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Negative Imaginary Theory for a Class
of Linear Time-Varying Systems

Suleiman Kurawa, Parijat Bhowmick

Abstract—This letter introduces the notion of linear time-
varying (LTV) negative imaginary systems. LTV negative
imaginary systems are defined using a time-domain dis-
sipative supply rate w(u, y) that depends on input to the
system (u), time-derivative of the system’s output (y) and
an index § > 0. For § > 0, it gives rise to a strict subclass
within the LTV negative imaginary systems, termed as LTV
output strictly negative imaginary systems. For character-
izing the proposed class of systems, a set of linear differ-
ential matrix inequality conditions is derived based on the
given state-space realization. Subsequently, LTV negative
imaginary theory is specialized to linear parameter-varying
(LPV) cases for which, the differential matrix inequality con-
ditions can easily be avoided by considering the rate of
variation of the uncertain parameters as independent LMI
variables. Finally, a set of sufficient conditions is derived
which ensures that the origin is a globally asymptotically
stable equilibrium point of an unforced positive feedback
interconnection of two uniformly asymptotically stable LTV
negative imaginary systems.

Index Terms—LTV negative imaginary systems, LPV neg-
ative imaginary systems, non autonomous systems, global
uniform asymptotic stability.

|. INTRODUCTION

EGATIVE imaginary (NI) systems theory was introduced
N in [1] and was inspired by the positive position feedback
control of lightly-damped flexible structures with colocated
position sensors and force actuators. In the SISO setting, NI
property translates into a class of systems having negative
imaginary frequency response, that is, the Nyquist plot of such
systems reside in the union of third and fourth quadrants of
the complex plane for all w € (0, 00). NI theory finds poten-
tial applications in vibration control of lightly-damped flexible
structures [1], cantilever beams [2], large space structures [3]
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and robotic manipulators [3], in control of nano-positioning
systems, etc. NI theory has drawn significant interest of the
control theorists and practising engineers over the past twelve
years mainly due to its simple internal stability condition that
depends only on the DC loop gain. Of late, NI theory has
been extended to improper and non-rational systems [4], [5]
and also to discrete-time LTI systems [6].

Although negative imaginary literature has witnessed rapid
progress in both theory and applications over the past decade,
the area of linear time-varying NI systems is not yet well
explored. From the system theory perspective, the time-domain
formulation of NI systems closely resembles (but are not iden-
tical to) the notions of counterclockwise dynamics [7] and
input-output Hamiltonian systems [8]. In [9], NI theory has
been extended to SISO LTI systems with parametric uncer-
tainty that varies in known intervals. However, to the best of
the authors’ knowledge, the notion of LTV NI systems has not
been addressed so far in the NI literature.

This letter lays the theoretical foundation of LTV NI
systems theory. Such systems are described via a time-domain
input-output approach exploiting the concept of classical dis-
sipativity theory. A strict subset of the LTV NI class, called
the LTV Output Strictly Negative Imaginary (OSNI) systems,
is also proposed. State-space characterizations are provided
for both LTV NI and OSNI systems which rely on linear dif-
ferential matrix inequalities (LDMI). Subsequently, LTV NI
systems have been specialized to LPV NI systems to be able
to use the LMIs instead of the LDMIs. Finally, a closed-
loop stability result is also established for a positive feedback
interconnection of LTV NI and OSNI systems.

Notation: The space of all real-valued, absolutely contin-
uous time-domain functions f : R>¢9 — R™ is denoted by
ACR>p). If f(r) € AC(R>p), thenf(t) = (%f(t) exists forward
in time as a measurable function that remains bounded almost
everywhere [10]. The space of all locally square integrable,
absolutely continuous time-domain functions is defined as

={f:R— R":f(t) =0whent <0, fo fOTf@ dr <
0o VT € [0, 00) and f(f) € AC(R>0)}.

1. LINEAR TIME-VARYING NI SYSTEMS THEORY
A. Definition and Properties
Consider a class of finite-dimensional, square, LTV
dynamical systems described by the state-space equations
s . {ic(t) = A(Dx(0) + BOu(®), x(0) = xo;

Y1) = Cx(0), M
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where x(f) € R”, u(t) € R" and y(t) € R™ Vt € R and
the matrices A(7) and B(f) are assumed to be continuous and
bounded V¢ € Rxp. Note that in this section, the admissible
inputs u are considered to be in the space U” along with
sufficient smoothness properties such that unique solution of
the state trajectory x(f) exists forward in time V¢ € R>¢ and
also x € .Z},. Hence y(t) = Cx(t) = CA(t)x(t) + CB(t)u(t)
also exists forward in time and y € .Z;7.

Definition 1 (LTV NI Systems): Let ¥ be a finite-
dimensional, square, LTV system as described in (1). Then
% is said to be an LTV NI system if there exists a constant
B € R such that

T
/ O u(t) dr > B 2)
0

for any admissible # € U™, any initial condition xp € R” and
all T € [0, 00).

Remark 1: In the SISO LTI case, the name ‘negative imag-
inary’ is motivated by the Nyquist plot of the transfer function
being restricted to the third and fourth quadrants of the Nyquist
plane over w € Rxg. Since this letter considers LTV systems
of the state-space form (1), the name ‘LTV NI’ is chosen for
this class of systems to underpin the connection to its LTI
counterpart (i.e., although the time-domain definition (2) does
not have a Nyquist interpretation, it specialises in the LTI case
to the condition jo[X (jw) — £(jw)*] > 0 Yo € Rs¢ which
gives the LTI case its ‘negative imaginary’ name [1]).

We will now define the class of LTV OSNI systems.

Definition 2 (LTV OSNI Systems): Let ¥ be a finite-
dimensional, square and stable LTV system as described in (1).
Then ¥ is said to be an LTV OSNI system if there exist the
constants 8 € R and § > 0 such that

T T
fo ORTORER) /0 ORONEY: (3)
for any admissible # € U™, any initial condition xo € R" and
all T € [0, 00).

Remark 2: Definitions 1 and 2 would remain valid even
when the LTV state-space system in (1) had its output equation
y(t) = C()x(t) with C(r) and C(¢) assumed to be continuous
and bounded for all r € R>o. We do not however consider that
situation due to technical limitations in the results that follow.

B. State-Space Characterization of LTV NI Systems

In this subsection, state-space characterizations are pro-
vided for the LTV NI and OSNI systems which involve linear
differential matrix inequality (LDMI) conditions.

Lemma 1 (LTV NI Lemma): Let ¥ be a finite-dimensional,
square, LTV system as described in (1). Then ¥ is LTV NI if
there exists a continuously differentiable and bounded matrix
P(H) = P()T > 0 for all t € R>¢ such that

P(t) + POA®) + ATP1) P@)B(t) —ADTCT

[ B(t)TP(1) — CA(t) —CB(1) — B(t)"CT

Proof: By exploiting the property of block partitioned
semidefinite matrix [11], there always exist continuous and
bounded matrices L(z) € R™" and W) € R™ ™ for all
t € Rx¢ such that

[P(r) +POAQD) +AOTPG) P@OB(G) —AWNTCT ]

} <0.

BO)TP®t) — CA®D) —CB@t) — BT

[ -LTLw
| =WT@®L©

Let V(t,x) = $xTP(t)x with P(t) = P()T > 0 for all ¢ €
R>p be a Lyapunov function candidate associated with the
system X. The time derivative of V (¢, x) along the trajectories
of X, given by (1), subjected to any admissible input u €
U™, is computed as V(#, x) = 3xT (P + PA + ATP)x +xT PBu.
Integrating the last expression with respect to time ¢ from 0
to T € Rso and substituting P + PA + ATP = —LTL and
PB —ATCT = —L™W from (5), we have

—LTOW®)

—WT(t)W(t):| <0 VvVt>0. (%)

T
V(T, x(T)) — V(0,x(0)) = /

1
[— ExTLTLx +xT@TcT — LTW)u] dr
0

(6)
for any admissible u € U™ and for all T € [0, co). Now

using the fact that V(T, x(T)) — V(0, x(0)) > —V(0, x(0)), (6)
implies (7), where B = —V(0,0) € (—o0, 0],

T T
f xTATCTy dt > /
0 0

Since CB is a square matrix, it can be expressed as CB =
3(CB + BTCT) + 1(CB — B'CT). Below, we derive the
expression for y7u on noting that y = Cx = CAx + CBu,

1
<§xTLTLx +x'LT Wu> dr+ 8. (1)

1 1

Tu=x"ATCTu + EuT(CB +B"CT)u + EuT(CB —BCT)u
1

= yu=x"ATcTu+ EuT(CB +B'C")u 8)

by exploiting the property u’ (CB — BTCT)u = 0 Vu € R™
since (CB — BTCT) is skew-symmetric [11]. Integrating (8)
from 0 to T € [0, 00) and plugging (7) into it, we find

T T
1 1
/ ylude > / <§xTLTLx +xTLTWu + EuTWTWu>dt + 8
0 0
T
= / Jlude> B [via the completion of squares]
0

for any admissible u € U™ and for all T € [0, co). Hence it
is proved that ¥ is an LTV NI system via Definition 1. ®

We will now provide the state-space characterization for
LTV OSNI systems.

Lemma 2 (LTV OSNI Lemma): Let ¥ be a finite-
dimensional, square, LTV system as described in (1). Also
let CB(t) = 0 and CA(¢) # 0 for all t € R>¢. Then X is LTV
OSNI if there exists a continuously differentiable and bounded
matrix P(t) = P()T > 0 for all 7 € R0 such that

P@t) + POA() + AT P(t) < 0and PO)B() = A(H)TCT. (9)

Proof: Let there exist a real-valued, continuous and bounded
matrix Q(¢) = Q(¢) > 0 for all r € R>¢ such that

P(t) + POA@) + AW P(t) = —Q(1) <0 Ve Rsg. (10)

Inequality (10) implies uniform asymptotic stability of the
OSNI system X. Let V(t,x) = %xTP(t)x with P(t) =
P(#)T > 0 be a Lyapunov function candidate for X. Now,
utilising (6) from the proof of Lemma 1 and substituting
V(t, x) = %xT(P + PA + ATP)x + xT PBu, we obtain

T
V(T, x(T)) — V(0, x(0)) = / (—%xTQx—I—xTATCTu)dt (11)
0
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for any admissible u € U” and for all T € [0, co0). From (8),
we have fOszTu dr = fOTxTATCTu dt since CB(t) = 0 Vt €
R>p via supposition. Utilizing this result, (11) implies

T T 1 T
/ u dt:/ xTATCTu dr > 5/ X Ox dt + B. (12)
0 0 0

We also have y7y = xTATCT CAx for all t € R~ since CB = 0
via supposition. Now exploiting the property Amin[P]]|x|| <
x'Px < Amax[Plllx|| when P = PT > 0 [11], we obtain
j)T)') = xTATCTCAx < &xTx and xTQx > qux for all
t € Ry¢ denoting ¢ = supV,>0Amax[ATCTCA] > 0 and
q = infy;>0 Amin[Q] > 0. The last two expressions together

imply x” Qx > %yTy Vt € R>o. This, in turn, implies from (12)

that fOT yude > 8 fOT $7y dt 4+ B for any admissible u € U™,
for all T € [0, o0) and denoting 6 = % > 0. Hence, X is an
LTV OSNI system according to Definition 2. |

Remark 3: The LTV NI lemma specialises to the well-
established NI lemma (i.e., in the LTI setting) [1], [12].
Whereas, the LTV OSNI lemma partly captures the LTI OSNI
lemma [13], [14] since the latter does not impose the constraint
CB = 0. Hence, the LTV OSNI result cannot be considered as
a generalised version of its LTI counterpart. Moreover, LTV
NI and OSNI theory is completely independent of the con-
ventional frequency-domain characterization of the existing NI
and OSNI systems.

Remark 4: In contrast to the conventional NI and OSNI the-
ory (i.e., in the LTT setting), the proposed LTV results do not
impose the minimality constraint since the LTV NI and OSNI
lemma conditions are sufficient-type results. Minimality con-
dition is mainly required to establish the necessity part [15].
The proposed lemmas can be rendered necessary and suffi-
cient if uniform controllability and observability constraints
are imposed. However, for LTV systems, it is numerically very
difficult to test these properties a priori and hence, the results
become less appealing to the readers.

[1l. CLOSED-LOOP STABILITY ANALYSIS OF LTV NI AND
OSNI SYSTEMS

This section studies an unforced positive feedback closed-
loop system shown in Fig. | containing two uniformly asymp-
totically stable LTV NI systems of which, one is LTV OSNI.
We show that the closed-loop system has a single globally
asymptotically stable equilibrium point which is the origin
0
ol

Theorem 1: Let X1 and X, be two finite-dimensional,
square and uniformly asymptotically stable LTV systems. Also
let By () has full column rank, C2B>(f) = 0 and C2A,(¢) £ 0
for all # € R>p. Suppose X is uniformly zero-state detectable
and there exist continuously differentiable and bounded matri-
ces Pi() = PO > 0 and Po(r) = Pr(t)T > 0 for all
t € R5¢ such that X satisfies (4) and X, satisfies (9). Then
the origin is a globally uniformly asymptotically stable equi-
librium point of the unforced positive feedback interconnection
of ¥ and ¥, shown in Fig. 1 if

P —Clc,
—clcy P

given by ;; =

} >0 Ve Rsy. (13)

i

u —
2 =0

Fig. 1. Positive feedback interconnection of LTV NI systems.

Proof: Let there exist continuous and bounded matrices
L(t) € R™" W(r) € R™™ and Q(f) = Q)" > 0 such that
2 satisfies (5) and X, satisfies (10) for all # € R>o. We des-
ignate Vi(t,x1) = 1xPy()x; and Va(t, x2) = 1l P2 (H)x; be
the Lyapunov function candidates associated with ¥; and X,
respectively. Let the combined Lyapunov function candidate
for the closed-loop system be V (¢, x) = Vi(t, x1) + Va(t, x2) —
y'y2 where x = [x] xI]7. It is apparent that

V(t, x) = %xlTPl (Hx1 + %xg Py(Hxy — x1 CT Coxy
1T Py —CTe[x 0
- E[X2:| [—CZTQ Py(1) Mm} ~
via (13) and V(#%,0) = O for any fp € R>p. Owing to
the continuously differentiable property and boundedness of
Pi(t) and P2(¢) YVt € R, V(t,x) can be characterized as
0 < ar(Jlxl) < V(x) < aa(lx]) < o0 Vx € RMH™
where «(-) and a(-) are class-# functions with ¢« being
radially unbounded in x. Moreover, V(¢, x) is a continuously
differentiable function since V (¢, x) remains uniformly contin-

uous in ¢ > 0 (shown later in the ongoing proof). Now, the
time-derivative of V(z, x) is derived as follows:

V(t,x) = Vi(t,x1) + Va(t,x2) — 31 y2 — yI»

= %X]T(Pl + P1A; +A1TP1)X1 + 1T P1Biuy + %xg(f’z

+ P2As + ATPo)xy + xI PaBouy — 31 ys — y15
= 200 + i — 2 (D) — Ll (W W)y
—xTL"Wuy +3Tur — 3] y2 — 132 [using (5), (10)]
_%ngxz + 95y — %(ldﬂ + Wu) " (Lxy + Wuy)

+3Ty2 = 31y2 =319 [using ur = y» and ur = y1]

1 1

= =53 0% — > (Lxy + W) (Lxy + Wiay) (14)
1

< _Exg Qx2 < —¢min X(sz“) <0 (15)

where gmin = infv>0 Amin[Q()] > 0 and x(-) is a class-#"
function. Now, [16, Th. 8.4] and [17, Th. 4.1] guarantee that
both x1(¢) and x(#) will remain uniformly bounded for all
t > 0. Then, to show uniform asymptotic stability of the
states, we will seek to apply Barbalat’s lemma [17]. It can
be verified that V(z, x) remains bounded Vz > 0 since (i) x|
and x, are already proved to be uniformly bounded V¢ > 0
(and hence, y; = Cix1 and y; = Caxp are also uniformly
bounded), (ii) the matrices A;(t) and B;(¢) for i € {1,2}
are assumed to be bounded Vr > 0, and (iii) the input-
derivative terms ity = y, = Crxo = CrAx2 + CaBoy; and
w, = y1 = C1A1x1 + C1B1y; are also bounded V:r > O.
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Therefore, V(f,x) is uniformly continuous for all r > 0
which ultimately implies V(z, x) — 0 as t — 00 by exploit-
ing Barbalat’s lemma. Finally, [17, Lemma 4.3] ensures that
lim;— 00 x2(f) = O for any bounded x; o € R". This hence
implies limy_ oo y2(f) = lim; o ui(f) = 0 as C, is con-
stant and u; = y,. Furthermore, as t — o0, the state-space
equation of X, that is, xp = Az(t)x2(¢t) + B2(¢)y1(¢) implies
lim;—, oo ¥1(f) = 0 since up = y1, B>(¢) has full column rank
and due to uniform asymptotic convergence of x»(f). Now,
exploiting uniform zero-state detectability (ZSD) ! and uni-
form asymptotic stability of X;, u; = 0 and y; = 0 imply
lim;— 00 x1(f) = O for any bounded x; 0 € R". Combining
the aforementioned arguments, it can be asserted that the pos-
itive feedback closed-loop system of X; and X, is globally
uniformly asymptotically stable. |

IV. LINEAR PARAMETER-VARYING NI SYSTEMS

As the LTI NI and OSNI lemmas involve LDMI conditions,
it may give rise to computational issues while solving those
LDMIs using the SDP solver packages (e.g., CVX, Yalmip,
Sedumi). To bypass the LDMIs, in this section, we have spe-
cialized the previous results to LPV NI and OSNI systems
considering bounded variation of the uncertain system param-
eters. Now, consider a class of finite-dimensional, square, LPV
dynamical systems described by

x(1) = A(p)x(t) + B(p)u(t) x(0) = xo,

Y1) = Cx(0) (16)

Xrpv {

where A(p), B(p) depend affinely on the uncertain (possibly
time-varying) parameter vector p = [p1, p2, ..., px] € RX,
thatis, A(p) = Ao+p1A1+- - -+pgAk and B(p) = Bo+p1B1+
-+ -+ pgBk. Below, we mention two technical assumptions that
must be satisfied by the LPV NI systems studied here:

Al. Each parameter p; varies in the known interval
[0i,min, Pi,max] for all i € {1,2,...,K}. This implies
that the parameter vector p € RK is valued in a
hyper-rectangle described by the set of vertices ¥ =
{1, ..., vE) Vi € {0i,min» Pimax} Vi}.

The rate of variation p; is well defined for all # € R>¢
and p; € [Vi,min» ¥i,max] Where the range yimin < 0 <
Vimax 1S known for all i € {1,...,K}. This implies
that the vector 6 € RK varies within a hyper-rectangle

A2.

having the set of vertices € = {(e1,...,ex):e; €
{Vi,min’ Vi,max} Vi}.

We introduce the following notation Pmean =

[pl,min"lz'p],max , plmin‘;plmz\x e, pK‘min“!‘pK,maX] to be used

subsequently in Lemmas 3 and 4. iemma 3 gives a set of
sufficient conditions for LPV NI systems and is a specialized
result of the LTV NI lemma derived in the previous section.
Lemma 3 (LPV NI Lemma): Consider a finite-dimensional,
square, LPV system Xypy, as described in (16), that sat-
isfies Assumptions Al and A2. Suppose A(Pmean) does not
have any pole in the open right-half plane. Then Xypy is an
LPV NI system if there exist K + 1 real, symmetric matrices
Po, Py, ..., Px such that P(p) = Py + p1P1 + --- 4+ pxPxk

IThe notion of uniform ZSD is defined for non-autonomous systems [18],
analogous to the concept of ZSD applied to autonomous systems [16].

satisfies
PWA®W) +AWTP®Y) T T
+P(e) — Py POBO) =AWTCH 4 (170)
(PMB() —AWTCT)" —CB(W) — BM)TCT
PA; +ATP; PiB;
and [ BiTPi 0 ]ZO (17b)

Yv,e) e ¥ x % and Vie {1, ...,K}.

Proof: Condition (17a) implies P(v)A(v) + AWMTPW) +
P(e)—Py <0V(v,e) € ¥x% and P(p) = Po+p1P1+p2Pr+
---+ pg Pk > 0 following [19, Th. 3.2] which together ensure
the existence of a parameter-dependent Lyapunov function
V(x, p) = xT P(p)x associated with =;py. We now derive

V(x, p) = &' P(p)x + x" P(p)x + x" P(p)i
[xT P(p)A(p) + A(p)" P(p)
u

_ +P(p) — Py P(p)B(p) [ﬂ
B(p)'P(p) 0
Le}D Ae | T; 0, Z(p,e) =
+
(p) f}o)@) _(fi% @ pos) | .
B(p)"P(p) 0
[x" u"]". Now the multi-convexity? property of the

scalar quadratic function z(p) = x7Z(p, e)x, being affine in
both p and e, is ensured for all admissible p and for each
fixed e € € via (17b) following [19, Th. 3.2]. Consequently,
Z(p, e) <0 holds for all admissible values of p and e satis-
fying Assumptions Al and A2 due to the affine dependence.
This completes the proof. |

We will now present the LPV OSNI lemma which is a
specialized result of LTV OSNI lemma derived in Section II.

Lemma 4 (LPV OSNI Lemma): Consider a finite-
dimensional, square LPV system X;py, as described
in (16), that satisfies Assumptions Al and A2. Suppose
CB(p) = 0 and CA(p) s 0 for all admissible p. Suppose fur-
ther A(Pmean) 18 Hurwitz. Then X;py is an LPV OSNI system

if there exist K + 1 symmetric matrices Pg, Py, P2, ..., Pk
such that P(p) = Po + p1P1 + - - - + px Pk satisfies
PWA®W) +AW) P() + P(e) — Py < 0 (18a)
P0W)Bv) =AW)TCT  and (18b)
P;A; —I—AiTPi P;B;
[ B,'TPi 0 >0 (18¢c)

Viv,e) e V' x € and Vie {1,...,K}.

Proof: The proof can be done in the same spirit of the
proof of Lemma 3 and also by following Lemma 2 subjected
to the additional assumptions imposed on the LPV OSNI
systems. |

Finally, we derive a sufficient condition for ensuring global
asymptotic stability of the positive feedback interconnection
(Fig. 1) comprised of a stable LPV NI system X; and an
LPV OSNI system X, having state-space realizations (A1(p1),
Bi(p1), C1) and (A2(p2), B2(p2), C2), respectively, for all
pi = loj1,052,-...0ik] € RX with j € {1,2} where
Piii € [0G.irmins PG.0max] A0 Pj.i € [V(j.iymins V(.ihmax ] ar€ known
Vi € {1,2,...,K}. We also define four sets of vertices
Vo= {02, ViK) Vi € PG Dmins PGidma) Vi)

2Multi—convexity refers to convexity along each direction p; Vi €

{1,2,..., K} of the parameter space. It is less demanding than convexity
with respect to p € RK and offers a finite set of LMI constraints [19].
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with j € {l,2} corresponding to p; and pr and
{(ej,l, €2y ..., Ej’K)Ze]‘,l‘ S {V(/',i)min’ )/(/',,')max} Vi} with j €
corresponding to p1 and p;.

Theorem 2: Consider %1 and X3 be two finite-dimensional,
square, stable LPV systems, as described in (16), that sat-
isfy the Assumptions Al and A2. Let X; be observable
for all admissible p; and Aj{(01,0,)> A2(02e) be both
Hurwitz. Also let By(p2) has full column rank, CyB>(p2) =0
and CA>(p2) # O for all admissible p;. Assume there
exist real, symmetric matrices P, P1,1, P12, ..., P1.k such
that X; satisfies (17a)-(17b) V(vi,e1) € ¥ x 61 and
Py0,P21,P22,...,P2k such that ¥, satisfies (18a)—(18c)
Y(v2,€2) € ¥ x 6. Then the origin is a globally asymp-
totically stable equilibrium point of the unforced positive
feedback interco;mection of ¥ and X, shown in Fig. 1 if
[flc(gvlc)] ch(;zc)z] >0 Vv, ) € Y x .

Proof: This theorem can be readily established by special-
izing the proof of Theorem 1 to the interconnection of a stable
LPV NI and an LPV OSNI systems upon applying Lemmas 3
and 4 instead of Lemmas 1 and 2. |

%j =
{12}

V. CASE STUDY

Here, we consider a potential problem of controlling the
rectilinear motion of a body with time-varying mass (which
prototypes the fuel dynamics of a rocket) being motivated by
a similar example taken in [20]. The time-varying mass is
expressed by the relation m(t) = my + my e~ where m(?) is
the total mass of the body, my is the initial mass, mq is the
rest mass and « > 0. The equation of motion is given by

S m®G(0) + (@) + ¢ + k2)g(t) + kig(t) = u(®) (19)

where the terms kjq(¢) and cg(¢) are additionally embed-
ded within the system, to be compatible with the LTV
NI framework. The parameter ¢ > O represents the static
drag of the body and k; > 0 is chosen such that kp >
max,zo(%amfe_‘” — ¢). Now choosing position g(f) = x| and
velocity g(t) = x», the augmented dynamics (19) can be rep-
resented in the state-space form x(r) = A (¢)x(t) + By (t)u(t)
1

0
and y(t) = Cix(t) where A;(r) = |:—k1
m(r)

[10] and x =

—(m(t)+c+ky) |>
m(t)

0
Bit) = | 1 | C1 = [x1 x2]7. First,

we will sh(;nvglt) that the augmented dynamics (19) satisfies
the LTV OSNI property. Consider the Hamiltonian function
H(t,x) = Ykix1 ()2 + Im()xy(t)? associated with %, It can
be verified that H(t,x) > 0 V¢t € Rso and H(f%,0) = 0
for any #9 > 0. The time derivate of H(t, x) is computed as
H(t, x) = u)xy — %rh(t)x% — cx% — kzx% — kix1xp + kixixp.
Integrating this with respect to ¢ from 0 to T € [0, c0), we
have [ (u(nxz — Sim(0x} — ex3 — kaxd)dr = H(T, x(T)) —
H(0,x(0)) > B VT € [0, 00) denoting B = —H(0,x(0)) €
(—o00, 0] and since H(T,x(T)) > 0 VT. The above expression
can be rearranged into

T T
/ u() d > f Bm(t) +c+kz}y(t)2 dt+8 (20
0 0

which implies LTV OSNI property via Definition 2 with
§ = mingso{3m() + ¢ + k) > 0. Next, we will show

that there exists a differentiable and bounded matrix P; (1) =
PiOT >0Vt e R>o such that X, satisfies Lemma 2. We
Pu( Po0] _ [k+em o 0
P>y (1) Pzz(f)] B 0 m(r)

where k1 > 1, a9 > 0 and n = 24. It is evident that
Pi@t) = Pi(®" > 0 and Pi()B1() = A1(DTCT Vi € Ry

since P1(H)B1(f) = |:P”(t) Plz(t)][i} = |:(1)i| and
m(t)

Pia(t) Pxn(1)
0 R 0

—ki  =(h(®)+ctko) ol = |1 . We then
m(t) m(r)

simplify the expression

select P () = [

AnTcl =

0 )

Pu@® 0 0 1
+ 0 m(t) ki —@h®)+ctk)

m(t) m(t)
N [ O ) k)ﬂan 0 }
- —(h(D)Fet
th) —wmbreria) m(t)c 2 O m(t)
_| Pu® P11(t) — ki
Piu@ —ki —m@) —2(c+k) |
Now on taking Schur complement with respect to the term
—[m(#) +2(c +k2)] of (21), which remains negative V¢ € Rxg

. . ; Pu®O-k)? _ et
via choice of kp, we find that Py () + A2k — T Ttag

—e ] <0Vt eRsgsince k; > 1, n =28 > 0,

Pr(t) + PL DAL () + A1 (0T Py (1) = [Pu(t) 0 ]

21

1 —
n(5+ao)? [e™
ap > 0 and ¢! — e 2 > 0 Vt € Rx. Therefore, via Schur
Complement lemma, (21) is guaranteed to be negative definite
Vt € R>¢ and hence, the augmented dynamics X, is an LTV
OSNI system via Lemma 2.

Finally, in order to ensure robust stability of %,,, we choose

a simple LTI OSNI controller K(s) = —— with a minimal
s

state-space realisation (A, By, C2, Dy) = (—1,1,1,0). K(s)

satisfies Lemma 2 with P, = 1. We will now check whether

Theorem 1 holds in this case or not. Inequality (13) holds
Vt € R>¢ since, via Schur complement lemma, P> = 1 and

ki + -
Pi(—CcTepy ' clc =[ P T : O] >0

0 m(o) _[0 0
— > lask > 1

Vt € R>o on noting that m(f) > 0 and k; + f+;o
via design. !
MATLAB Simulation Results: We choose my = 1.5kg,
mg = lkg, « = 0.1, ¢ = 107°Ns/m, k, = 0.INs/m
and ki = 5N/m. Fig. 2(a) and Fig. 2(b) show a compara-
tive study of the step response (position and velocity) of the
closed-loop dynamics (19) in presence of the LTI OSNI con-
troller K(s) = s—&-Ll [indicated by the Blue curves] and with
only unity positive feedback [indicated by the Red curves].
The figures suggest that due to the influence of the con-
troller, the dynamic response has improved to a significant
extent compared to that obtained by using only unity feed-
back (used as an arbitrary baseline for comparison). Fig. 3(a)
and Fig. 3(b) depict respectively the phase portraits (xp Vvs.
x1) of the closed-loop dynamics (19) in presence of the con-
troller K(s) and with only unity feedback. In Fig. 3(a), the
rate of convergence of the phase trajectory is much faster than
shown in Fig. 3(b). Apart from the phase portrait analysis,
we have also analysed the rate of decay of a standard cost
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with OSNI controller with OSNI controller
3 with unity feedback | | | with unity feedback

0 10 20 30 40 50 0 10 20 30 40 50

Time (sec) Time (sec)
(@ (b)

Fig. 2. Closed-loop step responses of the body with time-varying mass:
(a) Position (x; = g) and (b) Velocity (xo = q).

Velocity (z2)

0
Position (x1) Position (1)

(@) (b)

2
+ a3
&

2
i

2 42
2} + a3

=)
)

o

Cost function J = a7
Cost function J

no

Velocity (2) 52

Position (z;) Velocity (x2) 5 5

Position (z1)
©) (d)

Fig. 3. Phase portrait (xo vs. xq) of the closed-loop dynamics in pres-
ence of (a) the LTI OSNI controller and (b) with only unity feedback.
Level curves of the cost function J = x12 + x22 evaluated in presence of
(c) the LTI OSNI controller and (d) with only unity feedback.

function J = x% + x% evaluated along the closed-loop dynam-
ics (19). From Fig. 3(c) and Fig. 3(d), it is evident that the
rate of decay of cost function J in presence of the LTT OSNI
controller is much faster than that with only unity positive
feedback.

VI. CONCLUSION

This letter extends the NI theory to linear time-varying
(LTV) systems. This letter also formally introduces the time-
domain definition of NI systems using a particular dissipative
supply rate that involves the input to the system () and the
time derivative of the system’s output (¥). A strict subset within
this LTV NI class, termed as LTV OSNI systems, is also intro-
duced which resembles the LTI OSNI results [13], [14]. To test
the LTV NI and OSNI properties of a given system, state-space
characterizations are given which involve LDMIs. Later, the
LTV NI and OSNI results have been specialized to LPV cases
which replace the LDMIs by LMIs and thereby eliminates

the computational issues caused by the SDP solver packages
while solving the LDMIs.
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