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General equilibrium

ReferenceJehle and RenyAdvanced Microeconomic Theoi$rd ed.,
Pearson 2011: Ch. 5.

Behind the superficial chaos of countless market transacty selfish
individuals, Adam Smith (1776) saw a harmonizing force (theésible hand
operating in a competitive economy.

Smith believed that force guides individualsamordinatetheir choices, i.e.
their consumption and productions plans, in such a way thatakets in the
economy are brought into balance simultaneously.

He also believed that the resultieguilibrium possessesocially desirable
propertiesin the sense that it maximizes social welfare through nscions
collective intention of its members.

Does this vision of the competitive markets possess anytaotes?
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Exchange economy

To answer that question, consider first a society withoutmizpd markets.

» Thereard =1,...,l individuals and = 1,...,N consumption goods.

» Each individual is endowed by nature with

» A certain (nonnegative) amoudt= (€/,...,€\) € RY of the
consumption goods, and

» A preference relatioir’ overRﬁ represented by the utility function
u' Rﬁ — R.

» The utility functionu’ is continuous, increasing and quasiconcave.

» Agents can ‘eat’ their initial endowment or engage in tradkh wthers.

» Exchange is voluntary and private ownership is respected.
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Exchange economy

» Consumei’s consumption bundle is denotetl= (x|, ...,x\) € RY.
» An allocationis a vector of consumption bundlas= (x!,... x').

» Lete= (e!,...,€)andu= (ul,... u"). The set ofeasible allocations
in this pure exchange econongy= (e, u) is given by

| |
F(e):{xeR'jN: dx=)4d ijl,...,N}.
i=1 i=1

How does trade take place in this exchange economy? Whesdlise
system of voluntary exchanges might come to rest?
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Bilateral exchange

To simplify the analysis, let's focus onZax 2 economyi.e., an economy
with two consumersA andB, and two goods, 1 and 2.

The main advantage of thex22 economy is that it can be graphically
described through the so callédlgeworth box

The Edgeworth box has heigé} + € and widthe; + €2, and every poink
represents a feasible allocation, where foj al 1, 2,

R

The box offers a complete picture of every feasible distriluof the existing
commodities between the consumers.
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The Edgeworth box
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A andB's initial
endowments are given

by (€}, &) and (€}, €f).

All bundles inside the
indifference lenticular
are preferred te by
both A andB.

To achieve these gains,
consumers must
exchange part of their
initial endowments.
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The Edgeworth box
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For instancey is
preferred byboth A
andB to their
initial endowment.

Buty doesn't
exhaust the
possibilities for
beneficial trade
betweenA andB.
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The Edgeworth box
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Only at a point likez
there are no more
mutually beneficial
trades betweeA andB.

The ‘no worse than’
(upper counter) sets
touch only atz.
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Pareto efficiency

We would expect rational agents will trade until all podilis for mutually
beneficial trade are exhausted. Such allocations are sh&Rareto efficient

Definition 1 (Pareto efficiency in consumption)

A feasible allocatiorz € F(e) is said to bePareto efficient (PEf there is no
other feasible allocation € F(e) such thau'(Z) > u'(Z) foralli =1,...,1,
with strict inequality for someé.

Geometrically in the Edgeworth box, PE allocations are tsoin= (x*, xB) at

which consumers’ indifference curves are tangent; i.éntp@t which the
marginal rates of substitution are all equal:

MR$2(X?»X2 MR§ (X, %3). (1)
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Pareto efficiency
y : Os

Area of Pareto
improvement

Potential allocation
of consumption

Oal

Figure 1:Pareto efficiency in consumption.

Definition 2 (Contract curve)

The setCC of all feasible and Pareto efficient allocations is calleglRhareto
setor contract curve
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Contract curve and the core

Core: set of possible
equilibrium which
improve utility
relative to
endowment, €2

The “equilibrium” of
Os the exchange process
is going to be a point
on the subset of the
contract curve
determined by
consumers’
indifference curves
throughe. This set is
On called thecore of the
economy

Contract Curve:
Locus of points of

However, we don't
tangency between MRS

know where exactly
the agents will end up.

Figure 2:Contract curve and the core.
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Generalizing the core

Definition 3 (Blocking coalitions)

A set of agentsSblocksx € F(e) if there exists an allocatiopsuch that (i)
YiesY = D ics€,and (i u'(y') > u'(€) for all i € S, with strict inequality
for somei.

Definition 4 (The core)

The core of an exchange econody= (e, u), denoteC(€), is the set of all
unblocked feasible allocations.

Apart from the the fact that the core might be “pretty big"g$ég. 2) and
therefore lack any prediction power, the amount of infoioraheeded to
arrange mutually beneficial trade and converg€6) might also be huge!

The next step is to examine howarket economiedeal with these problems.
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Competitive markets

Let’'s now add to our primitive econom&y = (e, u) of pure exchange a few
other assumptions:

» Markets exisfor all goods.
» Agents carfreely participatdn markets without cost.
» “Standard” consumer theory assumptions:

Preferences (strictly) monotone & represented by utilitydtion;
Some “convexity” if needed;

All agents are price-takers;

Finite number of perfectly divisible goods;

Linear prices;

Perfect information about goods and prices.

vV VvV vV VvV VY

» All agents face theame prices
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Walrasian equilibrium

Given pricesp > 0, denote by (p) = > qu consumei’s initial income,
and byB'(p) = {X € RL : p-x <y!(p)} the budget set fair

Definition 5 (Walrasian equilibrium)

A price vectorp = (ps, ..., pn) and an allocatiox = (x!,...,x') are said to
be aWalrasian or competitive equilibrium (WHJ

(i) Foralli=1,...,1,x € argmax.g p U (x);i.e., X isconsumei’s
Walrasian demand at pricesand mcomg/'( ); and

(i) Markets clear ap; i.e, forallj = 1,..., N, the excess demand function

p):;x};q':o.

Alejandro Saporiti (Copyright) General Equilibrium 14/42



Walrasian equilibrium

In words, a WE is a set of prices such that
() Each agent chooses hisost-preferredffordable bundle; and

(i) Consumers’ choices ammpatibleamong each other, in the sense that
total demand equals total supply in every market.

Actually, this definition of a WE is stronger than necessdtrjurns out that if
the aggregate excess demandMor 1 goods is zero, then the excess demal
for the remaining good must be zero too.

This follows from a property of the excess demand functidieda/Valras’

law: the value of the aggregate excess demand is zewlfpossible prices
(see Exercise 3)1

N
ijq(pl77pN) :0
=1
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Walrasian equilibrium

X

X2 ) Agent 2

Theoffer curvetraces
out Walrasian demand
as prices change.

. Walrasian equilibria
3 are at the intersection
of the offer curves.

The intersection and
thereby the Walrasian
equilibrium need not
be unique.

Agent 1 . A X1
x5
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Equilibrium existence

For arbitrary pricegpi, p2) there is no guarantee that supply will equal
demand, i.e., there is no guarantee that (ii) is satisfied.

Persan
-

o ixmx,\l Asgmss deman»ds

ixg,x%]- B,sgrrm mands

Figure 3:No equilibrium.
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Equilibrium existence

How do we know that there exists a set of prices such that @)Y@nare
simultaneously satisfied?

This is known as the question of the existence of a competiguilibrium.

Early economists thought that equilibrium prices wouldafa/exist because
the system hall — 1 independent (excess demand) equations (by Walras’
law) andN — 1 independent prices.

» There are in facN prices, but we are free to choose one of the prices ¢

set it equal to a constant, namely, equal to 1 (recall Walredemands
are homogeneous of degree zero in prices).

» This price plays the role ofumerairg and all other prices are measured
relative to it.
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Equilibrium existence

However, counting the number of equations and unknownstisuféicient to
prove that a WE exists.

Wald (1936) was the first to points out Walras’ error by offigra simple
counterexamplex? + y? = 0 andx? — y? = 1.

The key issue is to ensure that (")
the aggregate excess demand

function iscontinuoug(less than

that is actually necessary).

That means that a small change ‘

p
in the prices shouldn’t result in \ 1
a big jump in the quantity

demanded.

Figure 4:Two goods.
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Excess demand

Under what conditions will the aggregate excess demanditunsche
continuous?

Definition 6 (Excess demand)

Theexcess demand of ageiris Z (p) = X (p,Y (p)) — €, wherex(p,y (p)) is
i's Walrasian demand at pricgsand incomey/' (p) = p - €. Theaggregate
excess demarnig z(p) = Zi':l Z2(p).

Note that a WE is a price vectpt ¢ ]R’)'r such thatz(p*) = 0.

Some of the properties of the aggregate excess demand dadidheng.
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Properties of the excess demand

Supposal is continuous, increasing, and concave, dng> 0 for all i.

» z(-) is continuous
» Continuity ofu’ implies continuity of Walrasian demant(p, y' (p)).
» z(-) homogenous of degree zganly relative prices matter).

» X (p,y'(p)) homogeneous of degree zercpin

» Z(p) = X(p,y'(p)) — € homogeneous of degree zergoin
» 3. Z(p) homogeneous of degree zergun

» Therefore, we canormalize one price> N — 1 unknowns

» Zz(-) verifies Walras’ law; i.e.p - z(p) = 0 Vp.

» u'increasing impliep - X (p,y (p)) =p- €.

> p-Z(p) =p-[X(p,y(p)) — €] =0.

> p->.Z(p) =0

» Therefore, we havil — 1 excess demand equations
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Equilibrium existence

Theorem 1 (Existence of WE)
Suppose forall=1,...,1,

1. u'(+) is continuous;

2. U'() isincreasing; i.e., U(X) > u'(x) for anyx > x;

3. U(-) is concave;

4. € > 0;i.e., agent i has at least a little bit of every good.

Then there exists a price syster“nepRL\‘r such that gp*) = 0.

Wald (1936)offered the first correct proof of equilibrium existencet far a
restrictive class of preferences (separable & decreasidy) McKenzie
(1954)andArrow & Debreu (1954)were the first to provide general proofs
(based on fixed point theorems).

The fascinating story behind the proof of equilibrium esigte is very well
described in a recent paper by Roy Weintraub, J of Econ Patiggs, 2011.
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Equilibrium existence: two-good case
Consider a two-good economiy/e can find a WE whenevei(p;, 1) = 0.

» 21(p1, 1) continuous irp;.
> limy, 4o z1(P1,1) = 00
because! is increasing 2, 1)
ande, > 0 (everyi has
some money to spend on
even ifpy —T 0).
> limp, o Zl(pl,l) <0 sk *
beg;useji is increasing 0 Vi P 1\ P1
andé, > 0 (everyi spends
money in both goods and
value ofé, becomes huge

relative to value oK)). Figure 5:Two goods.

By the intermediate value theorem, there exgtsuch thatz (p;, 1) = 0.

21 (pl)
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Uniqueness
As Figs 5 and 6 indicate, th&alrasian equilibrium need not be unique

Agent 2

Agent 1

Figure 6:Multiplicity of WE.
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Uniqueness

There could be one
Walrasian equilibrium.

There could be two WE
(though this is
“non-generic”).
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0

General Equilibrium

25/42



Uniqueness

There could be three
Walrasian equilibria.

There could be infinite
WE (though this is again

non-generic”).
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0
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Uniqueness

It seems (and can be formally shown) that:
» WE areglobally non-uniquggenerically).
» WE arelocally unique(generically).
» There are dinite number of WEgenerically).

» There are awdd number of WEgenerically).
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Equilibrium and the core

Do competitive markets exhaust all of the gains from trade?

We said that a Walrasian equilibrium requires individuairmglity, which
translates into the well known condition

—MR%k(xi):% forall ¢ # kandalli=1,...,1. )
’ k
Hence, since all individuals face the same prices, (2) iespthat

MRS (X) = MRS (X) forall ¢ # kand alli # j. (3)

Walrasian equilibrium involves tangency between conssiniedifference
curves through their demanded bundles, as illustratedgn@=i

Thus, for an exchange econorfiy= (U, ei)}:l satisfying the assumptions of
Theorem 1every Walrasian equilibrium allocation is in the core
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Equilibrium and efficiency

If we denote byW(e) the set of Walrasian equilibrium allocations
X(p*) = (P yH(P)), - X (p%, ¥ (pY))), then,

Theorem 2 o
For an exchange econongy= (u', €)!_, satisfying the assumptions of
Theorem 1, We) C C(e).

And we also get the following two results:

Corollary 1 (Nonemptiness of the core)

For an exchange econondy= (U, ei)i':1 satisfying the assumptions of
Theorem 1C(e) # 0.

Theorem 3 First Welfare Theorem (FWY)
Under the hypotheses of Theorem 1, every Walrasian equitiballocation
X(p*) is Pareto efficient.

Alejandro Saporiti (Copyright) General Equilibrium 29/42



Equilibrium and efficiency

The FWT guarantees that a competitive economy will exhdust the gains
from trade: a market mechanism, with each agent seeking xomze his
own utility, results in a PE allocation. That was Adam Snstbonjecture!

FWT says nothing about the distribution of economic benefitat is,a
Walrasian equilibrium allocation might not be a “fair’ orsieble allocation

Having said that, note that in a market economy Pareto effigies achieved
without demanding much informatioeach consumer needs to know only hi
own preferences and endowments and the market prices

The fact that competitive markets economize on the use ofrimtion in the

way just described is a strong argument in favor of using tteeailocate
scarce resources.
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Efficiency and equilibrium
What about the converse of FWT?

That is, given a Pareto efficient allocation, can we find [grigech that those
prices and the resulting allocation constitute a Walrasiguilibrium?

It turns out that, under certain conditions, the answer $s ye
The intuition is the following:

» Pick any PE allocation, sag
» The indifference curves are tangentzat
» Draw a straight line representing the common slope;

» Suppose now the initial endowments are reallocate suchhbatraight
line denotes the budget constraint;

» The individual’s demands associated to that budget linstitate a WE
that coincides with the initial PE allocatian
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Efficiency and equilibrium

There exists a
straight ‘budget’
line separating the
two ‘upper
counter’ sets at.

The line connects
pointse andz and
has a slope of

—p1/pP2.
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Efficiency and equilibrium
Is it always possible the construction of such budget line?

Unfortunately, the answer is no.

In the graphX is PE, but at the budget line that is tangent to the indiffeeen
curves alX, agentA demandsr and agenB demandsX, so demand doesn't

equal supply at these prices.
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Efficiency and equilibrium
This observation gives us tt&econd Welfare Theorem (SW.T)

Theorem 4 $econd Welfare Theorem (SWT)

Suppose an exchange econafny (U, ei)}:l satisfies the assumptions of
Theorem 1. If = F(e) is Pareto efficient, then z is a Walrasian equilibrium
allocation for some Walrasian equilibrium price$ after redistribution of
initial endowments to any allocatiort & F(e), such that p- e = p* - Z.

SWT says that if all agents have convex preferences, thésts exset of
prices such that every PE allocation is a WE for an apprapriedistribution
of the initial endowments.

SWT implies the problems dfistribution and efficiency can be separated

Whatever PE allocation we wish to achieve can be implemenydtie market
mechanism, i.emarkets are distributionally neutral
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Efficiency and equilibrium

Prices play two roles in the market system:

1. Allocate role they indicate (signal) the relative scarcity of the goods.

2. Distributive role they determine the value of the initial endowments,
thereby how much of the different goods each agent can affort

SWT tells us these two roles can be separated: endowmenk®can
redistributed, and then prices can be used to indicatevelstarcity.

In fact, what is needed is to transfer thierchasing power of the physical

endowmentswhich can be done using nondistortionary (lump-sum) téxas
don’t depend on economic agents’ choices.
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General equilibrium with production

ReferenceJehle and RenyAdvanced Microeconomic Theoi$rd ed.,
Pearson 2011: Ch. 5.

The important properties of competitive markets saw betorginue to hold.
However, production brings with it new matters:

» Firms’ profits must be distributed back to the consumers wio the
firms.

» Distinction between inputs and outputs become obscure wieariew
the production size of the economy as a whole (an input forfiome
might be an output for another).
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Economy

The economy is made of ()= 1,...,Jfirms; (ii))i = 1,...,1 consumers;
and (i) k = 1,...,N goods.

Each firmj possesses @roduction possibility seY.
Assumption 1
» 0c Y CRN
» Profits are bounded from below by zero.
» Yl is closed and bounded.

» Single-value and continues output supply and input demanctions.

» Yl strongly convex: for aly, y € VI, there existy € Y such that
y>ay+ (1—a)y forala e (0,1).

» Rules out constant and increasing returns to scale; engros
maximizer is unique.

Alejandro Saporiti (Copyright) General Equilibrium

37142



Producers

A production plarfor firm j is a vectory € YJ, with the convention that
)ﬂk <0 (resp.y’k > 0) if goodk is an input (resp. an output) for

Given a nonnegative price vectpre RY, each firmj solves theprofit
maximization problem (PMP)

maxp-y. 4)
yieyi

» The objective function is continuous.
» The constraint set is bounded and closed.
» By the Weierstrass Theorem, a maximum always exists.

Forallp € RY, letIIl(p) = max p- y be firm’sj profit function.
yevl
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Consumers
Each individual = 1,...,1 is endowed by nature with

» A certain (nonnegative) amoudt= (¢, ..., €e\) € RY of each good;
» A continuous, increasing and quasiconcave utility functib: RE — R;

» A fraction (share) < 01 < 1 of firmj’s profits, with

|
> 6" =1 forall].
i=1

Foranyp > 0, letm(p) = p- € + Zle 6 11l (p) be consumei’s income. In
this economy with production and private ownership of firo@sumei’s
utility maximization problem (UMPjs

max u(X), 5
e, (x) (5)

whereB'(p) = {X € RY : p-x < m/(p)} denotes consumés budget set.
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Equilibrium
Denote byyl (p) andx (p, m (p)) the solutions of (4) and (5), respectively.

Theaggregate excess demand function in makket

| ) _
Z(P) =D X%PmP) =D WP - (6)
i=1 ' i
and theaggregate excess demand vedsor

z(p) = (z(p), --- . 2n(p))- @)
A Walrasian equilibriunfor the economy = (U', €, 0, Y}) is a price vector
p* € RY such that(p*) = 0.
Theorem 5 (Equilibrium existence with production)
Consider the economfy = (u', €, 6, Y!), where each 'uand ¥ satisfy the
assumptions made above ane#[:!zl € > 0for some aggregate production
vector ye Zle Yi. Then there exists a price syster*nepIRL\‘r for £ such that

z(p*) =0.
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Welfare

An allocation(x,y) = (x,..., Xy, ...,y) isfeasibleif X € RY forall i,

yl € Yiforallj, and
J
' xi:Zé+Zyi. (8)

| |
i=1 i=1 =1

Definition 7 (Pareto efficiency with production)

A feasible allocatior(x, y) is said to bePareto efficient (PEf there is no
other feasible allocatio(x, ) such thau' (¥') > u'(x') foralli =1,...,I,
with strict inequality for somé.

Theorem 6 (First Welfare Theorem with production)

If each Ui is strictly increasing orR", then every Walrasian equilibrium
allocation (x,y) is Pareto efficient.
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Welfare

Theorem 7 (Second Welfare Theorem with production)
Suppose the econonfly= (U', €, 6, Y)) satisfies the following assumptions:
1. U is a continuous, increasing and quasiconcave;
2. Yl verifies Assumption 1;
3. 5, €+ Zleyj > 0for some(y!, ..., y").
If (%,¥) is a Pareto efficient allocation, then there are (i) incomensfers
TL,..., T, with>|_, T' = 0, and (ii) a price vectop € RY such that:
» Foralli =1,...,1, % maximizes {{x') subject togp - X < mi(p) + T';
» Forallj =1,...,J,¥ maximize$ - y subject to yc Yi.
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