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Beamforming for Combating Inter-cluster and
Intra-cluster Interference in Hybrid NOMA Systems

Zhiyong Chen, Zhiguo Ding, and Xuchu Dai

Abstract—In this paper, downlink beamforming (BF) for hy-
brid non-orthogonal multiple access (NOMA) systems is consid-
ered, in order to combat inter and intra cluster interference.
Firstly, to minimize the inter and intra cluster interference,
the Projection Hybrid NOMA (PH-NOMA) beamforming al-
gorithm is introduced, by combining conventional zero-forcing
beamforming (ZFBF) and Hybrid NOMA (H-NOMA) precoding.
Secondly, to further reduce the overall interference, two user
pairing algorithms, termed Projection Based Pairing Algorithm
(PBPA) and Inversion Based Pairing Algorithm (IBPA), are
also proposed, by adopting the properties of quasi-degradation
developed previously. Consequently, the proposed beamforming
algorithm is obtained by combining PH-NOMA and PBPA/IBPA.
Moreover, the system performance in terms of outage probability
and diversity is analyzed for both the proposed beamforming
algorithms and conventional ZFBF. Finally, computer simulations
are conducted to demonstrate the efficiency of the proposed
beamforming algorithms and to validate the correctness of the
performance analysis.

Index Terms—Non-orthogonal multiple access, beamforming,
user pairing.

I. INTRODUCTION

THE multiple-input multiple-output (MIMO) broadcast
channels have been investigated extensively during the

last two decades. By assuming perfect channel state informa-
tion at transmitter (CSIT), the capacity region can be achieved
by dirty-paper coding (DPC), in which all users share the same
frequency-time resource [1]. However, DPC is only a theoretic
approach and has prohibitive complexity in practical systems.
On the other hand, low-complexity orthogonal access schemes,
e.g., time/frequency division multiple access (TD/FDMA), can
only achieve a small fraction of the capacity [2]. Fortunately,
linear precoding techniques have been proposed to reduce
the performance gap between DPC and orthogonal multiple
access schemes [3] and [4]. It has been shown that ZFBF,
can achieve the optimal asymptotic performance with much
lower complexity [5]. However, ZFBF may suffer significant
performance loss in practical wireless systems especially when
the channels are ill-conditioned.
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Recently, NOMA has attracted a lot of research interests
due to its superior spectral efficiency [6], [7]. For example,
NOMA has been proposed for downlink scenarios in 3rd gen-
eration partnership project long-term evolution (3GPP-LTE)
systems [8]. In addition, NOMA has also been recognized
as a promising multiple access candidate for 5G wireless
systems [9] and [10].

To further enhance the system capacity, the NOMA-based
multi-user beamforming has been introduced in [11] for
multiple-input single-output (MISO) NOMA systems. Unlike
conventional multi-user beamforming, NOMA-based multi-
user beamforming involves designing a single beamforming
vector to support multiple users. The number of supportable
users as well as the sum capacity can be increased. In [12],
a hybrid NOMA approach was proposed, where users were
grouped into small-size clusters, NOMA was implemented
within each cluster, and MIMO detection was used to can-
cel inter-cluster interference. Subsequently, it was recognized
in [13] that the multi-user beamforming scheme proposed in
[11] may become inefficient when taking user fairness into
consideration. In [13], by adopting the idea of user grouping,
the so-called two-stage beamforming strategy has been pro-
posed. Minimum transmit power was considered within one
group, and ZFBF was employed between different groups. A
simplified greedy algorithm for user pairing was also proposed
by replacing the cost function with user correlation. Lately,
a novel concept termed quasi-degradation was introduced
in [14], to show the performance gap between MISO-NOMA
and optimal DPC. Consequently, a theoretical framework of
quasi-degradation was fully characterized in [15], to obtain
the closed-form H-NOMA precoding algorithm for two-user
MISO-NOMA systems.

In this paper, the downlink beamforming algorithms for
multi-user hybrid MISO-NOMA systems is considered. Firstly,
the concept of quasi-degradation and the closed-form H-
NOMA precoding algorithm are revisited concisely. Secondly,
by combining ZFBF and the H-NOMA precoding algorithm,
an intra-cluster beamforming algorithm, termed PH-NOMA,
is introduced, to minimize both inter and intra cluster interfer-
ence. Thirdly, by adopting the properties of quasi-degradation,
two user pairing algorithms, termed PBPA and IBPA, are
proposed, to handle the cases N ≥ K − 1 and N ≥ K,
respectively, where N is the number of transmit antennas at the
base station (BS), and K is the number of users (assumed to be
a even number). Consequently, the proposed low-complexity
beamforming algorithms are obtained, by combining PH-
NOMA and PBPA/IBPA. Moreover, the performance analysis
is provided to show that the proposed beamforming algo-
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rithms are superior to conventional ZFBF in terms of outage
performance as well as diversity. Finally, simulation results
demonstrate the efficiency of the proposed beamforming al-
gorithms and the correctness of the performance analysis. The
contributions of this paper are listed as follows:

1): The differences from the existing work in [13] lie in
the following three aspects. Firstly, closed-form PH-NOMA
beamforming is used within each cluster, not only significantly
reducing the computational complexity, but also enhancing
the performance. Secondly, more sophisticated user pairing
algorithms are provided, to further improve the overall perfor-
mance. Finally, a more realistic system model is considered,
where the mobile users are randomly deployed within one cell,
while the near-far-user distribution has been assumed in [13].

2): The differences from the existing work in [15] are listed
as follows. Firstly, PH-NOMA beamforming is proposed, not
only minimizing the total power consumption intra cluster, but
also perfectly removing the inter-cluster interference, whereas
H-NOMA without consideration of inter-cluster interference
was utilized in [15]. Secondly, to further enhance the perfor-
mance of the proposed PH-NOMA beamforming, PBPA/IBPA
for user pairing is proposed, to yield a low-complexity beam-
forming algorithm, whereas H-NOMA precoding and sequen-
tial user pairing algorithm (SUPA) were combined in [15].
Finally, performance analysis including diversity order and
the expectation of total power consumption for multi-user
downlink transmission is provided, whereas [15] only obtained
the mathematical results for two-user counterpart.

3): Note that a greedy algorithm often performs poorly in
such NOMA systems, since weak users that are not paired well
may lead to a significant performance loss. The proposed user
pairing algorithms apply the properties of quasi-degradation,
and result in a significant performance improvement. More-
over, by utilizing the channel matrix inversion, IBPA is pro-
posed, and significantly reduces the computational complexity
without sacrificing any performance gains.

4): The provided performance analysis shows that proposed
multi-user beamforming can collect a diversity gain of N −
K + 2, while conventional ZFBF can only realize a diversity
gain of N −K + 1.

The remainder of the paper is organized as follows. Section
II briefly describes the system model and the problem formu-
lation. In Section III, some existing transmission schemes are
illustrated. Section IV revisits the concept of quasi-degradation
and introduces the proposed beamforming algorithms. Perfor-
mance analysis is given in Section V. Section VI illustrates
the simulation results, and Section VI summarizes this paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we describe a MISO NOMA downlink sys-
tem for multi-user beamforming, and formulate an optimiza-
tion problem for satisfying QoS transmission requirements.

A. System Model

Consider a downlink communication system with one BS
and K (assumed to be a even number) mobile users, where
the BS is equipped with N transmit antennas and each user is

equipped with a single antenna. The BS is located at the center
of a disk with radius R, and K mobile users are randomly
deployed within this disk. Let

H = (hH
1 ,hH

2 , ...,hH
K)T ∈ CK×N

represent the total channel matrix, where hH
i denotes the

channel vector between the BS and the i-th user. Let s =
(s1, s2, ..., sK)T ∈ Ck×1 represent the signal (data) vector,
where the power normalized signal si is intended to the i-
th user. Then, the overall system model can be modelled as
follows:

y = HWs+ n, (1)

where y = (y1, y2, ..., yK)T ∈ CK×1 is the received signal
with yk representing the signal received at the i-th user,
W = (w1,w2, ...,wK) ∈ CN×K is the precoding matrix,
and n = (n1, n2, ..., nK) ∈ CK×1 is the additive noise
vector with ni representing the noise at the i-th receiver. For
notional convenience, we denote x = Ws as the transmit
signal. Furthermore, the noise vector n is assumed to be
independent and identically distributed (i.i.d) Gaussian noise,
i.e., n ∼ CN (0, IK). The channel vector between the BS and
the i-th user hi is modelled as follows:

hi ∼ CN (0, σ2
i IN ),

σ2
i = min(d−α

i , d−α
0 ),

(2)

where di is the distance between the BS and the i-th user, and
α is the path loss exponent. The parameter d0 is introduced
to avoid singularity when di is small.

B. Problem Formulation

In this paper, we consider a QoS optimization problem
to minimize the total power for supporting reliable com-
munications. Given a set of target interference levels r =
[r1, r2, ..., rK ] with ri denoting the target interference level
of the i-th user, the optimization problem can be formulated
as follows:

min tr(WHW)

s.t. SINRi ≥ ri, i = 1, 2, ...,K,
(3)

where SINRi denotes the signal to interference plus noise ratio
(SINR) of user i.

III. EXISTING TRANSMISSION SCHEMES

A. Conventional Multi-user Beamforming

We rewrite the system model in (1) by focusing on the
received signal at user i:

yi = hH
i wisi +

K∑
k=1,k ̸=i

hH
i wksk + ni, (4)

where the second term is referred to as the co-channel inter-
ference (CCI). Consequently, if a linear receiver is adopted at
each user side, the SINR of user i can be written as

SINRi =
wH

i hih
H
i wi

1 +
∑K

k=1,k ̸=i w
H
k hihH

i wk

. (5)
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Generally, this expression results in a non-convex optimization
problem with K coupled variables [16]. To avoid optimization
with the coupled variables, the zero-forcing (ZF) scheme is
utilized to decouple all the precoding vectors wi, by enforcing
the following conditions [17] and [4]:{

hH
i wk = 0, i ̸= k

hiwi =
√
ri, , i = 1, 2, ...K

. (6)

Note that the ZF solution can be briefly written as

WZF = HH(HHH)−1Γ, (7)

where
Γ = diag([

√
r1,
√
r2, ...,

√
rK ]).

However, the extra conditions in (6) lead to a suboptimal
solution. Moreover, to make the solution exist, the number of
transmit antennas needs to be at least as large as the number
of all the receive antennas.

B. NOMA Based Multi-user Beamforming

Unlike conventional multi-user beamforming, NOMA based
multi-user beamforming involves designing a single BF vector
to support multiple users [11]. Consequently, the number of
supportable users can be increased, thus enhancing the sum
capacity.

In [11], it was suggested that the users have high correlation
should be paired into one cluster, and the BF vector was
generated by the channel of the strong user in each group.
Specifically, if the near user sn,k and the far user sf,k paired
within a group k, the transmitted signal can be written as:

x =

K/2∑
k=1

ck(
√
αkPksn,k +

√
(1− αk)Pksf,k), (8)

where ck lies in the null space of all the other channel vectors
of near users, αkPk and (1−αk)Pk are the power parameters
for the near and far users, respectively. However, as pointed
out in [13], this scheme can be rather inefficient when taking
user fairness into consideration, since that αk has to be close
to 0 if the far user needs a data rate comparable to that of the
near user.

In [13], the author made a near-far-user assumption, i.e.,
there are K/2 near users and K/2 far users in the broadcast
system. The precoding vectors were obtained by employing so-
called two-stage beamforming. To avoid the interference from
other groups, zero-forcing beamforming is firstly employed.
Within each group, minimum transmit power with successive
interference cancellation (SIC) at the near user is considered.
However, the optimal precoding vector within a group does
not have a closed-form expression, thus have a considerable
computational complexity. Moreover, the proposed simplified
greedy pairing algorithm performs well only if the near-far-
user assumption holds, and it will be shown in our simulations
that this pairing algorithm results in a significant performance
loss when mobile users are deployed randomly in a cell, which
is more close to reality.

IV. PROPOSED BEAMFORMING ALGORITHMS

A. Quasi-degradation and H-NOMA Precoder Revisit

Consider a two-user MISO-NOMA downlink system with
user m and user n. User m is assumed to be the strong
user. Herein, the strong user is defined as the user employing
SIC to decode its message. Conversely, the weak user is
the user directly decoding its own messages. In NOMA
systems, the SINR for user m and user n are SINRm and
min(SINRn,m, SINRn,n), respectively, where

SINRm = hH
mwmwH

mhm

SINRn,m =
hH
mwnw

H
n hm

1 + hH
mwmwH

mhm

SINRn,n =
hH
n wnw

H
n hn

1 + hH
n wmwH

mhn

. (9)

Hence, by assuming a fixed decoding order, the minimum
power optimization problem for two users with channel vectors
hm,hn given target SINR levels rm, rn can be formulated as:

min ∥wm∥2 + ∥wn∥2

s.t. SINRm ≥ rm

min(SINRn,m, SINRn,n) ≥ rn.

(10)

In [14], the definition of quasi-degradation was first intro-
duced. In [15], the closed-form precoding vectors were ob-
tained for quasi-degraded channels and the H-NOMA precod-
ing algorithm was proposed with closed-form expressions by
applying the properties of quasi-degradation. The definition
of quasi-degradation can be briefly illustrated as follows. For
more details, please refer to [15].

Definition 1 (Quasi-Degradation [15]). The broadcast chan-
nels hm and hn with respect to rm and rn are called quasi-
degraded if and only if the minimum transmission power of
NOMA is equivalent to that of DPC.

As studied in our previous work, the optimal closed-form
precoding vectors and the explicit sufficient and necessary
condition for quasi-degraded channels were introduced in
Proposition 1 and Proposition 2 in [15], respectively. The
channel correlation between hm and hn is defined as

u = cos2 θ =
hH
n hmhH

mhn

∥hm∥2∥hn∥2
.

Proposition 1 (Closed-form Solution [15]). The optimal
beamforming vectors are{

wN∗
m = αm((1 + rn)em − rne

H
n emen)

wN∗
n = αnen

, (11)

if hm and hn with respect to rm and rn are quasi-degraded,
where 

em = hm/∥hm∥, en = hn/∥hn∥

α2
m =

rm
∥hm∥2

1

(1 + rn sin
2 θ)2

α2
n =

rn
∥hn∥2

+
rm
∥hm∥2

rn cos
2 θ

(1 + rn sin
2 θ)2

.
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Proposition 2 (Necessary and Sufficient Condition [15]). The
broadcast channels hm and hn with respect to rm and rn are
quasi-degraded, if and only if

Q(u) ≤ ∥hm∥2

∥hn∥2
, (12)

where Q(u) = 1+rm
u − rmu

(1+rn(1−u))2 .

The proofs of Propositions 1 and 2 can be found in [15]. By
using Propositions 1 and 2, the H-NOMA precoding algorithm
was proposed. The key idea is that the NOMA signal is
transmitted if the channels are quasi-degraded, and the ZFBF
signal is transmitted otherwise [15]. The required transmission
power of H-NOMA with parameters (hm,hn, rm, rn) can be
written as:

PH−NOMA
m,n =

P1, if Q(u) ≤ ∥hm∥2

∥hn∥2
P2, otherwise

, (13)

where 
P1 =

rn
∥hn∥2

+
rm
∥hm∥2

1 + rn
1 + rn sin

2 θ

P2 =
1

sin2 θ
(

rm
∥hm∥2

+
rn
∥hn∥2

)
. (14)

B. Projection H-NOMA beamforming (PH-NOMA)

This subsection provides an efficient intra-cluster beam-
forming algorithm, termed PH-NOMA, not only minimizing
the total power consumption intra cluster, but also perfectly
removing inter-cluster interference.

Assume that user m and user n are paired into one cluster.
By taking inter-cluster interference into consideration, the
effective SINR for user m and user n may be attenuated
compared to that of the two-user MISO-NOMA systems given
in (9). For example, the SINR for user m becomes:

SINRm =
hH
mwmwH

mhm

1 + hH
m(

∑K
k=1,k ̸=m,n wkwH

k )hm

. (15)

The second term of the denominator in (15) is the interference
from other clusters. To avoid this interference, a straightfor-
ward solution is to employ ZFBF technique between clusters,
i.e., the beamforming vector for user m must satisfy:

hH
k wm = 0, k ̸= m,n

SINRm ≥ rm

min(SINRn,m, SINRn,n) ≥ rn

. (16)

Denote HH
m,n the sub-matrix obtained by striking hm and hn

out of HH , i.e.,

HH
m,n = (h1, ...,hn−1,hn+1, ...,hm−1,hm+1, ...,hK).

Note that HH
m,n ∈ CN×(K−2), we assume that N > K − 2.

Then the orthogonal projection P⊥
m,n of HH

m,n can be written
as

P⊥
m,n = IN −HH

m,n(Hm,nH
H
m,n)

−1Hm,n. (17)

It is clear that

P⊥
m,nhk = 0, k ̸= m,n. (18)

The superposition for transmitting sm and sn can be formu-
lated as

x = P⊥
m,n(wmsm +wnsn).

Note that hH
k x = 0, k ̸= m,n since P⊥

m,n is the orthogonal
projection of HH

m,n. Therefore, the received signal of user m
can be written as

ym = hH
mP⊥

m,n(wmsm +wnsn) + nm

= (P⊥
m,nhm)H(wmsm +wnsn) + nm.

(19)

Similarly, the received signal of user n can be written as

yn = hH
n P⊥

m,n(wmsm +wnsn) + nn

= (P⊥
m,nhn)

H(wmsm +wnsn) + nn.
(20)

Thus, wm and wn can be obtained by applying
the H-NOMA precoding algorithm with parameters
(P⊥

m,nhm,P⊥
m,nhn, rm, rn). By applying Propositions 1

and 2, the proposed PH-NOMA algorithm for intra-cluster
beamforming is obtained. Specifically, if P⊥

m,nhm and
P⊥
m,nhn are quasi-degraded, i.e.,

Q(uP ) ≤
∥P⊥

m,nhm∥2

∥P⊥
m,nhn∥2

,

where

uP =
hH
n P⊥

m,nhmhH
mP⊥

m,nhn

∥P⊥
m,nhm∥2∥P⊥

m,nhn∥2
,

then, the closed-form beamforming vectors can be written as{
wm = αm((1 + rn)em − rne

H
n emen)

wn = αnen
, (21)

where

em =
P⊥
m,nhm

∥P⊥
m,nhm∥

, en =
P⊥
m,nhn

∥P⊥
m,nhn∥

α2
m =

rm
∥P⊥

m,nhm∥2
1

(1 + rn sin
2 θ)2

α2
n =

rn
∥P⊥

m,nhn∥2
+

rm
∥hm∥2

rn cos
2 θ

(1 + rn sin
2 θ)2

.

C. User Pairing Algorithms PBPA/IBPA

To better illustrate the optimization problem when taking
user pairing into consideration, we first define some sets.
The user index set is denoted by K = {1, 2, 3, ...,K}. The
permutation function in K is denoted by σ : K → K. We
define a set of permutation functions as

A = {σ | σ(i) ̸= i, σ(σ(i)) = i,∀i ∈ K}.

The set of strong users can be defined as

I = {i | ∥hi∥ ≥ ∥hσ(i)∥, i ∈ K}.

Then, the user pairing configuration can be defined as

Π = {(i, σ(i)) | i ∈ I}.

It can be observed that there is a one-to-one mapping relation-
ship between all the pairing configurations and the permutation
functions σ ∈ A. For example, we consider a simple user
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index set {1, 2, 3, 4}. A mapping between Π and σ is given
as follows:

Π = {(1, 2), (3, 4)} ←→ σ :

(
1 2 3 4
2 1 4 3

)
.

The goal of the user pairing algorithm considered in this paper
is to minimize the total transmission power. Mathematically,
the optimization problem can be rewritten as:

min
σ∈A

∑
i∈I

PPH−NOMA
i,σ(i) , (22)

where

PPH−NOMA
m,n =

{
P1, quasi-degraded
P2, otherwise

, (23)

and
P1 =

rn
∥P⊥

m,nhn∥2
+

rm
∥P⊥

m,nhm∥2
1 + rn

1 + rn sin
2 θ

P2 =
1

sin2 θ
(

rm
∥P⊥

m,nhm∥2
+

rn
∥P⊥

m,nhn∥2
)

. (24)

By observing (23) and (24), we can conclude some proper-
ties of the proposed PH-NOMA beamforming and the basic
principles for user pairing as listed following.

1) The power consumption of quasi-degraded channels
is minimized due to the definition of quasi-degraded
channels. Therefore, one user is tend to be paired with
another one with quasi-degraded channels as much as
possible.

2) The performance loss is dominated by those users that
1) cannot be paired to form quasi-degraded channels,
2) have channel vectors with small 2-norm. Therefore,
weak users have higher priority to pair, i.e., users should
be sorted by their channels’ 2-norm before pairing.

3) This performance loss becomes even more significant as
the users’ correlation increased. Therefore, users who
cannot be paired with quasi-degraded channels should
be paired with the one with minimum correlation.

Consequently, we propose two algorithms for user pairing to
solve this problem, termed Projection Based Pairing Algorithm
(PBPA) and Inversion Based Pairing Algorithm (IBPA), which
are illustrated in detail in Algorithm 1 and Algorithm 2,
respectively.

The difference between PBPA and IBPA is that, IBPA
provides a more intelligent method to compute the projection
matrix, provided that N ≥ K holds, i.e., the left inverse matrix
of HH exists. Specifically, we denote the left inverse matrix
of HH by V, i.e., VHH = IK . The i-th row of V is denoted
by vH

i . Then, we have{
vH
i hi = 1, i = 1, 2, ...,K

vH
i hj = 0, i ̸= j

. (25)

Given a pair of users m and n, the projection matrix Q satisfies

Qhk = 0, k ̸= m,n. (26)

Note that vm and vn lie in the null space of HH
m,n. Hence,

the projection matrix Q of the subspace spanned by vm,vn

satisfies the conditions in (26). Mathematically, Q can be
alternatively obtained by performing the following procedures.

vm = vm/∥vm∥,
vn = vn − (vH

mvn)vm,

vn = vn/∥vn∥,
Q = vmvH

m + vnv
H
n .

(27)

Consequently, the proposed beamforming algorithms are ob-
tained, by combining PH-NOMA beamforming as intra-cluster
beamforming and PBPA/IBPA as user pairing algorithms.

The difference between H-NOMA/SUPA [15] and the pro-
posed beamforming algorithms can be concluded as follows.

1) Note that the H-NOMA precoding is originally proposed
for two-user scenario, thus, it does not take inter-cluster
interference into consideration. Moreover, the H-NOMA
precoding for K-user (K > 2) counterpart is not
specified in [15]. Mathematically, if users m and n are
paired into one cluster (∥hm∥ ≥ ∥hn∥), the H-NOMA
precoding vectors wi (i = m,n) should be obtained by
solving the following optimization problem.

min wH
mwm +wH

n wn

s.t.
hH
mwmwH

mhm

1 + hH
m(

∑K
k=1,k ̸=m,n wkwH

k )hm

≥ rm

hH
n wnw

H
n hn

1 + hH
n (

∑K
k=1,k ̸=n wkwH

k )hn

≥ rn.

However, this problem is not investigated in [15], and
the optimal solution is also difficult to obtain.

2) The H-NOMA/SUPA scheme proposed in [15] is ef-
ficient only when N < K, whereas the proposed
PH-NOMA/PBPA (PH-NOMA/IBPA) scheme can be
applied only when N ≥ K − 1 (N ≥ K) holds.

Proposition 3. The complexities of PBPA scheme and IBPA
are O(K2(K3 + K2N + KN2)) and O(K2(N + K)),
respectively. While the exhaustive search requires at least a
complexity of O((K − 1)!!N)

Proof: For PBPA, the number of “for” loops is
K−1∑
t=1

(K − t) =
K(K − 1)

2
.

In each “for” loop, the complexity is dominated by the
computation of the projection matrix P in line No. 12 in the
table for PBPA. Note that HH

t,v is a N × (K − 2) matrix,
the complexity of computing Ht,vH

H
t,v is N(K − 2)2, the

complexity of computing (Ht,vH
H
t,v)

−1 is (K − 2)3, the
complexity of computing HH

t,v(Ht,vH
H
t,v)

−1 is N(K − 2)2,
and the complexity of computing HH

t,v(Ht,vH
H
t,v)

−1Ht,v is
N2(K − 2). Therefore, the overall complexity for computing
P in each loop can be written as O(K3 + K2N + KN2).
Therefore, the overall complexity of PBPA is

O(K2(K3 +K2N +KN2)).

For IBPA, the complexity is dominated by the computing
of the inverse matrix V, and the “for” loop. Similarly,
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we can conclude that the complexity of computing V is
O(K3+2K2N). Note that there is only a complexity of O(N)
in each loop. Hence, the overall complexity of IBPA can be
written as

O(K3 +K2N) = O(K2(K +N)).

For exhaustive search, note that the cardinal number of A
is |A| = (K − 1)!!. Therefore, the complexity of exhaustive
search is at least O((K − 1)!!N), and the proof is finally
completed.

Note that a greedy algorithm can also be straightforwardly
obtained, since the closed-form expressions of the cost func-
tion PPH−NOMA

i,σ(i) can be acquired by (23) and (24). However,
this greedy algorithm cannot obtain satisfactory performance
since the weak users can lead to a significant performance loss,
which can be seen in the simulation results. In [13], the author
developed a simplified greedy algorithm by replacing the cost
function with the correlation between the two channels in one
group, also termed the correlation based user pairing algorithm
in this paper for simplicity. It is suggested that one user
pairs with another user with maximal correlation. Although
the complexity is reduced, the performance is unsatisfactory.

Algorithm 1 Projection Based Pairing Algorithm (PBPA)
INPUT: h1,h2, ...,hK and r1, r2, ..., rK , N ≥ K − 1
OUTPUT: Π

1: σ ← zeros(K, 1)
2: Π← {}
3: Sort the users by the length of channel vectors, such that
∥hi1∥ ≤ ∥hi2∥ ≤ ... ≤ ∥hiK∥

4: for t = 1 : K − 1 do
5: if User it has been paired then
6: Goto Line 4
7: end if
8: for v = t+ 1 : K do
9: if User iv has been paired then

10: Goto Line 4
11: end if
12: P = IN −HH

t,v(Ht,vH
H
t,v)

−1Ht,v

13: hm = Phiv ,hn = Phit

14: u(t, v) =
hH

mhnh
H
n hm

∥hn∥2∥hm∥2

15: if Q(u) ≤ ∥hm∥2

∥hn∥2 then
16: σ(it) = iv,σ(iv) = it
17: Π = Π ∪ {(iv, it)}
18: Goto Line 4
19: end if
20: end for
21: minv = argmin

v
u(t, v)

22: σ(it) = iminv ,σ(iminv) = it
23: Π = Π ∪ {(iminv, it)}
24: end for

V. PERFORMANCE ANALYSIS

In this section, the performance comparison between the
conventional ZFBF and the proposed beamforming algorithms

Algorithm 2 Inversion Based Pairing Algorithm (IBPA)
INPUT: h1,h2, ...,hK and r1, r2, ..., rK , N ≥ K
OUTPUT: Π

1: σ ← zeros(K, 1)
2: Π← {}
3: Sort the users by the length of channel vectors, such that
∥hi1∥ ≤ ∥hi2∥ ≤ ... ≤ ∥hiK∥

4: Calculate V = (HH)† = (HHH)−1H
5: for t = 1 : K − 1 do
6: if User it has been paired then
7: Goto Line 5
8: end if
9: for v = t+ 1 : K do

10: if User iv has been paired then
11: Goto Line 5
12: end if
13: Calculate Q by (27)
14: hm = Qhiv ,hn = Qhit

15: u(t, v) =
hH

mhnh
H
n hm

∥hn∥2∥hm∥2

16: if Q(u) ≤ ∥hm∥2

∥hn∥2 then
17: σ(it) = iv,σ(iv) = it
18: Π = Π ∪ {(iv, it)}
19: Goto Line 5
20: end if
21: end for
22: minv = argmin

v
u(t, v)

23: σ(it) = iminv ,σ(iminv) = it
24: Π = Π ∪ {(iminv, it)}
25: end for

is analyzed. In order to derive the diversity order, the following
Lemmas are introduced.

Lemma 1. For a chi-squared distributed random variable x
with 2n degrees of freedom, i.e., x ∼ X 2

2n,

lim
ρ→+∞

−
logPr{x−1 ≥ ρ

c}
log ρ

= n,

where c is a positive constant.

Proof: The probability density function (pdf) of x can be
written as

f(x) =
1

2n(n− 1)!
xn−1e−x/2.

Then, we have

Pr{x−1 ≥ ρ

c
} = Pr{x ≤ cρ−1}

=

∫ cρ−1

0

f(x)dx

= 1− e−
1
2 cρ

−1
n−1∑
r=0

( 12cρ
−1)r

r!

= e−
1
2 cρ

−1
+∞∑
r=n

( 12cρ
−1)r

r!

(28)

Hence,

lim
ρ→+∞

−
logPr{x−1 ≥ ρ

c}
log ρ

= n,
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and the proof is completed.

Lemma 2. For two i.i.d chi-squared distributed random vari-
ables x1, x2 with 2n degrees of freedom, i.e., x1, x2 ∼ X 2

2n,

lim
ρ→+∞

− logPr{c1x−1
1 + c2x

−1
2 ≥ ρ}

log ρ
= n,

where c1 and c2 are some positive constants.

Proof: We focus on the probability Pr{c1x−1
1 +c2x

−1
2 ≥

ρ}. Firstly, it is straightforward to see that

Pr{c1x−1
1 + c2x

−1
2 ≥ ρ} ≥ Pr{x−1

1 ≥ ρ

c1
}. (29)

Secondly, we have

Pr{c1x−1
1 + c2x

−1
2 ≥ ρ}

≤ Pr{
(
x−1
1 ≥ βρ

c1

)
∪
(
x−1
2 ≥ (1− β)ρ

c2

)
}

≤ Pr{x−1
1 ≥ βρ

c1
}+ Pr{x−1

2 ≥ (1− β)ρ

c2
},

(30)

where β ∈ [0, 1]. Fix β = c1
c1+c2

, we have

Pr{c1x−1
1 + c2x

−1
2 ≥ ρ} ≤ 2Pr{x1 ≥

ρ

c1 + c2
} (31)

By combining (29) and (31), we can bound this probability
by

Pr{c1x−1
1 + c2x

−1
2 ≥ ρ} ≥ Pr{x−1

1 ≥ ρ

c1
}

Pr{c1x−1
1 + c2x

−1
2 ≥ ρ} ≤ 2Pr{x−1

1 ≥ ρ

c1 + c2
}
. (32)

Hence, by using Lemma 1, we have

lim
ρ→+∞

− logPr{c1x−1
1 + c2x

−1
2 ≥ ρ}

log ρ
= n,

and the proof is completed.
By taking advantage of Lemmas 1 and 2, we have the

following theorem for obtaining the diversity order achieved
by the conventional ZFBF and the proposed beamforming
algorithms, respectively.

Theorem 1. The diversity order achieved by conventional
ZFBF for each user is

dZF (i) = N −K + 1, i = 1, 2, ...,K,

while the diversity order achieved by the proposed beamform-
ing algorithms is

dPro(i) = N −K + 2,

if user i (i = 1, 2, ...,K) is perfectly paired1.

1User i is called perfectly paired if it is paired with another user j with
quasi-degraded channels, i.e., hi and hj are quasi-degraded.

Proof: We first derive the diversity order for conventional
ZFBF. From (7), it is clear that the power allocated to the i-th
(i = 1, 2, ...,K) user is

Pi = [WH
ZFWZF ]ii

= [ΓH(HHH)−HHHH(HHH)−1Γ]ii

= ri[(HHH)−1]ii

=
ri

hH
i HH

i (HiHH
i )−1Hihi

=
ri

hH
i (I−HH

i (HiHH
i )−1Hi)hi

=
ri

∥P⊥
i hi∥2

,

(33)

where [(HHH)−1]ii denotes the i-th diagonal element of
matrix (HHH)−1, HH

i represents the sub-matrix of HH by
striking hi out of HH , i.e.,

HH
i = [h1, ...,hi−1,hi+1, ...,hK ],

and
P⊥
i = I−HH

i (HiH
H
i )−1Hi

is the orthogonal projection of the subspace spanned by HH
i .

Since hi is i.i.d Rayleigh fading as described in (2), we
have ∥hi∥2/(σ

2
i

2 ) ∼ X 2
2N . Moreover, due to the properties

of projection matrix, we also have

∥P⊥
i hi∥2/(

σ2
i

2
) ∼ X 2

2(N−K+1).

Then, by using Lemma 1, we can calculate the diversity order
of user i as follows

dZF (i) = lim
ρ→+∞

− logPr{Pi ≥ ρ}
log ρ

= lim
ρ→+∞

−
logPr{ ri

∥P⊥
i hi∥2 ≥ ρ}

log ρ

= N −K + 1.

(34)

Secondly, we focus on the diversity order achieved by the
proposed precoding algorithm. If the strong user m and the
weak user n are perfectly paired, by applying (21), we can
calculate the individual power consumption as follows.

Firstly, the power consumption of the strong user m can be
written as

Pm = ∥wm∥2

= ∥αm((1 + rn)em − rne
H
n emen)∥2

=
rm

∥P⊥
m,nhm∥2

(1 + rn sin
2 θ)(1 + rn)− rn cos

2 θ

(1 + rn sin
2 θ)2

,

(35)

Hence, we can bound Pm by

rm
∥P⊥

m,nhm∥2
≤ Pm ≤

rm(1 + rn)

∥P⊥
m,nhm∥2

, (36)

Note that

∥P⊥
m,nhm∥2/(

σ2
m

2
) ∼ X2

2(N−K+2),
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by taking advantage of Lemma 1, we have

dPro(m) = lim
ρ→+∞

− logPr{Pm ≥ ρ}
log ρ

= N −K + 2.

(37)

Secondly, the power consumption of the weak user n can be
written as

Pn = ∥wn∥2 = α2
n

=
rn

∥P⊥
m,nhn∥2

+
rm

∥P⊥
m,nhm∥2

rn cos
2 θ

(1 + rn sin
2 θ)2

.
(38)

Hence, we can bound Pn by
rn

∥P⊥
m,nhn∥2

≤ Pn ≤
rn

∥P⊥
m,nhn∥2

+
rnrm

∥P⊥
m,nhm∥2

(39)

By taking advantage of Lemmas 1 and 2, we have

dPro(n) = lim
ρ→+∞

− logPr{Pn ≥ ρ}
log ρ

= N −K + 2.

(40)

Finally, by combining (37) and (40), we can obtain

dPro(i) = N −K + 2, (41)

if user i (i = 1, 2, ...,K) is perfectly paired, and the proof is
completed.

Remark 1: It has been revealed in both [14] and [15] that
the quasi-degradation probability is high for i.i.d Rayleigh dis-
tributed channels, especially in a heterogenous environment.
Moreover, by adopting the proposed user pairing algorithms,
this probability can be further increased. In other words,
most of the users can be paired perfectly after performing
the proposed user pairing algorithm. Therefore, the overall
diversity achieved by the proposed beamforming algorithms is
close to N −K+2, which can be validated in our simulation
results. On the other hand, the overall diversity is related to
the number of user pairs having quasi-degraded channels. That
means, to obtain a good diversity performance, an efficient
user pairing algorithm should maximize the number of user
pairs having quasi-degraded channels, which is also the goal
of the proposed PBPA/IBPA.

To derive the total power consumption for the proposed
beamforming algorithms (PH-NOMA in combination with
PBPA/IBPA) and conventional ZFBF, we first define some user
sets. Note that the total user set is

K = {1, 2, ...,K}.

The strong user set is defined as

Ks =
{
m
∣∣users m and n are paired with
quasi-degraded channels, and

σ2
m ≥ σ2

n

}
.

Similarly, the weak user set is defined as

Kw =
{
n
∣∣users m and n are paired with
quasi-degraded channels, and

σ2
m ≥ σ2

n

}
.

Then, the set of the users who cannot be paired with quasi-
degraded channels is K/Ks/Kw.

Theorem 2. The expectation of the total consumption for
conventional ZFBF is

PZF =
1

N −K

K∑
k=1

ri
σ2
i

,

while the expectation of the total consumption for the proposed
beamforming algorithms can be written as

PPro =
1

N −K + 1
(
∑
i∈Kw

ri
σ2
i

+
∑
j∈Ks

rj
σ2
j

Ai)

+
1

N −K

∑
l∈K/Ks/Kw

rl
σ2
l

,
(42)

where

Ai = (1 + ri)(N −K + 1)

∞∑
k=0

(−1)k rki
k +N −K + 1

.

Proof: We first derive the expectation of the total power
consumption for conventional ZFBF. As is derived in (33), the
total power consumption can be calculated as

PZF = E
{ K∑

i=1

ri
∥P⊥

i hi∥2
}

=
K∑
i=1

ri
1
2σ

2
i

E
x∼X2

2(N−K+1)

{ 1

x

}
=

K∑
i=1

ri
1
2σ

2
i

1

2(N −K + 1− 1)

=
K∑
i=1

ri
σ2
i

1

N −K
.

(43)

Then, we derive the expectation of the total power con-
sumption for the proposed beamforming algorithms. Note that
if users j and i are paired with quasi-degraded channels
(σ2

j ≥ σ2
i ), according to (35) and (38), the sum power

consumption can be written as

Pi + Pj =
ri

∥P⊥
i,jhi∥2

+
rj

∥P⊥
i,jhj∥2

1 + ri

1 + ri sin
2 θ

,

where θ is the angle between P⊥
i,jhj and P⊥

i,jhi. According
to Lemma 3 in [15], u = cos2 θ follows Beta distribution with
parameter (1, N −K + 1), i.e., the pdf of u is

fu(x) = (N −K)(1− x)N−K−1.

Consequently, the expectation of total power consumption of
users j and i can be written as

E
{
Pi + Pj

}
=

1

N −K + 1

( ri
σ2
i

+
rj
σ2
j

A
)
, (44)

where A can be calculated as

Ai =

∫ 1

0

fu(x)(1 + ri)

1 + ri(1− x)
dx

= (1 + ri)(N − k + 1)
∞∑
t=0

(−1)t rti
t+N −K + 1

.

(45)
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On the other hand, if user l is paired with non-quasi-degraded
channels, according to the concept of PH-NOMA precoding
algorithm, ZFBF signal is transmitted, and the expectation of
user l is the same as that of conventional ZFBF. Mathemati-
cally, the expectation of power consumption of user l is

E
{
Pl

}
=

1

N −K

rl
σ2
l

. (46)

By combining (44) and (46), the expectation of the total power
consumption can be straightforwardly obtain, and the proof is
completed.

Remark 2: Note that the power consumption of a paired
users with quasi-degraded channels is minimized, i.e.,

1

N −K + 1

( ri
σ2
i

+
rj
σ2
j

Ai

)
≤ 1

N −K

( ri
σ2
i

+
rj
σ2
j

)
.

Therefore, the total transmission power for the proposed
beamforming algorithms can be minimized if all the users
are perfectly paired. By observing the equation in (42), we
can conclude that, the more the number of user pairs with
quasi-degraded channels is, the smaller PPro is. Therefore,
to obtain a minimal total power consumption, an efficient
user pairing algorithm should maximize the number of user
pairs with quasi-degraded channels, which is also the goal of
PBPA/IBPA.

VI. SIMULATION RESULTS

In this section, the computer simulation results are giv-
en to validate the efficiency of the proposed beamforming
algorithms: PH-NOMA in combination with PBPA/IBPA.
The performance of the conventional ZFBF [4] is simulated
as benchmarking. Several user pairing algorithms are also
simulated as comparisons, including the Greedy Algorithm
(GA), Correlation based user pairing algorithm (Corr) [13],
Random user pairing algorithm (Ran), and the Sequential User
Pairing Algorithm (SUPA) [15]. Throughout our simulations,
the system model described in II(A) is used. The path loss
exponent is set as α = 3, the parameter R, d0 are set to be
R = 10, d0 = 1, respectively. The individual rate is optimized
according to the max-min problem, for fixed total transmission
power.

In Figs. 1 and 2, the total power consumption and sum
rate performance versus the number of users K are illustrated
for different user pairing algorithms, respectively. Firstly, it
can be observed that PH-NOMA in combination with vari-
ous user pairing algorithms can enhance the performance in
comparison of that for conventional multi-user beamforming
ZFBF. Secondly, different user pairing algorithms can result in
different performance. Among these user pairing algorithms, it
is observed that a greedy algorithm cannot work efficiently and
only has a similar performance as that of the random pairing
algorithm, since the performance loss caused by weak users
can be deteriorated in a greedy algorithm. The correlation
based user pairing algorithm [13] does not obtain satisfactory
performance either. Moreover, SUPA for time/frequency di-
vision system can not obtain good performance here, since
the effect of beamforming is not taken into consideration.
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Fig. 1. Total power consumption versus the number of users K, with N =
K + 2 and r = [1, 1, ..., 1].

Finally, the proposed algorithms PBPA/IBPA realize signifi-
cant performance enhancement compared to other user pairing
algorithms. Note that although the complexity of IBPA is only
a fraction of that of PBPA, the performance achieved by both
algorithms is nearly the same.
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Fig. 2. Sum rate performance versus the number of users K, with N = 32.

In Fig. 3, the sum rate performance versus the number
of antennas at the BS N is plotted. It is observed that PH-
NOMA with PBPA/IBPA realizes the best performance. It
is also worth noting that the performance gap between all
the NOMA-based multi-user beamforming and conventional
ZFBF algorithms diminishes as N becomes large. In Fig. 4, the
sum rate performance versus SNR is shown. It is observed that
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the proposed PH-NOMA with PBPA/IBPA scheme has about
2.1dB gain compared to conventional ZFBF, while the PH-
NOMA with other user pairing algorithms only have limited
performance gain.
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Fig. 3. Sum rate performance versus the number of antennas at the BS N ,
with K = 20.
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Fig. 4. Sum rate performance versus SNR, with N = 32,K = 30.

In Fig. 5, the outage performance is illustrated as a func-
tion of SNR for different user pairing algorithms. It can
be observed that the proposed beamforming algorithms (PH-
NOMA beamforming in combination with PBPA/IBPA) have
a significant improvement compared to conventional ZFBF,
while other user pairing algorithms only have limited im-
provement, which is consistent with the analysis results. More
specifically, as revealed by Theorem 1, the overall diversity
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Fig. 5. Outage probability versus SNR, with N = 32,K = 30.

order is related to the number of user pairs with quasi-
degraded channels. The proposed PBPA/IBPA maximizes the
number of user pairs with quasi-degraded channels, thus has
a significant performance enhancement compared to the other
pairing algorithms.

VII. CONCLUSION

In this paper, we have considered the design of the down-
link beamforming algorithms for multi-user hybrid NOMA
systems. Firstly, we have briefly revisited the concept of
quasi-degradation and the H-NOMA precoding algorithm.
Secondly, we have introduced PH-NOMA beamforming for
intra cluster beamforming, to minimize both inter and intra
cluster interference. Thirdly, we have proposed two algo-
rithms PBPA and IBPA for user pairing, by applying the
properties of quasi-degradation. Consequently, low-complexity
beamforming algorithms have been obtained, by combining
PH-NOMA beamforming and PBPA/IBPA. Moreover, perfor-
mance analysis has also been given, to show the superiority of
the proposed beamforming scheme. Finally, simulation results
have been conducted to demonstrate the efficiency of the
proposed beamforming algorithms and the correctness of the
performance analysis.
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