sinkés Hurwitz, (s — A)~!
is analytic for alls € {s eC : N > —s}, wheres € R, is a sufficiently small number.
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L 3(s)
+jR

N(s)

_]R

Figure 2.6:Contour? in the right half plane

Then, by Cauchy’s Theorem (Rudin, 1987, Theorem 10.14)

(sl—A)1ds=0 VR
%)

Consequently,
lim f (sl—Atds =0
R—oo Jor
R -7 .
= lim f (jol = A tjdo + lim / (REl — AHLjREYDY = 0
R—o0 _R R—o0 +%
o0 +7 .
/ (jol = A ldo = F!im f (REl — AR do
—00 — 00 7%
o0 +3 1 -1
) / (jol — A dew = / lim (I — —e19A> de
—00 -z R— o0 R
00 +5
hence / (jol — Al dew = / 1do = nl.

(NE]

2.8 Linear Matrix Inequality Results

The computational methods proposed in this thesis heavily rely on convex optimisation problems and

Linear Matrix Inequality (LMI) constraints. Itis beyond the scope of this thesis to give acomprehensive

treatment of this topic. However, the most fundamental results are collected here for completeness.
LMI constraints have the form

m
F():=Fo+ Y xF >0(or >0,
i=1
wherex := [X; X2 ... Xm]" € C™is the vector of decision variables and the hermitian matrices
F, = F* € C™" are given. LMIs as the one above are convex constrainks(ire. the feasible set
{x : F(x) > 0} is a convex set). Multiple LMIF*(x) > 0, ..., FP(x) > 0 may be combined into
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a single LMI to give diag F*(x), ..., FP(x)] > 0. As such, multiple coupled LMIs are treated as a
single LMI with no additional difficulty.

Alarge variety of problems in control can be written as optimisation problems with LMI constraints.
Hence, LMIs are now an area of considerable research interest. Analytic solutions to these linear
matrix inequalities generally do not exist, but efficient numerical methods exist (which are coded in
commercially available software packages) to find feasible solutions, if any. Boyd et al. (1994) stress
that as long as analytic solutions are not required, reduction of an analysis or a synthesis problem to
linear matrix inequalities is sufficient to have “solved” the problem. This is precisely the viewpoint
taken in this thesis.

There are also quasi-convex optimisation problems (closely related to LMIs) which can be solved
very efficiently. These problems usually take the form of generalised eigenvalue problems as follows:

MinimiseA : AX) —AB(X) <0, BX) >0, C(x) >0.

Here, A(x), B(x) andC(x) are hermitian matrices that depend affinelyxon

In the remaining part of this section, some of the most important LMI results are collected for ease
of reference in subsequent chapters of this dissertation.

Some nonlinear convex inequalities can be converted into LMI form using Schur Complements.
The following lemma states such an equivalence (Horn and Johnson, 1996).

Lemma 2.8.1 (Schur Complement)Suppose tha® = P* ¢ C™",R = R* ¢ C™™MandS € C™™.
Then

P S
R<Oand P-SR!SF<0 <« < 0.
S R

The next result by Kalman, Yakubovich and Popov states the equivalence between a frequency
domain condition and an LMI. See (Willems, 1971, Theorems 3, 4) or (Rantzer, 1996, Theorem 1) for
a proof.

Lemma 2.8.2 (Kalman-Yakubovich-Popov Lemma)Given matricesA € R™", B € R™™ and
Q = QT e RMMx(+m with det(jwl — A) # 0 Vw € R and(A, B) controllable, the following two

statements are equivalent:
T o S A1
[(le IA) B} Q[(le IA) B}SO'

(i) There exists a matrixX = XT e R™" such that

o+ XA+ ATX XB ~0
BT X o~

(i) Forall w € RU {o0},

The corresponding equivalence for strict inequalities holds eveA,iB) is not controllable.
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The next lemma gives necessary and sufficient conditions for the existence of a matrix variable
that enters an LMI in a particular form. See Gahinet and Apkarian (1994) or Boyd et al. (1994) for a
proof.

Lemma 2.8.3 (Projection Lemma) Suppose thaQ = QT € R™" U € RP" andV e RI",
Denote bydy and ¥, any matrices with columns that form bases for the null spacés$ ahd V
respectively. Then there existsbac RP*9 such that

Q+U™®V+VT'dTU <0
if and only if
v/ QY <0 and ¥, Q¥, <O.

The following lemma by Packard (1994) will be used to uncouple LMIs having matrix variables
X and X1, which usually result from the application of the above Projection Lemma.

Lemma 2.8.4 Suppose thaP = PT e R™" andQ = QT € R™"with P > 0and Q > 0. Let
m be a positive integer and le¢ denote “Don’t Care” elements. Then there exBte R"™™M and
R = R"T € R™™ such that

X = [P S} > 0 satisfies X1 = |:Q ’}
ST R ¢ ¢

if and only if

[IP g} >0 and rank(P — Q%) <m.



Chapter 3

A Pointwise Algorithm for p-Synthesis

3.1 Introduction

It is well known that the design of performance weights $&t,-control andu-synthesis problems

is a non-trivial task. Usually, suitable performance weights are obtained via a long and tedious trial
and error process based primarily on engineering judgement and intuition (Stoughton, 1990; Jovik
and Lennartson, 1996). For simple single-input single-output control systems with only two or three
performance outputs, trial and error can be manageable. However, this approach becomes increasingly
complicated as the number of performance channels increases, since it may not be possible to choose
the performance weights for each channel independently.

The focus in control systems design is often on tracking and disturbance rejection in the low-
frequency region and robustness to unmodelled dynamics in the high-frequency region, although the
problem specifications may in some cases determine otherwise. The former is usually captured by
weighting the closed-loop sensitivity functions with weights that are large at low-frequencies, thereby
ensuring that the sensitivity functions are small in this frequency region. The latter is usually captured
by weighting the closed-loop complementary sensitivity functions with weights that are large at high-
frequency, thereby ensuring that the complementary sensitivity functions are small in this frequency
region. Note however that the crossover region is critical for both robustness and performance, and
in this frequency region neither the sensitivity nor the complementary sensitivity functions are small
(Kwakernaak, 1993). Thus, choosingthe performance weightsin this mid-frequency region to optimise
the desired closed-loop performance while maintaining robust stability can be very difficult (Balas
and Doyle, 1990).

The D-K iterative procedure of Doyle (1985) is probably the most popular method used in
u-synthesis to design robustly stabilising controllers. Other methods with different computational
benefits have later been proposed, such-&Siterations in Lin et al. (1993), E-K iterations in Chang
et al. (1994) and L-R iterations in Rotea and lwasaki (1994). However, all these methods assume that
the performance weights have already been chosen. Some authors have suggested “rules” for choos-

25
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ing such performance weights for specific design problems (Stoughton, 1990; Jovik and Lennartson,
1996). However, all of this work heavily relies on the designer’s experience and the final performance
weights used are often the result of a long trial and error process.

In Fan and Tits (1992), a mathematical quantity (closely relatgd) twas introduced to answer
the question: “Determine the smallestsuch that for any uncertainty bounded by unity, .#f,
performance level of is guaranteed”. Although this may be considered as an initial step towards
optimising robust performance (i.e. the determination of the smaillekir a given uncertainty set,
the valuea is a constant bound over all frequencies and channel directions. In this chapter, the
following more general problem is addressed: “Determine the largest performance weights (in some
sense, at each frequency and channel direction) such that for any uncertainty bounded by unity, an
6, performance level of unity is guaranteed”.

Consequently, a conceptually new approach to the robust performasgathesis problem is
proposed in this chapter. Performance weights, maximised with respect to a suitable cost function
that captures the desired closed-loop performance, are synthesised simultaneously with an internally
stabilising controller to immediately guarantee robust performance. This optimisation problem yields
a closed-loopu-curve that is as flat as possible across frequency and very close to unity, reflecting
optimised robust performance. The designeris only required to specify the plant setand an optimisation
directionality. This directionality only appears in the cost on the performance weights and reflects the
desired closed-loop properties. Correspondingly, this approach greatly simplifies the often long and
tedious process of designing “good” performance weights directly. Of course, a sensible plant set and
directionality are still necessary for a sensible result.

3.2 Problem Formulation

Consider the LTI system depicted in Figure 3.1. This LFT framework is very general as any linear

r—-——-"

FoTTTTTTTTTTooos = Apir--m oo "
| - In general, this
| is structured. l
1 - A |
: r r :
| |
| |
| |
| - :
|

‘<ﬁng W |- n G <ﬁm'¥

q p
- K

Figure 3.1:Typical u-synthesis LFT framework
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interconnection of systems, inputs, outputs and model uncertainties can be recast into this framework
(Doyle et al., 1991). For notational convenience all uncertainty blocks, except those for performance,
are assumed to be square. This can be done without loss of generality by adding dummy inputs and
outputs (i.e. by padding the non-square uncertainty blocks and the corresponding rows/columns of the
generalised plan® with zeros) (Helmersson, 1995, Section 5.2.1). Before formulating the problem

of interest, some sets need to be defined.

Definition 3.2.1 The sets of allowable perturbations are defined by:

. f
A= {dialg(lai ® Aj) 1 Aj € CPxP ;aiﬁi = r}

i
Ap :={Ap € C™"}

Ator:= {diag(A, Ap) : A € A, Ap € Ap}

BA™F := {A(S) € ZH : A(S) € AVs € Cy, [|All < 1}

BAL := {Ap(S) € ZH : Ap(S) € Ap VS € Cy, | Aplly < 1}

Here, «; denotes the number of times that uncertainty blagks repeated, the prefiB denotes a
“ball” of uncertainty and the superscript TF denotes a set of transfer function matrices.

It appears that the results presented in this thesis extend to the case whereAhéhasta block-
diagonal structure and/or to the case where the uncertainty sets defined above have mixed real and
complex uncertainty. This, however, will not be done here in the interest of simpler notation. If the set
Ap is defined to have a block-diagonal structure, then the framework introduced in this chapter also
allows for optimisation of specific input uncertainty weights associated with full uncertainty blocks
and for specific channel-to-channel performance gain constraints.

Definition 3.2.2 The set of diagonal complex matrices is defined by:

A= {dlnag(ﬁ,) 1Y € (C}
i=1

Definition 3.2.3 The scaling set® and D" are defined by:

. f
D = {D = diag(D; ® l4) : detD # 0, Dj € C**1, Zaiﬂi = r}
i=1

i=1
D" = {D(s) € #H : D(S)™ € %, D(S) € D Vs, € Cy .

Note that (both) these sets commute vAtandBA ™"
Definition 3.2.4 The sets of performance weights and directionality matrices are defined by:

W= {W(s) € %5 : W(S) ™! € %, W(S) € A Vs, € Cyy
Y= {Y(s) € B : T(5) € A Vs € Cy ).

Note that these two sets commute with
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Definition 3.2.5 Given a generalised plant

G(s) = I

partitioned consistently with Figure 3.1, let the term “Standard Assumptions” refer to:

(A1) (A, By) is stabilisable andCs, A) is detectable,
(A2) Ds3=0.

Assumption (Al) is necessary and sufficient for the existence of an internally stabilising output-
feedback controller (Green and Limebeer, 1995, Appendix A.4), whereas assumption (A2) incurs no
loss of generality but considerably simplifies calculationsD4§ # 0, one may restore thBzz = 0
situation by a loop-shifting argument that absofbs; into K (s) as described in Glover and Doyle
(1988) or Safonov and Limebeer (1988).

Definition 3.2.6 Given a generalised plar®, the set of internally stabilising output-feedback con-
trollers K € %P> for the LFT interconnectiorf; (G, K) is denoted byk (™.

Then, in Figure 3.1:

() G denotes the LTI generalised plant. Before constructing such a generalised plant, the designer
would have already decided what “plant set” to design for. This “plant set” is determined from the
nominal plant model, the structure, type and size of the uncertainty and any ‘a priori’ knowledge
about the frequency content of the exogenous signals. Here it is assumed that all of this has
already been done ar@l(s) is given. See (Balas et al., 1996; Zhou et al., 1996; Skogestad and
Postlethwaite, 1998) for a detailed explanation on how to construct such a generalised plant.

(i) K e K denotes an LTI controller which is to be designed. Besides being internally stabilising,
K (s) must also achieve the required closed-lgepalue.

(i) W € W' is a stable minimum-phase invertible (and hence bi-proper) diagonal transfer function
matrix containing the performance weights. It is required to find the “bigd@&s), in some
sense, such that some constraints are not violated.

(iv) A € BA'" is the structured/unstructured uncertainty in the system. TAUs,an unknown
stable LTI system which has some block-diagonal structure and satjigfies < 1.

(V) Ap € BAY is the “performance uncertainty”. This uncertainty is fictitious and is only used to
transform the robust performance problem into an equivalent robust stability problem. Hence,
Ap is an unknown stable LTI system that satisfiesp ||, < 1.
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Given an internally stabilising controllét € KL~ and a performance weight € W'F, it follows
from Robust Performance Theorem 2.4.3 that robust performance is achieved for the setup of Figure 3.1
forall A € BA'F if and only if

I 0 . .
SLL:pMAToT |:<0 W(jw)) Fi(G(jw), K(Jw))i| <1

Moreover, it is required to capture the size of the performance weights in some way.

Definition 3.2.7 Given a systenP € %, and a frequency rangéw,_, w,] with , > 0 and
wy < 00, let|| P, .., be defined by:

log,o
1Pl o = \/ f IP(jw)lIf d(log,,w).
0g,0 o,
This object is a semi-norm as it satisfies positivity, homogeneity and the triangular inequality but not
positive-definiteness, and in some sense it is a measure of the dtg ©f in the frequency range
(o, wy]. Logarithmic frequency is chosen as the variable of integration sd Bigt, .., has a direct
interpretation when the singular valuesffare plotted on a Bode diagram (recall that the square of
the Frobenius norm of a matrix is equal to the sum of the squares of all singular values of that matrix).
Now consider the following optimisation problem for a given generalised g} satisfying
the standard assumptions stated in Definition 3.2.5, a given frequency[tange, ] and an ‘a priori’
chosen directionality transfer function matfixs) € Y'F:

1 ) I 0 . .
max -——————  : min su G(jw), K 1. (3.1
WewTF ”TW_]'” o KexTF pr“ATOT |:<O W(] w)) F (G(Jw) (J w)):| < ( )

wy]

Here,[w,, wy] is the frequency range where maximisation of the performance wal¢bytis required.
This frequency range should be chosen sensibly and a good rule-of-thumb is to consider two or three
decades below and above the required closed-loop bandwidth. This ensures that all the closed-loop
dynamics are captured by the above optimisation problem.

Some justification will now be given as to why this is a sensible optimisation problem to consider.
First observe that the square of the cost function may be expressed as:

1 B 1 1

_1)12 - log; wy, - log,pe, N ’
[rw=, o /I 1T (i)W (j) ™| ddogyew) /I 3" —L d(log,,w)
i=1

0 wi(j) |2
G10 @1 00w vj (jo)

wherew; (jw) (resp.v; (jw)) is thei-th diagonal element &V (j w) (resp.Y (jw)). From this decom-
position, it is clear that the cost functiar)/ [ rw=1,, . is acumulative measure of the frequency
dependent size of the performance weight§j w) in the frequency rangev, , w,]. Each performance
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weightw; (j w) is weighted differently across frequency in this cost function due to the directionality
factorsv; (jw). Thus, the directionality matrig'(s) € Y'™ may be chosen by the designer so as
to direct the maximisation as desired. In fagt(j®) will be chosen large (resp. small) where the
corresponding performance weight(jw) is required to be large (resp. small). Since maximisation
will only take place in the frequency ran@e, , w,], Y (jw) is only relevant in this frequency range.

This however does not maké(jw) a substitute for the performance weidht(j w), asY (jw)
only captures the desired directionality of the optimisation. The absolute size ofugdeh) is
completely irrelevant as this will only affect the value of the cost associated with the above optimisation
problem. Only the shape across frequency and the relative sizes amongst the different diagonal entries
of T(jw) are important. Furthermore, incompatible directionalities can never be specified, unlike
directly specifying the performance weights. This is because the performance weights given by the
above optimisation problem must always be feasible to the optimisation’s constraint and hence will
always satisfyu < 1. Sensible choice of (jw) is of course still necessary (this is however much easier
than choosing the actual performance weights) in order to obtain a controller which performs sensibly
and satisfies reasonable stability/performance requirements (e.g. small sensitivity at low frequency
and small complementary sensitivity at high frequency).

The constraint in optimisation problem (3.1) ensures that maximisation of the performance weight
W(s) is limited by the fact that there must exist some internally stabilising contr&lig) which
achieves robust performance for all uncertainty: BA™.

3.3 Rewriting the Optimisation Problem

In this section, optimisation problem (3.1) is rewritten in a form which is more suitable for subsequent
synthesis steps. This rewriting will make use of the following well-known theorem and corollary
(Green and Limebeer, 1995; Zhou et al., 1996).

Theorem 3.3.1 (Youla Parametrisation) Given a generalised planG satisfying the standard as-
sumptions stated in Definition 3.2.5, IEtand L be such tha’A + BsF and A+ L C3 are Hurwitz and
define

A+ BsF +LC; | —L By
J = F 0 |
_c, I 0

Then the sefk [ is parametrised by
(k=700 : Qemnl.

Observe that the mapping fro@ € %%, to K € K5 is bijective.
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Corollary 3.3.2 The set of all closed-loop transfer function matricgs(G, K) achievable by an
internally stabilising controllerk e K[ is parametrised by

T4+ T130QT31 T1o+ T13QT-
[fl (T.Q) = ( 11+ T13QTa1 Tio+ T13QTa

: Qe Ry,
To1 4+ T23QTa1 Too+ T23QTs2

whereT is given by

A+ BsF  —BsF B, B, | Bs
Ti1 Ti2 | Tis 0 A+LCs| B +LD3; By,+ LD3 : 0
T=| Ta _ng_i_Tgs_ =| Ci1+ DisF —Di3F D11 D12 : D13
Tor Tez) O Cet PP 7DoF | Da D22 | Des
o Cs Da1 Dy 1 0

Note that all transfer function matricd§ are stable and that the parametrisatifr(T, Q) is affine
in the paramete. Moreover, sincds is given at the beginning of the probleifi,can be computed
prior to evaluating the optimisation.

Consequently, optimisation problem (3.1) can equivalently be rewritten as:

1 . I 0 _ _
Tew=] T(jw), 1
WT%)T(F [rw-1| o, Qg%gfoo sng‘ATOT |:<0 W(ja))) F(T(w) Q(Ja))):| <

wy]
Furthermore, since only the arguments of the optimisation are of interest, this optimisation problem
may be rewritten as:

min_ | TW~

1112
WewTF ” [ ,0y]

such that (3.2)

[
3Q € #H, satistyinguaor |:<

' T(jw), Q(j 1 Vo.
0 W(j@)“fﬂ( (Jw) Q(Jw))} < [0

This optimisation problem is however non-convex (due toitheonstraint) and hence its solution is
not easily computable.

3.4 A Tractable Reformulation

In this section, each part of optimisation (3.2) will be investigated separately and a computationally
tractable optimisation problem with tighter (i.e. more restrictive) constraints will be derived. The
derivation is divided into several sub-sections for clarity.

3.4.1 Rewriting the Cost Function

In this sub-section, the cost functiq1|TW*1||[2w ., | I rewritten into a form more suitable for subse-
quent operations. To this end, first define the following sets:
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Definition 3.4.1 The sets of strictly-positive and non-negative vector valued functions are defined by
V= {f :Rr—)Rﬂ},
~ —=n
V= {f :Rr—)R+}.

Then, for ease of notation, define the following vector functions:

[ Jwi(jw)?]
, | lwa(jw)| 7
Uy (@) == [W(jo)"W(jo)] | | = . eV, (3.3)
1] [lwn(jo)| 72
(1] o]
1 jw)|? _
and v = [Thorrio]|.| =] e 3.4
1] [l
Using this notation, it is easy to see that
logy, v,
||TW*1||[2wL’wH] = fl trace(W(jo) *Y(jo)* YT (jo)W(jw) ™) d(log,,w)
00w

logy, v,
— fl trace(T(jo)* Y (jo)W(jw) "W (jw) ™) d(log,,w)

000 WL

logy, v,
= /I trace([T( jo)* Y (jo) |[W(jw)*W( ja))]_l) d(log,, ®)

000 WL

l0g,o 0,
_ /IO ggw v, (@) v, (@) d(log,, ). (3.5)
The cost function in this last form is more suitable for subsequent operations as will be seen later.
Note thatv, (») € 'V is determined by the designer on specifiets) € Y'". Furthermore, given a
continuousy,,(w) € V, itis always possible to construciVe(s) € WTF that satisfies equation (3.3)

by fitting a stable minimum-phase transfer function to each magnitude function.

3.4.2 A Sufficient Condition so thatQ € Z7%,

A sufficient condition which ensures th&l(s) € %7, is obtained by parametrising a subspace
of 27, as follows:

o

Q:= [Qo Q Q ... QN]GRW(NH)Q

2_g 2_5\? 2-s\" !
80 =1y ()i (R - (52

This parametrisation provides a uniform approximation of @ng Z.7#.,. In fact, t will be chosen

Q(s) = QB(s) inwhich (3.6)
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sufficiently smalito capture all fast dynamics ard will be chosensufficiently largeso that there
are enough parametegy to be able to closely model most transfer functionsg#s,. This can be
easily justified by considering a discrete-time finite impulse responseNviilimples, each spaced by
T seconds, as depicted in Figure 3.2.

Qo

~Y

0 T 2t 3t (N-1)T Nt
Figure 3.2:Impulse response in discrete and continuous time

The Z-transfer function matrix for this discrete-time impulse response is given by

Qo+élzfl+ézzfz+'”+él\l z N,

2
2—s

which when transformed into a continuous system by Tustin’s Transformatfos: (

. 5 Z_s . 2_52 M g—SN
Q(s) :=Q0+Q1<§+s)+Q2<2+s> + -+ +Qn <§+S) .

T T

) yields

2
TS

This is the Laguerre-like parametrisation stated in equation (3.6).

3.4.3 A Sufficient Condition so thatu(-) < 1

Since theu constraint in optimisation problem (3.2) is not easily computable, it is necessary to replace
MATOT['] with some computationally tractable upper bound. A sufficient conditieii thus be
presented in this sub-section which ensures that

Ir 0 - -
T(jo), 1Vw.
/’LATOT|:<O W(]a)))ﬁ (T(Jw) Q(J(U))i| < w

Towards this end, note that at each fixed frequem,Cy
i I[(jw), Q(jw
Ator 0 W(] a)) ! : :

< inf & Do 0} (Ir 0 Fi (T (jo), Qljw)) Dt 0
= DueD 0 1,/\0o W(jw) e, S 0 In

IThis sufficient condition is also necessary when the uncertainty gt satisfies certain conditions.
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with equality achieved when the conditions in (Packard and Doyle, 1993, Theorem 8.4) are satisfied.
Then,

Ir O - -
T , 1V
:U“ATOT|:<O W(jw)) Fi(T(jw) Q(Ja)))i| < w

- vo inf 7 (2 O VaTGe.ogen (P %) | <1
w o ), 1) <
D,eD 0 W(jw) ! J : 0 In

- (p:p, 0
& Vo 3D, eD : F <T<Jw>,Q<Jw>>*<

o T(ie), O]
. W(jw)*w(jw)ﬁ( (jo). Q)

D*D, O
<
0 In

> 0. (3.7)

(D) o A (TG, Qe
w), w
0 diag(u, () i :

(D;b,) ©
*
0 Im
The last condition follows from a straightforward application of Schur Complement Lemma 2.8.1 and

by replacing[W(ja))”‘W(ja))]_1 with diag(vw(a))), wherev,, (w) is defined in equation (3.3). Now,
since condition (3.7) is not simultaneously convexly € D andQ € %%,, D, € D will be

< VYo AD, €D

held fixed in an eventual optimisation. In order to reduce conservativeimessch an optimisation,
D, € D will be chosen as the argument of the following frequency-by-frequency minimisation:

min 7| (%2 % ) A TGe, oo (P °
o ), w .
D,eD 0 W(jw) ! J : 0 In

This minimisation problem can be rewritten as:

For eachw € R,
minimisey,,

such tha8 D, € D satisfying

(% )5 Tdengen (P °
1o ), w <y,
0 Wiw) : RN ARG

2That s, in order to ensure that condition (3.7) with a fixgg € D is not too restrictive when compared to the original

conditiona o[ - ] < 1.
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which after some algebra yields:

For eachw € R,
minimisey,?
such tha8l (D} D,,) € D with (D;D,) > 0 satisfying (3.8)
F (T, Qi) <(DZD‘“) 7 1) F (T (o). Qo) < 72 <(DZD‘”) 0) |
0 diag(v,, (@) 0 I

Minimisation problem (3.8) is easy to solve as it is a quasi-convex generalised eigenvalue problem in
the variableg D} D,) andy?2.

3.4.4 The Tractable Optimisation Problem

Consider the following optimisation problem, derived using the results of Sections 3.4.1 to 3.4.3:

logy, o,
min / v, (@) v, (@) d(log,, )
|

weV Jioggo
such that

3aQ e RP*NDIandvw a (DXD,) € D (3.9)
satisfying

(0:p.)” 0 Fi (T(0). QB(j))
w), w
0 diag(v,, () AR :

. ((DzoDw) ui )

It can be seen that the closed-loop properties guaranteed by optimisation problem (3.2) are also

> 0.

guaranteed by the above optimisation problem, as the latter has tighter (i.e. more restrictive) constraints.
Recall also thaff (T(j w), Q B(j a))) appearing above is affine {9, as can be seen from the definition
of T(s) in Corollary 3.3.2.

Unfortunately, optimisation problem (3.9) cannot be easily solved as the constraint of this problem
is not simultaneously convex (D} D,) and Q. If however(D> D) is held fixed, then optimisation
problem (3.9) reduces to a simple LMI optimisation problem. In order to reduce conservativeness, this
fixed (D} D, ) should be chosen as the solution of optimisation problem (3.8), which itself requires
andv,, (w) to be fixed. This co-dependence between these optimisation problems indicates that some
sort of iterative scheme must be used (see Section 3.6) to solve optimisation problem (3.9).

3.5 A Pointwise Approximation

In this section, optimisation problem (3.9) will be approximated by a pointwise optimisation problem,
as (3.9) involves a search over a functional set with constraints holding foralR. To this end, let



3.5 A Pointwise Approximation 36

@ denote logarithmic frequency (i.&.:= log,, w) and consider Figure 3.3 in which

~S
(o) (o w3 wgs—l ]
synthesis

Aw grid points

analysis
grid points

~a ~a ~a ~a ~a

®_3 @0 @3 “g ®mags
~a ~a ~al ~a ~a| ~a ~a
‘”4‘ @1 Wy | Wy W5 ©F “”magsu

logjpw, /10 +
logip
logio @y

log;p 10w, +

Figure 3.3:Synthesis and analysis grid points on a logarithmic scale

* Os € Z; is the desired number of synthesis grid points betweep dggand log, w,,. It must
be emphasised that the synthesis grid must be chosen dense enough to ensure that all changes
in the transfer function matriceg; (s), defined in Corollary 3.3.2, are captured,

* m, € Z, denotes the multiplicity for the analysis grid points. Thahig,e Z, represents how
much denser the analysis gridding is required when compared to the synthesis gridding. Note
that the analysis grid points are also required to extend a decade below and a decade above the

synthesis grid points.

Now, define the (constant) spacing between the synthesis grid points to be:

— 1/9s
AG = log,o @, — log;, — logy, [(ﬂ) :| ) (3.10)

Os W

Then, the synthesis grid points are given by:

L

k/gs
@y = log,,w, + kA® = log,, |:a)L (%) } forkeZ, 0<k=<(gs—-1

= = 10% = o, (ﬁ> forkeZ, 0<k<(gs—1). (3.11)

Note that there is no synthesis grid point at the frequesgcyThe reason for this will become apparent
later when the cost function of optimisation problem (3.9) is approximated by a pointwise in frequency

cost function.
Before defining the analysis grid points in a similar way, the following set needs to be defined:

Definition 3.5.1 Let the set of indices for the analysis grid points be defined by:

Sl::{keZ : —L%JSkSL%J-Fmags}

where| x| is the “floor” of x.
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Then, the analysis grid points are given by:

~ k/(mMags)
~ Aw w
g = log,,w, + kF = log,, |:a)L (w—H> } fork € @

a L
Wy

K/(Mags)
o 0= 109 — o, (—) fork € 9. (3.12)

W

Now, a first-order approximation of the cost function in optimisation problem (3.9) is given by:

log,o @, gs—1
fl v, (@), (@) d(0g,0) ~ (AB) D v (@) vy (@)
k=0

000 w1

Then, for ease of notation, define the following vector (belongingpfor eachk € :

Uy (@ /m,) when 0< [k/my] = k/my < (gs — 1),

Uy = T _ (3.13)
[e € - e] otherwise

wheree € R, is some very small numbgrlt is easy to see that, , is simply the directionality vector
v, (w) whenever the synthesis grid points and the analysis grid points coincide (see Figure 3.3) and is
a very small cost elsewhere.

Hence, a pointwise in frequency approximation of optimisation problem (3.9) is given by:

min Z (vT’k)T (vw’k)

v, KER" VkeQ

ke
such that
3aQ e RN Viandvke R a O, € D (3.14)
satisfying
(Wl > ) # (o). O8G0
0 diag(vw,k)

> 0.

(C) 0
« k
0 Im

On writing the above optimisation problertv. @) has been removed from the cost function as it is
a constant and hence does not affect the arguments of the minimisation. Furthermore, observe that
in the above optimisation problema,, , (resp.®,) represents the pointwise valueswf(w) (resp.
D} D,) at each analysis grid frequenay= ;. Note also that there is no need to restrict the vectors
v,k t0 belong taR?} in the arguments of minimisation (3.14), as positivity of each elemen, jnis
implicitly guaranteed by the constraint of this optimisation problem.
Asmalle € R, is used in the definition af, , (see equation (3.13)) so as to ensure that the vectors
v,k resulting from optimisation problem (3.14) are “reasonably smootiK @sanges irf2. This is

3By “very small” it is meant a factor of 100, say, less than the smallest elemerg(u)ﬁ) VkeZ, 0<k=<(gs—1D.
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because the vectorg, , at grid points corresponding to the analysis grid but not to the synthesis grid
(see Figure 3.3) still appear in the cost function, although their contribution towards the reduction of
the cost is small.

Furthermore, a pointwise in frequency approximation of optimisation problem (3.8) can be ob-
tained in a similar way and is given by:

For eacltk € ,

minimise %

such tha8 ©, € D with ®, > 0 satisfying (3.15)
oay () Coan\” ®k 0 oay ™ ioa 2 ®k 0
Fi (TGod. QB(wd) ( S g(vw,k)l) Fi (TP, OB(ep) < ng<o |m)'

Here, againy,, , and®, are the pointwise values af, (w) and(D;D,) at each analysis grid fre-
quencyw = wg. This is a quasi-convex generalised eigenvalue problem which is easily solved using
LMI routines.

3.6 Solution Algorithm

Optimisation problem (3.14) cannot be directly solved, as this problem is not simultaneously convex
in ®, and Q. If, however, the variable®, are held fixed, then optimisation problem (3.14) reduces to

a simple LMI optimisation problem. In order to reduce conservativerggsshould be chosen as the
solution of optimisation problem (3.15) at each grid pdirg €. Now, since these two optimisation
problems are interdependent, an iterative algorithm is proposed.

Inputs to the algorithm:

» Generalised planB(s) satisfying the standard assumptions of Definition 3.2.5,

« Directionality transfer function matris'(s) € Y'".

The solution algorithm:

1. ComputeT (s) using the definition in Corollary 3.3.8(s) using the definition in equation (3.6)
andv,. , using both equations (3.4) and (3.13).

Then, for everk € @, select @y , € D with © , > 0 such that the constraint of the optimisation
problem given in Step 3 below admits some feasible solution, provided that such a solution exists.
Thesedy , € D constitute a feasible initial starting point for the algorithm. A systematic procedure
for selecting such a feasible initial starting point is available and will be described in detail in
Section 3.7. However, it should be pointed out that setéijg = I, Yk € @ is usually good
enough.

Seti = 0, wherei denotes the iteration number, ami= co.
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2. Increment by 1.

3. Solve the following convex optimisation problem:

min Z (UT,k)T(vW,k)

eR" vkeQ
Pw.k ke

such thad Q e RP*(N+DA gatisfying

Ot 0 sl
’ T ,QB
( U g(vw,k)> Fi (TG}, OBGwp)

) <(®E,i1) 0)
0 Im

HereT(jwp), B(jof) andv, , are given andy;_, is the value of®, obtained in the previous
iteration. Recall thatf (T(jwﬁ‘), QB(]wE)) is affine in Q and hence the above optimisation
problem is a simple LMI problem.

>0 Vke®.

Let the value of this minimum cost be denotediffyand let the values o and diagv,, ) at each
k € Q that achieve this minimum be denoted Qy andITy; for eachk € € respectively.

4. Solve the following convex optimisation probldor eachk € :
Minimise )/jﬁ

such tha8 ©, € D with ®, > 0 satisfying

oay (A Loa * ®k 0 Py O i 2 2 ®k 0
jq(T(ka),Qi B(ka)) (0 (H;,i)l):ﬂ (T(ka),Qi B(ka))< y“’?<o Im).

HereT (jwd) andB(j o) are given, and@? andITy ; are the values of th@ and diagv,, ) obtained
in Step 3. Note that the above optimisation problem can be easily solved using LMI routines.
For eactk € €, letthe square root of the above minimum cost be denotedtbyand let the value

of ®, that achieves this minimum be denoteddy; .

5. Evaluate(n'_; — n}). If this difference (which is always positive) is very small and has remained
very small for the last few iterations, then go to Step 6. Otherwise return to Step 2.

6. Construct the controlleK;*(s) corresponding to the aboviéi* using Theorem 3.3.1 witl(s) =
Q;B(s) and then model redud€; (s) if necessary.

Outputs from the algorithm: (afteri iterations)

» The element-by-element magnitude of the largest performance weights obtained by the algorithm
1
in (M) 2 Vk € 2,

* The final D-scales used by the algorithm('(ﬁﬁ’i)% vk € ,
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* The controllerk*(s) € K& that achieves robust performance with respect to these weights,

« The value of the minimum cost and the final upper bound @fa,[ - | in Vo Yk € Q.

Note that at each iteratidn Step 3 ensures that may Vc:g,i <landStep4 minimise)s;?i at each
fixedk € . This immediately guarantees robust performance for all uncertairgyBA ™.

Moreover, as the iterations proceed (i.e.i ascreases), the minimum cost is monotonically
non-increasing. This is because the soluti@jfsand IT;; Vk € € obtained in Step 3 at theth
iteration always satisfy the constraint of the same optimisation problem in Step 3 @t-th-th
iteration. This can be seen by observing that at SteQ:4and IT;; Vk €  are held fixed while
y‘fﬁ (which is always< 1) is minimised at each fixekl € € over ®, to give the newoy; for each
k € ®. This new®yg; will then be used in Step 3 at th@ + 1)-th iteration. The fact thak; is
monotonically non-increasing and is bounded below by 0 means that it will converge to a limit point as
the number of iterations tend to infinity, by the ‘Principle of Monotone Sequences’ (Haggarty, 1994).
However, iterative algorithms as the one presented above cannot be guaranteed to converge to the
global minimum Only monotonic properties can be proved.

3.7 Finding a Feasible Initial Starting Point

The algorithm proposed in Section 3.6 requires in its first step a feasible initial starting point that
initialises the algorithm. That is, it requires for &l 2 some®y , € D with 8 , > 0 such that the
constraint of the optimisation problem given in Step 3 admits some feasible solution. The aim of this
section is to find such @; ,. However, before doing this, the following lemma will be stated which
considerably simplifies the problem.

Lemma 3.7.1 Let T(s) be defined as in Corollary 3.3.2 ari8(s) be defined as in equatiof3.6).
Then the following two statements are equivalent:

(i) There exists & € RP*(N+D4 andvk € @ a ®} , € D and av,, , € R" satisfying

G 0 N
5 T a’ B a
( S g(vw,k)> Fi (TG, QBGwp)

BN
0 Im

(i) There exists & € RP*(N*D4 andvk € @ a ©}, € D satisfying

> 0.

[((9&,0)1 Ti(jod) + Tia(jod) Q B(jw@Tal(wa)} o
* (©}0)

Proof See Appendix A.1 for proof. O
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This lemma gives a simpler equivalent condition (which can be given the interpretation of a robust
stability condition) that will be used to construct a feasible initial starting point for the algorithm of
Section 3.6. Towards this end, note that the inequality in condition (ii) of Lemma 3.7.1 is equivalent to:

_ . o1 . . Lo . . 1 . .

5 [(®k,0)2 [Tll( j0®) + Tia(j ) O B(j ) Tax( Jwﬁ‘)] ©%0) z] <1with®},>0 Vke®.
Consequently, one way of finding a feasible initial starting point for the algorithm of Section 3.6 is to
minimise

_ ! . . < . o 1

7 [ (010! [Tuio) + TP OB e Taa(jwf) | (07 ?] (3.16)
over both®; , € D with ©}, > O for allk € 2 andQ e RP*N+D4 and stop this minimisation
when expression (3.16) is less than unity. This minimisation problem is however not simultaneously
convex in both variables and hence expression (3.16) has to be alternately minimised over each vari-

able in succession. The two steps in the resulting iterative minimisation are obtained by noting that
at eachk € Q:

7 [ (©0)? [Traiof) + Taa(jop) QB e Tar(i0f)| (Of 0 72| < 0
¢
[TuaGief) + Tia(i o) QB Tax(0f) | Ok o) [Tuliof) + Ts(joP) QB e Tari @) | < %Ok 0),

and that:
o [(@)E,o)% [Tll(jwﬁ) + T13(wa)QB(wa)T3l(wa)] (@)E,O)i%] =S Vkeg
¢
c.OF 7t Tu(jod) + T13(j o) QB(j wf) Taa(j wd) -0 vk € @
* §~(®E,0)
¢
0 Tu(jod) + Tis(jod) QB(jod) Tar(jwd) - ©jt 0 vk € Q.
* 0 0 (®E,o)

The former inequality can be used for minimisationggg over (®; o), whereas the latter inequality
can be used for minimisation af over Q. This iterative minimisation may be stopped when either
¢ < 10r§£§ <1Vk e Q.

3.8 Numerical Example

The algorithm proposed in Section 3.6 will now be illustrated by a numerical example. Consider
the block diagram shown in Figure 3.4, which is a typical Sensitivity/Complementary Sensitivity
reduction problem.

The actual plant is uncertain but is known to belong to the{ﬁg(l + AW, : A € %A,
Al < 1} parametrised byA (see dashed box). Here, the nominal plegivas chosen ag%lo) and
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:

Figure 3.4:Block diagram for a typical S/T problem

10(s+5)
(s+100°

about the frequency dependent size of the uncertainty. In this example, the dhpsdlows the

the uncertainty weight\, as

The uncertainty weight\,, represents any ‘a priori’ knowledge

magnitude of the actual plant to differ from that of the nominal plant by as much as 50% in the
low-frequency region (say, belowrad/s ) and by as much as 1000% in the high-frequency region.

It is required to maximise the performance weigis and Wy according to some pre-specified
directionality while ensuring that there exists an internally stabilising contrélie) € K that
achieves robust performance with respect to these maximised weights. The directionality used in this
example is shown in Figure 3.5. This directionality basically states that the optimisation problem

10"

o Directionality for WS Directionality for W'r
10 —

Desired relative directionality
B\
-

=
o
W
T

10’ v L L L
10 107 107 10° 10" 10 10
Frequency (radians/sec)

Figure 3.5:Desired directionality for the optimisation

should maximisé&Vs (resp.Wr) in the low-frequency (resp. high-frequency) region and that it should

not bother too much about maximisiMiys (resp.Wr) in the remaining high-frequency (resp. low-
frequency) region. The scale on the y-axis of this figure is unimportant as it only affects the cost
associated with the optimisation. Only the relative sizes between the different curves and the shape of
each curve across frequency is important. Note that the low-frequency value of the solid curve is equal
to the high-frequency value of the dashed curve. This means that the optimisation problem should
value the maximisation s at low-frequency equally as the maximisationVdf at high-frequency.
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Ataround Irad/s ,the solid curve and the dashed curve are also equal. This again means that around
this frequency, the maximisation 95 is equally important as the maximisation \6f-. However,
sinceS+ T = 1, it is not possible to make bots andWy large at this same frequency. Thus, in

this case, the optimisation problem needs to sort out by itself how much maximisation is possible in
each of these weights. Furthermore, since the magnitude of the directionalitiesdas 1 is about a
decade less than the magnitude of the directionalities at low and high-frequency, maximis&ten of
andWr at this mid-frequency region should be considered less important than maximisaiién of
andW; at low and high-frequency.

The frequency rangew, , ] selected for maximising the performance weights {l#s2, 10?],
whereas that selected for gridding the constraint [#8s3, 10°]. Furthermorez = 0.2 andN =1
were found to be sufficiently good, as smaller values @ind larger values oN did not give any
improvemertt. In order to illustrate the behaviour of the algorithm as iterations proceed, consider
Figure 3.6 which gives plots of intermediate results ati ttieand(i + 1)-th iterations. Figure 3.6(a)
shows typical inverse magnitude pointwise plots of the performance weights obtained by the algorithm
at somei-th iteration. These weights together with some internally stabilising controller give the
computed upper bound @f depicted in Figure 3.6(b). This upper bound can be seen to be less
than unity at all frequencies, as it must satisfy the optimisation’s constraint. The “space” between this
computed upper bound afand unity will then be exploited by the algorithm at tlhet- 1)-th iteration
to synthesise better pointwise performance weights. In other words, &t -thé&)-th iteration, the
algorithm will push|Ws(jw)|~* and|Wr (jw)|~* down at appropriate frequencies (according to the
directionalities of Figure 3.5) while ensuring that the upper bound éver exceeds unity. The new
pointwise performance weights resulting from this minimisation are shown in Figure 3.6(c). Itis clear
that these new performance weights guarantee a higher level of robust performance. The upper bound
of u resulting from this change in performance weights is the solid line in Figure 3.6(d). It is flat
across frequency and is slightly less than unity, thereby implying that all freedom has been exploited.
Then, this new upper bound pfis minimised at each frequency over the D-scales, keeping the new
performance weights and the new internally stabilising controller fixed. The result of this D-scale
minimisation is seen as the dashed-dotted curve in Figure 3.6(d). Consequently, there is now some
further “space” between the computed upper boung @nd unity which can be exploited by the
algorithm in the next iteration.

Six iterations were found to be sufficient for convergence of the algorithm and the total iteration
time taken was less than 7 minutes (on a 400 MHz Pentium Il PC). Figure 3.7 shows plots of the
final pointwise performance weight®s(j)|~* and |W; (jw)|~! obtained by the algorithm. The
magnitude plot of the sensitivity (resp. complementary sensitivity) function of any plant in the set
[Pol+ AW : A € ZH5, | Al < 1} will be below the|Ws(jw)|™ (resp.|Wr (jw)| ") plot

4Such a low-order basis is due to the simplicity of the problem considered. For more complex problems, a higher-order
basis is obviously required.
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Figure 3.6:Intermediate results at theth and(i + 1)-th iterations

since robust performance is guaranteed. A controller that achieves robust performance with respect
to these maximised performance weights was computed at the end of the iterations and is given by the
following state-space representation:

[ —5.80 209 -5760 1342 | -7.62

—-3.06 -10.07 240 -0.44| 0.30
K(s) = 0 100 -1.74 0| —-0.17
0 0 4472 -1000| 4.47
| —3.06 -0.07 187 -0.44)| 0.25

Its Bode plotis shownin Figure 3.8. This controllertogether with the performance weights of Figure 3.7
gave a flat curve across frequency for the computed upper bounthat was slightly less than unity.
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Inverse Magnitude Plots
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Figure 3.7:Final pointwise inverse magnitude performance weights
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Figure 3.8:Bode plot for controlleK (s) = i (J(s), QB(9))

The algorithm is said to have converged as the computed upper boundafld not be minimised
any further over the D-scales and hence no further improvement of the performance weights could
be achieved.

3.9 Summary and Comments

The problem of maximising performance weights in the frequency range of interest, subject to the ex-
istence of an internally stabilising controller that guarantees robust performance with respect to these
maximised weights, was posed as an optimisation problem in Section 3.2. However, this optimisation
problem was difficult to compute. Thus, a computationally tractable optimisation problem was formu-
lated in Section 3.4 which had tighter and hence more restrictive constraints than the original problem.
A pointwise approximation of this optimisation problem was then given in Section 3.5. Reduction
of conservativeness in this problem required D-scales to be computed from yet another optimisation,
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that was unfortunately interlinked with the chosen optimisation problem. Consequently, an iterative
procedure was proposed in Section 3.6 to take care of this. Both these optimisation problems were
written as LMI problems.

Some important advantages of this algorithm over existing methods for robust performance
synthesis (e.g. D-K iterations) are given here:

I. Performance weights, which maximise some cost function that captures the desired closed-loop
performance, are synthesised simultaneously with an internally stabilising controller by one
systematic algorithm.

II. The controller synthesised by this algorithm immediately guarantees robust performance with re-
spectto these maximised weights. Also, incompatible performance weights can never be obtained
by this algorithm, as the performance weights obtained must be feasible to the optimisation’s

constraint.

Ill. This optimisation usually gives a final closed-loggcurve that is as flat as possible across
frequency and very close to unity, reflecting the fact that robust performance has been maximised.

IV. Performance weights and D-scales are found and used pointwise in frequency and hence need
not be fitted with stable minimum-phase transfer function matrices.

Consequently, this approach greatly simplifies the often long and tedious trial and error process of
designing “good” performance weights directly.

The proposed algorithm does, however, suffer from some important disadvantages:

I. The Laguerre-like parametrisaticQ(s) = QB(s) usually causes high-order controllers to be
synthesised.

Il. Frequency gridding causes loss of information between the grid-points and hence a dense grid
can only give confidence that < 1 rather than absolute certainty.

Ill. Maximisation of performance weights occurs only in the frequency rdngew,,].

All these problems will be directly addressed in Chapter 4, where a very similar optimisation problem
is computed using state-space methods that completely eliminate the above mentioned difficulties.

In summary, this chapter addresses ghgynthesis robust performance problem from a new and
conceptually different point of view. The results presented in this chapter were also published in
Lanzon and Richards (1999).



Chapter 4

A State-Space Algorithm for -Synthesis

The optimisation problem posed in Chapter 3 is modified slightly in this chapter to yield a new opti-
misation problem that admits a state-space solution without significantly compromising the properties
of the original optimisation. This state-space solution eliminates the disadvantages of the pointwise
approach taken in Chapter 3 and considerably enhances the benefits of this type of optimisation based
weight selection. For instance, the controller is no longer parametrised by a basis function and its
order is guaranteed to be less than or equal to that of the scaled generalised plant. Consequently, this
chapter presents a significant generalisation of the work and results given in the previous chapter and
develops an algorithm that is a valuable alternative to the standard D-K iterative procedure.

4.1 Problem Modification

Consider the optimisation framework introduced in Section 3.2. This same framework will also be
used in this chapter with only one technical difference — th&sétwill be restricted to contain only
strictly proper transfer function matrices.

Definition 4.1.1 Re-define the set of directionality transfer function matrices by:
Y= {Y(s) € ZH : T(00) =0,T(%) € A Vs € Cy}.

The reason for this technical restriction is that the cost function of the new optimisation problem
involves| YW~2|,. Now, sinceW(s) e W'F is invertible, a strictly propelr(s) € Y'* is necessary
for a finite two-norm. The fact thar' (s) is forced to be strictly proper does not limit its choice, as
any directionality functiorir' (s) can be rolled-off at sufficiently high frequencies (beyond the system
dynamics) without affecting its functionality.

Now consider the following optimisation problem for a given generalised B} satisfying
the standard assumptions stated in Definition 3.2.5 and an ‘a priori’ chosen directionality transfer

47
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function matrixY'(s) € Y'F:

1 . Iy 0 . .
. min_ SUp iAo [( )fl (G(jo), K(Jw))} <1l (41

maxX —————
wew™ [ TW-1, KeXT o 0 W(jw)

It can be easily seen that this optimisation problem is very similar to optimisation problem (3.1)
proposed in Section 3.2 — the only difference being in the cost function. Thus, the motivation given
in Section 3.2 as to why optimisation problem (3.1) is an interesting and sensible problem to consider
also justifies the interest in the above optimisation problem. The interpretation of the above constraint
and the meaning of the directionality transfer function mairis) is identical. However, unlike the

cost function used in optimisation problem (3.11)/, |Tw~t|, covers the entire frequency range from
—ootooo. Furthermore, asimple||, is used here instead of the semi-norm defined in Definition 3.2.7,
which involved logarithmic frequency as the variable of integration, since optimisation problem (4.1)
will be solved using state-space techniques, and gridding on a logarithmic scale is no longer required.

4.2 Replacingu with an Upper Bound

Since theu constraint in optimisation problem (4.1) is not easily computable, it is necessary (as in
Chapter 3) to replac)eATOT[ ] with a computationally tractable upper bound. To this end, recall that
(Packard and Doyle, 1993)

ualP(o)] = inf & [D,P(j@)D;Y,

with equality achieved when certain conditions are satisfied (Packard and Doyle, 1993, Theorem 8.4).
Then,

Ir 0 - -
G(jw). K
supint 7 | (22 OV (" ° ) mGGenkien (P ©
o] ), ®
o DueD o 1) o wim/ 'V . 0 I
D O F (6. K) D1 0
o w/’ 0 I

The last inequality follows from (Zhou et al., 1996, Section 11.4). It is not an equaliy @@ " is

A

IA

|
DeD'F
o

restricted to beeal-rational and hence cannot uniformly approximate discontinubyss D.

Recall also that sypua,.[ -] < 1 is necessary and sufficient for robust stability/performance
againstlinear time-invariant structured perturbations of norm no greater than unity (see Theorem 2.4.3).
So, by the above upper bound, inf,r | - || < 1is asufficient condition (in some cases conservative
and in others tight) which guarantees that suR..,[-| < 1. However, inf_pr|-|| < 1is
important in its own right since it is necessary and sufficient for robust stability/performance against
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arbitrarily slow time-varying linear structured perturbations of norm no greater than unity (Poolla and
Tikku, 1995).
In view of these points, the following optimisation problem

D 0}, 6 (P ©
o w/’' 0 I,

will be considered henceforth for a given generalised pi&f#) satisfying the standard assumptions

min inf

max ————— <1 4.2)
wew™ [ TW-1, Kex¥F DeDTF

o0

stated in Definition 3.2.5 and an ‘a priori’ chosen directionality transfer function nai@gx € Y'".

Optimisation problem (4.2) will now be rewritten into a form more suitable for subsequent synthesis
steps. First note that since only the arguments of the optimisation are of interest, an equivalent problem
to optimisation (4.2) is

. 1112 . . D O D!t o
min_|[TW, - min_ inf F (G, K) <1
Wew'™ Kex®T ped™ |\ O W 0 In
Furthermore, sincéP|| 200 = IPT| 2. (o0 @nd using the definitions
D:=DT eD™
and W:=WT e W'F,
this optimisation problem may be rewritten as
_ D 0 D1 0
min_ |WY|> :  min__inf Fi (G, K)T _ <1  (4.3)
Wew™ KexTF Bep™ |\ 0 I, 0 Wt

o0

The reasons for considering the dual systems inside the norms rather than the original systems will
become apparent in the proofs of the main theorems given in this chapter. As an indication, note
that this transpose operation moves the performance weights from the IEf{Gf K) to the right
of Fi (G, K)T, which is desirable, without altering the stability properties of the systems inside the
norms.

This optimisation problem is however not simultaneously convex in all of the variables. Hence,
a sub-optimal iterative algorithm will be derived in subsequent sections to solve optimisation prob-
lem (4.3). This algorithm basically alternates between:

« holdingK e K[ fixed and solving optimisation problem (4.3) oWse W'F andD e D'F and
« holding D € D" fixed and solving optimisation problem (4.3) owWste W'F andK e K.

Sections 4.5, 4.6 and 4.7 explore this in more detail. However, the commuting properties satisfied by
the state-space realisationsfe D™, W ¢ W™ andY € Y'" need to be explicitly defined first.
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4.3 Commuting Properties

This section derives the commuting properties which need to be satisfied by the state-space realisations
of De D™, W e W' andY € Y™ . To this end, selearbitrary realisations

_ As | Bs
D:= D D eD'F,
| Cs5 | Dp
_ [ Ag | Bs
W= W1 W | ewTF,
| Cw | Dw
[ A | B
and Y := r r eY'r,
' Cy| O

with A, Ay and Ay Hurwitz. Furthermore, define

_ N-1lp. _ N-1lRp._
To®) im {(sl% As) BD} and To® [(SISW Aw) BW] wa

Iy In

Then, by Lemma 2.6.3, the frequency function:

9

_ _ M 9 0 D .
I. D(jw)*D(jw) can be written aé'g(ja))*DTg(ja)) for someD := |:“T 12} with Dy, €

D, D2
R%*" and Dy, = D;—Z e R™,

9

_ _ o o 0 W o
II. W(jw)*W(jw) can be written a§'V‘_\’/(ja))*W TV‘-\’/(ja)) for somew := [ . le} with Wy5 €
12 22

RSwxn andVsz = V\Vérz e R™N,

Different parametrisations are of course also possible. However, some parametrisations result in non-
convex conditions and others are unnecessarily complicated or have considerable redundancy. The
above parametrisations are chosen with this in mind and according to what is needed in subsequent
sections.

Since itis required thad € D™, W € W'F andY € Y'F, itis clear thatD(j w)*D(jw) should
commute withA, W(jw)*W(jw) should commute witlA andY (j») should commute witiA. As
such,Tg(j w)*lﬁTg(j ) needs to commute witA and Tv%(jw)*VVTV‘{/(j ) needs to commute with
A. These commuting conditions ensure that states associated with one D-scale block, performance
weight or directionality factor do not get mixed up with states associated with other D-scale blocks,

performance weights or directionality factors. An approach similar to that in (Helmersson, 1995,
Section 8.4.3) is taken here to ensure all of this.
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Definition 4.3.1 Define the following sets:
. f !
A= diag(l;i®Ai) 1A G(Cﬂixﬁi, Z{iﬂi =SD}

=1 i=1

n n
— g N .o Z w_
Ay = cijlzalg(lciw@)&) . 4 € C, 2 g sw}

n n
Ay = diaig(lgiwr ®ei) L 6eC "0, Y g7 = sr},
= i=1
in whichs,, s, ands, are the total number of states allocatedgs), W(s) and Y (s) respectively.

Here, &i Bi is the number of states allocated to ihth D-scale blockg ™ is the number of states
allocated to the-th performance weight angl’ is the number of states allocated to theh diagonal
element inY'(s). If & = 0 org™W = 0, then there are no states associated with-theblock of D(s)

or W(s) respectively. Consequently, these scalings are constant across frequency, hence allowing
for nonlinear time-varying uncertainty or constant performance across frequency (Helmersson, 1995,
Section 8.4.3). Note however that is not allowed to be 0 in the definition of skt;. This is because

¢ = 0 would imply that the -th diagonal element of (jw) is identically zero across frequency

(as each diagonal element of(jw) is strictly proper), and in turn this would mean that fhth
performance weight, which was selected for maximisation, would not be maximised at all.

Definition 4.3.2 Define the “copy” operators, Cw and C~ by the following mappings:

f f n
€ : diag(ly ® Aj)e A +— diag(l; ® Aj) € A

i=1 =1

A

n
Cw : diag(l1®¢) € A — diag(lg_w ®£i) € Aw
i=1 i=1 !
.n _n A
Cr : diag(lL®@t)eA dlag(lgx @@i) € Ay
i=1 i=1 !

Then, it follows that:

l. D(jo)*D(jw) = T2(jw)*DTL(jw) commutes withA if

Ao D=D A0 and Ao T2(jow) =T2(jw)A
= = w) = = w
0 A 0 A o A| P D

forall A = C(A), A € A;

Il W(jw)'W(jw) = TS (jo)*WT? (jw) commutes with if

Aw 0. . |Aw O Aw ©
W Ww=w|"V and |7V To(jw) = T (jw) Aw
0 Aw 0 Aw 0 Aw

for all ZA\W = Cw(Aw), Aw € A.
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This leads to the following characterisations of the required structub® ¥, As, Bs, Ay and By,.

Definition 4.3.3 The following sets define the structure of the paramefeed W.
Ny 0 D < y y
ED::{D:[ VI2i| i D12 € R®, Dpp=Dj, e R,

D, D2
A ol. L[A 0 .
D=D VA = C(A),A € A,
0 A 0 A

y 0 W y y y
Bio= W= 0 F L Wip e R, Wiy = Wi, € R™,
Wi, Wa
Aw O|l. |Aw O .

The commuting conditions ofiS (jw) and T2 (j w) may be rewritten as commuting conditions on
(As, Bg) and(Ay, Byy) respectively as follows:

A 0|, . o . o
(a) 0 A TD(JQ)):TE‘)(JQ))A AAD:ADAandABD:BDA

. VA = C(A), A € A.
VA = C(A), A € A.

o Aw 0 Lo TO A A A R
( ) 0 Aw W(Jw) = V‘V(Jw) W - AWAW = AWAW andAWBW = BWAW
. VAw = Cw(Aw), Aw € A.

Definition 4.3.4 The following sets define the structure(éfs, Bg) and (A, By)-
Z (g Bg) = {(AD, Bg) : Ap e RS By e R, Ay is Hurwitz,
AAs = AsA andABs = BsA VA = C(A), A € A},
E (g By) = {(AW, By) : Ay € RS*Sv By, e R%N, Ay is Hurwitz

AwAy = AyAy andAy By = ByAy YAw = Cu(Aw), Aw € A}.

Finally, note thafr' (s) commutes withA if

Ay 0 ||Ar B Ar By||Ay © .
r r r = Y Y r VAT = GT(AT), AT e A. (45)
0 AT CT O CT 0 O AT

4.4 Restrictions of the Optimisation Sets

As is usual with state-space methods used to address optimisation problems such as the one posed
here, attention has to be limited to optimisation over a subclass of performance weights and D-scales
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— that is, those spanned by some fixed basis functions. This is necessary to obtain convex state-
space conditions. Thus, the optimisation $8t5" andD ™" in optimisation problem (4.3) need to be
restricted in some way.

Since the frequency function3(j w)*D(jw) andW(jw)*W(jw) are completely parametrised by
Ts(jo)* [3Tg(j w)andT? (] w)*W Ty (1 @) respectively (as explained in Section 4.3), itis natural to re-
strict these parametrisations by holding the basis funcligit$w) andT? (j o) fixed. This effectively
amounts to keepingAp, Bp) € E(a;.85) and(Ay, By) € E (a8, fixed. Thus,D(jw)*D(jw)
andW(jw)*W(jw) will be solely parametrised in terms & € 3 andW e Z;,. This of course
restricts the parametrisation Bf( j w)*D(j @) andW(j w)*W(j ) to the span ol 2(jow) andT? (jw)
respectively. However, with a sufficiently large number of stateands,,, a large enough class can
usually be parametrised.

Itis desirable, however, to choose fixed value§&s , Bp) € E (ag.85) aNd(Ay, Byy) € E(ay,.By)
that are sufficiently close to the optimal values which would have been obtained if these quantities
were free variables. This is desirable so that the above parametrisations introduce little restriction.
Towards constructing such “close to optimal” values, observe that for a Gisatisfying the standard
assumptions stated in Definition 3.2.5, a fidéde K[ and an ‘a priori’ chosenr e Y', the

D 0 F (G KT D! 0
o 1,)7" 0 Wt

is convex if solved pointwise in frequency. To see this, define the following sets and quantities in a

following optimisation problem

min_ |WY|> :  inf
WewTF DeD'F

<1 (4.6)

o0

similar way to Section 3.4.1.

Definition 4.4.1 The sets of strictly-positive and non-negative vector valued functions are defined by:
'V:={f :RHRE},
Vo= {f :Rr—)ﬁz}.

Furthermore, for ease of notation, define the following vector functions:

[ Jwi(jw)| 2]

) = o) | | = | 200 | @.7)
1 _|wn<j.w>|—2_
(1] [l

and v, () = [T(jo)Y(jo)] 1 - |U2(j:w)|2 cV. (4.8)
1 _|un<1:w>|2_
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Then, using this notation, optimisation problem (4.6) can be rewritten as:
oo
min f UT(a))TvW(a)) dw
UWE —00
such that

Yo € RU {oo} 3 a continuouw,, € D with ®,, > 0 4.9

satisfying

. . 11" (B O . T G 0
7 G(iw). K(jo)T] ( )[ﬁ (G(j0), K(jw)) ]<< | )
0 Inm 0 diag(vy ()

Here, ®,, denotes the pointwise values Df( jw)*D(jw) at everyw. It is now easy to see that this
optimisation is convex in the variables and can be solved pointwise in frequency over a finite grid
using LMI routines. Moreover, given a continuo@s, Ve satisfying the above conditions, it is
always possible to fit (to any required accuracy) a self-adjoint real-rational ugit4t,, denoted
by ©(s), which is also positive at infinity. A spectral factdr € D™ which satisfies the constraint
of optimisation problem (4.6) can then be computed for tis). Similarly, given a continuous
v, () € V, one can always construct\d e WTF that satisfies equation (4.7) by fitting a stable
minimum-phase transfer function to each magnitude function. FinaMy, Bs) € Ea; .85 and
(AW, By) € E(a,.By) are obtained from the appropriate state-space realisatiofs ofD'" and
W e WT'F respectively. The first few iterations in the solution algorithm proposed in Section 4.8
construct such “close to optimal” values, besides minimising the appropriate cost function.

Once “close to optimal” values faQiAg, Bp) € E(ay.85) and(Ay, By) € Ea,.B;) are found,
optimisation problem (4.3) may be restricted by restricting the ¥&t§ andDF.

Definition 4.4.2 Given(Ap, Bp) € E(a;.85) and(Ay, By) € E a8y, define

_ [ A5 | By | -
DL g ) = [D(s) =|—2+—"2-|: D ¢ DTFJ cD™
P Cs | Do
_ [ Ay | By | -
Wik g = [W(s) =21 W . W) e ”WTF] c W'
e Cw | Dw

Using these definitions, optimisation problem (4.3) can be restricted to:

. = 2 . . D O (D1 0
~min WY, : min__ inf F (G, K) )l <1 (410
We'W(TEW.BW) KexI DGD(TKD.BD) 0 In 0o w- N

where(Ay, Biy) € Eay8 Y € X', (Ap, Bg) € E(as.85 andG are known prior to solving the
optimisation. This optimisation problem is of course sub-optimal to optimisation problem (4.3), but
as justified above, conservatism is smaljfands, are chosen to be sufficiently large numbers and
(A, BW) € E(a;.By) and(Ap, Bp) € E(ag.B,) are chosen close to their optimal values. Each part
of optimisation problem (4.10) will be thoroughly investigated in the following sections.
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4.5 The Cost Function

In this section, the cost functioh/_\/THz appearing in optimisation problem (4.10) is rewritten in a
more suitable form.

. AT BT TE . . —
Theorem 4.5.1Given Y (s) = c 0 € Y with Ay Hurwitz, (A, By) € Eag.By)
T

and anyW(s) e W-(FKW,BW)’ define T (s) as in equation(4.4) and letW e E be such that
Tv%(jw)*VVTv%(jw) = W(jw)*"W(jw) Yo € R U {oo}. Then

[W |7 = cTvec(\¥)

where
-1
o (2 S s (e el M AR SR
0 Cy 0 Cy 0 Ay 0 Ar By By
Proof See Appendix B.1 for proof. O

This theorem implicitly states that “Minimising WY ”2 over W(s) e W(TKW,BW) subject to some

[

constraint” is equivalent to “Minimising” veq(W) over W e E; subject to the same constraint”,
provided thafl'v%(j w)*VVTV%(jw) > 0 Yo € R U {oo} is guaranteed by the constraint.

4.6 Holding K Fixed in the Constraint

This section shows that for a fixéd € K", the constraint

D O}"(GK)T Dt 0
o 1,7 0 Wt

appearing in optimisation problem (4.10) can be rewritten as a set of LMIs in the free variables.

<1

e8]

inf
DeDF
(Ag-Bp)

Theorem 4.6.1 Given(Ay. By) € E (a5, and anyW(s) e W(T,EW,BW), defineT? (s) as in equa-
tion (4.4)and letW € Z;, be such thal? (jw)*W T (jw) = W(j)*W(jw) Yo € R U {co}. Then
given also

A ‘ Bie  Baal
Fi(G,K)=| Cyq | D1g Dizg |
Cocl | D21at Dooc

where Ag € R¥*% js Hurwitz and the partitioning is consistent with Figure 3.1, the following two
statements are equivalent for atis, Bg) € E(a,.Bg):

D 0 D! 0
i inf G, K)T -
o |2 e (? 2

DeD't ..
(A5-B)

< 1.

o0
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(i) ID e E5, X = XT e R%*% andY = YT € RE&+2%+8)x(&+2%+50) sych that

.
XA+ ALX XByl o
BLX 0

YA + ATY YB . cT Q [C D] 0
N N < VY
BTY 0 DT

whereA, B, C, D and Q are defined by

As 0O O 0 ' Bg 0
|
O Ay, O O 1 0 By,
|
0 Alf) BD B]-I.-C| : BD DIch BD D;—lcl
0 0 TI ! C;.I—C| C;cl
A B 0 0 Ig 0 1+ 0 0
. |
C D | 0 0 Bl : Dli D1 '
0 0 0 B;—cl : D.:IL-ZcI D;-Zd
b, 0 0 0 1 O 0
|
0 0 0 0 [ I 0
|
0 Iy, 0 0 1 0 0
| 0o 0o 0o o0 1 o0 |

N

Q :=diag(|5, I —D, —W)

. 0 Di 0 Di 0 Wi
=diag O L el O Pl IRV .
D, D2 D, D2 Wi, W,

Proof See Appendix B.2 for proof. O

The conditions given in Part (ii) of the Theorem are a set of LMIs which are also simultaneously affine
in W. Thus one could optimise some convex cost function Vee Z; subject to the existence of
variablesD, X andY satisfying the LMI constraints given in Part (i) of the Theorem.

4.7 Holding D Fixed in the Constraint

This section shows that for a fixddl € D3 5., the constraint

D 0 F (G KT D! 0
o 1,7 0 Wt

appearing in optimisation problem (4.10) can be rewritten as a set of LMIs in the free variables.

<1

o0

min
Ke.’KgF

Controllersk e X that satisfy this constraint will also be constructed at the end of this section.



4.7 Holding D Fixed in the Constraint 57

Theorem 4.7.1 Given a generalised plar (s) satisfying the standard assumptions stated in Defini-
tion 3.2.5 and scaling®(s) € D'F, define the scaled generalised plasgs) by

D™ 0 O DT 0 0
G(s) := 0 I, 0[|Gs)| 0 I, O
0 0 Iq 0 0 I,

and let

be a stabilisable and detectable realisation f&¢s) with A € R%*%, Dy; € R™", Dy € R™™ and

Das = 0 € RY*P. Furthermore, givenAy, Byy) € E (a5, and anyW(s) € Wi, ), define
E; be such thaff® (jw)*WT? (jo) = W(jw)'W(jw)

T2(s) as in equation(4.4) and letW e E
Yw € R U {oo}. Then the following two statements are equivalent:

DO:F(GK)T Dt 0
o 1,7 0 Wt

m

H min < L
Keﬂcg':

o
(i) AP =PT e R&w+) xSt R=RT € R%*w, Se R%*% andT = T e R%*% such that

P>0, R>0 T=>0,

5 3]
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and
R S[|Ay O T
|:—ST T:||:0 A} b ’ ’
T -
" 0 Bl|[ls, © lr 0 . vy
o BJ||ST T 0 —Im
[o él} |:R —s} [511 512} [_n o}
BL, Co||0 s D,, D,, 0 ©
{ISW 0
0 O
- I ls, O 0 o)
0 o 0 0of [0 I
0 In
where
ls, O 0 0 ls, O 0 0
| 0 y1| | O O] | O Ya [0 O]
v, = 0 Yo 0 0 ’ Wy = 0 s 0 0
|0 y3] [0 O] |0 vs| |O O]
[0 o] [Ir O] [0 o] [Ir 0]
10 0] |0 Im] 10 0] |0 In]
V1 Va
and the columns df -, | (respectively, s )formbasesforthenullspaceE)Bg D/, 5;3]
V3 Ve
(respectively{@ Da1 [332]).
Proof See Appendix B.3 for proof. a

The conditions given in Part (ii) of the Theorem are a set of LMIs which are also simultaneously affine
in W. Thus one could optimise some convex cost function Vee Z; subject to the existence of
variablesP, R, SandT satisfying the LMI constraints given in Part (ii) of the Theorem.

Corollary 4.7.2 Let the suppositions of Theorem 4.7.1 hold. Then there exist contrMIe{s’K(EF

D Oj-"(GK)T D! 0
o 1,7 0 Wt

if and only if the LMI constraints given in Pafii) of Theorem 4.7.1 hold for sonfe = PT e
REwHS)x(Swt+S) R = RT € R%*Sw, Se R%W*% andT = TT e R%*% that further satisfy

s (i ER R B

of orders, satisfying

<1

o0
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Ax

Such controllerK (s) =
Ck

Bk

Dk

F+UTo,V+VTOU <0

} can then be constructed by solving

Ax B .
for the controller parameter®y = K K , whereF, U andV are defined by:
Ck Dk
Ay 0 0 0 By 0 o0
Xl o AT o|+{}" x|¢& ¢ B, B,
0 0O O 0 0 0 0
= —Ir 0 Dy; Dy,
* ~ ~
0 0 D,; D,
—Ir 0
3 k
0 —Im
_|sw N
0O O
0O O
- -l (l1s, 0 o] [0 o] [o o
- O O W 3
0O 0O 0 In 0 0
_O In_
0 o]
_O O_

[0 0 I 0 0 0 0
V = ~ “ X ~ ~ )
|0 C3 O 0 O D31 Da2

and X is constructed as follows:

ls, O][RY O]ls, S
STl |0 T]LO g

* FactoriseP — Q1= HHT with H € REwHSe)xs

P H
HT g |

Proof See Appendix B.4 for proof. O

» DefineQ := |:

e DefineX := |:
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4.8 Solution Algorithm

This section summarises a sub-optimal iterative algorithm for solving optimisation problem

5 0\, (0" O
o 1.7 0 Wt

givenin Section 4.2. Analogousto D-K iterations and other solution methogstigre optimisations,

<1

o0

min ||V_\IT||§ : min_inf
WewT'F KexZ Dep™F

an iterative algorithm must be used as the above constraint is not simultaneously cokvexaey
andD € D™".

Inputs to the algorithm:

» Generalised planB(s) satisfying the standard assumptions stated in Definition 3.2.5,

« Directionality transfer function matris'(s) € Y'".

The solution algorithm:

1. First find a controlleiK which robustly stabilises the interconnectiﬁn(ﬁ (é K3). A) for all
A € BA™F, where

Al B B
G:= C1| D11 Dais
Cs3|Ds; O

Such a controller may be found by a variety of design methods, the most popular being the standard
D-K iterative procedure. Note that one iteration is usually good enough as initially interest is only
in a controller which achieves robust stability regardless of performance requirements (compare
G with the original generalised pla@). It is not required to find a controller that minimises the
value ofu, but only some controller that achieves< 1. Such a controlleKj provides an initial
feasible starting point for the algorithm proposed here.

Seti = 0, wherei denotes the iteration number, ail= oo.
2. Increment by 1.

3. e During the first few iterations:

(&) Solve the following convex optimisation problem

D O .. (Dt 0
(o |m)f'(G’ ki) (o v'vl)

pointwise in frequency on a sufficiently dense but finite grid using the reformulation given

min_ W2 : inf <1

Wew'F DeDF

oo

in optimisation problem (4.9). Her&; andG are given an&"_, is the controller obtained
in the previous iteration.
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(b)

©)

(d)

Let the respective values of, (w) and®,, at each grid frequency = o, (these are vec-
tor/matrix decision variables in optimisation problem (4.9)) that achieve the above minimum
be denoted by, , andoy, .

Construct aV* € W'F by fitting a stable minimum-phase transfer function to each magni-
tude function i”U\Tv,wk- This is always possible becau&;’;;wk € R} Vo,, as guaranteed by
optimisation problem (4.9).

Construct a self-adjoint real-rational unit¥a%,, which is positive at infinity by fitting real-
rational functions to each elementm)k. Denote this unit by*(s). Such a construction

is always possible becau@;k > 0 Vo, as guaranteed by optimisation problem (4.9).
Then compute, for thi®*(s), a spectral factdrD; € D" as outlined in (Francis, 1987,
Section 7.3) and model reduce this spectral factor if necessary.

Let (Aw, By) € Eay.B;) and(Ap, Bs) € E(a;.8, be obtained from the appropriate
state-space realisations \W*(s) and Di*(s) respectively.

e During the last few iterations:

(@)

(b)

Solve the following convex optimisation problem

: = 12 . D 0 (D1 0
__min ”WT ”2 co_ inf J (G, Ki*—l) — <1
WeW(TEW,BW) DGD(TED,BD) 0 In 0 W- .

by making use of Theorems 4.5.1 and 4.6.1. Note tAgf, B\;) and(Ag, Bp) have been
previously fixed,Y and G are given andK?_, is the controller obtained in the previous
iteration.

Theorem 4.5.1 states that rwgw;l'/l:w‘ [wx ||§ can be replaced by mjp.z cTveqW),

By
and Theorem 4.6.1 states that the constraint of the above optimisation problem can be re-
placed by a set of LMI constraints (see Part (ii) of Theorem 4.6.1). Hence, the above

optimisation problem reduces to a simple LMI problem.

Let the value ofD (a matrix decision variable in the LMI constraints) that achieves this
minimum be denoted bip;.
Using the values ofAs, Bp) € E (a8, and the value oDy € g just obtained, define
the parahermitian rational matrix function
< | (sls, — A5) 1B
0(s) = [Bl(~sly, — A" I | Dy [( »~ o) D} .
D Ir
Then compute, for thi®?(s), a spectral factoD* € D(T,fﬁ’Bﬁ) (see Footnote 1 on Page 61).

This is always possible becaugg(jw) > 0 Yo € R U {oo}, as guaranteed by the LMI
constraints in Part (ii) of Theorem 4.6.1.

1Since spectral factors are not unique and the required spectral factor has to have a block-diagonal structure, each

individual diagonal block ir®* (s) is spectrally factored separately.
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4. (@)

(b)

()

Solve the following convex optimisation problem

: 2 : D 0 (Dt 0
~min [WY[; :  min Fi (G, K) ) <1
WeW(TEWVBW) KexIF 0 In 0 W- .

by making use of Theorems 4.5.1 and 4.7.1. Note tAat, By;) has been previously fixed;
andG are given and; is the scaling just obtained in Step 3.

Theorem 4.5.1 states that erQW(TE‘NBW) ||VVT||§ can be replaced by mjp.c cTveqW),

and Theorem 4.7.1 states that the constraint of the above optimisation problem can be replaced
by a set of LMI constraints (see Part (ii) of Theorem 4.7.1). Hence, the above optimisation
problem reduces to a simple LMI problem.

Let the value of this minimum cost be denoted:fyand let the value ofV (a matrix decision
variable in the cost function/LMI constraints) that achieves this minimum be denot\é@by

Using the values ofAy, Byy) € E(a,.8;) and the value ofM* € E; just obtained, define
the parahermitian rational matrix function

In

- [(sls, — Ag) By
i) = [By(-sl, — Al 1|V {(ssw W) W]

Then compute, for thigI*(s), a spectral factow* e W(TKW,BW) (see Footnote 1 on Page 61).
This is always possible becausE (jw) > 0 Yo € R U {oc}, as guaranteed by the LMI
constraints in Part (ii) of Theorem 4.7.1.

Using Corollary 4.7.2, find a controller that satisfies the constraint of the above optimisation
problem and denote this controller by .

The additional freedom in selecting this controller may be exploited to simultaneously guarantee
other properties such a#%-norm minimisation, regional pole-placement, etc..

5. Evaluate(n'_; — n7). If this difference (which is always positive) is very small and has remained

very small for the last few iterations, then EXIT. Otherwise return to Step 2.

Outputs from the algorithm: (afteri iterations)

The inverse of the largest performance weights obtained by the aIgorith’l m W',
A controller K* € K& that achieves robust performance with respect to these weights,
The final scalingD; € D" used by the algorithm,

The value of the minimum cost obtained.
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Note thatn; is monotonically non-increasing asncreases. This can be seen by observing that
the solutions of the optimisation problem at any one step of the algorithm are always feasible to
the constraints of the optimisation problem at the next step of the algorithm. The fagf' tisat
monotonically non-increasing and is bounded below by 0 means that it will converge to a limit point as
the number of iterations tend to infinity, by the ‘Principle of Monotone Sequences’ (Haggarty, 1994).
However, iterative algorithms as the one presented above cannot be guaranteed to converge to the
global minimum Only monotonic properties can be proven.

Observe also that in the first few iterations, the algorithm constrUg§s, By) € Ea;.By)
and (As, Bg) € E(a;.B,) that are reasonably close to their optimal values. This is because no
parametrisation of performance weights and D-scales is required for a pointwise in frequency solution
of the optimisation problem in Step 3. Once the performance weights and D-scales are found pointwise
in frequency, rational approximations need to be computed which must satisfy the optimisation’s
constraint. If this can be done, then the valuesAj,, By) and (As, Bg) are updated to the new
computed values, otherwise no update will take place. In the last few iterations, the algorithm makes
use of these “close to optimal” values and the state-space formulation of both optimisation problems
to ensure that the solutions obtained by the algorithm guarantee the attained robust performance level.

4.9 Numerical Example

The algorithm proposed in the previous section will now be illustrated by a numerical example. The
same example used in Balas et al. (1996) to illustrate the standard D-K iterative procedure will be
used here for ease of comparison. This example considers the design of a pitch axis controller for
an experimental highly maneuverable aeroplane, the HIMAT. The HIMAT vehicle was a scaled-down
remotely piloted vehicle version of an advanced fighter which was flight tested in the late 1970s. The
actual HIMAT vehicle is currently on display in the Smithsonian National Aerospace Museum in
Washington D.C.

This design example only considers the longitudinal dynamics of the aeroplane. These dynamics
are assumed to be decoupled from the lateral dynamics. The state vector consists of the vehicle’s basic
rigid body variables — i.e. forward velocity, angle-of-attack, pitch rate and pitch angle respectively.
The problem is posed as a robust performance problem with multiplicative plant uncertainty at the plant
input, and plant output weighted sensitivity/complementary sensitivity as the performance criterion.
A block diagram for the closed-loop system, which includes the feedback structure of the plant and
controller and elements associated with the uncertainty model and performance objectives, is shown
in Figure 4.1. The dashed box represents the “true” aeroplane with associated transfer function matrix
P. Inside this box is the nominal model of the aeroplane dynanfigsand the two element$y,
and A, which parametrise the uncertainty in the model. The transfer function nvegribeflects any
‘a priori’ knowledge about the frequency dependent size of the uncertainty in the model. Thus, the
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+ d
Kl 54 Wnk[ﬂ

Figure 4.1:Block diagram of HIMAT and required feedback structure

true plant is uncertain but is known to belong to the{fe(l + AW,) : A € 275, | All, < 1.
Similar toW,, the transfer function matriV, reflects any ‘a priori’ knowledge about the frequency
dependent size of the sensor noise. The state-space realisatienaNgf andW, are given in Balas
et al. (1996). Here, only their singular value plots are given for the sake of the discussion.

It is required to maximise the performance weidli (in the sense of a suitable cost function
that captures the desired closed-loop performance) subject to the existence of an internally stabilis-
ing controller K that guarantees robust performance with respect to this maximised weight. For a
sensible control problemV, should be maximised in the low-frequency region, thereby achieving
low-frequency disturbance rejection at the plant output. Figure 4.2 gives singular value plots of the
nominal plantP,, the directionality matriXy', the uncertainty weigh¥\;, and the noise weightV,,
used in this example. Note that the directionality functions are such that the performance weights are
maximised in the low frequency region, and the weightsandW, introduce high frequency model
uncertainty and sensor noise respectively.

The algorithm proposed in Section 4.8 was programmed using.iB 5.3. The results obtained
by using this algorithm are depicted in Figure 4.3 together with the results obtained from the standard
D-K iterative procedure, so that comparison can be made. First of all, observe that unjikeine
resulting from the standard D-K iterative procedure, the finaurve obtained by the proposed algo-
rithm is flat across frequency and very close to unity, as depicted in Figure 4.3(a). This reflects that
robust performance has been optimised. In fact, it can be seen from Figure 4.3(b) that the inverse
performance weights synthesised by the proposed algorithm are everywhere less than those used by
Balas et al. (1996) to explain the standard D-K iterative procedure. That is, a higher level of robust
performance is attained by the proposed algorithm. Of course, different performance weights then
lead to different D-scales and a different internally stabilising controller, as illustrated in Figures 4.3(c)
and 4.3(d). The final controller synthesised by the proposed algorithm had 26 states and hence was of
the same order as the scaled generalised plant, as expected.
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4.10 Summary and Comments

The problem of maximising performance weights, subject to the existence of an internally stabilising
controller that guarantees robust performance with respect to these maximised weights, was again
posed as an optimisation problem in Section 4.1. This optimisation problem is very similar to the one
posed in Chapter 3, the important difference being that the optimisation problem proposed here admits
a solution algorithm based on state-space techniques.

Unfortunately, theu constraint renders the posed optimisation problem difficult to solve. Hence,
this constraint was replaced by a computationally tractable upper bound in Section 4.2. The chosen
upper bound was justified by noting that it is necessary and sufficient for robust stability/performance
against arbitrarily slow time-varying linear structured perturbations of norm no greater than unity.
Each part of the resulting optimisation problem was studied in detail in the subsequent sections and
equivalent LMI conditions were given. A solution algorithm for this optimisation problem was then
proposed in Section 4.8. This solution algorithm first constructs good approximations of the optimal
basis functions by solving one of the iterations pointwise in frequency and then uses these good
approximations together with the state-space formulation of both optimisation problems to find exact
solutions that guarantee the designed robust performance level.

As stated in the introductory paragraph, this chapter is an important generalisation of the pointwise
work presented in Chapter 3. The algorithm presented here eliminates all of the disadvantages of the
pointwise approach and considerably enhances the benefits of using such a method. More specifically,

I. the controller is no longer parametrised by a basis function and its order is guaranteed to be less
than or equal to that of the scaled generalised plant,

Il. the state-space conditions given here guaranteeuthatl rather than simply give confidence,
Ill. maximisation of performance weights occurs over the entire frequency range-feorno oo,

IV. the solution algorithm given here is numerically more robust than the pointwise algorithm of
Chapter 3 (this is because the Laguerre-like parametrisation used in Chapter 3 introduces all
sorts of numerical difficulties when the designed controller is of high order),

V. the additional freedom in selecting a controller that achieves the designed robust performance
level may be exploited by adding additional LMI constraints to simultaneously achieve other
closed-loop objectives such as pole placemeffi;norm minimisation, etc.

In summary, this chapter presents a new and conceptually different method for perfarsynghesis

robust performance based designs and is hence a valuable alternative to the standard D-K iterative
procedure. The approach presented here greatly simplifies the often long and tedious trial and error
process of designing “good” performance weights directly. The results presented in this chapter were

also published in Lanzon and Cantoni (2000).



Chapter 5

An Algorithm for 7%, Loop-Shaping

5.1 Introduction

The 7, loop-shaping design procedure is an effective method for designing robust controllers and
has been successfully used in a wide variety of applications. Motivation and justification for this was
given in Section 2.5. The typical design framework is re-depicted in Figure 5.1 for ease of reference.

w2 2o Z1 wi

Figure 5.1:Typical %, loop-shaping framework

Despite its success, the selection of loop-shaping wel¢hid\V, to achieve a desired loop-shape
is not always straightforward, especially for plants with strong cross-coupling. This is because it is not
always clear how each element in the weights affects the singular values of the scaled nominal plant
and the complexity of this relationship considerably increases when non-diagonal weights are used.
In addition, lack of design experience with loop-shaping concepts may lead to a designed loop-
shape that does not achieve a sufficiently large robust stability mbggitPs). In this case, the
designer has to first determine the factors in the designed loop-shape that are giving rise to a small
bopt(Ps) and then understand how to modify these factors (without compromising the specifications)
in order to increase the robust stability margin. This may not be obvious and the designer may have
to iterate between the selection of loop-shaping weights and the evaluatigg(&%) several times
before a sufficiently large value &f(Ps) is achieved. For instance, the designer must ensure that

68
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the loop-gain is large around the frequencies and in the directions of open-loop unstable poles, small
around the frequencies and in the directions of open-loop unstable zeros and that the loop-gain does
not roll-off at a high rate around cross-over. If any one of these is violated, alsgpéaRs) is obtained.

Besides achieving the desired loop-shape, the designer might also want to ensure that some of the
closed-loop transfer function matrices appearing in Theorem 2.5.2 are small in appropriate frequency
ranges. This can be achieved by ensuring that their corresponding upper bounds, given in the same
theorem, are small in the required frequency ranges. However, these upper bounds depend on the
condition number and the maximum/minimum singular values of the loop-shaping weights, and the
standards7, loop-shaping design procedure gives no direct handle on these variables. Thus, the
designer can only check the size of these closed-loop transfer function matrices at the end of the design
cycle and if they are not sufficiently small, the whole design must be repeated from the beginning.

All of this can be fairly time-consuming if done in an ad-hoc manner and although designers
usually arrive at very good loop-shaping weights and controllers using their engineering insight and
intuition, trial and error can never be guaranteed to yield the best possible results. The length of this
iterative process strongly depends on the experience of the designer with loop-shaping concepts and
on the cross-coupling present in the plant.

Consequently, it is believed that by combining several steps of the starttartbop-shaping
design procedure into one optimisation problem, the design procedure can be made even more sys-
tematic and hence even easier to use in application. The proposed optimisation problem maximises
the robust stability margin over the loop-shaping weights subject to constraints which ensure that the
loop-shape and the singular values/condition numbers of the weights lie in pre-specified regions. Thus,
loop-shaping weights, which can be required to have a diagonal or a non-diagonal structure, and a
robustly stabilising controller are simultaneously synthesised by one algorithm in a systematic way.
This algorithm enables the designer to quickly get a feel of what performance is achievable, determine
whether non-diagonal weights would be beneficial and easily understand the tradeoffs involved in the
particular problem at hand.

5.2 A New Optimisation Problem

In this section, a new optimisation problem is proposed which directly addresses the aforementioned
difficulties. Before posing this optimisation problem, the following assumption is made.

Assumption: Let the scaled nominal plal®R € 2™ " be such thaim > n.

This assumption incurs no loss of generality but considerably simplifies notation. If the plant has
strictly fewer outputs than inputs (i.e < n), then the dual problem to that shown in Figure 5.1 would

be considered. That is, one would use the same optimisation framework proposed in this chapter
with PT replacingP. Then, the resulting pre-compensator for the original plant is givewpythe
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resulting post-compensator for the original plant is givenMjyy and the resulting robust stabilising
controller for the shaped plant is given By, .

Now, consider the following optimisation problem:

W, Wy ez,
W, Wy te 25

subject to
@) Is(jw)| < ai(Ps(jo)) < 8(jo)| Vi, o,
(b) lw;(jo)| < oi(Wi(jo)) < [W(jo)| and |wy(jo)| < o(Wa(jo)) < [Wy(jo)| Vi, o,

© k(Wi(jo)) < [ki(jo)l  and k(Wa(jw)) < lke(jw)| Vo,

where the scaled nominal plaRtis given and satisfies the above assumption,sa8dw ;, w; andk;
(i =1, 2) are SISO transfer functions specified by the designer such that:

() the frequency function$s(jw)| and|S(jw)| are boundaries for an allowable loop-shape (see
Figure 5.2),

(i) the frequency functionsw; (jw)| and |w; (jw)| delimit the allowable region for the singular
values of loop-shaping weightt; (jw) (i = 1, 2),

(i) the frequency functionk; (jw)| bounds the condition number of loop-shaping weight j w)
i =12).

Mdb
A

Is(jw)

log,,w

IS(j @)

Figure 5.2:Typical loop-shape boundary
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5.3 Rewriting the Optimisation Problem

The optimisation problem proposed in the previous section will now be rewritten into a form which is
more suitable for a subsequent algorithm. First, however, the following set will be defined.

Definition 5.3.1 Let the set of real diagonal matrices of dimensior n be defined by:
n
Ay = {diag(xi) - x €R Vi}.
i=1

This definition will be used at the end of this section. For the time being, note that the optimisation
problem posed in Section 5.2 can be rewritten as:

Minimise y
such thaB W, W, C,, satisfying

@ W, W, ' € 245, W,, W, ' e %, and [Ps, Cy]is internally stable,

(b) H[T}(I ~CuPy [ -Cy 1]

©) Is(jw)| < oi(Ps(jw)) < [S(jw)| Vi, w,

<YV,

e8]

(@) lwi(jo)l < oi(Wi(jo)) < [@,(jo)l and |wy(jw)| < oi(Wa(jo)) < [W(jw)| Vi, o,

€) k(Wi(jo)) < [ki(jo)l  and «(Wa(jw)) < lke(jw)| Vo

Then, usingPs = W,PW,; andC = W;C, W, it follows (after some algebra) that the above optimi-
sation problem can be rewritten as:

Minimise y,, at eachw
such thaB W;, W,, C satisfying

(@) W, W' € ##,, W,, W, e %+, and [P,C]isinternally stable,

-1
_ W, O 0 P||[I P W,* 0 . .
e e T8 oo v

©) Is(jw)| < oi(Wa(jo)P(jo)Wi(jw)) < [S(jo)| Vi, o,

(d)

<ai(Wi(jo)™) < lwo(jo)] < 0i(We(jo) < [W(jo)| Vi, o,

[wi(jw)l lw;(jo)l

@) c(Wi(jo)™) < k()| and «(Wa(jo)) < lk(jo)| Vo
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Dropping the dependence 6jw) for P, C, W; andW, in the interest of clarity, the above optimisation
problem can be restated as:

Minimise y,2 at eachw
such thaBl Wy, W, C satisfying

(@) W, W, ' € ##,, W,, W, ' e %#, and [P,C]isinternally stable,

o P [wsw, o 0P I Pl [ww, 0 | P
(b) 2 <7 o Vo,
0 I 0 Www;t||o | cC | 0 WwWow,t||[C |

©) Is(jo) 2 (W W, Y) < P*(WsWo)P < [S(jw)l? (W, *W; ) Vo,

(d) Vo, 35, &, satisfying &, | <WsW, <&, 1, &, <lk(jo)’f,
|&2(ja))|2 < §Zw, gzw < |w2(ja))|2,

(e) Vo, 38 ,E,, satisfying & | <W W, <&, 1, &, < k(jo)?E

1 = 1
TGl w9y (ol

If the loop-shaping weights are required to have a diagonal structure, then the frequency functions
W W ! andW; W, reduce to simple strictly positive diagonal real matrices at each frequericgt

these strictly positive frequency dependent diagonal matrices be denated byndA,,, respectively

(i.e. ateachfixed, 0 < A1, := Wi(jo)*Wi(jw)te Apand0< Ay, := Wao(jw)*"Wa(jw) € Am).

Note that given anyA,, € A, with Ay, > 0 Vo (resp.Az, € Am With Ay, > 0 V), it is

always possible to construct a diagonal weiltit (resp.W,) that is a unit inZs, and satisfies

Wi (jw)*Wi(jo) ™t = A1, Yo (resp.Wa(jw)*Wa(jw) = Ao, Yw) by fitting stable minimum phase
transfer functions to each magnitude function on the main diagonal ofresp.As,).

If, on the other hand, the loop-shaping weights are required to have a non-diagonal structure, then
the frequency function®V, W land W;W, are strictly positive non-diagonal complex hermitian
matrices at each frequenay The problem, in this case, is significantly more difficult if approached
directly. However, the technique developed by Papageorgiou and Glover (1997) may be used to
simplify the problem. Building on that work, I&t (s) andV (s) be units inZ%,, that approximately
interpolate the frequency-by-frequency unitary matrices containing the left and right singular vectors
of the scaled nominal plarR. Then it is possible to parametrise:

e Wi(jo)*"Wi(jo) L by V(jw)* A,V (jw) = for someAr, € A, With Ay, > 0 Vo,
o Wo(jw)*™ Wa(jw) by U (jw)Az,U(jw)* for someAs, € Am with Ay, > 0 Vo,

with very little restriction. This is because the parameters-inandA,, are able to directly influence
the singular values d?(j w). The construction afl (s) andV (s) will be explored in more detail in the
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next section. The interested reader is referred to Papageorgiou and Glover (1997) for a full exposition
of the original idea. As before, note that given aty, € A, with A, > 0 Vo (resp.Az, € An

with A5, > 0 Vw), it is always possible to construct a diagonal weight(resp.D>) that is a unit

in 2+, and satisfieD1(jw) *D1(jw) ™t = A1, Yo (resp.Da(jw)*Da(jw) = As, Yw). Then,
corresponding non-diagonal weightg and W, that are units iz, are obtained by solving the
following co-spectral and spectral factorisations:

W,W," = VD,DyV™,
W, W, = UDyD,U".

With the above argument in mind, it follows that the previous optimisation problem can be rewritten as:

Minimise y,2 at eachw
such that
JaCandVwaA, € Apand aA,, € Ap,
satisfying

(@) [P, C]is internally stable,

o [0 P "TU AL U* 0 0P
0 | 0 V=*AL,V 1|0 |

[0 P [0AL0" 0 | P
< yw ~ A_l L]
C | 0 VALVt |co

© Is(j)?(V*AL,V ™) < P*(UAU%)P < [S(jw)? (VAL V Y,

(d) 3¢, .&,, satisfying £, 1 < (UAU") <&,l, &, <lke(jo)’s,

lwo(jo))? <&, & < W(jw)

(€) 3¢ &y, satisfying & | <(V*ALV ) <&l &y, < k(jo)PE

1 = 1
Tl = w50 T ol

Note thatA 1, and A, are implicitly restricted to be strictly positive matrices at each frequenby
constraints (d) and (e) above. Aldd(s) = I, andV(s) = |, when diagonal weights are required,
whereadJ (s) andV (s) are units inZ%,, that approximately interpolate the frequency-by-frequency
unitary matrices containing the left and right singular vectors respectively of the scaled hominal plant
P when non-diagonal weights are required. Furthermore, observe that the above problem is a quasi-
convex optimisation problem if the controll€ris held fixed at an internally stabilising controller for

the scaled nominal plarR.
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5.4 Construction of U (s) and V (s)

There are a variety of reasons for requiring both diagonal and non-diagonal loop-shaping weights.
Diagonal weights are simple to construct, easy to tune by hand and very clear in the way they affect
the nominal plant. Furthermore, diagonal weights are very easy to interpolate in gain-scheduling.
However, diagonal weights suffer from the problem that they do not directly affect the singular values
of the nominal plant. In fact, examples have shown that for plants with strong cross-coupling between
the channels, diagonal loop-shaping weights are not very effective and non-diagonal weights have
to be used instead. The task of choosing such loop-shaping weights can be very difficult and time
consuming if done in an ad-hoc manner. In view of this, Papageorgiou and Glover (1997) proposed a
systematic procedure to assist such designs. The reader is referred there for a detailed exposition of
the original idea. This section is based on that work, only outlines the constructibrspaindV (s)
and is given here for completeness.

First recall that the scaled nominal plaate ™" is assumed to have more outputs than inputs
(i.e.m > n). Then, the following frequency-by-frequency decomposttiofthe scaled nominal plant
P(jw) is computed on a sufficiently dense grid:

P(jo) =U, %, V;

o Vo,
whereU,, € C™" Vo, andV,, € C™" Vo are matrices with orthonormal columns containing the

left and right singular vectors d?(jw,), and Z, € R™" Vo, is a diagonal matrix containing the
singular values oP (jw,). As explained in Papageorgiou and Glover (1997), it is important to ensure
that the ordering of the singular values is uniform across frequency. By uniform it is meant that the
ordering of the singular values at each frequency is the same as the ordering of the singular values at
zero frequency. This will ensure correct ordering of the singular vectddgkimndek as frequency

varies.

However, observe that the matrices of singular vedtgrsandV,, are not unique in the above
decomposition and hence can vary discontinuously with frequency. Any unitary matrix (possibly a
different one at each frequeney,) that commutes With:wk can post-multipIwak and Vwk to give
the same type of decomposition. Thus, one could try to select these unitary matrices (up to which
U, andV, are unique) in such a way so thaj, andV, vary continuously with frequency. This
is possible and indeed easy when the singular values are distinct, as these unitary matrices reduce to
simplediagonal all-pass factors (Horn and Johnson, 1996, Lemma 7.3.1). However, at frequencies
where repeated singular values occur, this is simply not possible as there are multiple vectors (at this
single frequency point) which can be used as perfectly valid singular vectors. This is not of major
difficulty in the method of Papageorgiou and Glover (1997), as continuity of singular vectors can be
ensured at every frequency except the finite number of frequencies, if any, where the plant has repeated
singular values.

IThis is very similar to Singular Value Decomposition and can be easily obtained from it.
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After determining the diagonal all-pass factors that make the singular vecttfs iand V,,
piecewise continuous, real-rational (possibly high order) transfer function matris@gndV (s) are
found which approximately interpolaté,, andV,, in the sense that:

7 (0w - U,,) = 85,

and o (V(jwk) — Vwk) < (Sz,k,

for each frequency,. The above approximations can be done element-by-element, as suggested in
Papageorgiou and Glover (1997), or using more elaborate technigues which immediately find real-
rational transfer function matrix approximations.ajj:( and(S;j)I< are small, then it is easy to show that

all the singular values dfi (jw,) andV (jw,) are close to unity. This follows from:

16!
k

A
A

o (OGwo) = o(0Gw) = 1458,

o <\7(jwk)> o (v(jwk))

IA
IA
IA

1-8 146 .
k k

Now, if the scaled nominal plar® € Z™" is tall (i.,e.m > n), thenU(s) is a tall transfer
function matrix. The following lemma (Zhou et al., 1996, Theorem 13.32) can be used to construct a
complementary factdrfor this U (s). The suppositions in this lemma are easily satisfied in practise
as they simply state that(s) should have no zeros on the imaginary axis.

n A| B n n
Lemma 5.4.1 SupposéJ (s) = {?’F} e %™ " is such thaim > nandU (jw)*U (jw) > Ofor

A—jol

B
all w € RU {o0}. Furthermore, assume théh, B) is stabilisable and tha{ D} has full

column rank for alko € R. Then a complementary factr, (s) is given by:

Ui(s) = [ A+BF | -x'CTD, }
C+DF| D
where
() D, isthe orthogonal complement Bf,
(i) F=—-RLYBTX+D'C)withR=DTD > 0,
(i) X = XT > 0is the unique real stabilising solution to

(A—BR'DTC)" X+ X(A—BR'DTC) — X(BR*BT)X+CT(I —DR'DT)C =0.

Consequently, both (s) andV (s) are now completely constructed and are unit&ief...

2A transfer function matrixJ | (s) is called acomplementary factoof a tall transfer function matrixd (s) satisfying
U(jo)*U(jw) > 0V e RU {oo} if UT(s)[U(s) U (9)]=[0 I].
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5.5 Solution Algorithm

This section presents a sub-optimal iterative algorithm for solving the optimisation problem proposed in
Section 5.2. This optimisation problem has been reformulated in several different ways in Section 5.3
and the following sub-optimal iterative algorithm is based on the last reformulation given in that

section. Analogous to D-K iterations and other solution methods for these types of optimisations, an
iterative algorithm must be used since the posed problem is not simultaneously convex in all variables.

Inputs to the algorithm:

» Scaled nominal plan® satisfying the assumption stated in Section 5.2,
» Frequency functions(jw)| and|S(j w)| that are boundaries for an allowable loop-shape,

» Frequency functiongw; (jw)| and|w; (jw)| that delimit the allowable region for the singular
values of loop-shaping weight (jw) (i = 1, 2),

» Frequency functionk; (j )| that bounds the condition number of loop-shaping weWytj »)
(i=12).
The solution algorithm:

1. Find a controlleC; such that the interconnectigi?, Cj] is internally stable. This controller can
be found by a variety of standard techniques and provides a feasible initial starting point for the
algorithm.

Furthermore, let) (s) = I, (tesp.V(s) = 1,,) if a diagonal loop-shaping weight/, (resp.W;)
is required, or let] (s) (resp.V (s)) be constructed as described in Section 5.4 if a non-diagonal
weightW, (resp.W,) is required.

Seti = 0, wherei denotes the iteration number, anddgt, , = —1.
2. Increment by 1.

3. Solve the following quasi-convex optimisation problateach frequency:

Minimise y,2
such thaB A, € An, Az, € Ay, satisfying

@ |° UPV] [A 0 ][0 UPV
0 | 0 Aullo

, | UPV] [Az O | UV
< ya) ~ ~ ~ A ’
v-icy 0 0 Aw||Vic U~ |
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() Is(jw)? Ary < (UPV)*Ag, (UPV) < [S(jo)[? As,,
(© 35, .5, €R 1 &, (0°0) 7 < Az, < 5,,(0°0)7,
Er < ke(jo)PE, . lw(jo)? <&, . &, <[W(jo)
) 3E, &, eR 1 £ (VV) < Ay, <&, (VV),
1

< glw’ gl < 1

_ o,
§1, < lk(jo)I7E . * < Tw (o)’

w1 (jw)l?
Note thatC;_; is the controller synthesised in the previous iteration. The above minimisation
problem can thus be easily solved using LMI routines.

Denote byA;, andA? the values ofA4, andA», that achieve the minimum of the above optimi-
sation problem at each frequeney

4. Constructdiagonaltransfer function matrice®;(s) and D3(s) that are units iz, by fitting
stable minimum phase transfer functions to each magnitude function on the main diagonal of
1 1
(A1) 2 and(A3,)? respectively.

5. Solve the following co-spectral and spectral factorisations (Francis, 1987, Section 7.3)

(W) (W)™ = (V) (D1)(DD)™ (V)7
(Wz*,i)N(Wz*,i) = (U) (DE)N(DE) (U)N’
to obtain loop-shaping weight&/}; (s) and Wy (s) that are units 277, and have the required

structure. Note that the above factorisations reduce to simply setfings) = Dj(s) (resp.
W, (s) = D3(s)) whenV (s) = I, (resp.U(S) = Im).

6. Compute,(W;; PW;, ) as detailed in Glover and McFarlane (1989) and let this value be denoted
by €r.xi- Furthermore, synthesise a control@, ; that achieved(W;; PW;;, C% i) = €}ayi
using the state-space formulagivenin (Glover, 1984, Theorem 6.3). Fina@ly, etW;, C; ;W;,.

Note that all these calculations are easily computed using well-known formulae which are coded

in commercially available software.

7. Evaluate(e i — €maxi_1)- If this difference (which is always positive) is very small and has

remained very small for the last few iterations, then EXIT. Otherwise return to Step 2.

Outputs from the algorithm: (afteri iterations)
* The largest value dfqpi( Ps) obtained by the algorithm in the variabdg,,, ;,
* Loop-shaping weight8Vy; (s) andWj (s) that achieve this maximised robust stability margin,

« AcontrollerC;_; (s) that achieved(W;; PW;;, Cx, ;) = €}

— “maxi-
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Note that the algorithm presented above is an ascent algorithm. By this it is meant that the value
€maxi 1S monotonically non-decreasing iagicreases and that at each iteratipthe reciprocal of the
square-root of the minimum cogf obtained in Step 3 of the algorithm is greater than or equal to

€ for all frequencyw. Note however that iterative algorithms as the one presented above cannot

rqwaxi—l
be guaranteed to converge to tilebal maximumOnly monotonicity properties can be guaranteed.

5.6 Numerical Example

The algorithm proposed in Section 5.5 will now be illustrated by a numerical example. Two different
designs will be considered — one using a diagonal pre-compensator and the other using a non-diagonal
pre-compensator. The post-compensator will be held fixed in both design cases for simplicity of
illustration.

The plant used to demonstrate the applicability of the proposed algorithm is a scaled-down version
of the High Incidence Research Model (HIRM) developed by the Defence Evaluation and Research
Agency in Bedford, UK. A physical model of this was constructed at the Department of Engineering
of the University of Cambridge in order to investigate problems associated with the control of air-
vehicles at high angles of attack. This model was flown in a wind-tunnel at a speechot38nd
at a fixed pitch angle of 30 The following model was identified from measurements taken off the
experimental rig:

0 1 o o0 |0 o0
~238 -336 460 —0.239|16
6 9| °© 0 0 1 |0
~168 -0.0248 228 —0.916| 0 139
1 0 0 0 |0
|0 0 1 0 |0 |

This linear time-invariant model of the plant has two inputs, roll and yaw thrusters, and four states, roll

and yaw angles and their corresponding rates. The measured outputs that are used for feedback are roll

and yaw angles. The torque produced by the thrusters is measuMadhimd the angles irad . Each

of the actuators which drives the thrusters may be modelled byradd® low-pass filter in series

with a first-order Padé approximation of @8 s time delay. This actuator model i®t included in

I5nom(s) above. Thus, the nominal open-loop pl&ht, with the actuator model included has 8 states.

Further details about the HIRM can be found in Papageorgiou and Glover (1999a) and Halsey (2000).
The nominal plantP,on, is unstable and non-minimum phase. The RHP pole, due to an unstable

yaw mode, has a natural frequency of abouad/s and the RHP zero, coming from the Padé

approximation, has a natural frequency of aboutails . These restrict the closed-loop bandwidth

of each channel to lie between 4 andré@/s . The nominal planf,.n, requires no scaling as the
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units of the input and output channels are already consistent (Hiered>,on). The singular values
of the scaled nominal plarR are plotted in Figure 5.3.
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Figure 5.3:Singular values of scaled nominal plaat

Besides the scaled nominal pldhtthe algorithm presented in Section 5.5 also requires loop-shape
boundariegs(jw)| and|S(jw)|. The boundaries used in this example are shown in Figure 5.4. These

10°

s . :

Loop-Shape Boundaries
5
/
/

10' L L
10" 107 10° 10° 10"
Frequency (radians/sec)

Figure 5.4:Frequency plots of loop-shape boundaries

loop-shape boundaries are usually determined from the closed-loop performance specifications. For
example, the bandwidth determines the rise time and the low-frequency gain determines the sensitivity
reduction and hence the reference tracking capabilities.

The post-compensattl, was fixed in both design cases (i.e. no optimisation was requir&dbpn
as will usually be the case) and was chosen, for sensor noise rejection, to be a first-order low-pass filter
with a corner frequency of 30@d/s on each output channel. The frequency functipnsg(j )|
and|w, (j w)| that delimit the allowable region for the singular values of the pre-compensateere
chosen to be 10° and 18° respectively, whereas the frequency functj&n(jw)| that bounds the
condition number of the pre-compensaiérwas chosen to be 20. These bounds were chosen as stated
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above for ease of specification and never became active in this particular design example. In other
design problems (say, for plants with very large condition number and/or stringent requirements on
gains from plant output disturbances to control signal or from plant input disturbances to output signal),
it may be necessary to specify more complicated, perhaps frequency dependent, |pounds|,
|w,(jw)| and|ki(j w)| to satisfy the problem specifications.

The algorithm presented in Section 5.5 was coded up ATIMB 5.3 and this code was used to
designtwo loop-shaping controllers for the same plant. Infirstdesign case, a diagonal pre-compensator
W; was synthesised, whereas in the second design case, a non-diagonal pre-compénaaer
synthesised. Table 5.1 summarises the results obtained for both design cases. A detailed description
is given below.

DiagonalW; Non-diagonaW,
No. of iterations for convergencg 4 iterations 4 iterations
Time taken for convergence ~ 5 minutes ~ 6 minutes
Order of weightw, 4 states + 4 states 38 states (model reduced to 12 states)
Condition number of weighiV, < 3Vow <4V
Order of controllerC,, 17 states 46 states (model reduced to 11 states)
Order ofC after model reductior 17 states 17 states
Robust stability margin 0.368 0.382

Table 5.1:Comparison of results for diagonal and non-diagonal pre-compensator designs

Forthe diagonal pre-compensator design, four iterations were found to be sufficient for convergence
of the algorithm and this took around 5 minutes on a ¥@zPentium Il PC. The pre-compensator
W; synthesised by the algorithm had 8 states (i.e. a 4th-order weight in each channel) and hence the
synthesised controlléZ., had 17 states (i.e. 8 states dué\fg 2 states due t@/, and another 8 states
due toP less 1 state due to optimal controller synthesis). However, it was observed that the controller
C = W,C, W, could easily be model reduced to 17 states with very minor changes in the loop-gain.
The singular values of this pre-compensatérare plotted in Figure 5.5(a), the corresponding loop-
shape depicted in Figure 5.5(c) and the singular values of the simultaneously synthesised robustly
stabilising controllerC,, illustrated in Figure 5.5(e). It can be easily seen that the loop-shape lies
in the pre-specified region and that it rolls-off at a very small rate around cross-over. Furthermore,
both the loop-shaping weight/;, which is clearly bi-proper, and the controll€, introduce some
phase lead around cross-over to improve the robust stability margin. The final robust stability margin
bopt(Ps) obtained by the algorithm for this loop-shaping design.868, which is immediately very
good. It is probably also worth mentioning that the condition numbehNpfvas everywhere less
than 3. All these important design properties were quickly obtained by one systematic algorithm.

For the non-diagonal pre-compensator design, four iterations were again found to be sufficient
for convergence of the algorithm and this took just under 6 minutes on &MPentium Il PC.
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The pre-compensatdV; synthesised by the algorithm had 38 states, due to the high order fitting
required to accurately reproduce the matrix of singular vectors, but this could easily be model reduced
to 12 states without any significant deterioration in the loop-shape and the correspondingly achieved
robust stability margin. Furthermore, the synthesised robustly stabilising contglléad 46 states,

which again could easily be model reduced to 11 states without any significant deterioration in the
robust stability margin. The singular values of this pre-compenaé&ftaare plotted in Figure 5.5(b),

the corresponding loop-shape depicted in Figure 5.5(d) and the singular values of the simultaneously
synthesised robustly stabilising controlfey, illustrated in Figure 5.5(f). Again, it can be easily seen

that the loop-shape lies in the pre-specified region, rolls-off at a very small rate around cross-over and
has both singular values overlapping each other. This is because the non-diagonal pre-compensator
W, can completely influence the singular values of the shaped plaahd maximising the robust
stability margin leads to this overlapping of the singular values. The final robust stability margin
bopt( Ps) obtained by the algorithm for this loop-shaping design 8@, which is again very good and

is slightly better than that obtained in the diagonal pre-compensator design case. This is of course due
to the fact that a non-diagonal weigi, has more “authority” on the singular values of the shaped
plant Ps than a diagonal weight. Again, the condition numbekafis small, in fact it is less than 4

at all frequencies, as expected.

Although the synthesised weight and controller were of much higher order in the non-diagonal
pre-compensator design case, the achieved robust stability margin was slightly higher too. It was also
noted that the controlle€ = W,C, W, could be model reduced to 17 statesbisth design cases
with negligible deterioration of the designed properties. Thus, one should not be scared ‘a priori’ of
a non-diagonal design simply on the grounds that it may give higher order weights, as these can often
be model reduced afterwards. However, if diagonal weights achieve approximately the same robust
stability margin as non-diagonal weights, then it is futile to use more complicated weights to achieve
very minor improvements.
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5.7 Summary and Comments

An algorithm for the simultaneous synthesis of weights and controllefginoop-shaping has been
presented. This algorithm requires pre-specified allowable regions for the loop-shape and the singular
values/condition numbers of the weights. These regions are usually determined from the closed-loop
performance specifications. This step is often not easy as it typically involves translating time domain
specifications into the frequency domain. Although the proposed algorithmmidaeésiprove the
standards7, loop-shaping design procedure in this respect, it does however introduce several other
benefits:

I. Loop-shaping weights are synthesised by a systematic algorithm to immediately have the required
structure (i.e. diagonal/non-diagonal), satisfy the designer-specified constraints on their singular
values and condition numbers and achieve a loop-shape which falls in a pre-specified region
and maximises the robust stability mardpigy(Ps). A robustly stabilising controlle€ is also
synthesised by the algorithm to achieve this maximised robust stability margin.

Il. Specifying acceptable regions rather than exact weights and hence an exact loop-shape makes
it more difficult for inexperienced designers to obtain very bad loop-shapes. This is because
the algorithm always tries to select a loop-shape, within the acceptable regions, that maximises

bopt( Ps).

Ill. This algorithm gives direct handles that enable the designer to constrain the singular values and
condition numbers of the loop-shaping weights in appropriate frequency ranges.

IV. Since the algorithm is nottime-consuming, the designer can quickly determine whether a diagonal
weight designis sufficiently good or if non-diagonal weights are necessary. Furthermore, itallows
the designer to concentrate on more fundamental design issues than simply finding weights that
achieve the desired loop-shape.



Chapter 6

Concluding Remarks

By way of conclusion, the main contributions of this thesis are summarised and suggestions for possible
future research directions are outlined. The central idea behind this thesis was to provide optimisation
algorithms which assist the designer in selecting weights for robust control techniques. The proposed
algorithms also partly address the question of determining the achievable performance for a particular
control system design.

6.1 Contributions

The main contributions of this thesis are summarised below.

In the area of u-synthesis

e A new and conceptually different method for performjmgsynthesis robust performance based
designs is proposed in this thesis. It is shown that this approach greatly simplifies the often long
and tedious trial and error process of designing “good” performance weights directly and is hence
avaluable alternative to the standard D-K iterative procedure. The proposed algorithm maximises
performance weights in the frequency ranges of interest subject to the existence of an internally
stabilising controller that guarantees robust performance with respect to these maximised weights.

e The cost function chosen in Chapters 3 and 4 to ensure the desired maximisation of performance
weights is not obvious. It has the form of the reciprocal of the cumulative weighted sum of recip-
rocals of each frequency dependent performance weight. This form ensures that the performance
weights resulting from the proposed optimisation problem have the desired characteristics.

In the area of 7%, loop-shaping

e The optimisation problem proposed in this thesis#j, loop-shaping robust performance based
designs combines various steps of the standétdloop-shaping design procedure. It is quali-

84
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tatively shown that this optimisation problem facilitates the design of loop-shaping weights and
controllers by making the design procedure more systematic and hence even easier to use in ap-
plication. This optimisation problem maximises the robust stability margin subject to constraints
on the loop-shape and the singular values/condition numbers of the weights.

e The proposed solution algorithm for this optimisation problem provides a unified framewaork for
the synthesis of both diagonal and non-diagonal loop-shaping weights. This algorithm also gives
handles that enable the designer to directly influence the size of the singular values/condition
numbers of the loop-shaping weights at each frequency. Furthermore, provided that the loop-
shape boundaries are correctly specified, the proposed algorithm always gives a loop-shape that
is feasible to the specifications.

6.2 Directions for Future Research

Some possible directions for future research are hereby outlined.

In the area of pu-synthesis

e The sets of allowable perturbations were restricted to complex blocks for notational convenience.
It was claimed that most proofs presented in the thesis generalise to the case where the allowable
perturbations have mixed real and complex blocks. This generalisation needs to be clearly written
down and problems particular to this framework need to be individually investigated.

e The “fictitious” performance uncertainty s&t was defined to contain unstructured full complex
blocks, as is standard in the literature. More complicated structures could be defined which
would allow the proposed algorithm to have other meaningful uses (for example, the imposition
of specific channel-to-channel performance gain constraints and the optimisation of specific input
uncertainty weights).

e A natural extension of thig-synthesis work is the generalisation of the proposed optimisation
problem to LPV systems. An algorithm similar to the one proposed in this thesis would be
particularly beneficial in that scenario because maximisation of performance weights would
occur at each frequency and at each point in the parameter space. This would help the designer
to identify problematic regions in the parameter space and hence compromise the specifications
(if necessary) only in those regions.

In the area of 7%, loop-shaping

e Tight lower and upper bounds bf,(Ps) (in terms of the loop-shaping weights and the plant
only) could perhaps be used to obtain a non-iterative solution to the optimisation problem posed
in Chapter 5.
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e It is desirable to incorporate complexity constraints (i.e. smoothness constraints) on the loop-
shaping weights and the controller. This would indirectly lead to the synthesis of lower order
weights and controllers which is greatly desirable in applications involving highly resonant plants
(e.g. flexible structures). Smoothness constraints on the loop-shaping weights would also allow
the direct construction of non-diagonal weights from the frequency-by-frequency optimisation
data. This is important as the interpolation of singular vectors used in this thesis suffers from the
possible lack of continuity at points of repeated singular values.

e Anconceptually different approach might also be taken. Instead of maximising the robust stability
margin bop( Ps), one might optimise the loop-shape and constiaj(Ps) to be greater than
0.3, say.

e Again, an important extension of thig?, loop-shaping work is the generalisation of the proposed
optimisation problem to LPV systems. An algorithm similar to the one proposed in this thesis
would be particularly beneficial in that scenario as loop-shaping weights would be synthesised
pointwise in both frequency and parameter space. This would help the designer to identify
problematic regionsin the parameter space and hence compromise the specifications (if necessary)
only in those regions.

In other similar areas

e Itis believed that the benefits introduced by this thesis in the argasyhthesis robust perfor-
mance based designs can be transported to the newly formulated R¢boshtrol framework
without much difficulty.



Appendix A

Appendix to Chapter 3

A.1 Proof of Lemma 3.7.1
Statements (i) and (ii) in the Lemma will be connected by a sequence of equivalent reformulations.
(@) There exists & € RP*(N*D4 andvk € 2 a®j , € D and av,,, € R" satisfying

©pt 0 SO
( : diag(vwﬁk)> Fi (Tef). OBGep)

* (% )
0 Im

(b) There exists & e RP*N+19 andvk €  a®} , € D and av,, € R satisfying

> 0.

(@E’O)il H11(ja)|f) H12(ja)ﬁ) 0
. . 71 ) .
* (Chy; 0 > | Hae(jod)* dlag(vw,k) [0 Ha1(j wd) H22(Jw|3)],
s s Im Haa(j w)*
(A.1)
where

Hii(jod) Hiz(jwd) Tu(jod) Tia(jod) T(jod) | < . a . .

' ' = i ] + ] QB(jod) | T & T a
|:H21(Jw|§) Hoo(jo) | | Torad) Too(jol) | | Toatiody | = [Tatiofy Taatio ]
= 7i (TGP, QB(iod).

The equivalence (a)> (b) follows from Schur Complement Lemma 2.8.1 applied around the
term “diaqUW’k)” appearing in (a).

(c) There exists & € RP*(N+Dd gndvk € @ a o}, € D satisfying

(O™ Hu(jo}) Hi(jo})
x (O10) 0 > 0.

* * Im
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(d)

(€)

(f)

Note that (b)= (c) trivially follows from inequality (A.1), whereas (3= (c) is because given
that (c) is true there always exists a sufficiently largg € R} at everyk €  that makes the
RHS of inequality (A.1) sufficiently small to also imply that (b) is true.

There exists & € RP*NtD4, ap € R, andvk € 2 a®} , € D satisfying

(O o)™ Hu(jop) Hi(jop)
* CH) 0 > 0. (A.2)
* * olm
The equivalence (¢} (d) can be seen through the application of the congruence transformation
diag(\/p1r. Jiﬁlr, Jiﬁlm) on inequality (A.2).

There exists & € RP*N+19, a5 € R, andvk € 2 a®j , € D satisfying

O o)t Hu(jod 1 | Hia(jof

(®k0) 11(Jwg) .2 12(J wg) [le(jwﬁ)* 0]. (A.3)
* (Chy, P 0

The equivalence (dx (e) follows from Schur Complement Lemma 2.8.1 applied around the

(3,3)-element of inequality (A.2).

There exists @ € RP*(N*149 andvk € @ a®} , € D satisfying

{((9&,0)1 Hll(jwﬁ‘)} o
* (©}0)

Note that (e)= (f) trivially follows from inequality (A.3), whereas (e}= (f) is because given that

() is true there always exists a sufficiently larges R, that makes the RHS of inequality (A.3)
sufficiently small to also imply that (e) is true. This last condition is in fact Statement (ii) in
the Lemma (sincéH11(jof) = Tia(jo) + Tis(jod) QB(jod) Tau(jwd)) and hence the proof is
complete.
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Appendix to Chapter 4

B.1 Proof of Theorem 4.5.1

First note that Lemma 2.6.3 together with Section 4.3 ensure that giveWwes)ye W(TAFW,BW), there
exists W € E such thafl2 (jo)*W T2 (jo) = W(jw)*W(jw) Yo € R U {co}. Then

T(jo)W(jo) W(jo)T(jo) = T(jo) T (jo) W (jo) Y (jo)

el ol Lo
—o(joy*| LO Ct 0 Cy 0] [o(jm.

[ 0

o[ A% BaCr o
@(s) :== 0 Ay B+

In

where

. . . . Ay BgCr|. o
Using Corollary 2.6.2 on th¢w-axis (noting tha 0 is Hurwitz), it follows that
T

Y(jo)"'W(jw)'W(jo)Y(jo) = E(jo) + E(jw)*

where
Ay BgCr| O
E(s) .= 0 Ay By
0 BHX| o

and the real matrix = X is the unique solution to Lyapunov equation

.
Ay BgC Ay BC ls, 0]u[ls ©

X | TWTWET | TW PWET e = | W S : (B.1)
0 A 0 A o cl 0 Cy
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Consequently,
_ 1 [*® _ _— = .
||er||§= Ef trace{ Y (j)*'W(jo)*'W(jo) Y (jw)} dw
_ 1 oot E(j E(jw)*td
_Ew/;oo race E(jw) + E(jw)*} dw

1 /> )
= E/OOZER [trace{E(Jw)}] dow
1 [> Ay ByC
=—f 9| trace [o BHX jol —| W "WYX
T J_co 0 AT
1 [ Ay BaCr]\ 0
=§)t|:trace|[o BI(]X.—f (jm_[(;'v " T ) da).|:Bi|}:|
T J-oo T T
0
=trace{[0 BHX[B “ by Lemma 2.7.1
e

— veq(l,)T veC([O B | X {E?TD

T

=vedl,)" (LS } ® L: D veo(X). (B.2)
T e

Then note that Lyapunov equation (B.1) can be rewritten as
A B;C ! A B,;C ! I 0 ' | 0 !
WoEWEY L g | TW PWEY L Y veaX) = — | | ¥ ®| ™ veo(W).
0 Ay 0 Ay 0 Cy 0 Cy
. | Ay BwCy|. . o .
Since the matrl{ (\)N W T] is Hurwitz, the required inverse exists and
3¢

veas — _ (| A BaCr]  [Aw BaCr o s 0] [l O Tvec(VV) (.3)
0 Ar 0 Ar 0 Cr 0 Cr o

The required result then follows directly from equations (B.2) and (B.3).

B.2 Proof of Theorem 4.6.1

Statements (i) and (ii) in the Theorem will be connected by a sequence of equivalent reformulations.

D 0 F (G KT D! 0
o1,/ 0 W-!

€) inf

DeD[F
(Ag.B

< 1.

o0

B’
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(b) 3D D 5, : [f. (G(ja)),K(jw))T}*<

D(jo)*D(jw) O

. |m> 7 Gliw) K(jo)T]

(D(jw*D(jw) 0 )
< o Vo € RU {oco}.
0 W(jw)*W(jw)
(c) 3D e Ej such that
T2 (jo)*DTS(jw) > 0 Vo € R U {00},

(d)

(€)

T2(jw)*DT(jw) O

(7 GG, KGanT| ( o |

) 7 G, Ko |

< (Tg(jw)*DTg(jw) 0 > Vo € R U {00},

0 T (j0)*WTR (jo)
whereT2(s) is defined as in equation (4.4). Note that {)(c) follows from Lemma 2.6.3 (i)
and Section 4.3, whereas (B} (c) follows from Lemma 2.6.3 (ii) and Section 4.3 on noting
that the above two inequalities together implicitly guaranteeT@gtj w)*W Tv%(j w) > 0 for all

w € RU {o0}.

3D € E; such that
T3(j@)*'DTS(jw) > 0 Vo € RU {oo},
9(jo) Qo(jw) <0 Ve € R U {oo},
where
T5(s)

0 T
GICCANC)

m

Tg (s 0
0 Tv%(s)

Q:= diag(li, I, —D, —VV).
Observe that (c¥ (d) follows from simple algebraic manipulations.

3D € E; such that

] -1 _—* . _ N 1lno
|:(J(U| — AD) Bs D |:(ja)| AD) BDi| >0 Vo € R U {oo},

Iy Iy

(jol =AY BT [CT] a1 q[(iwl —A)"B
[ | DT_Q[C D} | <0  VoeRU{o)
whereA, B, C, D andQ are defined as in Part (ii) of the Theorem. Then<gl)e) easily follows
. AlB
by noting thatp(s) = | —1—|.
C|D
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) IDe Ey, X =XT e RS andY = YT € R&+2%+8)x(0+2%+5) gych that

XA.+ATX XB.| .
D+ D P+ D>0,
BIX 0

YA—I— ATY YB n CT_ Q[C D] 0
< . < 0.
BTY 0 DT_

The equivalence (&} (f) follows from KYP Lemma 2.8.2.

B.3 Proof of Theorem 4.7.1

Before proving the equivalence between the Theorem’s two statements, some notation needs to be

A | B
defined. To this end, let the controllér(s) € K have a state-space realisatiE CK DK }
K K

where Ax € R*** andDk € RP*9. The orders, of this controller is not yet known (i.&s, is a
variable), as the sngF contains all internally stabilising controllers f@ of anyorder. Define

A 01 B B0 B

oA A ~ N 0O 0" 0 1 0 1lg 0
A Bl Bz Bg .
C: Du D1z Dis Ci: 0 !Dy' D! 0 Dis
C2 Dar Dz Dos C; 0 ' Ij215 Ij225 0 Dgs
é3 631 632 @I-(r T _' _____________
L . 0 st 01 0 AL Cf
| C3 0 ! D31 ! D32! Bl D-IE i
AcI B1cl Bch A é1 é2 é3
and | Ciy Digg Diza | :=|C D1 Dio|+ | Dis| ¥ [és Da; 632]~
Coa D21 Dazg C, Dy D D23
Acl ‘ é1c| é2c|

Then#i (G, K) = | &y
éZcI

Dig Diog | @ndK(s) € X ifand only if K(s) € K.

D21 D22l

Statements (i) and (i) in the Theorem will now be connected by a sequence of equivalent reformula-

tions.
_ D 0 (Dt O
(@ min Fi (G, K) _
KexF [[\O Iy 0o w1

(b) min f.((s,K)T('r _O>

< 1.

oo

TF
Ke.’KG
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()

(d)

()

(f)

JK engFsuch that
N ] B | 0
Fi(GGo), K(jo) | |F(G(w), K(jo) | < [+
[7(G(o )] [ ®)'] (0 W(Jw)*ww))
forall w € R U {o0}.

JK € IK(TgF such that

~ * ~ I 0
(i ,K . T Gei ,K . T r 3
[71(Glo), k()| [7 (G K(e)'] < (0 Tv‘-\’/(ja))*WTV‘-\’,(ja))>

for all w € RU {oo}. Note that (c)= (d) follows from Lemma 2.6.3 (i) and Section 4.3, whereas
(c) « (d) follows from Lemma 2.6.3 (ii) and Section 4.3 on noting that the above frequency
domain inequality implicitly guarantees thﬁ;l(jw)*WTv%(jw) > Oforallw € RU {oo}.

K e !K(TgF such that
Fi(G(). K(G) Y ( lrim 0 Fi(G(jo). K(jo)"

I, 0 o |0 I, 0 <0
0 To(jw) 0 -w 0 T(jw

for all w € R U {oo}. Observe that (d& (e) follows from simple algebraic manipulations.

3s, € Z, and®x € R&TP*SAD sych that

A is Hurwitz,
. o —1.21% , . o1 .2
(jol —A) B[] o1 _1[(jwl - A)'B
[ | ar Q[C D] | <0 VweRU{oo),
whereA, B, C, D andQ are defined by
Ay 0 1 0 By
0 AII ! C;.I—C| Cgcl
A B 0 I§’1Tc| : Dl Dl
C |f) T 0 B;—cl : D.:IL-ZcI D;-Zd ’
0 o + I 0
|
, 0 1 0 0
|
0 o 0 In

, | ) _ 0 W
Q = dlag(lr, |m, —Ir, —W) =d|ag<|r, Ima —lr, - |:sz V\v/zz:|> .
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(@)

The equivalence (e (f) follows by rewriting the frequency domain inequality in (e) using
state-space realisations and further noting thé) internally stabilisesG(s) if Ay is Hurwitz,
and A is Hurwitz if there is a stabilisable and detectable state-space realisatisr$pwhich
internally stabilise$3(s) (Green and Limebeer, 1995, Lemma A.4.1).

s, € Z,, D € RE&HPXEAD gnd X = XT € RS F80xS+s:+50 gych that

X >0,
XA+ ATX XB N cT Q[é D] 0 (B.9)
, , < VU, .
BT X 0 DT

whereA, B, C, D andQ are defined as in (f) above. Since inequality (B.4) implicitly guarantees
that XA+ ATX < —CTQC < 0, a standard Lyapunov type argument gi¥es- 0 if and only

if Ais Hurwitz. Now A is Hurwitz if and only if A is Hurwitz, asAy; is already restricted to
be Hurwitz in the se€ a,.;)- Then (f) < (g) follows from a straightforward application of
KYP Lemma 2.8.2.

(h) 3s, € Zy, P € R&FPXEAD gnd X = XT € RETS+8IxSt8:F50) gych that

X >0,

Ay, O r o 0 By 0 0
x| W |+ A _|X X| ~¥V B .
0 Ay 0 A 1 Cog Bic  Bocl

Ij11t:l Ij120I
D21ci Daa¢

AL el el e dl)

o o

Note that (g} (h) follows by applying Schur Complement Lemma 2.8.1 around the (3,3)-block
of the above inequality and then re-arranging to give inequality (B.4).

(i) 3Is € Zy, P € R&ETPXEAD gnd X = XT € REwTSets) xS ts:+80 sych that

X >0,

F+U oV +VTalU <O,
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where the real matrices, U andV are defined by

Ay O AL 0 0
X|I"™W T+ WX .
0o AT 0 A o)
o C -1
Bi, C, 0
0 B/ D],
0 B DI,

_ls,v o

0 O

u = ([o
Vo= ([o

B3s)) -

ég]x [o o] [[331

o5 o) o)

This equivalence follows by simply extractirgk from the closed-loop matrices. This is done in

preparation for the Projection Lemma which will be used next.

() 3s, € Zy andX = XT € R&w S F80xS 8480 gych that

X >0,

Y FY, <0 and W) F¥, <O,

whereF is defined as in (i) and, andW¥,, are matrices with columns that form bases for the
null spaces otJ andV respectively. Since

[0 o0 I 0
U = B x 3
0 By O Di;
[0 0 | 0
andV = N %
0 G o0 0
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one possible choice of, andV¥,, is

(1, o] [o 0] (1, o] [o 0]
0 Y1 0 0 0 Vs 0 0
0 O 0 O 0 O 0 O
vy=|[0 vz [o o]]. by :=1To o] [ o]]|.
| 0 Y3 0 0] 0 O |0 In]
o o [ 0] [0 ys] [0 O]
10 0] [0 Imj |10 ve| [O O]
X1 0 0
and \pV = 0 |r+n 0 ‘i’v.
0 0 lrym
41 Va
Above, the columns of v, | (resp. | ys |) form bases for the null space [)Eg D/, I5Q3]
V3 Ve

(resp.[ég Da1 532}). The equivalence (i (j) follows by Projection Lemma 2.8.3.

(k) Is, € Zy andX = XT € RGwTSetsox S ts:+80 sych that

X >0,
Ay 0 O A; 0 O Bw 0o o0
X|o AT o|+|0 A 0fX X|Cl Cc7 B, B,
0 0 O 0 0 0 0 O 0 o
. . -
A |: 0 C~31 0j| X |:—|r 0j| |:[~)11 [312j| Yu
By, C, O 0 ©0 D,; D,,
HER -
0 B O D, DJ, 0 —Im

Lo ap 9
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Au 00 Moo o B 0 0
0 AT o[x!'+xto A o0 ¢/ C] X1B B
0 0 0 0 0 0 0 0 0 0
@y . |:0 ¢, 0 |:—|r 0] |:|511 I:~)12i| Sy
By, C, 0] 0 0] Dy, Dy
[o 5] o}x_l [ } [ o}
0o Bl O D/, DJ, 0 —Im
ls, O
ls, 0 O] _ |
I e ls, O
0 ¥y O o ol lallts, 0 o], o™ 00
< w 71 0 Ya
0 00 0 In
0 0

wherey, and \i!v are defined as in (j). Observe that (k) is simply a restatement of (j) with each
matrix written out in full so that its structure can be seen. This structure (i.e. the all-zero rows

and columns) will be exploited next.

() 3Is, €Zy, P=PT € R&T)*SwtS) andQ = QT € RS> TS sych that

P>0 Q=>0,
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Ay O A, O 0 o 0 By
G I N

0o BT
vl 1
: [o Bﬂ °

[o él}
By, C,

whereW, and ¥, are defined as in Part (i) of the Theorem. Note that«k)l) follows after
some algebra by exploiting the all-zero rowsir and\if\, and by applying Lemma 2.8.4.

(m) 3s, € Zy, P=PT € R&T*E&H%) R = RT € R%*%, Se R%% andT =TT € R%*%

such that

P>0, R>0 T=>0,

L ap 9
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R S[[Ay O T
|+ { * *
|:—ST T:| [ 0 A:| tl
0 BJ|[ls, © —Iy 0
vl I B I ' * Vo
o BI||ST T 0 —Im
Bi, Co||0 s, D,; D,, 0 0

wherew, andW are defined as in Part (i) of the Theorem. The equivalence-((n) follows

by observing the following four facts:

e Any Q = QT € R *Su+%) satisfyingQ > 0 can be decomposed as follows:

Q_|SW 0||RY Offls, S
ST sl 0 T o s
whereR = RT € R% S, Se RW*% andT = T' e R%*% arecompletely independent
variables which fully parametris®. FurthermoreQ > O ifand only if R > 0 andT > 0.

» Using such a decomposition f@,

5 ls, -S
|:P |} 0 s
> & >0
S ls, O R 0
-sT s 0
R —
b S
0 lsé:|
& > 0.
R 0 R 0
—-ST 1, 0o T

» Again, using the above decomposition fQr

rank(P - Q) = ra”k<P - [ISN TJ [g T01:| [—lzT l:j)

Il

=

QO

>

=

N

T —
=4
(02}

||
v

r —
@ o

&$ O
| I
|
—
o X
_|

| O
=
| |
~——
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* Finally, the equivalence between inequality (B.5) and inequality (B.6) is obtained through
the application of the congruence transformation

HE K
oL

(n) The proof is completed by noting that for agy > (s, + s;), the ‘rank’ constraint in (m) is
redundant and the remaining conditions are exactly those stated in Part (ii) of the Theorem. The
controller orders, can be chosen as desired since thefsgt contains all internally stabilising
controllers forG of anyorder (as stated at the beginning of the proof).

on inequality (B.5).

B.4 Proof of Corollary 4.7.2

The additional ‘rank’ condition for the existence of internally stabilising controllers of gydeirectly
follows from Step (m) in the proof of Theorem 4.7.1 given in Appendix B.3, whereas the LMI for the
construction of such controllers follows from Step (i) of the same proof on noting that it is always
possible to construct al = XT e RG+SFS)x G tss+50) gatisfying

x=P0>O and X*1=Q’,
¢ L

where4 denotes “Don’t Care” elements. This is because given
X = [Xf Xlz} > 0,
X12 X22

X1 _ |:(X11 — XppX5 X[ 7 ‘:| .

it is easy to verify that

¢ ¢

Consequently, iX,; = P and(X;; — X;,X53 X{,)~* = Q, then one possible way of constructing
the matrixX using the giverP andQ is by letting X,, = | and computingX,, from the following
factorisationP — Q1 = X, X/..
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