
AERO III/IV Mathematis Tutorial Sheet 3: Laurentseries and ontour integrals
(1) Expand the funtion

f(z) =
z

(z − 1)(2 − z)in a Laurent series valid for
(i) 0 < |z − 1| < 1, (ii) |z − 1| > 1, (iii) 0 < |z − 2| < 1, (iv) |z − 2| > 1,giving in eah ase the �rst three non-zero terms in the expansion. Hene otherwise determinethe residues of f(z) at eah of its poles.(2) Expand the following funtions in Laurent series valid in the regions given

(i) ez

z(z2 + 1)
for 0 < |z| < 1;

(ii) 1

(z2 + 1)(z2 + 2)
for (a) |z| >

√
2, (b) 1 < |z| <

√
2, () |z| < 1.(3) Expand the following funtions in a Laurent series about z = 0, naming the type ofsingularity in eah ase:

(i)sin z

z
, (ii)cosh 1/z

z
, (iii)ez2

z4
.(4) Find the residues of the following funtions at the points indiated:

(i) 1

(ez − 1)2
at z = 2nπi; (ii) z3

z2 + 1
at z = ±i; (iii) ez tan z at z = 3π/2.(5) By integrating the funtion

eiz

(z2 + a2)(z2 + b2)
(a > b > 0)around a semiirular ontour, show that

∫
∞

−∞

cos x

(x2 + a2)(x2 + b2)
dx =

π

a2 − b2

ae−b − be−a

ab
.1



(6) Evaluate by ontour integration:
(i) ∫

2π

0

cos θ

5 − 4 cos θ
dθ; (ii) ∫

∞

0

dx

1 + xn
(n is a positive integer greater than two);

(iii) ∫
∞

−∞

sin x

x(x2 + 1)
dx;(7) Using the indiated ontour in Figure 1(a), �nd the following integral:

∫
∞

−∞

cos x

ex + e−x
dx =

π

eπ/2 + e−π/2
.(8) Using the indiated ontour in Figure 1(b), �nd the following integral:

(a) ∫
∞

0

(log x)2

1 + x2
dx =

π3

8
; (b) ∫

∞

0

log x

(1 + x2)2
dx = −π

4
.

(b)
(a)

R−R

−R + πi R + πi

ǫ R−R −ǫ

Figure 1: The ontours for problem (7) and (8).Answers:(1) (i) 1/(z − 1) + 2 + 2(z − 1) + ·; (ii) −1/(z − 1) − 2/(z − 1)2 − 2/(z − 1)3 + · · · ;(iii) −2/(z − 2) + 1 − (z − 2) + · · · ; (iv) −1/(z − 2) − 1/(z − 2)2 + 1/(z − 2)3 + · · · .Res(f, z = 1) = 1, Res(f, z = 2) = −2(2) (i) 1/z + 1 − z/2 − 5z2/6 + · · · ; (ii) (a) 1/z4 − 3/z6 + · · · ;(b) · · ·+ 1/z6 − 1/z4 + 1/z2 − 1/2 + z2/4 + · · · ; () 1/2 − 3z2/4 + 7z4/8 − · · · .(3) (i) 1 − z2/3! + z4/5! + · · · ; removable singularity(ii) 1/z + 1/(2z3) + · · · ; essential singularity;(iii) 1/z4 + 1/z2 + 1/2 + · · · ; pole of order 4 at z = 0 (with residue zeros).(4) (i) −1; (ii) −1/2; (iii) −e3π/2;(6) (i) π/3; (ii) π

n

1

sin π/n
; (iii) π(e − 1)/e 2


