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Abstract

This paper introduces the class of Time-Domain Input-Output Negative Imaginary (TD-IONI) systems. The new TD-IONI
definition unifies the class of the existing Negative Imaginary (NI) systems, including those that have imaginary-axis poles.
A new dynamic dissipative framework is proposed to define and characterise the TD-IONI systems. This framework does not
impose any a priori conditions on the system, such as asymptotic stability, minimality, full normal rank constraint, etc., which
are commonly used in the NI literature. Dynamic dissipativity of TD-IONI systems also leads to an LMI-based state-space
characterisation, which can be conveniently used to classify the strict/non-strict TD-IONI properties of a given system. This
paper also reveals the connections amongst the NI theory, dynamic dissipativity and classical dissipativity. Subsequently, a
frequency-domain dissipative supply rate is also proposed to describe the whole class of TD-IONI systems, which is defined
with respect to a shifted imaginary axis to capture particularly the systems having poles on the imaginary axis. This trick
overcomes the limitation of earlier frequency-domain dissipative frameworks to capture systems with imaginary-axis poles.
Finally, the derived results are specialised for the Time-Domain Output (Strictly) Negative Imaginary subclass since such
systems exhibit useful closed-loop stability properties when connected in a positive feedback loop. Several illustrative numerical
examples are provided to make the results intuitive and useful.
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1 Introduction robust stability condition that depends on the loop gain
only at the zero frequency. In a SISO setting, an NI
transfer function’s imaginary part remains non-positive
for all w > 0. Among the strict subclasses within the NI
class, Strictly NI (SNI [26]), Strongly Strict NI (SSNI
[27]) and Output Strictly NI (OSNI [6, 4, 5, 24, 3]) ap-
pear quite often in the literature. SNI systems are de-
fined by the property S{M (jw)} < 0 Vw € (0,00) in
the SISO setting. SSNI systems form a particular sub-
set within the SNI class that satisfies two additional
frequency-domain conditions in the neighbourhood of
w =0 and w = co. In contrast, a transfer function M(s)
is said to have OSNI property if the transformed system
F(s) = s[M(s) — M(o0)] is Output Strictly Passive.

Negative Imaginary (NI) systems theory has drawn at-
tention from control theorists and practising engineers
due to its potential in solving a variety of real-world en-
gineering problems such as vibration control of lightly-
damped mechanical systems [26, 41], cantilever beams
[2], large space structures [30], robotic manipulators [30];
nano-positioning applications [31, 33]; train platooning
[28]; control of various multi-agent systems [38, 37, 36, 1],
etc. NI theory has become appealing due to its simple
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NI literature has witnessed persistent progress both in
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purpose of open access, the authors have applied a Creative
Commons Attribution (CC BY) licence to any Author Ac-
cepted Manuscript version arising.

Preprint submitted to Automatica

tion. However, the connections between NI systems the-
ory and classical dissipativity have not yet been fully ex-
plored. For passive systems, a complete characterisation

22 February 2024



already exists in the literature, which was built on the
Willems’s dissipative framework [39] and Hill-Moylan’s
(Q, S, R)-dissipative framework [18, 19]. In the NI litera-
ture, [35] took the first step to define a frequency-domain
dissipative supply rate for characterising the systems
with ‘mixed’ NI and finite-gain properties, taking inspi-
ration from a similar framework used in [17] for defining
‘mixed’ passive and finite-gain systems. The ideas of [35]
were later expanded in [9, 10, 11] to describe the systems
with ‘mixed’ NI, passive and finite-gain properties. How-
ever, [35, 9, 10, 11] did not address the following crucial
issues: (i) how to define an appropriate and unifying sup-
ply rate that will capture the full class of NI systems; (ii)
how to theoretically establish the dissipative property
of an NI system; (iii) how to define a compatible time-
domain dissipative supply rate; and (iv) how to estab-
lish the equivalence between the conventional frequency-
domain definitions of NI systems and the proposed dis-
sipative characterisation. Recently, [4] has proposed a
new frequency-domain dissipative framework for charac-
terising the class of stable Output Negative Imaginary !
(ONI) systems, including OSNTI systems (introduced in
[6]) as a strict subset. Of late, [5, 24] has first shed some
light on defining a time-domain dissipative supply rate
to capture ONI systems allowing poles on the imaginary
axis. Note that time-domain dissipativity is more pow-
erful than frequency-domain dissipativity since the lat-
ter can handle only stable, LTI systems. In contrast, the
former applies to even marginally-stable and nonlinear
cases.

Drawn by the above facts and limitations, this paper
defines the notion of TD-IONI systems utilising a time-
domain dissipative supply rate w(u,w,%) that involves
the input to the system (u), a filtered version of the in-
put (@) and the time-derivative of an auxiliary output
of the system (). The auxiliary output 4 = y — Du has
been used instead of the physical output y to capture
particularly bi-proper cases. The proposed approach dif-
fers from the classical dissipative framework [39] in the
sense that it contains a time-derivative term ¢ and an
additional input u, whereas in the classical approach, a
supply rate consists of only u and y. The IONI class en-
compasses the existing ONI/OSNI systems [6, 4, 5] and
the entire class of NI systems (i.e. allowing poles on the
imaginary axis) [30, 25]. A dynamic dissipative frame-
work, termed as (X, Q)-dissipativity ? where ¥ is a spe-
cific LTI operator and Q = Q' is a real matrix of ap-
propriate dimension, is developed for characterising the
TD-IONI systems (discussed in Section 3). The dynamic
dissipative framework also gives rise to a necessary and
sufficient LMI condition to check the strict/non-strict

1 ONI systems are defined for finite-dimensional, square and
causal systems. OSNI systems form a strict subset within
the ONI class and may contain a pole on the origin.

2 The notion of (£, Q)-dissipativity specialises to (Q, S, R)-
dissipativity in the sense of Hill-Moylan [18] when ¥ is a
linear and static operator.

TD-IONI properties of a given system. Unlike [35, 9, 10]
and [11], this paper theoretically establishes that the
TD-IONT systems are dissipative with respect to a par-
ticular supply rate w(u,u,%) by proving the existence
of a positive semidefinite storage function (refer to Sec-
tion 4). These findings reveal the missing links amongst
the TD-IONT (and NI as well) systems theory, dynamic
dissipativity and the classical dissipativity (in the sense
of Willems [39]). Interestingly, according to the new defi-
nition, the TD-OSNI and TD-ISNI systems may contain
a simple pole at the origin [e.g. 1, %-%42)]’ in contrast to
the earlier notions wherein OSNI and ISNI properties
can be defined only for stable systems [35, 9, 10, 11, 4].

This paper also introduces a frequency-domain dissi-
pative framework (refer to Section 5) to characterise
the TD-IONI systems allowing poles on the jw-axis.
Note here that so far in the NI literature [35, 9, 11, 4],
the notion of frequency-domain dissipativity [i.e.
(Q(w), S(w), R(w))-dissipativity] has been used to de-
scribe only stable systems since this supply rate relies
on the Fourier transformation and hence, cannot handle
any transfer function or signal not bounded on the jw-
axis. To overcome this limitation, we will introduce the
notion of a “shifted (Q,(w), Sq(w), Rq(w))-dissipativity”
by exploiting the idea of the Fourier transform with re-
spect to a shifted jw-axis [i.e. the Fourier integral is now
evaluated on the (a 4 jw)-axis for a specific a > 0]. The
“shifted (Qq(w), S¢(w), Ra(w))-dissipative” supply rate
complies with the proposed time-domain supply rate
w(u, 1, ). Moreover, when restricted to stable systems,
the proposed frequency-domain dissipative characteri-
sation resembles the existing frequency-domain defini-
tions of NI [26, 25] and OSNI systems [6, 4]. Finally,
an asymptotic stability result for an unforced positive
feedback interconnection containing a TD-ONI system
without poles at the origin and a stable TD-OSNI (or
an SNI) system is derived (in Section 6) utilising the
dissipative approach based on the Lyapunov stability
concept, which is entirely different from the approaches
adopted so far in the NT literature [26, 41, 25].

Notation: The notations are standard throughout. R
and R+ g denote respectively the sets of all non-negative
and all positive real numbers. C denotes the set of all
complex numbers. The set of all natural numbers (ex-
cluding 0) is denoted as N = {1,2,3,---}. C~ and C~
denote respectively the open left-half and the closed
left-half of the complex plane. AT, A* and A denote
the transpose, the complex conjugate transpose and the
complex conjugate of a matrix A. A=* and A~ rep-
resent shorthand for (A~1)" and (A_l)T respectively.
Amax(A) denotes the maximum eigenvalue of a matrix
A that has only real eigenvalues. Z# 72" denotes the
set of all real, rational, proper and asymptotically sta-
ble transfer function matrices of dimension (m x n).

For a real, rational transfer function matrix M(s),
M(jw)* = M(—jw)". (A, B,C, D) gives a state-space



realisation of a real, rational, proper transfer function
matrix M(s) = D + C(sI — A)~'B. The space of all
real-valued, absolutely square integrable, time-domain
functions is defined by LY = {f : R — R™ : f(¥) =
0 when t <0, [~ f(t)T f(t) dt < oo}, while the space of
all real-valued, locally square integrable, time-domain
functions is defined as L3, = {f : R — R™ : f(t) =

0 when t < 0,f0T f®Tf#)dt < oo VT € [0,00)}. An
energy supply rate function w(u,y) is an abstraction
of the energy inflow into a physical system which is
expressed by the mapping w : U X Y — R where the
input space U € L7 and the output space Y € L .

w(u,y) satisfies the property fOTw(u, y) dt < oo for all
admissible (u,y) € U x Y and VI' € [0,00). In par-
ticular, [ w(u,y)dt < oo when (u,y) € L§" x LE.
A storage function V' : R" — Ry is said to be a ct
storage function if it is continuously differentiable in
its argument over the entire domain. .#[-] and Z[]
represent the Fourier and the Laplace transform op-
erators respectively. %25"(jR) denotes the frequency-
domain Lebesgue space [16, 35] under the inner prod-

1
wt (f9) = o= [ fG@)gl)dy < oo when
fy 9 € Z"(JR). For a signal f € £ (jR), the norm is

given by || f|| =/ {f, f) = \/217r I flw) f(jw) dw <

oo. Following the notion of Z"(jR) space, an-
other frequency-domain space £3"(a + jR) with a
given ¢ > 0 is defined under the inner product

Figha = 5o 5 fa+ jo)gle + ju)dw < oo for
the signals that are not bounded on the jw-axis but
are bounded on the (a + jw)-axis for a specific a > 0.
Note that an energy supply rate can also be defined in
frequency-domain [i.e. (Q(w),S(w), R(w))-dissipativity
[17, 35, 4]] for stable LTI systems and it remains equiv-
alent to the corresponding time-domain supply rate via
Parseval’s theorem [7]. The symbol x stands for the
time-domain convolution operator. A ® B represents
the Kronecker product of two real matrices A and B of
any dimensions.

2 Essential preliminaries

In this section, we present essential technical preliminar-
ies which underpin the proofs of the main results.

2.1 Definitions of NI systems

We will now recall the definitions of NI and SNI systems.

Definition 1 (NI System) [30, 25] Let M(s) be the
real, rational and proper transfer function matriz of a
finite-dimensional, square and causal system with no
polesin{s € C: R[s] > 0}. Then, M(s) is said to be NI if

o j[M(jw) — M(jw)*] > 0 for allw € (0,00) except the
values of w where s = jw is a pole of M(s);
o Ifs = jwy withwy € (0,00) is a pole of M (s), then it is

at most a simple pole and the residue matriz lim (s—
s—jwo

Jjwo)jM(s) is Hermitian and positive semidefinite;
e Ifs =0 is a pole of M(s), then lin% sEM(s) = 0 for
S—

all k > 3 and hH(l) s2M(s) is Hermitian and positive
s—

semidefinite.

Definition 2 (SNI System) [26, 25] Let M(s) be
the real, rational and proper transfer function ma-
trix of a finite-dimensional, square and causal system.
Then, M(s) is said to be SNI if M(s) has no poles in
{s € C: R[s] > 0} and j[M(jw) — M(jw)*] > 0 for all
w € (0,00).

u
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Fig. 1. Interconnection of NI systems with positive feedback.

We will now present the internal stability theorem for a
positive feedback interconnection of an NI and an SNI
system that removes all the previous restrictions on the
gains of the systems at infinite frequency (which imposed
strict properness of the loop).

Theorem 1 [25] Let M (s) be an NI system without poles
at the origin and N (s) be an SNI system. Then, the pos-
itive feedback interconnection of M(s) and N(s), shown
in Fig. 1, is internally stable if and only if

det[I — M (00)N(00)] # 0,

A [(I = M(00)N(50)) ™ (M(s0)N(0) — )] <0,

A [(Z = N(0)M (00)) ™ (N(0)M (0) — )] < 0. 0
1

2.2 Dissipative systems notations and definition

The class of finite-dimensional, causal, LTI systems stud-
ied in this paper are described by the state-space equa-
tions ! B (0)
Jr=Ax+ bu, = = Io;
M'{y:Cx—i—Du. (2)

The admissible inputs are considered to be in the space
L7 such that the unique solution of the state trajectory
x(t) exists forward in time ¢ > 0 and = € L%, . Therefore,
the output y(t) also exists and y € L§_. We introduce the
state transition function ®, associated with M, being a
mapping from R>g X R>g x R™ x R™ onto R". Here,
D(t1,to, x(to), u(t)) denotes the state z(t1) € R™ at time



t1 when the system M starts from an initial state z(tg) €
R™ at time to and an admissible input u(t) is applied on
M for the time interval t € [tg, t1].

We will now recall the notion of classical dissipativity of
finite-dimensional, causal, dynamical systems, as intro-

duced in [39)].

Definition 3 (Dissipative systems) [39] A dynami-
cal system M, given in (2), is said to be dissipative with
respect to an energy supply rate w(u, y) if there exists
a function V : R" — Rxg, called the storage function,
such that

V (2(0)) + / wny) &>V (@T)  (3)
0

for any T € [0,00), any initial condition x(0) € R™
and any admissible input w € LI where x(T) =
O(T,0,2(0),u(t)) and w(u,y) has been evaluated along

any trajectory of (2).

Inequality (3) is known as the ‘dissipation inequality’ in
the sense of Willems. If V' : R™ — Ry is a differentiable
storage function, then the dissipation inequality (3) can
be expressed in the differential form as

w(u,y) > V(z). (4)

Note that for finite-dimensional LTI systems with a min-
imal state-space realisation, the storage function V (z)
can be characterized by a quadratic form z | Pz, without
loss of generality, where P = PT > 0 [39], [21]. More-
over, in the LTI setting, the storage function V' (z) can

always be assumed to be a differentiable function of x
[18, 23].

If the supply rate function in (4) takes the form w(u, y) =
y'Qy+ 2y Su+ u' Ru where Q = QT € RPXP, S ¢
RPX™ and M = MT € R™*™ then (4) specialises to

(yTQy + 2y Su + uTRu) > V(m) (5)

So far we have discussed only time-domain dissipa-
tivity. However, dissipative characterization can also
be expressed in the frequency-domain. The following
definition articulates the notion of frequency-domain
(Q(w), S(w), R(w))-dissipativity which may be regarded
as a frequency-domain counterpart of the Hill-Moylan’s
(Q, S, R)-dissipativity [18].

Definition 4 ((Q(w), S(w), R(w))-dissipativity)

[17, 35] Let M(s) € RA"S™ be the transfer func-
tion matrix of a finite-dimensional and causal sys-
tem M with the input-output relationship Y (s) =
M(s)U(s). Then, M s said to be (Q(w),S(w), R(w))-
dissipative with respect to the frequency-dependent triplet

(Qw), S(w), Rw)) where Q(w) = Q)T & RY<,
S(w) € CP*™ and R(w) = R(w)" € R™*™ Yw € R if

1 e 9]

[Y(jm*c?(w)Y(jw) Y (j) S(@)U ()

2 J o

U(jw)"S(w)*Y (jw) + U(jw) R(w)U (jw) |dw = 0 (6)

for all admissible U € Z3"(jR).

Note that for marginally-stable systems, the frequency-
domain integral in (6) does not remain bounded on
the jw-axis and hence, (Q(w), S(w), R(w))-dissipative
supply rate cannot be defined. To overcome this lim-
itation, in this paper, we introduce the notion of a
“shifted (Qq(w), Sq(w), Ra(w))-dissipativity” that relies
on the Fourier transformation evaluated with respect to
a shifted jw-axis, denoted as the (a + jw)-axis, where
the parameter a is chosen to be a positive constant
such that ¢ > 0and a > R[\;(A4)] Vi. In such cases,
inequality (6) takes the form (7), as introduced via the
following definition.

Definition 5 (Shifted (Q,(w), Sq(w), Ro(w))-dissipa
tivity) Let M (s) € #P*™ be the transfer function ma-
trix of a finite-dimensional and causal system M with the
input-output relationship Y (s) = M (s)U(s). Then, M is
said to be a “shifted (Qq(w), Sq(w), Re(w))-dissipative”
system with respect to the frequency-dependent triplet
Qu(w) = Qu(w)" € RP*P, S, (w) € CP*™ and R,(w) =
Ro(w)T € R™*™ Y € R if

% :’O {y(a+jw)*Qa(w)Y(a+jw) +Y(a+ jw)*

Sa()U(a + jw) + Ula + jw)"Sa(w)"Y (a + jw)

+U(a + jw)* Ry (w)U(a + jw)|dw >0 (7)

for all admissible U(a + jw) € Z5"(jR), where U(a +
jw) = Fle u(t)] and Y(a + jw) = Fle *y(t)] on
noting that u, = e~ “u(t) € LY andy, = e~ “y(t) € LT
for allt > 0, subject to an appropriate choice of a > 0
and restricting the time-domain input signals uw € L3".

2.8 Dynamic dissipativity theory

We will now set the notation and definition for dynamic
dissipativity. A system M is said to be dynamically dis-
sipative if the system M, cascaded with another given
dynamic system X, is dissipative [8]. The concept is de-
picted through Fig. 2.

Definition 6 A finite-dimensional, causal and square
system M s said to be dynamically dissipative, termed

as (3, Q)-dissipative where Q = QT € R™! and the LTI
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Fig. 2. Cascaded interconnection of M and X.

operator X2 has a real, rational transfer function repre-
sentation X(s), if the cascade combination of M and X,
designated as M in Fig. 2, is dissipative with respect to

the supply rate z' Qz, where z = ¥ (y) is evaluated
u
along the trajectories of the combined system M.

Let # = z(t) € R" and # = #(t) € R" denote respec-
tively the states of M and ¥. We denote & = [mT iT] i
Definition 6 implies that for a (3, Q)-dissipative system
with respect to a particular @ = Q" € R and ¥(s),
there always exists a storage function V' : R — R
such that

V(#(0)) + / TQidt>VET) ()

for all T € [0,00) and all w € L3%. In general, for LTI
systems, the storage function V(&) can be assumed to
be a C?! function of Z € R"™™ and hence, (8) becomes
equivalent to z ' Qz > V(:Tc) Note that in particular cir-
cumstances, X can also be a linear dynamical operator,

d
such as &() or [()dt.

3 TD-IONI systems and their connections to
dynamic dissipativity

At its inception, input and/or output negative imag-
inary system properties were defined only for sta-
ble LTI systems relying on the frequency-domain
(Q(w), S(w), R(w))-dissipative approach [35, 9, 4]. How-
ever, these definitions were not uniform across the litera-
ture and moreover, the supply rates used in [35, 9] could
not capture bi-proper OSNI systems. Drawn by these
issues, very recently, [24] has proposed a frequency-
domain condition for defining the class of stable IONI
systems that involves a particular band-pass filter func-
tion, mentioned in (10), for capturing the frequency-
domain behaviour® of an IONI (or NI) system in the
neighbourhood of w = 0 and w = co. The present paper

3 Note that, in the SISO setting, the frequency-domain be-
haviour around w = 0 and w = oo indicates respectively the
departure rate and the arrival rate of the Nyquist plot of a
transfer function.

is motivated by the ideas developed in [24] and intro-
duces the notion of Time-Domain Input-Output Neg-
ative Imaginary (TD-IONI) systems, which is defined
completely in the time-domain utilising the concept of
dynamic dissipativity. The definition and characterisa-
tion of the proposed TD-IONI systems do not impose
any a priori conditions (such as stability, minimality,
full normal rank constraint, etc. — commonly used in the
NI literature) on the system to be defined and thereby,
pose no difficulty in acquiring systems containing poles
on the imaginary axis, even at the origin. Interestingly,
it is found that the TD-IONI class captures the full set
of the existing NI systems [26, 41, 25]. Note that in this
section, the admissible inputs u are considered to be in
the space L7 along with sufficient smoothness proper-
ties such that a unique solution of the state trajectory
x(t) exists forward in time ¢ > 0 and also, x € LJ..
Hence, y(t) = Ci(t) = CAz(t) + CBu(t) does also exist
forward in time V¢ > 0 and y € L7".

Definition 7 (TD-IONI ;. gy systems) Let M be a
finite-dimensional, causal and square system governed by
the minimal state-space equations & = Az + Bu andy =
Cx 4+ Du with zero initial condition. Let the associated
transfer function matriz be M(s) € Z™*™. Define § =
y—Du andi = L7 fs(8)Ln]*u where fs(s) € BH o is
definedin (11). Letd > 0, > 0, € N and 8 € N. Then,
M s said to be a Time-Domain Input-Output Negative
Imaginary system with a level of output strictness § > 0,
level of input strictness € > 0 and having arrival rate
specified by a € N and departure rate specified by § € N,
denoted by TD-IONI(5 . o gy, if

T
/ (20 u—6y y—eu'a)dt >0 (9)
0

for all admissible uw € L5 and all T € [0, 0).

Inequality (9) is referred to as the “TD—IONI(&E’OQB)
inequality” 4 in this paper. TD-IONI(5. o, 5) definition
unifies all the existing versions of the input and/or out-
put negative imaginary systems [35, 10, 6, 4, 5, 24] and
opens the door to accept the systems with poles on the
Jw-axis, even at the origin. TD-IONI 5. o 5) systems
have been defined in the spirit of a new time-domain
dissipative supply rate w(u, @, ) [refer to Section 4 for
details] instead of relying on conventional frequency-
domain definitions.

Classification of TD-IONI 5. o g) systems: We will now
describe the strict and non-strict subclasses within the
TD-IONI (5 o) class on the basis of the values of the
parameters 9, €, & and 3:

* The time-domain inequality condition (9) is also applica-
ble to linear time-varying and nonlinear input-affine IONI
systems. However, this paper deals with only LTI TD-IONI
systems (denoted by TD-IONI; . o, 3))-



e NI if it belongs to {M(s) : M(s) is TD-IONI(5. o gy
§>0,>0, aeN, N}

e TD-ISNT if it belongs to {M(s) : M(s) is
TD-IONI(5c.0.4),6 > 0, £ >0, a €N, B € N};

e TD-VSNI if it belongs to {M (s) : M(s) is
TD-IONI(5c,0,8),0 >0, € >0, a €N, 3 € N};

e TD-OSNI if it belongs to {M(s) : M(s) is
TD-IONI(5. 0 4),0 > 0, £ > 0, a €N, B € N}.

Fig. 3 illustrates the classification through a comprehen-
sive Venn diagram.

NI

TD-ISNI TD-OSNI

Stable NI

Fig. 3. Relationship among the strict and non-strict sub-
classes within the TD-IONI systems. My, Ma,--- , Mg de-
note the examples (given in Subsection 3.4) corresponding
to the major subsets of TD-IONI systems.

Remark 1 According to Definition 7, the sets of
TD-OSNI and TD-ISNI systems capture some systems
that are not asymptotically stable (e.g. %, 3(55142))' This
attribute makes a significant contrast with the earlier
literature on the OSNI and ISNI systems because these
properties were originally defined only for stable LTI
systems [35, 9, 11, 4]. It may be noted that Definition 7
can conveniently capture the marginally-stable NI sys-
tems since the time-domain approach does not need to
impose an asymptotic stability constraint on the system
to be defined, contrary to the conventional frequency-
domain definitions. The Venn diagram in Fig. 8 clearly
shows the set-theoretic relationship among the strict and
non-strict, and the stable and marginally-stable subsets
within the TD-IONI class.

3.1 Analysis of the filter term used in Definition 7

The time-domain inequality condition introduced in
Definition 7 for TD-IONI(5. 4 ) systems involves an
auxiliary input (@) that is a band-pass filtered version
of the actual input u. The transfer function of the filter
f(s) comes from [24] and is given by

_5)B4B
Fs) = 1+ ( Ea+g—1) (ath—1)
—s) s

(10)

where o € Nand 8 € N. Note that & = £ [ fs(s)[;n]*u
where f,(s) is stable and minimum-phase spectral factor
of f(s). The next lemma shows the spectral factorisation
of the filter function f(s).

Lemma 1 [24] Let f(s) be defined in (10). Then, f(s)
can be spectral factorised as f(s) = f(s)fs(s) where
fs(s) € ZH « 1is given by

%whena:,ﬁzl,

sP
(5= -1) T @i+ Dr
11;[0 (32+251n {72(a+ﬂ—1)}s+1)
fs(s) =< when o+ B is odd,
sP

when o+ B is even and o+ 5 > 2.

(11)

3.2  Characterisation of the TD-IONI systems in a dy-
namic dissipative framework

u ' + ‘M
5 M y_ Y |
: 1 Z
i M(oo) Z10N1 !

Fig. 4. A dynamic dissipative framework for characterising
the class of TD-IONI systems.

The idea of utilising the dynamic dissipativity the-
ory to characterise the class of TD-IONI systems has
been found to be quite useful because the dissipative
supply rate for defining such systems requires the in-
put to the system (u), a bandpass filtered version of
the input () and the time-derivative of an auxiliary
output of the system (7). Owing to the presence of a
time-derivative term and the additional dynamics asso-
ciated with the input filter f(s)I,, in the supply rate,
the classical (@, S, R)-dissipative framework [18, 20],
where @, S and R are all real and constant matrices,
cannot directly capture TD-IONIs. o g) systems. In-
terestingly, the time-derivative operator and the filter
dynamics f(s)I,, defined in (10), can be embedded in-
side a separate module ¥ ;on producing a new output

S <

= YIONI ( Y ) , as shown in Fig. 4. With this
U



structural modification, the overall cascaded system M
can still be characterised using the Willems’s dissipative
framework with respect to the input u and the combined
output z. This is the primary motivation behind adapt-
ing the dynamic dissipative approach for characterising
TD-IONI(5.,4,5) systems. This strategy resembles the
dynamic dissipative framework proposed in [§].

In the proposed scheme (Fig. 4), the linear operator
Y ron71 has been designed to have a particular configu-
ration represented by the real, rational transfer function

sl,, 0
Yroni(s) = 0 fs(s)I |, such that the output of
0 I,
the cascaded system M becomes z = [gT al uT}

The combined system M shown in Fig. 4 has the follow-
ing state-space realization:

Z(0) = To;

(=T + Bu,
M {z =67+ YDu, (12)
A 0 B
where &/ = , = , =
0 Im®Af I, ® By
CA 0 CB
x
0 Im®Cf , 9 = Im®Df and T = l ‘|
Ts
0 0 L, ’

x € R" and 2, € R" denote respectively the states of
the system M and the spectral factor f(s) € ZH o of
the bandpass filter f(s), as defined in (11). Note that
g=1vy— Duand i = L f(s)[n] *xu. Let fs(s) have
a minimal state-space representation (Ay, By, Cy, Dy).
The admissible set of inputs u(t) belongs to the space
L3 with sufficient smoothness properties such that the
combined state trajectory Z(t) exists forward in time

t>0and 7 € LI™. We also define the following short-
hand notations ¢} = [C’A 0},%2 = [0 I, ® Cf},

2, = CB and %, = I, ® Dy, which will be used in
Theorem 2 and Lemma, 2.

Remark 2 It can be noted that the combined state-
space realization (o, B,€,9) retains minimality
when (A,B,C,D) and (Ay,By,Cy,Dy) are minimal
and M(s) does not have any poles at the origin. If
M(s) has poles at the origin then it will give rise

to a pole-zero cancellation at s = 0 between M(s)
sl 0

and Xroni(s) = | 0 fo(s)n |- As a consequence,
0o I,

(A, B, €, D) loses its state observability via the PBH
test [42], despite the pair (A, C) being completely observ-

Nl — o N
able. In such cases, - v; = 0 wherev; € R,

v; # 0 is the eigenvector of o/ corresponding to \; = 0.

Theorem 2, given below, will establish that TD-IONI
systems are equivalent to a class of dynamically dissi-
pative systems defined with respect to L;onr(s) and Q
[termed as (XronT, @)-dissipativity]. The theorem also
offers a necessary and sufficient LMI condition to be sat-
isfied by TD-IONI (5 5y systems. This LMI condition
can be considered as a state-space characterisation for
such systems and is useful for checking the strict/non-

strict TD-IONIs . o 5) properties of a given LTI system.

Theorem 2 Consider the cascaded systems intercon-
nection M, as shown in Fig. 4 and mathematically de-
scribed in (12), where M is a finite-dimensional, causal,
square and initially relazed system having a minimal
state-space realisation (A, B,C, D), \;[A] € C~ Vi and
D =D". Defineg=y— Du andt = L [fs(s)[n] xu
where fs(s) € BH  is defined in (11) and has a mini-
mal state-space representation (Ay, By, Cy,Dy). Let § >
0,e >0, a € Nand 8 € N. Then, the following state-
ments are equivalent:

I. M is (Zr0n1,Q)-dissipative where Srony has
the real, rational transfer function matriz rep-

sl,, 0
resentation Yioni(s) = 0 fs(s)Im | and
0 I
—6l,, 0 I,
Q= 0 —el,, 0 |;
I, 0 0

II. there exists @ = 2T > 0 such that

[[=0 (13)
where

Pod + TP+ PRB— € +
§C, € +eCy) G 06 D +<Cy Do
BT P -6 + -9, — 9+
SO G +eDy G 5D Dy + <Dy Do
(14)
II. M is TD-IONI(5 ¢ 0.5)-

Note that the storage function in Part I and Part III can

T X
be chosen as V(%) = 2 PZ, where T = [ € R

Ts

with @ = 27 > 0 obtained from Part I



Proof. Let there exist d > 0, >0, « € Nand 5 € N.

I = II: The proof proceeds through the following set of
statements:

M is (Zronr, Q)-dissipative with respect to Xrons(s)

sl, 0 =0l 0 Iy
=1 0 fus)lm| andQ=| 0 —el, O
0 In I, 0 0

& there exists a C! storage function V(%) = &' 27
with 2 = 2T > 0 such that 2" Qz > V(Z) where

x
z= [ ] [using Definition 6]
T

< there exists 2 = 2" > 0 such that

_5Im 0 Im g
{gj—'— al uT} 0 —el, O i
I, 0 0 U

>i P+ Pi
& there exists 2 = 2" > 0 such that

{jT uT}H[j] >0 where 7 € R
u

is evaluated along the trajectories of M subject
to any admissible input u € L3,
[upon expanding the term jj = C Az + C Bul]

= there exists 2 = 2T > 0 such that H >0

[following the necessity part of the proof of
[4, Theorem 2]].

I < II: We have the following arguments:

There exists Z = 2 > 0 such that H >0
& there exists Z = 2" > 0 such that

Bl

u

1 >0 for all € Rrtatm

u
& there exists Z = 2 > 0 such that
2(C Az + CBu) "u — §(CAz + CBu) ' (CAz + CBu)
—et'u>z (PA + o Pz +21 PRBu
for all € R"™ and all u € R™
= there exists Z = 2T > 0 such that a C! storage
function V (z) = 7' 27 satisfies 2" Qz > V(&) where

.
z= [gT al UT} is evaluated along the trajec-

tories of M subject to any admissible input u € 5"
& Mis (EIONI, Q) -dissipative
[via Definitions 3 and 6].

IT = III: We have the following set of implications.

There exists & = 2 > 0 such that H >0

= there exists Z = 2 > 0 such that a C' storage
function V(Z) = Z ' 27 satisfies 25 u — 63 '
—et' @ > V(Z) where 4,  and @ are evaluated
along the trajectories of M subject to any

admissible input u € L3} [following

the proof of the part (I <= II) on noting that

2'Qz=25"u— 65"y —eu' U
& there exist a C! storage function V(z) = z' 2%

with 2 = 27 > 0 such that M satisfies
/T (29 u—6y"y—eu'a)dt > V(z(T)) - V(z(0))
foor all T € [0, 00) and any admissible u € L5}

= /OT (20"u—0y'y—eu'u)dt >0 foralT € [0,00)

and any admissible u € LY} [since V(Z(T)) > 0
VT € [0,00) and V(Z(0)) = V(0) = 0]
< M is TD-IONI(5. .5) [via Definition 7].

IT < III: This part follows directly from Theorem 3
derived in Section 4.

Combining all the above arguments, it can be assured
that Part I < Part II < Part III. This completes the
proof. |

3.8 TD-IONI(s. o ) lemma

This subsection utilises the LMI condition given in
Part I of Theorem 2, referred to as TD-IONIs . o 3)
lemma from now onwards, for checking the strict/non-
strict properties of a given TD-IONI. , ) system
depending on the definiteness of the solution matrix
P = P21 > 0, the values of the parameters § > 0,
€ >0, a € N, 8 € N and the type of stability (i.e.
whether \;[A] belong to C~ or C~ for all i) of the

system under consideration.

Lemma 2 (TD-IONI. . 3 lemma) Let M be a
finite-dimensional, causal, square and initially re-
laxed system having a minimal state-space represen-
tation (A,B,C,D) where D = DT and MN[A] €
C™ Vi. Let 6 > 0, e >0, a € Nand § € N. Let



(Af,Bf,C¢,Dy) be a minimal state-space represen-
tation of fs(s) € #H, as defined in (11). Define

A 0 . B

o B :

T . Then, M is
CA 0 : CB

G2 D

0 I, ®Cy L, ® Dy
TD-IONL 5 ¢ o) if and only if there exists & = 2T >0
such that [] > 0, where [[ was defined in (14).

Proof: The proof directly follows from Theorem 2. W

3.4 Numerical examples

In this subsection, we will study several illustrative nu-
merical examples after presenting an LMI-based state-
space characterisation (i.e. the TD-IONI ;5. o 3) lemma)
for the full class of TD-IONI(5. o g) systems to clas-
sify the strict /non-strict TD-IONI (s . o, gy properties, as
portrayed in the Venn diagram in Fig. 3. Note that the
time-domain inequality (9) can also be used to test the
TD-IONI (5. «,3) properties of a given system. For con-
venience, it is also possible to consider the strictness pa-
rameters (§ and €) separately, one at a time, as explained
in the next lemma. However, for higher-order and MIMO
systems, it requires a lot of manual effort. In such cases,
the LMI condition (13) is the best option for checking
the TD-IONI s . o 3) properties of a given system based
on its minimal state-space realisation.

Lemma 3 Leta € N, B € N, §o > 0 and g9 > 0. Let

M(S) S TD—IONI((;O’Oya’ﬁ) andM(s) € TD'IONI(O,so,a,ﬁ)-

Then, M(s) € TD-IONI(5. o5y for all 6 € [0, %50] and
alle € [0, 3e0].

Proof. Since fOT(Zngu— S0y 9)dt > 0and fOT(Zngu—
goti' w)dt > 0 for all T € [0,00) and all admissible
u € LB, it easily follows that fOT 2y Tudt = fOT g udt+
TgTudt > L6 [TgTgdt + Leo ) aTadt >
S gTgat + eflaTadt, for 6 € [0,36] and

e €0, %50]. This completes the proof. [ |
. 1-2121 )
Example 1 Consider Mi(s) = ] with a
245112
-2 04 O
- A|B 0 —2(0 4
minimal = . To test the
C\D 1.5 0.75(—-2 —1
0.75 1.75|—-1 =2

strict/non-strict TD-IONI (s . o, 5) properties of My, we
apply the TD-IONI5 . gy lemma and obtain a feasible

0.97 039 —-0.45 —0.02
0.39 097 —-0.02 —0.45
—0.45 —0.02 0.90 0.05

—0.02 —0.45 0.05 0.90

0 =0.1978 and € = 0.3447 when the filter function fs(s)
is constructed with o = 1 and = 1. This indicates
that My is a TD-VSNI system with « = 1 and g = 1.
Hence, My belongs to the stable VSNI subset (see the
Venn diagram in Fig. 3).

solution & = > 0 with

252 4+ 10s + 22
E le 2 Let M- =
xample 2 Let Ma(s) = G0 56s 1 40
with a minimal state-space realisation. My satis-
fies the TD-IONI(5. o 5y lemma (i.e. Lemma 2) with

[ 261 205 259 0.56 —0.61 —0.45
2.05 3.02 344 1.32 —0.80 —0.80
2.58 344 6.21 271 —1.21 —1.54
056 1.32 2.71 292 —0.56 —1.65
—0.61 —0.80 —1.21 —0.56 0.61 0.45

| —0.45 —0.80 —1.54 —1.65 0.45 1.32 |
6 = 1.8593 and € = 0.1829 when o = 2 and B = 1. This
implies that Mo is a stable TD-VSNI system with o = 2
and 8 =1 (see the Venn diagram in Fig. 3).

| 5?48
Example 3 Let M;(s) 4+ s3 + 2552 + 85+ 100

with a minimal state-space realisation. Similar to the
previous examples, we apply the LMI condition (13) to
check the strict/non-strict IONI properties of M5. We 0b-

[ 4.03 0.10 4.05 0.10 —0.02]
0.10 459 0.16 3.45 —0.05
405 016 632 015 —0.02| >0
0.10 345 0.15 3.44 —0.05

| —0.02 —0.05 —0.02 —0.05 0.01 |

with 6 = 1.0459 and ¢ = 0 when (o« = 1,8 = 1) and ii)

[ 417 026 426 0.23 —0.08 —0.04 |
0.26 4.88 040 3.73 —0.13 —0.10
426 040 6.64 0.36 —0.13 —0.06
0.23 3.73 036 3.71 —0.12 —0.09
—0.08 —0.13 —0.13 —0.12 0.04 0.02

| —0.04 —0.10 —0.06 —0.09 0.02 0.02 |

with § = 0.8299 and ¢ = 0 when (o = 2,8 = 1). The
end result signifies that M3 is a stable TD-OSNI sys-
tem (i.e. TD-IONI(550 c=0,acn,gen) system) that is not
TD-VSNI.

tain 1) & =

4000(s + 4)

Example 4 Consider My(s) = — 85132
s s

with a



0 11(0

- A|B :

minimal = | -1 —2|1|.LMI (13) gives a fea-
C|D

15.14 3.36 1.65 4.36
) ) 3.36 2.15 —1.25 —1.54
sible solution set & =

1.65 —1.25 9.98 10.00

4.36 —1.54 10.00 12.34
0,9 =0 and e = 0.8086 to this system when o = 1 and
B = 2. Howewver, it is verified that (13) does not give a
feasible & > 0 with both § > 0 and € > 0 for any valid

combinations of («, 8). This implies that My is a stable
TD-ISNI system but not TD-VSNI.

252 +s+1

E le 5 Take M, =
xample 5 Take Ms(s) = 35 3 57 + 25 7 5)

A|B
having a minimal state-space representation -— =
C\D

—3.5 —2.125 —1.063 —0.625|0.5
4 0 0 0 0
0 2 0 0 0 We apply the
0 0 0.5 0 0
0 0.5 0125 025 |0

TD—IONI(57E,Q7[3) lemma to this system subject to the
most popular combinations of the input filter pa-
rameters (o« = 1, = 1), (a« = 2,6 = 1) and
(a = 1,8 = 2). But, none of them offered a feasi-
ble & > 0 enforcing 6 > 0 and/or ¢ > 0. However,
My satisfies the LMI condition, given in (13), with

43.76 25.35 30.07 24.85 —19.88
25.35 1797 19.17 16.16 —12.43
P = 30.07 19.17 22.74 18.79 —-1491| > 0,
24.85 16.16 18.79 15.84 —12.43
| —19.88 —12.43 —14.91 —12.43 9.94 |

d=0ande =0 when (a = 1,8 = 1). Same results were
obtained for the other two combinations (« = 2,8 = 1)
and (o = 1,8 = 2) [although the & matrices in these
cases were numerically different]. These observations
underpin that My is a non-strict stable NI system (i.e.

TD-IONI(5-0 c=0,aeN,8eN) )-

Example 6 Following the same type of analysis
as done in FExamples 1-5, we find that a single

integrator system Mg(s) =

0.00 0.001

0.99 1.17
e = 0.5485 when (o = 1,8 = 1). Similarly, the system

— satisfies Lemma 2
s

with & = l 0, & = 0.6728 and

10

s+4

Mr(s) = m satisfies the TD-IONI (5 o gy lemma
10.07 0.00 —14.34
with 2 = | 0.00 0.00 0.00 | >0,8=0.1462 and

—14.34 0.00 24.76

e = 0.6263 when (o = 1,8 = 1). Same observation was
made when (o = 2,6 = 1) and (a = 1,8 = 2). Hence,
we can conclude that both Mg and My belong to a subset
of TD-VSNI systems that allows a simple pole at s = 0.

Example 7 Finally, we choose two other types of
1

TD-IONI systems: a double integrator Ms(s) = — and a
S

1
lossless NI system My(s) = RN We verify that both
s

Mg and My fall within the non-strict TD-IONI systems
having poles on the jw azxis, including the origin.

4 Connections between the TD-IONI systems
property and classical dissipativity

In this section, we will establish that for an initially re-
laxed TD-IONI 5 o,y system with a controllable state-
space, there always exists a positive semidefinite stor-
age function V(Z) such that the cascaded system M (in
Fig. 4) satisfies the dissipation inequality (3) with a par-
ticular time-domain supply rate w(u,u,y) = 2y u —
0y"y —eu'u for some 6 > 0 and ¢ > 0. Here § =
y— M (o0)u is defined as an auxiliary output of M and @
is a filtered auxiliary input chosen as the inverse Laplace
of U(s) = [fs(s)Im]U(s) where U(s) = Z[u(t)] and
fs(8) € #H  is defined in (11).

Theorem 3 Let M be a finite-dimensional, causal,
square and initially relaxed system governed by the
minimal state-space equations © = Az + Bu and
y = Cx+Du, where D = DT and \;[A] € C~ Vi. Let the
associated transfer function matriz be M(s) € Z™*™.
Define § = y — Du and u = L [fs(s)],n] * u where
fs(s8) € #H  is definedin (11). Letd > 0, >0, € N
and B € N. Then, the cascaded system M (comprised of
M and X1on1) in Fig. 4 is dissipative with respect to
the supply rate w(u, @, ) =24 u — 049§ — et u if and
only if M is a TD-IONI(5. o g) system.

Proof: In this proof, we will consider the combined state

€ R*"*" where © € R and z; €

trajectory z =

T s
R™ denote respectively the states of the system M and
the input filter function f4(s). Note that z; is required
to be included because the filter dynamics is directly
involved in the dissipation inequality.

(Sufficiency:) To show that the combined system M
in Fig. 4 is dissipative with respect to the supply rate



w(u, @, 7y) = 2y u — 6y ' § — et 4, we have to establish

that there exists a storage function V : R"*" — Ry,
with V(0) = 0 such that M satisfies the dissipation in-
equality (3). Since the state-space is assumed to be com-
pletely controllable, there exists an admissible input ()
defined as

0 when ¢ < t_q,
(t) whent_; <t<0,

u(t) =< a

0 when ¢t > 0,

which steers the system from Z(t_1) = 0 to any Z(0) €
R™™7_ In this proof, let y(t) be the output of M and
define §y = y — Du where D = M(00) = D". Now,

0 0
/ w(u, T, §) dt = / (25 u— 65§ — caa) dr
t_1 t_q

T T
- / (25 u— 6575 —eaa)dt + / §Tgat
0

t_1
T
+a/ a'adt VT € [0,00)
0
[since M is causal and time-invariant)

T
> / (20 u—6y'y—cu'u)dt VT €[0,00)
t_q
[since 6 > 0 and £ > 0]

T
_ / (2 u—06§Tj—ca m)dr>0 VT € [0,00)
0

via Definition 4 and applying a change of the time
variable 7 = t —t_; where —oo < t_; < 0 and de-
noting T' = T — t_;. Hence, for arbitrary t_; < 0

and Z(t_1) = 0 we have, ft(ilw(u,ﬁ,gj)dt > 0.
We now construct the required supply function as

0
V. (Z) = w(u,u,y)dt > 0 following [32],

inf f

*=0—z t_
(),t 1<0

where origin is the point of minimum storage (i.e.,
Z* = 0). Therefore, V,.(Z) can be considered as a suit-
able storage function candidate for M (comprised of M
and EIONI)«

It remains to be shown that V,.(Z) satisfies the dissipa-
tion inequality (3). Note that in taking the system from
Z=0att =0tz € R"™ att = ¢, we could
first take it to Zg € R™*™ at time ¢y, while minimizing
the energy, and then take it to Z; at time t; along the
path for which the dissipation inequality is to be eval-
uated. This is possible since M is a time-invariant sys-
tem. As V,.(Z1) represents the infimum amount of en-
ergy required to reach z; at ¢t = ¢; from z = 0 at
t = 0, energy required to reach the same destination
Z1 from the same starting point = 0 via any other
path will be greater than or equal to V;.(Z1). Therefore,

11

Vi (Zo) + fti,l w(u, u,y)dt > V,.(z;) follows. It can hence
be concluded that the cascaded interconnection M in
Fig. 4, comprised of the TD-IONI 5. o 5) system M and
the LTI operator Xjon7, is d13$1pat1ve with respect to
the supply rate w(u, @,9) = 2y u — 6y ' § — £t ' .

(Necessity:) Let M be dissipative with respoct
to the supply rate w(u,a,y) = 2§ u — 6¢y'y —
et u. Hence, there exists a storage function V :
R Rzo with V(0) = 0 such that V(z(0)) +
fOT (2gTu—o0y'y—eu'u)ydt > V(&(T)) for all
T € [0,00) and all v € LI'. The preceding inequal-
ity implies fOT (20Tu—6yTy—eu'u)dt > 0 for all
T € [0,00) and all admissible v € L3%, which confirms
that the system M in Fig. 4 is TD-IONI;. o 5) via
Definition 7.

The Necessity and the Sufficiency parts together com-
plete the proof. [ |

Relying on Theorem 3, we can recommend a time-
domain dissipation inequality (in Willems’s framework
[39]) for defining TD-IONI 5. 4,5y systems involving a
storage function V : R"*" — R satisfying

T
V(2(0)) + /O (2 u—6y"y—eu'a)dt > V(z(D))

(15)
for all T € [0, 00) and all admissible v € L7, and where

x
T = l ] denotes the combined state trajectory of the
Ts

cascaded system M shown in Fig. 4.

Remark 3 Theorem 2 and Theorem & establish
the equivalence among the TD—IONI((;,E’Q)B) systems
property, the TD-IONIs. o 3) lemma, (EIONI,Q)-
dissipativity and time-domain dissipativity with respect
to the supply rate w(u,u,y), where j = y — Du and
u = Hfs(8) L] * u with fs(s) € #H being de-
ﬁned in (11). We can now readily conclude that a
finite-dimensional, causal, square and initially relaxed
system M having a minimal state-space realisation is
TD-IONI(5 . o,8) < there exists & = P27 >0 such that
IT > 0 [given in (13)] < the cascade combination M
i Fig. 4, comprised of M and Xjon7g, 1S (EIONI,Q)—

sl,, 0
dissipative where Yronr(s) = 0 fo(s)l, | and
0 I,
—§I,, 0 I,
Q = 0 —el,, 0 | & the same M in Fig. /
I, 0 0



is time-domain dissipative (in  Willems’s frame-
work [89]) with respect to the supply rate w(u, @,y) =

29w — 0y 'y —eu'u and a specific storage functzon
V(z) = 2" 2T with 2 > 0 being the solution of [] > 0.

5 Frequency-domain dissipative characterisa-
tion of the TD-IONI systems

This section presents another significant contribution
of this paper. It develops a frequency-domain dissipa-
tive framework for characterising the full class of the
TD-IONI(5,.,«,5) Systems in contrast to the related ear-
lier results reported in [35, 9, 10, 11] and [4] where
(Q(w), S(w), R(w))-dissipativity was used only for sta-
ble IONI systems. (Q(w),S(w),R(w))-dissipativity
cannot capture the marginally-stable systems because
the frequency-domain dissipation inequality involves
frequency-domain integrals having limits from —oo to co
and hence, restricts the system transfer function to be
stable and the admissible inputs to be Z2-bounded (i.e.
all finite-energy signals). Another discrepancy arises
between the time-domain and the frequency-domain
dissipative approaches due to the fact that while the
former allows Lo, signals, the latter allows only Lo
(equivalent to Z(jR)) signals.

To circumvent the aforementioned limitations and dis-
crepancies, in this section, we develop the idea of “shifted
(Qa(w), Sa(w), Ry(w))-dissipativity” (discussed at the
end of Subsection 2.2 on page 4) instead of the conven-
tional (Q(w), S(w), R(w))-dissipativity. Furthermore, to
make both the time-domain and frequency-domain dis-
sipative frameworks compatible, we choose to restrict
the time-domain input space to Ls. Theorem 4 proves
that the class of TD-IONI systems including the ones
that contain poles on the jw-axis for w € R, satisfies
the “shifted (Qq(w),Sq(w), Rq(w))-dissipative” prop-
erty where Qq(w) = Qq(w)' € R™*™, S, (w) € C™*™,
Ro(w) = Ry(w)T € R™*™ Y € R and the parameter a
is chosen such that a > 0 when the system has at least
one pole (or a pole-pair) on the jw-axis, otherwise a = 0
(i.e. when M (s) € ZH ).

Theorem 4 Let § > 0, > 0, « € N and 8 € N. Let
M(s) € Z™*™ be the transfer function matriz of an ini-
tially relaved TD-IONI(5 . o 5) system M having a min-
imal state-space representation (A, B,C, D) with D =
M(oo) = DT. Choose a > 0 when max R{\;[A]} = 0, or

else a = 0. Then, M is “shifted (Qq(w), Sq(w), Ry (w))-
dissipative” with Qq(w) = —6(a® + w1, Su(w) =
(a—jw)l, +6(a® +w?)D and Ry(w) = —a(D+DT) —
§(a® +w?)D'D — e{fs(a — jw)fs(a+ jw)},, Vw € R
where fs(s) € #H  is defined in (11).

Proof. We begin the proof on noting that y =
f‘l[M( )xu, j = y—Duwhere D = M(cc) = DT and
YHfs(8) L] % u with w € L5 and f4(s) € ZH
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be defined as in (11). The proof proceeds through a se-
quence of mathematical arguments in which improper
frequency-domain integrals having limits from —oo to
oo are considered being inspired by similar instances as
reported in [17] and [35].

Case I. Let M(s) contain pole(s) on the jw-axis for
w € R. In this part of the proof, Y (a + jw), Y(a + jw),
U(a + jw) denote respectively the Fourier Transform of
the real-valued time-domain signals e~ %y(t), e~ 2¢y(t),
e~ u(t) for all t > 0 and for a specific a > 0.

M is TD-TONT 5. o 5,
& there exists V : R"*" — R with V(0) = 0 such that
T
/ (2 u—6y"y—ea'a)dt >V (z(T)) - V(z(0))
0

for all T € [0, 00) and all admissible inputs u € L'
[utilising Theorem 3]

T
:>/ (20"u—6y'y—ecu'u)dt >0 forallT € [0,00)
0

and all admissible inputs u € L3’
[since V(Z(T')) > 0 for all T € [0, 00) and V(0) = 0]

(o)
:>/ e (2 u—¢6y y—eu'u)dt>0
0

for all admissible inputs u € LY*  [choosing
a > 0 when max R{N:[A]} =0; orelse a = 0.]

<:>/ efatu) _5(67atzj)T(efath) —8(€7atﬂ)—r
)] dt > 0 for all admissible inputs u € L5*

S5 /_Oo(a — jw)Y (a+ jw)*U(a + jw) dw +
i[ (a+ jw)U(a + jw)*Y (a + jw) dw —
/ 5 (a® + W)Y (a+ jw)*Y(a + jw) dw —

%/ e Ua+ jw)*U(a + jw) dw > 0

for all admissible U € £ (a + jR)
[using the result (a + jw)Y (a + jw) = Fle~*y(t)] for a
specific a > 0 such that Y (a + jw) exists Vw € R [34]]
1
o

U(a+jw)}dw+/ a+jw)[U( + jw)*

(a — jw) [[Y(a +jw)* =U(a +jw)*DT} X

[Y(a+ jw)— DU(a+ jw) }dw/ {
W) {Y(a+jw)* = Ula+jw)" DT HY (a + jw)—

DU(a +jw)}} Qoo — 5 /_O; [g Ula+ jw)*



{fs(a —jw)fs(a+ jw)} [ U(a+ jw)|dw >0
for all admissible U € £ (a + jR)
o [ |@-govier it io + @)

Ula + jw)*Y (a + jw) — aU(a + jw)*(D+ D)
Ula + jw) — 6 (a* + W)Y (a + jw)*Y (a + jw)+
§(a® +wU(a + jw)* DY (a+ jw) + 6 (a® + w?)
Y (a + jw)*DU(a + jw) — 6 (a* + w?)U(a + jw)*
DTDU(a + jw) - eU(a+ jw)*{fs(a — jw)

fs(a+ jw)}t, Ula —|—jw)} dw >0
for all admissible U € " (a + jR)

5/

Y(a+ jw)* U(a+jw)*} X

(a _.]w)lm"' 1
0@+ 52D
—a(D+D") X
(a+ jw)lm+ —§(@*+wH)D'D
§(a*+w?)D’ —e{fs(a - jw)
L fs(a+ jw)}Hm
v ‘
(atjw) | o >0
| U(a + jw)
for all admissible U € " (a + jR)
> L o (W) Sa(w)
S5 N [Y(a—l—jw) Ula + jw) ] () Ru(w) X
v .
(atjw) | oo >0
Ula + jw)
for all admissible U € .£;"(a + jR) denoting Q,(jw)
= =0 (a® + w)Im, Sa(jw) = (a — jw) I + 6 (a®+
w?)D and R,(j ) —a(D+ D7) =6 (a® +w?)x

D'D - 5{fs(a —jw)fs(a+ Jw)}Im-

Case II. Let M(s) € Z#"7.°™. Then,

M is stable TD-IONI 5. o 3)
1 [ w) S(w Y (jw
S [ Tyer g ] [ 2 590 Y6
2 J oo S@w)* Rw) | [ UGw)
dw >0 for all admissible U € £"(jR) and
denoting Q(w) = —6w?I,,, S(w) = —jwl, +dw?D

28
— _S5.2DTp_ -z
and R(w) = —6w”D ' D 5<1+w2(a+ﬁ_1)>lm

VYw € R [follows directly from Case I on setting a = 0].
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Case I and Case II together complete the proof. |

5.1  Frequency-domain dissipativity of stable TD-IONI
systems: A necessary and sufficient result

For stable systems, the proposed idea of “shifted
(Qu(w), Sa(w), Ry (w))-dissipativity” boils down to the
conventional  (Q(w), S(w), R(w))-dissipativity.  This
subsection shows that for stable TD-IONI(s. o 3) Sys-
tems, the notion of “shifted (Qq(w),Sq(w), Re(w))-
dissipativity” is not only a sufficient-type result,
implied by the time-domain dissipative supply rate
w(u, @, y) =2 u— 0y 9§ — et u, but it is also a neces-
sary and sufficient property. To prove this claim, we will
specialise the time-domain dissipation inequality (15)
for stable IONI(5 . o, g) systems as follows: there exists a
storage function V : R"™™ — Rs( such that

V(#(0) + /OOO (25 u— 657§ — caa) dt > V(#(c0))

(16)
for all admissible v € LY, since y = Ci = CAzx +
CBu now belongs to the space LJ* as x € LI subject
to u € L3 and since @ € L3*. Note also that Z(co)
exists and is finite, since both M (s) and fs(s) belong
to #H . Therefore, V(Z(00)) does also exists and is a
finite quantity.

Theorem 5 Let M(s) € ZHA7™ be the transfer func-
tion matriz of a finite-dimensional, causal and initially
relaxed system M. Define D = M(00). Let § > 0,¢ > 0,
a € Nand 8 € N. Then, M is a stable TD-IONIs . o 3
system if and only if M is (Q(w), S(w), R(w))-dissipative
with Q(w) = —6w?l,, S(w) = —jwl, + éw?’D and

28

Proof. First note that M(s) belongs to the sta-

ble TD-IONI(5. .5 class implies that M(s) is sta-

ble NI according to Definition 1, which in turn im-

plies D = M(oo) = DT [26]. Let fs(s) be defined

as in (11) y = L7YM(s)] xu, § = y — Du and
Y fs(s)Im] x u with u € L3*. Then,

M(s) is stable TD-IONT (5 . o 5)
@/Ooo (2Tu—0dy'y—eu'u)dt>0 Vuell
[via (16) and since V (#(00)) = V/(0) as #(c0) = 0]
g [T ) U) + U ) (G (i)~
5 (¥ (1) Guo¥ (1) — < UG T e
VU € 2" (jR)

b {Y(jw)*(—éwQIm)Y(jw) + Y (jw)* (—jwln,+

)|dw >0

[by applying Parseval’s theorem [7]]

©7
2



5w’ D)U (jw) + U(jw)* (jwlm + 6w?DT)Y (jw) + U(jw)*

28

w .

VU € £ (jR) [substituting Y (jw)
and U(jw) = (fs(jw)Im)U (jw)]

g [ G QuIY ) + Y () S@U )+

U(ju) S(@)*Y (jw) + U(jw)*R(w)U(jm} dw >0

YU € 25" (jR)
< M is (Q(w), S(w), R(w))-dissipative.

=Y (jw)

This completes the proof. |
Remark 4 The “shifted (Qq(w),Sq(w), Rq(w))-dissi
pativity” cannot explicitly recover the point-wise
frequency-domain condition jw[M (jw) — M(jw)*] —
— — 2

§ w2 M (jw)* M (jw) — %W)Im >0VweR
because the frequencies at which M (jw) does not exist
cannot be simply discarded from within the frequency-
domain integration having the range from —oo to +o0.
This issue has been there in the NI literature right from
the beginning, but it was not explored and investigated
earlier. To bypass this limitation of the frequency-domain
definition, in the current paper, we have proposed a
stand-alone time-domain definition for IONI systems
without relying on the classical point-wise frequency-
domain inequality. However, for asymptotically stable
IONI systems, it recovers the frequency-domain defini-
tion - as discussed in Case II of Theorem /.

6 Asymptotic stability of a TD-ONI systems in-
terconnection without poles at the origin

In this section, we restrict the class of TD-IONIs . o 3)
systems into the TD-ONI® (i.e. TD-IONI(550,:=0,q,4))
subset without poles at the origin, since such systems
exhibit interesting closed-loop stability properties when
connected in a positive feedback loop. Theorem 6 will
derive the internal asymptotic stability conditions for
a positive feedback interconnection (see Fig. 1) of a
TD-ONI system M without poles at the origin and a
stable TD-OSNI system N. Let M and N be described
by the following state-space equations:

e {561 = Ajz1 + Biui, 10 = 21(0);
"y = Cixy + Dyug;
and
® Note that for TD-ONI systems, that is

TD-IONI(s>0,c=0,a,8), the parameters a and 3 become
irrelevant since € = 0 has been imposed. Accordingly, the
TD-OSNI subset is also characterised with € = 0 in this
section.

~ DU (jw)

14

N By = Agwy + Boug, 20 = 22(0);
' = Cazz + Daug;

where Dy = D{, Dy = Dj, det[A;] # 0 and Aj is
Hurwitz. Now, by specialising the dissipative character-
isation of TD-IONI 5. o, g) systems to TD-ONI systems
without poles at the origin, we can say that there exist
two positive definite storage functions V; (z1) and Va(x2)
such that M satisfies

20{ uy — 619 1 > V(1) (17)
for some §; > 0 and N satisfies
20 uz — 8233 Y2 > Va(2) (18)

for some 6o > 0.

The following technical lemma is an essential prerequi-
site to prove the internal asymptotic stability of an un-
forced TD-ONTI interconnection without poles at the ori-
gin. Lemma 4 provides the criteria to be imposed on the
TD-ONI systems under consideration to ensure that the
feedback interconnection (Fig. 1) does not have any pole
on the jw-axis for any w € (0, 00).

Lemma 4 [24] Let M(s) be a (not necessarily sta-
ble) TD-ONI system without poles at the origin and
N(s) be a stable TD-OSNI system. Let [I — M(s)N(s)]

have full normal rank. Let Q@ = {w € (0,00) : s =
Jjw is not a pole of M(s)} and
JIN(jwo) = N(jwo)] >0 Vuwg € (0,00)\2. (19)

Finally, let there exist no w € Q such that det[M (jw) —
M (jw)*] =0 and det[N (jw) — N(jw)*] = 0. Then, [I —
M(s)N(s)] does not have any transmission zero on the
Jjw-axis for any w € (0, 00).

Theorem 6 derives a set of sufficient conditions to ensure
the closed-loop asymptotic stability of the origin of an
unforced positive feedback interconnection (see Fig. 1)
of two TD-ONI systems without any poles at the ori-
gin. In contrast to the conventional approach for prov-
ing the closed-loop stability results of interconnected
NI and SNI/OSNI systems, as followed in [26, 41, 25]
and [24], this paper utilises a completely different ap-
proach relying on the dissipative characterisation of the
TD-ONI systems and the Lyapunov stability concept.
Theorem 6 covers the stability proof for an NI-OSNT in-
terconnection (refer to Case I of the proof of Theorem 6)
as well as an NI-SNT interconnection (refer to Case II).
In the context of proving the stability of an NI-SNI in-
terconnection using Lyapunov approach, we want to re-
fer to the proof of [15, Theorem 1], which followed a
similar approach to us but some of the steps were con-
ceptually incorrect [in (12), given in page 3427 of [15],
V(0) = V(zg) = V(z(t = 0)) = 0 is taken to show



J2 = 0; however V(z() cannot be zero since the proof
needs non-zero initial condition]. Our proof corrects that
part. Besides, the proposed theorem (Theorem 6) also
removes the restrictions Dy > 0 and D1D2 = 0 used in
[15, Theorem 1] to prove the closed-loop stability of an
NI-SNIinterconnection. It therefore has the advantage of
capturing two bi-proper systems (for which Dy Dy # 0)
together in an interconnection.

Before presenting the theorem, we provide another tech-
nical lemma that will be used in showing the positive
definiteness of the matrix .7 in (20) [appearing in the
step (22)] required to establish the positive definiteness
of the closed-loop Lyapunov function V. (x1,22) in the
proof of Theorem 6.

Lemma 5 Let M(s) and N (s) have minimal state-space
realisations (A1, B1,C1,D1) and (A, Bs,Co, Ds) re-
spectively, where Dy = D], Dy = D, , det[A;] # 0 and
Ay is Hurwitz. Let also P, = P, >0 and P, = P, > 0.
Denote V=1 — DyD1 and U = I — D1Dy. Then, the
matrix

P —C!D,UC —-c{v—ic
y _ 1 1 2 1 1 2 S O
—C;U_]‘Cl Py — C;—U_lDlCQ
(20)
if and only if

) #0,

(00))"H(M (o) N (0) — I)] <0,
(00))"H(N(0)M(0) — I)] < 0.
(21)

det[I — M (o0)N (o0
Amax [(I — M(o0)N
)\max [(I - N(O)

Proof. The proof proceeds along a sequence of if and
only if matrix manipulations, as shown in the proof of
[25, Theorem 9], which took the inspiration from [26,
Theorem 5. ]

Theorem 6 Let M(s) be a (not necessarily sta-
ble) TD-ONI system without poles at the origin and
N(s) be a stable TD-OSNI or an SNI system. Let
Q= {w € (0,00) : § = jw is not a pole of M(s)} and
J [N (jwo) — N(jwo)] > 0 ¥ € (0,00\2. Suppose
there exists now € Q such thatdet[M (jw)—M (jw)*] =0
and det[N (jw) — N (jw)*] = 0. Suppose further that (21)
holds. Then, the unforced positive feedback interconnec-
tion of M(s) and N(s), shown in Fig. 1, is internally
asymptotically stable.

Proof: Let there exist two storage functions V; =
x{ Piry with P, = P/ > 0 and Vo = x4 Pyxy with
Py = Pj > 0 such that M and N satisfy (17) and (18)
respectively. Let M and N have minimal state-space
realisations (A17 Bl, Cl, Dl) and (AQ, BQ, CQ, DQ), re-
spectively, where D1 = D{, Dy = D, , det[A;] # 0 and
As is Hurwitz. In the following proof, we will use the
shorthand V =1 — D2D1 and U =1 — DlDQ.
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Case I — When M (s) has poles on the imaginary axis
and N (s) is stable TD-OSNTI:

Suppose M (s) has K € N non-repeated pole-pairs on
the jw-axis. The assumption j [N (jwo) — N(jwo)*] > 0
Ywg € (0,00)\ implies det[N (jwp)] # 0 via Lemma 4
which in turn implies that for all wg € (0,00)\$, s = jwy
is not a transmission zero of N(s). This hence prevents
any pole-zero cancellation of M (s)N(s) at s = jwy for all
wo € (0,00)\Q since N(s) has no poles nor transmission
zeros at s = jwy for all wy € (0,00)\Q2. For the rest of
the frequencies w € €2, no pole-zero cancellation occurs
since N (s) € ZA#7 ™ and M (s) does not have any pole
at s = jw for all w € Q. Furthermore, for all {s € C :
R[s] > 0} U {0}, no pole-zero cancellation can occur in
M(s)N(s) as N(s) € ZH ~ and M (s) has no poles in
{s € C: R[s] > 0} U{0}. Hence, M (s)N(s) has no pole-
zero cancellation in the entire closed right-half plane.

Now, a specific storage function V;(x1, z2) is defined for
the closed-loop system and expanded as shown below:

Ve (1, 72)
= Vi(z1) + Va(a2) =y y2 — i 92 + y{ DaD1ys
=a{ Piv1 + x5 Poxo — y{ Vya — 9 %2
= xIPlxl + .T;PQ.TQ - |:£L'IC;—UTCQ.$2+
x9 Cy D] U™ " Chzy + 2] C] U™ T DyCra +
m;C;DIU_TDgCle] — xlTC;rCQxQ

= xIPlxl + m;ngg - x]—C{rU_TCbmg—
x9 Cy D] U™ Cozy — ] O] U™ T DyCray —
x] C{ [I + Dy U™'Dy|Coxy
= a:IPl:rl + a?;PQI'Q — x]—C’f—UfTnggf
xy Cy D{ U™ Cozy —2{ CT U™ T DyClxy —
z{ C{ [(I — D2D1)""(I — D2Dy)+
Ds(I — D1D3) ' D] Cozs
= a:lTPlxl + x;PQIQ — IICFU7T02$27
xy Cy D{ U™ Cozy — 2 CT U™ T DyCy —
z] C] V10,
[since Dy(I — D1D5) " Dy = (I — D1Dy) ' DyDy)

B T T P, — CFD2U7101 —ClTV”C’g
- {xl %] _CTUC, P CTUDLCy |
2 1 2 2 12
[“1 >0 v[xl £0 (22)
o i)

due to satisfying (21) and relying on Lemma 5. There-
fore, Vgi(z1,22) qualifies to be a Lyapunov function
for the closed-loop system. The time-derivative of



Ve (21, z2) is computed below:

Vea(z1, x2)
=Vi(z1) + Va() — 91 y2 — yi G2 — U1 Jo—
i Y2 + 91 DaD1ys +y{ DaDiis
= Vi(z1) + Va(za) — (?hTM + 95 D1ya + s u2 + 9 Doy
+ 91 w1 — 9 Day1 + Y3 D1Dayr + o uz — ¥g D1y
+ QID2D1y2) + 94 DaDyys + 3 D1 Doy
= Vi(21) + Va(2) — 20 uy — 25 uz
= (Vi) = 23] ) + (Valw) — 2 wa)

< — 819 §1 — 2%y To [via (17) and (18)]. (23)

Therefore Vcl(ml,xg) < 0 since 61 > 0 and do > 0. This
implies boundedness of the states z1(t) and z2(t) for all
t > 0. In order to establish the asymptotic convergence
of 21(t) and z2(t) towards the origin, we will show that

no poles of the closed-loop system lie on the jw-axis,
which means that the closed-loop system matrix

A1 B1CQ
0 A

B1Ds
+
By

Ag = (I-DiD2)™" [ €1 DiCy |

is Hurwitz. Lemma 4 is then invoked to ensure that
[I — M(s)N(s)]~! does not contain any pole on the jw-
axis for any w € (0,00). Subsequently, the condition
det[N(0)M (0) — I] # 0, implied from (21), ensures that
[I — M(s)N(s)]~! does not have any pole at s = 0 via
[42, Lemma 3.38] on noting that [I — M(s)N(s)] does
not have any pole at s = 0. Combining all the preced-
ing arguments, it can be concluded that the unforced
closed-loop system is internally asymptotically stable.

Case IT — When M (s) has poles on the imaginary axis
and N(s) is SNI:

Note that for the SNI systems that are also TD-OSNI,
the proof remains the same as in Case 1. For the rest
of the SNI systems, we proceed as follows. Since SNI
systems are asymptotically stable and cannot contain
any purely imaginary zeros for w € (0,00), no pole-
zero cancellation of the loop transfer function M (s)N(s)
can occur in the entire closed right-half plane. The Lya-
punov inequality, derived in (23), still holds when N(s)
is SNT and implies Vg (21, 22) < 0 since §; = d2 = 0.
This implies the boundedness of the states. Then, [25,
Lemma 6] is exploited to prove that [I — M(s)N(s)]~?
does not contain any pole on the jw-axis for any w €
(0, 00). Finally, the set of conditions (21) guarantees that
[I — M(s)N(s)]~! does not have any pole at s = 0, as
explained in the last part of Case I. These arguments
jointly establish that the unforced positive feedback in-
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terconnection of a TD-ONI system without poles at the
origin and an SNI system is internally asymptotically
stable.

Case IIT — When M (s) is stable TD-ONI and N(s) is
either stable TD-OSNI or SNI:

Since in this case, both M(s) and N(s) belong to
RAT™, no pole-zero cancellation of the loop trans-
fer function M (s)N(s) can occur in the entire closed
right-half plane. The rest of the proof follows from
Case I and Case II and it re-establishes the sufficiency
parts of proofs of [6, Theorem 1] and [25, Theorem 5]
respectively.

Case I, Case II and Case III complement each other
to prove the theorem. ]

The following corollary is an immediate consequence of
Theorem 6 under the additional constraints on the gains
of the systems at infinite frequency. It offers an appeal-
ing and more elegant ‘DC loop gain’ condition for check-
ing the internal stability of a TD-ONI interconnection
without poles at the origin.

Corollary 1 Let M(s) be a (not necessarily sta-
ble) TD-ONI system without poles at the origin and
N(s) be a stable TD-OSNI or an SNI system. Let
Q= {w e (0,00) : s = jw is not a pole of M(s)} and
J[N(Gwo) — N(jwo)*] > 0 Vwy € (0,00)\Q. Suppose
there exists now € ) such thatdet[M (jw)—M (jw)*] =0
and det[N(jw) — N(jw)*] = 0. Suppose further that
either N(oo) > 0 and M(oco)N(oo) = 0, or else
M(o0) = 0, and Amax[N(0)M(0)] < 1. Then, the un-
forced positive feedback interconnection of M(s) and
N(s), shown in Fig. 1], is asymptotically stable.

Proof. The proof readily follows from Theorem 6 sub-
ject to the additional constraints that either N(co) > 0

and M (co0)N(00) = 0, or else M (c0) = 0. ]
Example 8 Consider a positive feedback intercon-
s +4s+12 5 —2
ti M = — bei
nection of M(s) ST | o s eing

a TD-ONI system without poles at the origin and

0.25s% + 3.75 2 -1
st +0.258% + 2552 4+ 3.755s +83.33 | —1 2

being a stable TD-OSNI system. It is checked that both
[M(s)—M(s)*] and [N (s)—N(s)*] have full normal rank,
M (s)N(s) does not have any pole-zero cancellation in the
entire closed right-half plane, j [N (jw) — N(jw)*] > 0
at w = 2 rad/s, j[M(jw) — M(jw)*] > 0 at w = V15
rad/s and there does not exist any w, € (0,00) such that
det[M (w,)— M (w,)*] = 0 and det[N (w,)— N (w.)*] = 0.
Thus, M(s) and N(s) satisfy all the assumptions of

N(s) =



Theorem 6. Finally, we test the DC loop gain condi-
0.2295 —0.1485]

—0.1485 0.2295

0.3780 < 1. Therefore, the unforced positive feedback
interconnection of M(s) and N(s) is guaranteed to be
asymptotically stable via Theorem 6.

tion )\maX[N(O)M(O)] = )\max [

7 Conclusions

This paper introduces the notion of Time-Domain
Input-Output Negative Imaginary systems [denoted by
TD-IONI5.¢,a,4)], which unifies all the existing versions
of the input and/or output negative imaginary systems,
including those with poles on the jw-axis [35, 10, 6, 4, 5].
TD-IONI(5.,q,5) systems have been defined in the
spirit of a new time-domain dissipative supply rate
w(u, @, §) instead of relying on conventional frequency-
domain definitions. A new dynamic-dissipative frame-
work, termed as (X7on71,Q)-dissipativity, is developed
for characterising and classifying the TD-IONIs . o 3)
systems, that leads to a necessary and sufficient LMI
condition (referred to as the TD-IONI(s. 4,5) lemma).
The proposed lemma does not impose any a priori
restrictions (such as stability, minimality, full normal
rank constraint, etc. — commonly used in the NI lit-
erature) on the system and thereby, it captures the
earlier results. This paper explores the fundamental
relationship amongst TD-IONIs. o 5) systems, dy-
namic dissipativity and classical dissipativity (in the
sense of Willems [39]). Subsequently, a new frequency-
domain dissipative supply rate, termed as the “shifted
(Qu(w), Sq(w), Ry (w))-dissipativity”, is proposed to
characterise the whole class of the TD-IONI. o 3)
systems (i.e. allowing jw-axis poles) in contrast to the
conventional (Q(w), S(w), R(w))-dissipativity, which
applies to only stable IONI/ONI systems [35, 10, 4].
It is also shown that for stable TD-IONI. o g) sys-
tems, the “shifted (Q,(w), Sq(w), Rq(w))-dissipativity”
reduces to (Q(w), S(w), R(w))-dissipativity. Finally, the
paper offers a closed-loop stability theorem for an un-
forced positive feedback interconnection containing a
TD-ONI system (without poles at the origin) and a sta-
ble TD-OSNI or an SNI system. In a future scope, the
(Qu(w), Se(w), Ry (w))-dissipative framework proposed
here can be further explored to establish a strong link
between NI theory and IQC theory relying on the ideas
given in [22].

References
[1] D. Abara, P. Bhowmick, and A. Lanzon. Cooper-
ative control of multi-tilt tricopter drones apply-
ing a ‘mixed’ negative imaginary and strict passiv-
ity technique. In Proceedings of the 2023 European
Control Conference, pages 1-6, June 2023.

17

2]

[10]

[11]

[12]

[13]

[14]

B. Bhikkaji, S. O. Reza Moheimani, and I. R. Pe-
tersen. A negative imaginary approach to modeling
and control of a collocated structure. IEEE/ASME
Transactions on Mechatronics, 17(4):717-727, Aug
2012.

P. Bhowmick, N. Bordoloi, and A. Lanzon.
Frequency-domain dissipativity analysis for output
negative imaginary systems allowing imaginary-
axis poles. In Proceedings of the 2023 European
Control Conference, pages 1-6, June 2023.

P. Bhowmick and A. Lanzon. Output strictly nega-
tive imaginary systems and its connections to dissi-
pativity theory. In Proceedings of 58th IEEE Con-
ference on Decision and Control, pages 6754—6759,
Dec 2019.

P. Bhowmick and A. Lanzon. Time-domain output
negative imaginary systems and its connection to
dynamic dissipativity. In Proceedings of 59th IEEE
Conference on Decision and Control, pages 5167—
5172, Dec 2020.

P. Bhowmick and S. Patra. On LTT output strictly
negative-imaginary systems. Systems & Control
Letters, 100:32-42, Feb 2017.

B. Brogliato, R. Lozano, B. Maschke, and O. Ege-
land. Dissipative Systems Analysis and Control:
Theory and Applications. Springer International
Publishing, Switzerland AG, third edition, 2020.
V. Chellaboina, W. M. Haddad, and A. Kamath.
Dynamic dissipativity theory for stability of nonlin-
ear feedback dynamical systems. In Proceedings of
the 44th IEEE Conference on Decision and Control,
pages 4748-4753, Dec 2005.

S. K. Das, H. R. Pota, and I. R. Petersen. Stabil-
ity analysis for interconnected systems with ‘mixed’
passivity, negative-imaginary and small-gain prop-
erties. In Proceedings of Australian Control Confer-
ence, pages 201-206, Nov 2013.

S. K. Das, H. R. Pota, and I. R. Petersen. Reso-
nant controller design for a piezoelectric tube scan-
ner: A ‘mixed’ negative-imaginary and small-gain
approach. IEEE Transactions on Control Systems
Technology, 22(5):1899-1906, 2014.

S. K. Das, H. R. Pota, and I. R. Petersen. Damp-
ing controller design for nanopositioners: A ‘mixed’
passivity, negative-imaginary, and small-gain ap-
proach. IEEE/ASME Transactions on Mechatron-
ics, 20(1):416-426, Feb 2015.

A. Ferrante, A. Lanzon, and L. Ntogramatzidis.
Foundations of not necessarily rational nega-
tive imaginary systems theory: Relations between
classes of negative imaginary and positive real sys-
tems. IEEFE Transactions on Automatic Control,
61(10):3052-3057, Oct 2016.

A. Ferrante, A. Lanzon, and L. Ntogramatzidis.
Discrete-time negative imaginary systems. Auto-
matica, 79:1-10, May 2017.

A. Ferrante and L. Ntogramatzidis. Some new re-
sults in the theory of negative imaginary systems
with symmetric transfer matrix function. Automat-



[15]

[16]

[17]

[23]

[24]

ica, 49(7):2138-2144, 2013.

A. G. Ghallab, M. A. Mabrok, and I. R. Pe-
tersen. Lyapunov-based stability of feedback inter-
connections of negative imaginary systems. IFAC-
PapersOnLine, 50(1):3424-3428, 2017. 20th IFAC
World Congress.

M. Green and D. J. N. Limebeer. Linear Robust
Control. Prentice-Hall, Inc., Englewood Cliffs, New
Jersey, USA, first edition, 1995.

W. M. Griggs, B. D. O. Anderson, and A. Lan-
zon. A ‘mixed’ small gain and passivity theorem in
the frequency domain. Systems € Control Letters,
56(9):596-602, Sep 2007.

D. Hill and P. Moylan. The stability of nonlinear
dissipative systems. IEEFE Transactions on Auto-
matic Control, 21(5):708-711, Oct 1976.

D. J. Hill and P. J. Moylan. Stability results for non-
linear feedback systems. Automatica, 13(4):377—
382, July 1977.

D. J. Hill and P. J. Moylan. Dissipative dynamical
systems: Basic input-output and state properties.
Journal of the Franklin Institute, 309(5):327-357,
May 1980.

H. K. Khalil. Nonlinear Systems. Prentice-Hall,
Englewood Cliffs, NJ, 2nd edition, 1996.

S. Z. Khong, E. Lovisari, and A. Rantzer. A uni-
fying framework for robust synchronization of het-
erogeneous networks via integral quadratic con-
straints. IEEE Transactions on Automatic Control,
61(5):1297-1309, 2016.

N. Kottenstette, M. J. McCourt, M. Xia, V. Gupta,
and P. J. Antsaklis. On relationships among pas-
sivity, positive realness, and dissipativity in linear
systems. Automnatica, 50(4):1003-1016, April 2014.
A. Lanzon and P. Bhowmick. Characterisation of
input-output negative imaginary systems in a dis-
sipative framework. IFEEFE Transactions on Auto-
matic Control, 68(2):959-974, Feb 2023.

A. Lanzon and H-J. Chen. Feedback stability of
negative imaginary systems. IEEFE Transactions on
Automatic Control, 62(11):5620-5633, Nov 2017.
A. Lanzon and I. R. Petersen. Stability robustness
of a feedback interconnection of systems with nega-
tive imaginary frequency response. IEEE Transac-
tions on Automatic Control, 53(4):1042-1046, May
2008.

A. Lanzon, Z. Song, S. Patra, and I. R. Petersen. A
strongly strict negative-imaginary lemma for non-
minimal linear systems. Communications in Infor-
mation and Systems, 11(2):139-152, 2011.

C. Li, J. Wang, J. Shan, A. Lanzon, and I. R. Pe-
tersen. Robust cooperative control of networked
train platoons: A negative-imaginary systems’ per-
spective. IEEFE Transactions on Control of Network
Systems, 8(4):1743-1753, Dec 2021.

M. Liu, J. Lam, B. Zhu, and K-W. Kwok. On posi-
tive realness, negative imaginariness, and J#,, con-
trol of state-space symmetric systems. Automatica,
101:190-196, 2019.

18

[30]

[31]

[32]

[33]

[36]

[38]

[39]

[40]

[41]

M. A. Mabrok, A. G. Kallapur, I. R. Petersen, and
A. Lanzon. Generalizing negative imaginary sys-
tems theory to include free body dynamics: Con-
trol of highly resonant structures with free body
motion. IEEFE Transactions on Automatic Control,
59(10):2692—-2707, Oct 2014.

M. A. Mabrok, A. G. Kallapur, I. R. Petersen, and
A. Lanzon. Spectral conditions for negative imag-
inary systems with applications to nanoposition-
ing. IEEE/ASME Transactions on Mechatronics,
19(3):895-903, June 2014.

K. A. Morris and J. N. Juang. Dissipative controller
designs for second-order dynamic systems. IEEE
Transactions on Automatic Conitrol, 39(5):1056—
1063, May 1994.

N. Nikooienejad and S. O. Reza Moheimani. Con-
vex synthesis of SNI controllers based on frequency-
domain data: MEMS nanopositioner example.
IEEE Transactions on Control Systems Technology,
30(2):767-778, March 2022.

A.V. Oppenheim, A.S. Willsky, and S.H. Nawab.
Signals and Systems. Prentice-Hall signal process-
ing series. Prentice Hall, 1997.

S. Patra and A. Lanzon. Stability analysis of inter-
connected systems with ‘mixed’ negative-imaginary
and small-gain properties. IFEE Transactions on
Automatic Control, 56(6):1395-1400, June 2011.
Y. Su, P. Bhowmick, and A. Lanzon. Cooperative
control of multi-agent negative imaginary systems
with applications to UAVs, including hardware im-
plementation results. In Proceedings of the 2023 Eu-
ropean Control Conference, pages 1-6, June 2023.
Y. Su, P. Bhowmick, and A. Lanzon. A negative
imaginary theory-based time-varying group forma-
tion tracking scheme for multi-robot systems: Ap-
plications to quadcopters. In Proceedings of the
2023 IEEE International Conference on Robotics
and Automation, pages 1435-1441, May-June 2023.
Y. Su, P. Bhowmick, and A. Lanzon. Properties
of interconnected negative imaginary systems and
extension to formation-containment control of net-
worked multi-UAV systems with experimental val-
idation results. Asian Journal of Control, pages 1—
18, Dec 2023.

J. C. Willems. Dissipative dynamical systems part
I: General theory. Archive for Rational Mechanics
and Analysis, 45(5):321-351, Jan 1972.

J. Xiong, J. Lam, and I. R. Petersen. Output feed-
back negative imaginary synthesis under structural
constraints. Automatica, 71:222-228, Sep 2016.

J. Xiong, I. R. Petersen, and A. Lanzon. A negative
imaginary lemma and the stability of interconnec-
tions of linear negative imaginary systems. IEEE
Transactions on Automatic Control, 55(10):2342—
2347, Oct 2010.

K. Zhou, J. C. Doyle, and K. Glover. Robust and
Optimal Control. Prentice-Hall, Englewood Cliffs,
NJ, 1996.



	Introduction
	Essential preliminaries
	Definitions of NI systems
	Dissipative systems notations and definition
	Dynamic dissipativity theory

	TD-IONI systems and their connections to dynamic dissipativity
	Analysis of the filter term used in Definition 7
	Characterisation of the TD-IONI systems in a dynamic dissipative framework
	TD-IONI(,,,) lemma
	Numerical examples

	Connections between the TD-IONI systems property and classical dissipativity
	Frequency-domain dissipative characterisation of the TD-IONI systems
	Frequency-domain dissipativity of stable TD-IONI systems: A necessary and sufficient result

	Asymptotic stability of a TD-ONI systems interconnection without poles at the origin
	Conclusions



