
Revision Notes for Applied Dynamical Systems

The central theme of this course is to understand the qualitative behaviours of dynamical systems,
without solving the exact solutions (either too difficult or impossible, in terms of elementary functions).
Only the most important concepts, especially those connecting different topics, are highlighted here.
But you are still advised to go through the lecture notes for related materials.

1 Introduction

The qualitative properties of dynamical systems, instead of quantitative (explicit) solutions, are studied
using various techniques like geometric phase portraits, special solutions like stationary points and
periodic orbits, and special trajectories like centre manifold.

The following concepts/definitions/theorems will NOT appear in the final exam, because they
focus on more theoretical aspects of dynamical systems, or they are not closely related to qualitative
behaviours of our interests:

(i) Theorem 2.1 about Contraction Mapping and Theorem 2.2 about the existence and uniqueness
of ODEs

(ii) Construction of outer boundary in the Poincaré-Bendixson Theorem using several curves as in
Example 4.3 (Glycolysis oscillation)

(iii) Adjoint eigenvectors in Section 3.4 in the contruction of Lyapunov functions

(iv) Section 4.3 about Return maps

(v) Advanced concepts associated discrete maps: chaos, intermittancy, Lyapunov exponent (Section
6.5)

2 Invariant sets

This is the most important concept of the whole course and takes different forms:

a) Any trajectory of solution (or the union of trajectory)

b) Fixed points

c) Periodic orbits

d) Stable/unstable/centre manifold

The formal definition of an invariant set S for ẋ = f(x) is that, if x0 ∈ S the the solution φ(x0, t)
started at x0 is also in S. In many cases, the set S is represented as one special level curve of some
function H, that is S = {x ∈ R

n | H(x) = 0}, then S is invariant if and only if

0 =
d

dt
H(x)

∣

∣

∣

∣

H(x)=0

= f(x) · ∇H(x)|H(x)=0.

Here ·|H(x) means evaluate the expression on this trajectory.
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Figure 1: The coordinate transformation from x = (x1, x2)
t to y = (y1, y2)

t via y = Ux = [e1, e2]
−1x,

where the eigenvector ek is transformed to the yk axis.

3 Coordinate transformation

Coordinate transformation is used in several places, as it is much easier to understand the dynamical
behaviour of a system in normal form ( the linearised system is diagonalised). If you can find the
eigenpairs (λk, ek) of the constant coefficient matrix A (that is Aek = λkek), then the system ẋ = Ax

is transformed to the normal form ẏ = Λy via

y = Ux = [e1 e2 · · · en]−1x,

where Λ = diag(λ1, · · · , λn) is a diagonal matrix with diagonal entries λ1, λ2, · · · , λn. Here the inverse

of the matrix formed by the eigenvectors, because the standard basis vectors (1, 0, · · · , 0), (0, 1, 0, · · · , 0),
· · · , (0, 0, · · · , 0, 1) in the transformed coordinates are exactly the eigenvectors in the original coordi-
nates (see Figure 1).

4 Linearised equation and stability

For most system near stationary points, the local behaviour can be obtained by linearisation, as
compared in Table 1.

Continuous dynamical systems Discrete maps

General form of the equation ẋ = f(x) xn+1 = f(xn)

Stationary points f(x∗) = 0 x∗ = f(x∗)

Linearised equation (A = Df(x∗)) ẋ = Ax xn+1 = Axn

Scalar linear equation & solution ẋ = λx, x = eλtx0 xn+1 = λxn, xn = λnx0

Stability condition Reλi < 0 for all λi |λi| < 1 for all λi

Bifurcation condition Reλi = 0 for one λi |λi| = 1 for one λi

Table 1: A comparison of linearised equations and their stability between continuous and discrete
dynamical systems
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Remark. In general, it is difficult to calculate eAt or An. A better way is to use the eigenpairs (λi, ei)
for the matrix A (i.e. Aei = λei). Then if x0 can be expanded using the eigenvectors as

x0 =

n
∑

k=1

ckek

for some coefficients c1, c2, · · · , cn, then

eAtx0 =
n

∑

k=1

cke
λktek, Anx0 =

n
∑

k=1

ckλ
n
kek.

However, linearisation fails to predict the local behaviour when there is any eigenvalue of the
Jacobian has zero real part (unit modulus for the discrete maps). Nonlinear terms could play im-
portant roles, and any change in some parameters could lead to qualitative change in the behaviour
(bifurcation).

5 Stability and Lyapunov functions

The stability essentially depends on the availability of the Lyapunov function V . In general,

(a) If V̇ < 0 except that V̇ (x∗) = 0 at the stationary point x∗ =⇒ asymptotic stability. In particular,
the fixed point x∗ is stable.

(b) If V̇ ≤ 0 =⇒ Lyapunov stability. Any fixed point (if it exist) could be “neutrally” stable (all
eigenvalues have zero real part). Another common case is V̇ ≡ 0 for some function V . For
example, the origin is Lyapunov stable but not asymptotic stable for the system

ẋ = y, ẏ = −x − x3.

(c) If V̇ < −ǫ on R
n \ U =⇒ solutions are eventually bounded and stay in U . This happens usually

when the stationary point is unstable (almost all systems whose periodic orbits are constructed
using Poincaré-Bendixson Theorem fall into this case).

6 Existence of periodic orbits

The key is to find an invariant region (normally close to an annulus), which does not contain any
stationary points.

7 Floquet theory: behaviour of ẋ = A(t)x with periodic A(t)

The solution to the linear system ẋ = A(t)x, x(0) = x0 can also be written as x(t) = Φ(t)x0 for some
fundamental matrix solution Φ(t). If A(t) is periodic with period T , then in general Φ(t) is NOT
periodic, but can be written as

Φ(t) = P (t) exp(tH)

for some periodic matrix P (t) with the same period T , and a constant matrix H. The stability is
determined by the “exponential” part exp(tH), or eigenvalues of the monodromy matrix B = exp(TH).
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Figure 2: Generic behaviours with stable and unstable manifolds (no eigenvalues with zero real part).

8 Stable/unstable/centre manifolds for ẋ = f(x): why they are im-

portant and how to calculate them?

These manifolds are important, because the local behaviours near the stationary points can be inferred.
If the linearised system has eigenvalues with both positive and negative real parts, but no eigenvalues
with zero real part (as in Figure 2), then

(i) Typical trajectories go to the stationary point along W s, and escape along W u (very similar to
the linearised system with Es and Eu)

(ii) The dynamics slows down near the stationary point (|f(x)| is small), and becomes fast away
from it.

If the linearised system has eigenvalues with zero real part ( and the rest eigenvalues with negative
real parts, as in Figure 3), then

(i) Trajectories converge to W c, more or less “parallel” to W s

(ii) The dynamics on W c (converging or escaping from the stationary point) can not be directly
inferred from the system, but is possible after the centre manifold W c is calculated or approxi-

mated.

(iii) The convergence to W c is usually fast, and the dynamics on W c is slow.

Calculation of the (local) manifolds: The (local) stable/unstable/centre manifolds are precisely
determined by the following conditions:

(1) they pass the fixed point;

(2) they are tangent to the corresponding linearised manifold;

(3) they are invariant sets.
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Figure 3: Generic behaviours with stable and centre manifolds (eigenvalues with zero or negative real
part).

In general, these manifolds do not possess closed form expressions, and can only be approximated by
local power series expansions. The above three conditions determines different terms in the expansion:

(1) 7→ constant term; (2) 7→ linear term; (3) 7→ quadratic or higher order terms.

If the stationary point is at the origin, the constant term vanishes; if the system is in normal form
(the matrix coefficient for the linearised system is diagonal), the linear term vanishes.

Remark. The advantage of transforming the original system into normal form in the calculation of
centre manifold is that you get the leading order term for free: the centre manifold for the system

ẋ = xy, ẏ = −y − x2

is y = −x2 + · · · . That is, the leading order is obtained by setting ẏ = 0 for the stable variable y.
However, this works only for centre manifold, but not for stable/unstable manifold, and you can only
get the leading order term for free.

Example 8.1. Calculate the centre manifold for the system

ẋ = x2 − xy, ẏ = −y − x2 + x3,

up to and including x3. That is, find c2, c3 in the approximation

y = c2x
2 + c3x

3 + · · · .

Does c3 = 1?

Example 8.2. Find the leading (quadratic order only) approximation of the centre manifold to the
following systems

(i)











ẋ = −x + y2 + x2,

ẏ = xy + y3,

ż = −z + xy + z2.

(ii)























ẋ = −x + y2 + x2,

ẏ = xy + y3,

ż = −z + µz + µy + z2,

µ̇ = 0.
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9 Bifurcation

Condition for the occurrence of bifurcation:

(a) Continuous systems ẋ = f(x, µ) near the stationary point x∗: Re λi(Df(x∗)) = 0

(b) Discrete maps xn+1 = fµ(xn) near the fixed point x∗: |λi(Dfµ(x∗))| = 1

Common bifurcations

Saddle-node bifurcation ẋ = µ − x2, xn+1 = µ − x2
n: Two fixed points are created (with no fixed

point in the other parameter regime, that is transition from zero to two fixed points), one is
stable and one is unstable

Transcritical bifurcation ẋ = µx − x2, xn+1 = (µ + 1)xn − x2
n: Two fixed points exchange stability

Pitchfork bifurcation ẋ = µx − x3, xn+1 = (µ + 1)xn − x3
n: Two fixed points are created (in addi-

tion to one fixed point in the whole parameter regime, that is transition from one to three fixed
points)

Moreover, for continuous dynamical system Hopf bifurcation occurs when there are purely imaginary
eigenvalues (Imλ(Df(x∗)) 6= 0); for discrete dynamical systems period-2 bifurcation occurs when
the eigenvalue λ(Dfµ(x∗)) = −1.
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