Aero I11/TV Complex Variables

Many of the basic properties of complex variables are a generalization of those of real
variables. The most striking difference is the concept of (complex) differentiable functions or
analytic functions. It requires more than ordinary differentiability of the real and imaginary
parts, the so called Cauchy-Riemann condition.

In this section, the basics of complex numbers, elementary complex functions and an-
alytic functions will be briefly reviewed first. We will focus on some applications of the
complex variables, and then move to complex line integrals, the most important topics in
the remaining course.

1 Basic concepts and arithmetics of Complex numbers

1) The fundamental relation: % = —1
2) Two representations:

(i) Cartesian representation: z = z + iy
(ii) Polar representation: z = re®

In general, the Polar representation is preferred for certain manipulations like n-th roots
21/" the logarithm log z and other calculations related to trigonometric functions.

3) Related concepts for z = x + iy = re':

(i) Real part = Rez

r= 7]

Modulus r = |z] = /22 + y? Yy

)
(ii) Imaginary part y = Imz
(iii)

)

(iv) Argument 6§ = Argz = arctan ¥

tanf = y/x

4) These two representations are related by the Fuler equation:

e = cosf + isin#,

where 6 is measured in radian like 7/3,7/2 (instead of degree).
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5) Basic operations between complex numbers:
(i) (Addition) If z = x + iy and w = u + v,
z4+w=(r+iy) + (u+iv) = (r+u) + iy +v).
(il) (Multiplication)
2w = (z +iy)(u + iv) = xu — yv + i(zv + yYv).
(iii) (Division)

z x+iy  (v+iay)(u—iw)  ur+ovy+i(uy —vx)

W u4+ v u? 4+ v? u? 4+ v?

6) Another important concepts is complex conjugate z = x — iy

(i) 2=
z+z z—Z
pum I pummy
(i) R 5 Imz 5
(ili) z+w=zZ+w, zwW = Zw
(iv) |2 = [2], |2]* = 22, |2w] = [2]|w]

7) There are also important inequalities that can be used later (to estimate some of the
terms in contour integration)

. Y |z + w
(1) [Rez| <z, [Imz] <] \ ot
w

(i) [z 4+ w| < [2[ + [w]

(iii) []z] = wl] < ]z = w|

The equality in (ii) is achieved when
Argz = Argw.

8) De Moirre’s formula
(cos@ + isin@)n = cosnb + isinnf.

9) Special curves on the complex plane (in terms of equation or parametrization):
(i) General straight line: z = (1 —t)zp + tz1. If we restrict ¢ € [0, 1], then this is a line
segment connecting z; and 2
(ii) The real axis: Imz =0
(iii) The imaginary axis: Rez =0

(iv) The straight line going through the middle point of z;, 25, and perpendicular to
21— 290 |2 — 21| = |2 — 2]



(v) The circle with centre zy and radius r: |z — zp| = r. We can also parametrized by
z = 2+ re? with 6 € [0, 27).

(vi) Annular region: m < |z — 29| < 79
10) n-the roots: Given z, find w such that w" = z (and w is denoted by zw).
Let 2z = 7’( cosf + 1sin 8) ,W = R( cos ¢ + 1 sin gb) By Demoirre’s formula,
R"(coanﬁ—l— isinmb) = r(cos@ —i—isin&).
Therefore, R™ = r and n¢ = 0 + 2kw with k£ = 0,41, +2,---. This implies that

0+ 2k 6+ 2k
o l(cos—+ 7T+isin—+ 7T), k=0,1,---,n—1,
n n

which are n distinct points lying equally-spaced on a circle of radius /",
Exercise 1.1. Find the modulus of ‘I’—j:

Exercise 1.2 (The Circles of Apollonius). The equation |z — z1|/|z — 22| = A(> 0) for A # 1
is a circle, called the Circles of Apollonius.

(i) What is the curve corresponding to A = 17

(i) If A # 1, substituting z; = x1+iy; and 23 = x9+1iys into the equation |z —z1|/|z — 29| =
A, we get (with z = x + iy)

VoAl _le—w) iy —y)l _ VE—z)?+ - un)? )
2=z [z —m2) +ily—w)l (o —21)2+ (y—11)?
Confirm that this is a circle (the expressions for the center and the radius are very
complicated).

(iii) Once we are sure it is circle, we can find the center and the radius in other alternative
ways, using the geometry.

Let z3 and z4 be the intersection points of the circle with the straight line connecting
z1 and z;. Without loss of generality, we can take A > 1 (the case 0 < A < 1 works
similarly), which looks like in Figure 1. The advantage using this geometric information
is that we can get rid of the modulus from the governing equations |z — z1|/|z — 22| = A.

That is
21 — 23 21 — 24
A: pr— 5
23 — 22 Z2 — 24
which gives
Azg + 21 A2y — 21
Zg = —————— 2y = —
TN+ T

By the symmetry, the centre of the radius should be on this straight line, and 23, 24
are on the opposite sides of a diameter. Therefore, the centre of the circle is

1 N2 — 2z
o= glta) =TT ®)



Figure 1: The circle of Apollonius of all the points |z — z1|/|z — 22| = A > 1, which intersects
the straight line (connecting z; and z;) at z3 and zy4.

and the radius is

|25 — 24| A
R = 5 = |)\2_1||21—2’2|, (3)

which should be compared with the centre and radius calculated from the algebraic

equation (1).

(iv) Check that when 0 < A < 1, the centre and the radius are still given by (2) and (3),
respectively.

(v) Find the curve on the w-plane, which is transformed from the circle |z| = 1 by the map
w=(z+2)/(z—2).
The following exercises show some applications of complex numbers, but are less related to

the rest of the course.
Exercise 1.3. From the identity ¢/®+%¥) = ¢ and the arithmetics of multiplication of
complex numbers, derive the following trigonometric identities:

sin(f + ) = sin 6 cos ¢ + cos # sin @,

cos(6 + ) = cos 6 cos p — sin O sin .

Exercise 1.4. Shown that
sin @ — sin(n 4 1)6 — sin 6 cos(n + 1)0 + cos 6 sin(n + 1)0
2 —2cosf

using the relation between Euler equation (The right hand side can be simplified further).

sinf +sin20 + -+ - + sinnf =

Y

D
A
Exercise. Show that the four points A, B,C, D
are on the same circle if and only if the distances
satisfies the condition
AC-BD = AB-CD + AD - BC. B ¢

Hint: Notice the condition that A, B,C, D are on the same circle can be characterized by
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LADC+ ZABC = 7 (or equivalently ZBAD+ /ZBCD = 7) and the identity (z4 —z¢) (25 —
zp) = (za — 2B)(2¢ — 2p) + (24 — 2p) (2B — 2¢), where z4, zp, zc and zp are the complex
numbers corresponding to the four points.

Exercise 1.5. Shown from the property |z; + 29| < |21] + |22|, we can get
|21 4 A 2] Sz 4 2]

Moreover, for any real number aq,--- ,a,, by, - ,b,, we have the inequality

Jai +0 4t Va2 H 02 <V lan @) (b )2

C D G H

Figure 2: Sum of three angles

Exercise 1.6. Three squares placed side by side as shown in Figure Q.iro&;chat t}is)um
of ZHAF, /ZHBF and ZHFEF is a right angle. Hint: Let the vectors AH, BH and C'H be
the complex number 3 +17,2 + ¢ and 1+ ¢ respectively, the the sum of the three angles is the
argument of the product (3 +1)(2+14)(1 +1).

2 Elementary complex functions
Exponential function e¢* = ¢ ( cosy + ¢ sin y): Basic algebraic properties:

(i) When z = z (i.e. y = 0), familiar exponential of real variable; when z = iy, e¥ =
cosy + isiny, for instance ™ = —1.

(11) €z1+22 — 621622; (ez)n — enz.

Trigonometric functions: From the Euler’s formula

i T

e’ =cosx +isinz, e " =cosxr —isinx
for real variable x, we have

elI _|_ 6711 . 6@1’ _ efm
cosr = ————, sine=—"—#—+
2 27



These definitions can be generalized from real variable x to complex variable z, i.e.,

eiz + e—iz ) eiz . e—iz
COSZ = ————, SNz = ———
21

2
Other trigonometric functions can be defined similarly,

sin 2z cos 2 1 1
tanz = ——, cotz = ——, secz = , CSCz = —.
CoSs 2 sin z coSs z sin z

It can be verified that all trigonometric identities of real variables are valid, when the real
variables are replaced by complex variables. For example (try it!),

sin(z; + z2) = sin 21 cos z5 + €os 21 sin 2y,

cos(z1 + 2z3) = €0S 21 COS 2o — sin z; sin 2o,

sin®z4cos’z=1,---

Hyperbolic functions: The hyperbolic functions of complex variable are defined analo-
gously as for real variable:

i e —e”* e’ 4 ¢€*
sinhz = ———, cosh z = ,
2 2
and _
sinh z cosh z 1 1
tanh z = , cothz=— , sechz = , cschz = — .
cosh z sinh z cosh z sinh z

The identities of hyperbolic functions of real variables hold also for complex variables, like
cosh? z — sinh? z = 1.

Finally we have the following relations between trigonometric functions and their hyperbolic
counterparts:

sinh7z =4sinz, sintz =14sinhz, coshiz =cosz, cosiz = cosh z.

3 Functions of a complex variable, limit and continuity

Definition of a complex function f(z): 2 — w = f(z). If for each z (in a suitable region
R in z-plane), there exists a unique complex w(z), then we say that w(z) is a function of z,
written as w = f(z).

Remark. We isolate this definition here, because of multi-valued function we encounter
later, like 2%, Inz, - - -.

The concept of limit and continuity of a complex function is similar to those of a real
function. The sequence {z,} converges to the limit z; € Cif lim z, = 2, or equivalently

n—oo
lim |z, — z| = 0.
n—oo

Suppose f(z) is defined at all points in some neighbourhood of zy (except possibly at zg
itself). We say f(z) has limit wy if as z approaches zo (along any path), w approaches wy.
This is written as

lim f(z) = wy.

Z—20



Figure 3: Two separate planes to represent the complex function w = f(2).

2 ; 2
Exercise 3.1. Find the limit of f(z) = ﬂ as z — 1.
z—1

A complex function f(z) is continuous at z, if

lim f(z) = f(z0),

zZ—20

regardless of the manner in which z — zj.
The combination complex conjugate, modulus and their related (triangle inequalities)

can be used to show the continuity of many simple functions effectively.

Example 3.1. Show that the following functions are continuous on the finite complex plane:

(1) f(2) = 2 (2) f(2) = Rez; (3) f(2) = |2].

Solution: (1) |f(2) — f(z0)| = |2 — 20| = |z — 20| = |2 — 20|, therefore
Jim [(2) ~ f(z0)] = Jim |2~ 2 =0,
(2) [f(2) — f(20)| = [Rez — Rezo| = |Re(z — 20)| < |z — 20|, therefore

lim |f(2) — f(20)] < lim |z — 2| = 0.
Z—20 220

(3) We use the triangle inequality ||z — |2|| < |2 — 2| and
lim |f(2) — f(z20)] < lim |z — 2| = 0.
z—20 2—20

For continuity of a function f(z), we can just look at the real v and imaginary part v of
f(2), which is reduced to the continuity of v and v as a function of x and y. To show some
discontinuous functions, one way is to choose different sequence of z, approaching z, to get
different limits.

Example 3.2. Show that

Imz/Rez, Rez # 0,
fle) =4 ’
0, Rez = 0.

is not continuous at zo = 0.
Solution: Choose z =t+it — 0 as t — 0, then we have f(z) = f(t+it) = 1 # 0. Therefore
the limit f(z) when z — 0 does not exist.



4 Differentiability

To avoid the problem of defining differentiability of a function near the boundary, we only
consider functions defined on open set like {z : |z| < 1}, instead of closed set like {z : |z| < 1}.

Definition 4.1 (Differentiation). A complex function f is defined on an open subset D of
C is differentiable at z; € D if

lim f(2) = f(20) — m f(z0+ Az) — f(20)

z—20 Z— 2 Az—0 Az

exists, denoted by f'(z).

Notice that the above limit is independent on the path. In other words, if you get
different limits along different paths, then the function is not differentiable (this is exactly
how we show that some functions are not differentiable).

Example 4.1. Show that f(z) = 2" is differentiable for positive integral n.
Solution: Using binomial expansion,

n—1
Az—0 Az Az—0 AZO .

= nz,

Therefore, f(z) = 2" is differentiable for all z, and f'(z) = nz""1.

Example 4.2. Show that f(z) = Z = x — iy is not differentiable.
Solution:

(z0+8z) Az _ . A:B—z'Ay_{l, if Ay =0,

1m = 1m : =
Az—0 (29 4+ Azp) — 2o Az—0 Az + 1Ay —1, if Az =0.

Since the limits are different on different paths, f(z) = z is not differentiable anywhere.

Remark. Differentiability of a complex function is quite a severe requirement. Functions that
are differentiable in the real line may NOT differentiable in the complex plane, because of
the limit can be taken away from the real line. For example consider the function

e~ /7* x #0,
f(m)_{x—o, x =0,

then f’(z) exists at z = 0 as a real function of z. Now if f is extended to the whole complex

plane
—1/22 0

=0, z =0,

then f’(z) does not exist at z = 0. When the origin is approached from the real axis
(z =2 €R),
e—l/a:2
lim =0.
z—0 x




When the origin is approached from the imaginary axis z = iy, then

e—l/(iy)Z 61/y2
lim — = lim —
y—0 1y y—=0 1y

does not exist. Therefore, f(z) = e~ /7" is not differentiable at z = 0.

A function f(z) is called analytic in a region R if f(z) is defined and differentiable at
all points of R. A function f(z) is said to be analytic at a point zo, if f(z) is differentiable
in a neighbourhood of z,.

Remark. Analyticity of a function at zy is stronger than differentiability. Show that f(z) =
2z = |z|? is differentiable at z = 0, but it is not analytic at z = 0.

The differentiability of a complex function f(z) = u(z,y) + iv(x,y) is characterized by
the so-called Cauchy-Riemann equations. They are derived by taking Az = Ax and
Az = 1Ay respectively:

F/(2) = lim (U(aﬂ—l—Ax,Aya)C—u(x,y) +Z.U(37+A3:gyx)—v($,y)) — wy(z, y) + 0. (x, ),

Ay) — Ay) —
) = i, (MAED) he) Moy I D) ) ),

Uy = Uy, Vg = —Uy (The Cauchy-Riemann Equations).

The Cauchy-Riemann equations are also sufficient condition for differentiability. In fact,
by Taylor expansion, for Az and Ay small,

Au = u Az 4+ u, Ay + o(|Az]), Av =v,Az+ v,Ay + o(|Az]).

Therefore,
Af =Au+iAv
= (uz Az + u,Ay) + i(v. Az 4+ v,Ay) + o(|Az])
= (uy + tuy) (Az + iAy) + o(|Az]). (4)
Therefore,
[z Az)—f(z) . Af o
TR AR T e = TG

Theorem 4.1. A function f(z) = u+ iv is analytic in a region if and only if uy, uy, vy, v,
are continuous functions and satisfy the C-R equations.

Exercise 4.1. Show that the Cauchy-Riemann equations is equivalent to

ou_1o0 10w o
or  rob’ rod  or’

when u and v are represented in polar coordinates.
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A lot of common complex functions like z, |2|?, Rez are NOT differentiable (show it). As
a rule of thumb, if you write the function f(z) in terms of z and z and there is non-trivial
dependence on z (the partial derivative w.r.t Z is non-zero), then the function is not
differentiable. For example,

z2+Zz
2 )

12|* = 22, Rez =

both depend nontrivally on z and hence non-differentiable. Actually 0(z2)/0z = z = 0 if
z = 0, we can show that |z|? is differentiable at the origin (u, = u, = v, = v, = 0). On
the other hand, if f is a “differentiable” function of z alone, then we can proceed as in real
variables.

z

Exercise 4.2. Use the Cauchy-Riemann equation to show that f'(z) = e* for f(z) = €*.

Special properties satisfied by v and v:

(a) Both u and v satisfied the Laplace equation, V?u = 0, V?v = 0, called harmonic func-
tions.

(b) The level curves of u = constant and v = constant intersect at right angle, or equivalently
Vu-Vv = 0. Here the normals ny, ny to the level curve u(z,y) = ¢; and v(z,y) = ¢ are

u(r,y) =

Figure 4: The level curves of u and v are orthogonal to each other.

(Ve Uy)

2 2’
\/ V5 T Uy

ﬁl — (Um, uy) ﬁQ —

2 2’
\/ Uz T Uy

Therefore,
I Uz Vg + Uy Uy

ny - N9 =
\/ug + ui\/vg + vz

10



24z
2

(¢) Using the change of variable x = 22,y = 222 or z = z + iy, Z = x — iy, we get

or 002 0x0: 0: 07 oy

o9 O (0 9N(0 9\ _ (6 _O9N(o6 _O0N_, &
S0z oy2 \0z 0z)\0z 0z 0z 0z)\0z 0z) ~0:0%

Therefore, the Laplace equation V?u = 4%22u = 0 can be integrated, to obtain u =
g(z) + h(z). The fact that w is real (if it is true) puts some constraints on g and h,
leading finally to the real or imaginary part of an analytic function.

0 _0:0 920 0 9 0 _ (0 D
- \9z 9z)7

(d) Similarly, the biharmonic equation (or the beam equation in 2D) V4u = 0 is equivalent
4 . . .
to 1663@“ = (0, whose general solution is given by

u=zf(2) +9(2) + 2h(2) + j(2)

or u = ReZf(z)+ g(z) if u is real.

5 Two applications

Application in ideal flow: A steady flow is called ideal if it is incompressible and irro-
tational. In two dimension, in terms of the velocity component ¢ = (vq, v3), these conditions
are

% + 88_7;2 =0, (incompressible) (ba)
O _ v _ 0 (irrotational) (5b)
oy Oxr

These two conditions are exactly the Cauchy-Riemann equations, which motivate the
introduction of a complex velocity potential Q(z) = ¢(x,y) + itp(z,y). Here ¢ is the ve-
locity potential ((v1,v2) = V¢ or v; = 0p/0x,v9 = 0p/y), and 1 is the stream function
(v = O /0y, vy = —0Y/0x). Therefore, the velocity ¥ = (v1,v9) can be obtained from the
derivative of 0, i.e, ' (2) = vy — ivs.

For many flow patterns, we can get the velocity by a suitable choice of Q(z). For example,
for a flow around the cylinder of radius a, we have

Sﬂﬂzvdﬂ+%)

The velocity components in polar coordinates are

a? cos 20 a? sin 26
vy =1 1— — Qs /> Vg = —Vo—5 -
r r

It is easy to see that these velocity has the right boundary condition on the cylinder r = a
and at infinity (only horizontal velocity vg).
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Figure 5: The ideal flow around an infinite cylinder.

Application in Stokes flow: The governing equation for v = (vq, vy):
uViv —Vp=0, divv =0.

Similarly, introducing the stream function 1, such that vy = 9¢/dy, vy = —0Y /Ox and define
the (scalar) vorticity by

. 81}2 81)1 . 2
YT o oy V.
Then B o 1op 0 o 10
Ox v Ox Vi, woy Oy v oy Viu pox’
which implies that .
i
Z)=w+ —p
f(z) .

is analytic.

Remark. As we can see from the above a few examples, complex variable techniques can
be conveniently employed to represent harmonic functions and solutions in many simplified
problems. But the real difficulty lies in connecting the boundary conditions. We will get a
partial answer in Section 8, using complex contour integration.

6 Analyticity and derivatives of elementary functions

e We start with the basic one
f(z) =€ =¢"(cosy +isiny)
with u = e” cosy,v = e*siny. Then

Uy = €7 COSY = Vy; Uy = €7 siny = —uy,.
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Hence the Cauchy-Riemann equations are satisfied for all z = = 47y, and e* is analytic
for all z. Furthermore,

—e® =u, + v, = e*cosy +ie”siny = e°.

dz
o It follows from the definitions and rules of differentiation and limits that
cosz, sinz, coshz, sinhz

are all analytic. Their derivatives are the same as in real variables:

d . d . : .
—cosz = —sinz, —sinz = cosz, - cosh z = sinh z, T sinh z = cosh z.
z z

dz

7 Multi-valued functions

Multi-valued functions arise naturally as the inverse of single-valued functions.

7.1 The logarithm function In z

For a real « > 0, there exists a unique real y such that e = x. This defines y as a function
of z, y =Inx.

Definition: Now for a complex z, there are infinitely many w such that e = z. In analogy
with real variable, we write
w=Inz.

Let w=u+iv,z =re? (or = argz,r = |2]),
el = eu—‘riv — Y. eiv — rei@
This implies that e* =r,v =0, or
w=1In|z|+i0 =In|z| +iargz.
Therefore,

Inz =In|z| +iargz = In|z| + i(Argz + 2n7), n=0+1,---, -7 <Argz <.

There are infinite branches: they all have the same real part while the imaginary parts differ
by a multiple of 2.
We can also define a single-valued function, or the principal value of In z as

Lnz = In|z| + iArgz,

which corresponds to n = 0.
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Branch point

z=—T+ 1€

Branch cut l \K o\
N\

z=—x —1€

Figure 6: Branch point, branch cut and different limits when approaching from two sides of
the branch cut.

Branch point: Consider how Lnz change when z transverses a small circuit around z = 0.
We consider the limit of the logarithm of z = —x %+ €i for x > 0, as ¢(> 0) goes to zero:
lim Ln(—x + €i) — logx + i, lim Ln(—x — €i) — logx — im.
e—0+ e—0F
Therefore, there is a jump in Lnz by 27i as z crosses the negative x-axis.
A point z is a branch point if a multi-valued function f(z) does not return to its
original values when z transverses a small circuit around this point 2.
The function In z is not continuous in the whole plane, as jumps by 277 as z crosses the

negative x-axis. The make In z (including Lnz) continuous, we need to “cut out” the negative
x-axis, which is called a branch cut. The resulting plane is called cut plane.

Analyticity of Lnz: From Lnz = Inr + if, we have u = Inr = In(z? + y*)"/%,v =
¢ = arctan . The Cauchy-Riemann equations u, = v,, v, = —u, (or the equivalent ones
Uy, = %’09, v, = —%ue in polar coordinates) are satisfied except at r = 0.

Therefore, Lnz is analytic in the cut plane, and f'(z) = 1/z.

7.2 Generalized power function e¢* with complex «

Definition: 2 = ez,
In general, z* is multi-valued. If & = m/I for integers m and [ (« is rational),

SO e%(lnr+i9+2nm‘) moimg 2nmim

=riete 1, —nr<f0<m, n=0,1---,1—1.

Principal value: otz

e Analytic in the same cut plane as for Lnz.

d d d
° EZQ — %eaan — aeaanaan — OéZail.
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Example 7.1. Find (1 — i)+,
Solution: we have

(1— ) = exp (1 4)In(1 — 1)) = exp ((1+4)[Inv2 + i(—% +onm))),
since 1 —i = v/2exp (i(—% +2n7r)). Collecting the real and imaginary part in the exponents,
(1—1)3+) = exp{(ln\/ﬁ—f— % - 2n7r> +1 (ln\/§— % —|—2n7r>}
— /2ei 27 {cos (ln\/§ — %) + 78in <ln\/§ — %) } , n=0,=+1,+£2 -

The principle value is the one with n =0

8 Complex line integral

A curve or path C in the plane can be described by parametric equations

v =&(t),y =n(t)

or z =~(t) =&(t) +in(t), for a <t < b.
Examples of curves including the line segment z(t) = 1+ it, ¢t € [0,1] connecting the
points 2(0) = 1 and 2(1) = 1 + 4, and the circle 2(0) = ¢?, 0 € [0, 27].

Such a curve is smooth if 4/(t) is continuous in [a, b].
The complex integration of f(z) along some curve C parametrized by () for ¢ € [a, b]
is defined by

[ sz = [ sewpa

If C is a closed curve, the integration direction is assumed to be anti-clockwise, unless oth-
erwise stated.

Example 8.1. Integrate 2" around the unit circle for any integer n.
Solution: The closed curve can be parametrized by z(t) = ¢ with t € [0, 27).

2T ) ) 2T ] 0 f -1
forie= [y =i [ e a= L .
c 0 0 2mi, if n=-1.
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Basic properties of path integrals
(1) Fundamental theorem of calculus: If f'(z) exist (f is analytic) and C is smooth,

then
@ = gt = )
where C joints z; and z,.

(2) Orientation Reversal: [ . f(z)dz = — [, f(z)dz. Here —C means reverse the direction
of the integration path.
(3) Joining of two paths: If C consists of two curves C; and Cy, then

/f(z)dz: ; f(z)dz + f(z)dz

(4) Linearity: For any constants x1, ko and any functions f(z), g(z

/[mf( ) + Fiag(2) /f dz+/<2/cg

(5) Independence of the parametrization: If v(¢) and ¢ (s) are two parametrizations of
the same path C, then

éﬂ&hj/ﬂWMWWZ/fW@W@w

(6) Estimation of integrals

/fdz‘/v NIV Oldt,  (a<b)

With these properties, we can decompose an integral on a complicated path into different
pieces.

Example 8.2. Find the integral fc zdz, where C is the boundary of the unit square (counter-
clockwise orientation) with corners 0,1,1 4+ i, 4.
Solution: The path can be decomposed into four line segments:

wm==z(t)=t, tel0,1]

vo=z(t)=141it, tel0,1]

v=z(t)=i+1—t, te]|0,]1]

ya=2z(t)=(1-=1¢t)i, tel0,1].

Therefore

[t
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Simple non—simple

Figure 7: Simple vs non-simple curves.

9 Cauchy’s integral theorem

Theorem 9.1. If f(z) is analytic on a simple closed curve C and in the region enclosed by

C, then
# a1z =
c

Here stmple curve means a curve which does not intersect with itself.

Proof. Suppose f(z) = u(x,y) + iv(z,y), then

j{f 7{ u(x,y) + iv(x,y)|(de + idy) = ]{(udx —vdy) +1 /(vdm + udy).

c C

The two integrals are now integrations of functions of real variables. By Green’s theorem,

j{(ud:c—vdy // (—@—@) dady = 0,
j{(vdaﬂ-udy //(%—a—y>dmdy—0

In the last step, the Cauchy-Riemann equations are used. O]

Remark. (a) In order to use Green’s Theorem, we require f’(z) to be continuous in D. But
Cauchy’s theorem is still true without this — a more general proof was given by E. Goursat.
(b) The theorem is also true for non-simple curves, which has a finite number of intersections
(decomposing into simple curves).

Consequences of Cauchy’s Theorem We have the following three equivalent statements
about contour integrals, if f is analytic on the paths and the region enclosed by the paths:

(I) Vanishing integrals for closed path (Cauchy’s theorem). If C is a closed path,
then [, f(z)dz = 0.

17
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1_62

Figure 8: Two paths C; and C, form a closed path C, or C = C; — Cs.

Path independent integral. If C; and Cy are two paths connecting z; and z,, then
Je, f(2)dz = [, f(z)dz.

If C; and Cy are two paths connecting z; and 2o, then C = C; — Cs is a closed path.
Then using the properties of path integrals,

0= /Cf(z)dz = /clcQ f(z)dz = A f(z)dz — 5 f(z)dz.

Therefore, [, f(2)dz = [, f(2)dz.

Deformation of path. If C; can be deformed into Cy, then [, f(2)dz = [, f(z)dz.

Suppose that C; and Cy are two closed curves as in Figure 9 (the left one) and f is
analytic on both and in the region between them. Introduce ’crosscut’ AB and A'B’,
then C =C; + AB — Cy + B’A’ is closed. Then by Cauchy’s theorem,

0= j{f(z)dz = [ f(2)dz+ f(z)dz— [ f(2)dz+ f(2)dz.
c C1 AB Ca B'A!

The ’crosscut” B'A’ can be chosen to be —AB and [, f(2)dz = [5, ,, f(z)dz. There-
fore,

f(2)dz= ¢ [(z)dz
C1 Co

Remark. Usually in calculation, the contour is deformed into a circle (easier to evaluate).

The result can be extended to deform one contour into multiple contours as in Figure (9)
(the right one):

i fe)z = fepz+ f pee

provided that f is analytic on C, Cy, Co, and in the shaded region.

Remark. For closed path, we can shrink the path into one point. When f has no singular
point, then the integral should vanish, so is the original integral on the undeformed path.

18



Figure 9: Deformation of one contour into other contour(s).

The function f should be analytic on the region encircled by the paths, which is not true
with singular points or “obstacles” (where the functions are not defined), as in Figure 10. If
f is not defined (or not analytic) on the shaded region, then C; can not be deformed into C,
and in general

f(z2)dz# ¢ f(z)dz.
C1 Co

G

Figure 10: One example of non-deformable paths, if f is not analytic on the shaded “obstacle”.

Theorem 9.2 (Fundamental theorem of calculus). If v is a path with parameter interval
la,b], and F is defined on a domain containing the path v and is analytic, then

| Pz = Fa(b) - F(a),

.

FEspecially, if the path is closed (vy(a) = (b)), then f7 F'(z)dz = 0.
Remark. The antiderivative of any analytic function f given by

F(z)= [ f(&)d¢

[a,2]

is well-defined for any path from a to z, since the integral is independent of the path.
Moreover, we have F' is analytic and F'(z) = f(2).

19



10 Cauchy integral formula

Theorem 10.1 (Cauchy integral formula). Let f be analytic inside and on a simple closed
curve C, then for any z inside C,

1) = o [ FE e (6)

Proof. Since f(€)/({ — #) is analytic inside C except at z, the contour C can be deformed
into a circle of radius e, i.e.

L [fE .1 f(§)
ey Rt =l

1 2 0 ) )
= — —f(z e )eewidQ (€ = 2+ ee)

- 2mi eett
1 27 )
=5 f(z+ ee)db. (7)
0

Since f is analytic at z, it is continuous at that point too. Therefore

A HO e LT g — e
/C de =1 /Of(+e)d0 f(2).

2mi Jo & — 2 e—0 27

Figure 11: Left: the deformation of the contour C to a circle |z — £| = €; right: the interior
angle ¢.

When z is outside C, then f(§)/({ — 2) is analytic on the domain bounded by C and the
integral is zero. When z is on the contour C, the integral has to be defined with care (for

20



example using principle value), because the integral becomes singular when £ — z. If the

contour is smooth, then we get the average f(z)/2; otherwise it is 2= f(z), where ¢ is the

2
interior angle in Figure 11. In summary,

1 £(6) f(2), if 2 is inside C,
i / E—- de =140, if z is outside C,
¢ %f(Z), if z is on C.

Remark. From the Cauchy integral formula (6), if f is known on a contour C and f is analytic
inside, then the value of f at any point inside is known (a representation formula in terms
of boundary values).

Remark. If we look at the real and imaginary part of f in (6) when the contour C is a circle
|€ — z| = r, we get the following mean value formula:

1 2w
u(z,y) = — / u(x +rcosb,y+ rsind)do,
2w Jo
1 2
v(zr,y) = — / v(x +1rcosl,y + rsinf)do.
2 Jo
In fact, the Cauchy integral formula (6) can be taken as the mean value formula of f on the
contour, with weight ﬁé The value of z given in the weight determines the location of

the value of f. Especially, the sum of the weight is unit, in the sense that
1 1
— d¢ =1
/c 2mi € — 2 3

Exercise. Evaluate [,e*/(z — 1)dz where C is the circle |z — 2| = 2.

for any z inside the contour.

Since both sides of the Cauchy integral formula (6) are analytic inside C, we can take
derivative w.r.t z n times and get the Cauchy’s formula for derivatives:

1) = g [ e ©)

Example 10.1. Find [, ©32dz where C is the unit circle i) using (8); ii) using the series
expansion cosz = 1 — 22/20 + 24 /41 4 .. ..
Solution: 1) Write the integral in the form of (8),

/ cos z 2mi 2! cos 2 2mi d?
c

N I PO
B3 T o o Jo (203" T 2l 42"

ii) Expand cos z at the origin,

cosz 1 22 2 1 11 1
= 3 l-— 44+ | == = —— 4+ —z 4+ ...
2z 2z ! !




Remark. When using the Cauchy integral formula, you should check which singular point is
inside the contour and you can safely ignore those singular points outside the contour.

Example 10.2 (Multiple singular points). Find the contour integral [, Zj—ildz, where C is
the circle |z — | = 1 as in Figure 12(a).

Solution: The integrand 2%/(z? + 1) is not analytic inside C, because of the singular point at

z = 1. We can write it as = 2 = IG) yhere f(z) = 22/(z + i) is analytic inside

22Z+1 T (=) (e+i) T z—i?
C. Applying the Cauchy integral formula, [, Zf—ildz = /. IC) gy = 2mif (i) = —n.

zZ—1

@ (b)

Figure 12: (a) Example 3.2; (b) Example 3.3

Example 10.3 (Consistence between Taylor expansion and the Cauchy integral formula).
From the expression for the higher order derivatives in (8), we can express the Taylor ex-
pansion in terms of integrals:

o)+ (w— ) + L=

R Y (R et SO k) SN
_27'('2 C<5—2+(§_2)2+ +(€_Z)n+1+ )f(f)df

1o (1+w‘2+...+<w‘z)n+--->f<£>d§. )

" omi cé—z £E—z £E—z

When |w — z| < | — z|, what’s inside the bracket is just a geometric series, and can be
evaluated explicitly as

1 1 1 1 1
%/05— e - Q—M./Cmf@)d@

This is exactly the Cauchy integral formula for f(w). Therefore, we have

(w_z)2 " (w_z)n n
Tf (Z)+...+Tf( )(z)—i----.

f(w) = f(2) + (w = 2)f'(2) +

22



