
Actuarial Models: solutions example sheet 2

Answer to Exercise 2.1

(a) Transition matrices are stochastic and thus the elements on each row have to add up
to one. From row 3, we deduce

α− 7/20 + 2/5 + 1/5 = 1 ⇒ α = 3/4

and from row 1 we have α + β = 1, leading to β = 1/4.

(b) See Figure 1.
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Figure 1: Transition graph corresponding to Exercise 2.1(b).

(c) The required probabilities are the elements of the 3-step transition matrix P(3) = P3.
As

P3 = P2P =

12/16 3/16 1/16
53/80 23/80 4/80
17/25 9/50 7/50

3/4 1/4 0
3/4 0 1/4
2/5 2/5 1/5


=

 466/640 136/640 38/640
1172/1600 297/1600 131/1600
701/1000 226/1000 73/1000

 ,

we get p11(3) = 466/640, p12(3) = 136/640, p13(3) = 38/640, p21(3) = 1172/1600, etc.

(d) By Theorem 1.3 in the notes,

Pr(X1 = 2, X2 = 3,X5 = 2|X0 = 1)

=Pr(X1 = 2|X0 = 1)Pr(X2 = 3|X1 = 2)Pr(X5 = 2|X2 = 3)

=p12p23p32(3)

=1/4 ∗ 1/4 ∗ 226/1000
=0.014125.

Answer to Exercise 2.2
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(a) The probability that the member is retired at age 55 is given by

Pr(X55 = r|X52 = a) = par(52, 55) = (P(52, 55))ar = (P(52, 53)P(53, 54)P(54, 55))ar ,

where we used the Chapman-Kolmogorov equations (Proposition 1.6 in the notes, see
also Equation (1.8)) in the last equality. From the information given we have,

P(52, 53) =

a r w( )a 0.8135 0.0612 0.1253
r 0 1 0
w 0 0 1

,

P(53, 54) =

a r w( )a 0.8180 0.0824 0.0995
r 0 1 0
w 0 0 1

,

P(54, 55) =

a r w( )a 0.8169 0.1041 0.0791
r 0 1 0
w 0 0 1

.

Doing the matrix multiplication and reading of the correct entry gives

par(52, 55) = 0.1975.

(b) We want to compute

Pr(X54 = a,X55 = r|X52 = a) = paa(52, 54)par(54, 55),

where the equality is due to Theorem 1.3 in the notes. By the Chapman-Kolgomorov
equations paa(52, 54) = (P(52, 53)P(53, 54))aa = 0.8135 · 0.8180 = 0.6655. Then

Pr(X54 = a,X55 = r|X52 = a) = 0.6655 · 0.1041 = 0.0693.

(c) This is simply the transition probability

Pr(X55 = r|X54 = a) = par(54, 55) = 0.1041.

Answer to Exercise 2.3

(a) Let Xn be the rating of a company in year n with year 0 denoting the current year.
We know that {Xn : n ≥ 0} is a time homogeneous Markov chain with transition
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matrix P. Let En be the event that the company is rated A in the next n years and
defaults in the year after that. Then by Theorem 1.3 in the notes,

Pr(En|X0 = A) =Pr(X1 = A,X2 = A, . . . , Xn = A,Xn+1 = D|X0 = A)

=(pAA)
npAD = (0.92)n0.03,

for any n ≥ 0. Since, once a company is rated D, it is always rated as D thereafter
(D is a so-called absorbing state), the only way a company currently rated as A will
never be rated B is by being rated as A for the next n consecutive years and then be
rated as D the following year for some n ≥ 0. Hence

Pr(the company will never be rated B|currently rated A)

=Pr(∪∞
n=0En|X0 = A)

=
∞∑
n=0

Pr(En|X0 = A)

=
∞∑
n=0

(0.92)n0.03 =
0.03

1− 0.92
= 0.375,

where in the second equality we used that the events En, n ≥ 0 are disjoint.

(b) Let Xn be the credit rating in year n of a uniformly at random selected company from
the group of 100. Note that {Xn : n ≥ 0} is a time homogeneous Markov chain with
transition matrix P. Let v⃗(n) = (vA(n), vB(n), vD(n)) denote the distribution of Xn.
This means that vj(n) = Pr(Xn = j). From the 100 companies there are 75 rated A
and 25 rated B. Hence v⃗(0) = (0.75, 0.25, 0). By Proposition 1.7,

v⃗(2) = v⃗(0)P2 = (0.75, 0.25, 0)

? ? 0.0626
? ? 0.1865
0 0 1

 = (?, ?, 0.093575).

Hence a uniformly at random selected company from the group will default in the next
two years with probability vD(2) = 0.093575. Since there are 100 companies in total,
the expected total number of defaults in the next two years is 100×0.093575 = 9.3575.

Answer to Exercise 2.4

(a) We define Xn to be the number of parts broken at the beginning of day n. Then
{Xn : n ≥ 0} is a Markov chain with state space {0, 1, 2}. A transition diagram is
depicted in Figure 2 and its transition matrix (with the states ordered as 0,1,2) is
given by

P =

0 1 2( )0 0.5 0.25 0.25
1 0 0.5 0.5
2 1 0 0

.
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Figure 2: Transition graph corresponding to Exercise 2.4(a).

(Note that this is not the only way to define a Markov chain that describes the
functioning of the machine. One can think of many others. However, they all should
give the same answer for part (b); if not, then there is something wrong.)

(b) The matrix of two-step transition probabilities is given by

P2 =

0 1 2( )0 0.5 0.25 0.25
1 0.5 ? ?
2 0.5 ? ?

.

The required probability is then given by

Pr(X4 = 0|X0 = 0) = (P4)00 =
2∑

j=0

(P2)0j(P
2)j0 = 0.5∗0.5+0.25∗0.5+0.25∗0.5 = 0.5.

Answer to Exercise 2.5

(a) The problem is to determine the probability of the arrow/transition from state 3 to
state 2 and the arrow/transition from state 3 to state 1. Although with probability
1/4 the customer will make a claim in any given year, it is not clear to which state
the customer transitions to from state 3 since this depends on whether there were
any claims made in the year before and this information we do not know since state
3 does not tell us this. This also shows that, with this choice of the state space, X is
not a Markov chain as given Xn = 3 the future Xn+1 still depends on what happened
in year n− 1.

(b) We need to work with a more refined state space that takes into account not only the
discount level in a current year but also what happened in the previous year. As we
will see, this is actually only needed with the 30% discount level as with the 0%, 20%
or 40% discount level, it is clear what the next discount level will be once we know
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whether or not a claim occurs in the current year. So we let the state space1 be the
one consisting of the following five states:

1: 0% discount,

2: 20% discount,

3: 30% discount and no claims in the previous year,

4: 30% discount and a claim in the previous year,

5: 40% discount.

Then X is a Markov chain with transition matrix

P =


1/4 3/4 0 0 0
1/4 0 3/4 0 0
0 1/4 0 0 3/4
1/4 0 0 0 3/4
0 0 0 1/4 3/4


and transition graph as given in Figure 3. The first two rows of P are obvious. For
the third row, note that if a claim is made while the customer is in state 3, then they
move in the next year to state 2 since they did not make a claim in the year before
they arrived in state 3. Since the probability of making at least one claim is 1/4, we
have p32 = 1/4 and p35 = 3/4. If instead a claim is made while the customer is in
state 4, then they will move all the way down to state 1 as they did make a claim in
the year before they arrived in state 3. Hence p41 = 1/4 and p45 = 3/4. Finally, if the
customer is in state 5, then we know they did not make a claim in the previous year
as otherwise they cannot currently receive the maximum discount. Hence if a claim
is made in the current year while in state 5, the customer will receive 30% discount
in the next year. But will they go to state 3 or state 4? To answer this question let
us assume that we are currently in the year 2017, the customer is currently in state 5
and they makes a claim in 2017. Then in 2018 they will be in state 4 since in 2018,
the year 2017 is the previous year and they have made a claim in that year. Hence
p54 = 1/4 and p55 = 3/4.

(c) Let X = {Xn : n ≥ 1} be the Markov chain of part (b). Assume without loss
of generality that the current year corresponds to n = 1. The probability that a
customer who currently has a 20% discount, will have a 40% discount exactly three
years later is then given by

Pr(X4 = 5|X1 = 2) = p25(3) = (P3)25 = 27/64.

Answer to Exercise 2.6

For a discrete time Markov chain X = {Xn : n ≥ 0} the Chapman-Kolmogorov (C-K)
equations are given by

P(m,n) = P(m, l)P(l, n), 0 ≤ m ≤ l ≤ n,

1Note that there are other choices of state spaces that lead to a Markov chain as well.
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Figure 3: Transition graph corresponding to the Markov chain in Exercise 2.5(b).

where for 0 ≤ m ≤ n, P(m,n) is the matrix consisting of transition probabilities from time
m to time n, i.e. the (i, k)th element of P(m,n) is given by pik(m,n) = Pr(Xn = k|Xm = i).

In order to prove them, we need to show, for all 0 ≤ m ≤ l ≤ n and for each i, k, that
the (i, k)th element of P(m,n) is equal to the (i, k)th element of the product of P(m, l) and
P(l, n), i.e. we need to show

pik(m,n) =
∑
j∈S

pij(m, l)pjk(l, n),

where S denotes the state space of the MC X. We can prove this as follows:

pik(m,n) =Pr(Xn = k|Xm = i)

=
∑
j∈S

Pr(Xn = k,Xl = j|Xm = i)

=
∑
j∈S

Pr(Xl = j|Xm = i)Pr(Xn = k|Xl = j)

=
∑
j∈S

pij(m, l)pjk(l, n),

where in the second equality we used the finite additivity property of (conditional) probability
measures (note that the events {Xn = k,Xl = j}, j ∈ S, are mutually disjoint and their
union is {Xn = k}) and in the third equality we used Theorem 1.3 in the notes (which we
can use since X is a Markov chain) in combination with m ≤ l ≤ n. Note that a somewhat
different proof has been given in the notes, see Proposition 1.6.
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