
Actuarial Models: solutions example sheet 7

Answer to Exercise 7.1

For each part we make use of the answer to Exercise 5.2. Recall that µi = −µii. We label
the answers by (a)-(e) so that they match the labels of Exercise 5.2.

(a) We have by Theorem 4.11(ii),

Pr(X3+R3 = 4|X3 = 1) =
µ14

µ1

.

(b) We have by Theorem 4.7,

Pr(R5 ≥ 6|X5 = 2, C5 ≥ 3) = Pr(R5 ≥ 6|X5 = 2) = e−6µ2 .

(c) We have by using Theorem 4.10(ii)(b) (see also the reasoning in Example 4.12(iii))
and Theorem 4.10(ii)(a) respectively,

Pr(XJ(1) = 3, XJ(2) = 4, XJ(3) = 2, XJ(4) = 3|X0 = 1)

=Pr(XJ(1) = 3|X0 = 1)Pr(XJ(2) = 4|XJ(1) = 3)Pr(XJ(3) = 2|XJ(2) = 4)Pr(XJ(4) = 3|XJ(3) = 2)

=
µ13

µ1

µ34

µ3

µ42

µ4

µ23

µ2

.

(d) We have by, respectively, the definition of conditional probability, parts (i)(b) and
(ii)(b) of Theorem 4.10 (note here that J(4) = H(1)+H(2)+H(3)+H(4)) and parts
(i)(a) and (ii)(a) of Theorem 4.10,

Pr(H(5) ≤ 4.5, XJ(5) = 3|J(4) = 2, XJ(4) = 5)

=Pr(XJ(5) = 3|J(4) = 2, XJ(4) = 5, H(5) ≤ 4.5)Pr(H(5) ≤ 4.5|J(4) = 2, XJ(4) = 5)

=Pr(XJ(5) = 3|XJ(4) = 5)Pr(H(5) ≤ 4.5|XJ(4) = 5)

=
µ53

µ5

(
1− e−4.5µ5

)
.

(e) We have
Pr(X5.5 ̸= 3|X2.5 = 3) = 1− Pr(X5.5 = 3|X2.5 = 3)

and so we need to compute the transition probability Pr(X5.5 = 3|X2.5 = 3). This can
be done by (numerically) solving the Kolmogorov forward equations corresponding to
the backward state 3, which are given by,

p′3k(t) =
5∑

j=1

p3j(t)µjk, k = 1, . . . , 5,

with boundary conditions p3k(0) = 0 for k ̸= 3 and p33(0) = 1, where, as usual,
pik(t) = Pr(Xt = k|X0 = i).
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Answer to Exercise 7.2

Since the only exit from the ill state is to the dead state and the dead state is absorbing, it
follows that Xt = d given X0 = i if and only if t is bigger than or equal to the first jump
time (this fact is best understood when drawing a sample path of the MJP). So

pid(t) = Pr(J(1) ≤ t|X0 = i).

Since J(1) = H(1) is exponentially distributed with parameter ν given X0 = i (recall
Theorem 4.10(i)(a)), we have that

pid(t) = Pr(H(1) ≤ t|X0 = i) = Pr(eν ≤ t) = 1− e−νt,

where eν denotes an exponential random variable with parameter ν.

Answer to Exercise 7.3

(a) We have Ct > w and Xt = k if and only if Xu = k for all u ∈ [t − w, t] (again this
fact is best understood when drawing a sample path of the MJP). Hence

Pr(Ct > w,Xt = k|Xs = i)

=Pr(Xu = k for all u ∈ [t− w, t]|Xs = i)

=Pr(Xu = k for all u ∈ [t− w, t]|Xt−w = k,Xs = i)Pr(Xt−w = k|Xs = i)

=Pr(Xu = k for all u ∈ [t− w, t]|Xt−w = k)pik(s, t− w)

=pik(s, t− w)pkk(t− w, t),

where we have used the definition of conditional probability in the second and the
Markov property (see also Exercise 1.5(c)) together with the fact that by assumption
t− w ≥ s in the third equality.

(b) (i) We have by using part (a), the time homogeneity of the model and Exercise 7.2,

Pr(X9 = d, C9 > 2|X5 = i) = pid(5, 7)pdd(7, 9) = pid(2)pdd(7, 9) = 1− e−2ν ,

since clearly pdd(7, 9) = 1 as state d is an absorbing state.
(ii) By the Markov property1, given X5 = i, the status of the MJP at time 9 is

independent of the current holding time at time 5. Hence we have

Pr(X9 = d|X5 = i, C5 > 2) = Pr(X9 = d|X5 = i) = pid(5, 9) = pid(4) = 1− e−4ν .

1Strictly speaking, the equality Pr(X9 = d|X5 = i, C5 > 2) = Pr(X9 = d|X5 = i) does not follow directly
from the mathematical definition of the Markov property given in Definition 1.2 of the notes, but it is in
line with the intuitive interpretation of the Markov property. A quick rigorous proof of the equality would
be to realise, since one has to jump to the dead state when leaving the ill state, that if X5 = i, then X9 = d
if and only if R5 ≤ 4. Hence

Pr(X9 = d|X5 = i, C5 > 2) = Pr(R5 ≤ 4|X5 = i, C5 > 2) = Pr(R5 ≤ 4|X5 = i) = Pr(X9 = d|X5 = i),

where the second equality follows by Theorem 4.6.
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Answer to Exercise 7.4

(a) We first make some observations about exponential distributions. Let T1 and T2 be
two independent exponentially distributed random variables with respective parame-
ters λ1 and λ2. Then

Pr(min{T1, T2} > t) = Pr(T1 > t, T2 > t) = Pr(T1 > t)Pr(T2 > t) = e−(λ1+λ2)t. (1)

Hence the minimum of T1 and T2 is itself an exponentially distributed random variable
with parameter λ1 + λ2. Further, using the independence of T1 and T2,

Pr(min{T1, T2} = T1) = Pr(T1 ≤ T2) =

∫ ∞

0

Pr(T2 > t|T1 = t)λ1e
−λ1tdt

=

∫ ∞

0

e−λ2tλ1e
−λ1tdt =

λ1

λ1 + λ2

.

(2)

Now by the description of the stochastic process X we have, with J(n) the n-th jump
time of the process (and J(0) := 0), that given XJ(n−1) = i for some n ≥ 1, the n-th
holding time H(n) of X is the minimum of two exponentially distributed random
variables. Hence by (1), H(n) given XJ(n−1) is exponentially distributed and further
due to the independence of all the breakdown and repair times, H(n) given XJ(n−1) is
conditionally independent from H(1), . . . , H(n−1), XJ(0), . . . , XJ(n−2). So X satisfies
step (i) of the construction of an MJP generated by a Q-matrix as described in the
beginning of Section 4.2.
For instance, if we are given XJ(n−1) = 3, then H(n) is the minimum of the repair
time of machine A and the breakdown time of machine B. Note that it does not
matter if at time J(n− 1) machine A broke down or machine B got repaired since by
the memoryless property of the exponential distribution, the amount of time between
J(n−1) and the repair time of machine A, respectively the breakdown time of machine
B, will always be exponentially distributed with parameter βA, respectively αB. Then
by (1), H(n) given XJ(n−1) = 3 has constant hazard rate equal to αB + βA.
Further, given XJ(n−1) = i, the outcome of XJ(n) is determined by which of the
two exponentially distributed random variables is the smallest. For instance, if we
are given XJ(n−1) = 3, then by (2), XJ(n) = 1 (i.e. the (residual) repair time of
machine A is small than the (residual) breakdown time of machine B) with probability

βA

αB+βA
and XJ(n) = 4 with probability αB

αB+βA
. Also, by the independence of all the

breakdown and repair times,XJ(n) givenXJ(n−1) = i is conditionally independent from
H(1), . . . , H(n), XJ(0), . . . , XJ(n−2). Hence X also satisfies step (ii) of the construction
of an MJP generated by a Q-matrix as described in the beginning of Section 4.2.
We can therefore conclude that X is an MJP generated by a Q-matrix. Next we
determine/verify the entries of the Q-matrix Q = (µij). We already argued that
H(n) given XJ(n−1) = 3 has constant hazard rate equal to αB + βA. This implies via
Theorem 4.10(i)(a) that −µ33 = αB + βA. Similarly, we already argued that given
XJ(n−1) = 3, XJ(n) = 1 with probability βA

αB+βA
and XJ(n) = 4 with probability αB

αB+βA
.
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Comparing with Theorem 4.10(ii)(a), we can conclude that µ31 = βA, µ34 = αB and
µ32 = 0. Similarly, we can determine/verify the entries of the other rows of the
Q-matrix.
For convenience a graphical representation of the Q-matrix is provided below:

1 3

2 4

-
αA

�

βA

-
αA

�

βA

?

αB

6

βB

?

αB

6

βB

(b) Recall that µij denotes the (i, j)th element of Q and that µi = −µii. Using (4.7) in
the lecture notes and that the total transition rate out of state 1 is equal to αA +αB,
this probability is given by

Pr(Xt = 1 for all t ∈ [0, 6]|X0 = 1) = p11(0, 6) = e−6µ1 = e−6(αA+αB).

(c) By Theorem 4.10(ii), this probability is given by

Pr(XJ(1) = 2|X0 = 1) =
µ12

µ1

=
αB

αA + αB

.

(d) This probability is given by

Pr(XJ(2) = 4, XJ(1) = 2|X0 = 1) =Pr(XJ(2) = 4|XJ(1) = 2, X0 = 1)Pr(XJ(1) = 2|X0 = 1)

=Pr(XJ(2) = 4|XJ(1) = 2)Pr(XJ(1) = 2|X0 = 1)

=
µ24

µ2

µ12

µ1

=
αA

αA + βB

αB

αA + αB

,

where we used the definition of conditional probability in the first equality, the fact
that given XJ(1), the random variable XJ(2) is independent from X0 = XJ(0) (see part
(ii)(b) of Theorem 4.10) in the second equality and Theorem 4.10(ii)(a) in the third
equality.

(e) There are two ways how machine B can break down twice before machine A breaks
down for the first time: (i) the MJP, given that it starts in state 1, visits respectively
the states 2, 1, 2, 1 and 3, i.e. machine A breaks down for the first time after machine
B has been repaired for the second time and (ii) the MJP, given that it starts in state
1, visits respectively the states 2, 1, 2, 1 and 4, i.e. machine A breaks down for the
first time during the second time when machine B is out of operation and so before
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machine B has been repaired for the second time. Therefore, by the same steps as in
the previous part, the required probability is given by

Pr(XJ(5) = 3, XJ(4) = 1, XJ(3) = 2, XJ(2) = 1, XJ(1) = 2|X0 = 1)

+ Pr(XJ(4) = 4, XJ(3) = 2, XJ(2) = 1, XJ(1) = 2|X0 = 1)

=
µ13

µ1

µ21

µ2

µ12

µ1

µ21

µ2

µ12

µ1

+
µ24

µ2

µ12

µ1

µ21

µ2

µ12

µ1

=
αA

αA + αB

βB

αA + βB

αB

αA + αB

βB

αA + βB

αB

αA + αB

+
αA

αA + βB

αB

αA + αB

βB

αA + βB

αB

αA + αB

.

Answer to Exercise 7.5

(a) This holds if once the MJP leaves state i, then it is not possible for the MJP to go
back to state i.

(b) We let Y be the time homogeneous MJP with states 1: both working, 2: A working,
B broken down, 3: A broken down, B working and generated by the Q-matrix

Q =

−(αA + αB) αB αA

0 0 0
0 0 0

 .

This Q-matrix can be graphically represented as:

1: both working

2: A working, B broken down

3: A broken down, B working

�
���

���
��*

HH
HHH

HHHHj

αB

αA

So Y is a modified version of the MJP X in Exercise 7.4 in which states 2 and 3 are
made absorbing (and state 4 is completely left out). Clearly, we have that the first
jump time of X and Y have the same distribution if both processes start in state 1,
i.e. Pr(JX(1) ≤ t|X0 = 1) = Pr(JY (1) ≤ t|Y0 = 1) for all t ≥ 0, where JX(1) and
JY (1) are the first jump times of X and Y respectively. For later reference, we note
that similarly, the states of the two processes at the first jump time have the same
distribution if X0 = Y0 = 1, i.e. Pr(XJX(1) = k|X0 = 1) = Pr(YJY (1) = k|Y0 = 1) for
k = 2, 3. Hence the required probability in Exercise 7.4(b) can be expressed as

Pr(Xt = 1 for all t ∈ [0, 6]|X0 = 1) =Pr(JX(1) > 6|X0 = 1)

=Pr(JY (1) > 6|Y0 = 1)

=Pr(Yt = 1 for all t ∈ [0, 6]|Y0 = 1).
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Further, by part (a) we have that

Pr(Yt = 1 for all t ∈ [0, 6]|Y0 = 1) = Pr(Y6 = 1|Y0 = 1).

So the required probability in Exercise 7.4(b) is a transition probability of the MJP Y
(but not X) which we can compute using the Kolmogorov forward equations. To this
end, denoting pik(t) = Pr(Yt = k|Y0 = i), we have that the forward equations corre-
sponding to the backward state 1 are given by (recall from Theorem 4.9 in the notes
that the transition probabilities of an MJP satisfy the corresponding Kolmogorov
forward equations),

p′11(t) =− (αA + αB)p11(t),

p′12(t) =αBp11(t),

p′13(t) =αAp11(t),

with boundary conditions p11(0) = 1, p12(0) = p13(0) = 0. This is a rather easy
system of ODEs and its solution is given by (we omit the details of the derivation
here),

p11(t) =e−(αA+αB)t,

p12(t) =
αB

αA + αB

(
1− e−(αA+αB)t

)
,

p13(t) =
αA

αA + αB

(
1− e−(αA+αB)t

)
.

So the required probability in Exercise 7.4(b) is given by p11(6) = e−6(αA+αB).

(c) As remarked in the previous part,

Pr(XJX(1) = 2|X0 = 1) = Pr(YJY (1) = 2|Y0 = 1).

Since Y cannot return to state 1 once it leaves state 1, we have that the required
probability in Exercise 7.4(c) is given by

Pr(YJY (1) = 2|Y0 = 1) = Pr(Yt = 2 for some t ≥ 0|Y0 = 1) =Pr(∪t≥0{Yt = 2}|Y0 = 1)

= lim
t→∞

Pr(Yt = 2|Y0 = 1).

(3)

In order to justify the last equality, note that since state 2 is absorbing for the process
Y (but not X), we have that once Y is in state 2 it will never leave it. Hence
{Yt = 2} ⊂ {Yt′ = 2} for any t < t′. Then the last equality of (3) follows from the
following well-known formula that holds for any probability measure P and a sequence
of sets/events An satisfying An ⊂ An+1:

P(∪∞
n=1An) = lim

n→∞
P(An).

Using the expressions for the transition probabilities of Y found in part (b), we
conclude that the required probability in Exercise 7.4(c) is given by

lim
t→∞

Pr(Yt = 2|Y0 = 1) = lim
t→∞

p12(t) = lim
t→∞

αB

αA + αB

(
1− e−(αA+αB)t

)
=

αB

αA + αB

.
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