
Actuarial Models: solutions example sheet 10

Answer to Exercise 10.1

(a) Since we need to find the mle of the force of mortality corresponding to the rate interval
[70, 71] we need to determine, for each individual, how long they were observed to be
alive while being of exact age in this rate interval. In order to give a few examples,
the first life was observed to be alive while being of exact age [70, 71] for 3 months.
The third life was observed to be alive from 1 March 2003 until 1 September 2003
and they were of exact age between 70 and 71 in that period of 6 months; therefore
the exposed to risk of that person at age 70 last birthday is 6 months. For the last
life, they were observed to be alive for a period of 6 months but this includes a period
of 3 months where they were of exact age in [69,70], so the exposed to risk at age 70
(last birthday) of that person is 3 months. Determining the exposed to risks at age
70 for all 8 lives separately and summing the numbers up, we get that the group of
lives were observed while being of exact age in [70, 71] for a period of

w70 =
3 + 9 + 6 + 3 + 3 + 4 + 7 + 3

12
=

38

12

years. Under the Poisson model the total number of deaths is assumed to follow a
Poisson distribution with parameter µ70.5w70 =

19
6
µ70.5, where µ70.5 denotes the f.o.m.

corresponding to the rate interval [70, 71]. Since there are two observed deaths who
at the time of death were of exact age in [70, 71], it follows that the likelihood of µ70.5

under the Poisson model given the data is equal to

L(µ70.5) = e−
19
6
µ70.5

(
19
6
µ70.5

)2
2!

.

So the log-likelihood is given by

ℓ(µ70.5) = logL(µ70.5) = −19

6
µ70.5 + 2 log µ70.5 + C,

where C ∈ R is an unimportant constant (i.e. does not depend on µ70.5). We can
easily find the unique maximiser of ℓ and thus the maximum likelihood estimate of
µ. This is given by µ̂70.5 = 12/19 = 0.63. (Note that one can also use directly the
formula µ̂x+ 1

2
= δx/wx given in the notes.)

(b) In the Poisson model the number of deaths in the rate interval [x, x + 1] is assumed
to be Poisson distributed with parameter µ70.5w70. Hence both its expectation and
variance is given by µ70.5w70 = 19

6
µ70.5 since the expectation and the variance of a

Poisson distribution is equal to its variance.

(c) Simply replacing µ70.5 by its mle we can estimate the mean and variance of the number
of deaths aged 70 last birthday by µ̂70.5w70 = 12

19
19
6

= 2 (which note is equal to the
observed number of deaths in the rate interval [70, 71]). (Note that there is the so-
called invariance principle of mles, from which one can conclude that the estimate
µ̂70.5w70 is actually the mle of the mean as well as of the variance (of the number of
deaths aged 70 last birthday).
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Answer to Exercise 10.2

We want to estimate µ50.5 via µ̂50.5 = δ50/w50 where δ50 is the number of observed deaths
and w50 the exposed to risk in the rate interval [50, 51]. Let Nx(t) be the number of people
exposed to risk at time t and whose exact age is in the rate interval [x, x + 1]. Here time t
is time in years where time t = 0 corresponds to the date 31/12/1995. Since we have data
that cover a period of two years, we can use the following formula for w50,

w50 =

∫ 2

0

N50(t)dt,

see Equation (6.1) in the notes.

(a) In this part, we assume that we are only given the census data from 31/12/95,
31/12/96 and 31/12/97. Since the census data uses age nearest birthday, this means
that we know Nx(t) for x ∈ {49.5, 50.5, 51.5} and t ∈ {0, 1, 2}. Since we need to know
N50(t), we can, under the reasonable assumption that births are distributed uniformly
throughout the year, use the approximation N50(t) ≈ 1

2
(N49.5(t) + N50.5(t)). Using

this approximation we get,

N50(0) =
1

2
(5451 + 6002) = 5726.5, N50(1) =

1

2
(4515 + 5534) = 5024.5,

N50(2) =
1

2
(5934 + 4428) = 5181.

We can then use the census approximation (i.e. use linear interpolation to get N50(t)
for all t ∈ [0, 2] and then compute the surface below this piecewise linear approxima-
tion) to approximate w50:

w50 =

∫ 2

0

N50(t)dt ≈
1

2
[(N50(0) +N50(1)) · 1 + (N50(1) +N50(2)) · 1] = 10478.25.

Since the death data uses age next birthday, δ50 = 76. Hence an estimate for µ50.5 is

76

10478.25
= 0.007253.

(b) We now know Nx(t) for x ∈ {49.5, 50.5, 51.5} and t ∈ {0, 0.5, 1, 1.5, 2}. Under the
assumption that births are distributed uniformly throughout the year, we can use the
following approximations for N50(t) with t ∈ {0, 0.5, 1, 1.5, 2}:

N50(0) =5726.5, N50(0.5) = 5071, N50(1) = 5024.5, N50(1.5) = 4702,

N50(2) =5181.

Then using the census approximation, we get

w50 ≈
1

2

[
(N50(0) +N50(0.5)) · 0.5 + (N50(0.5) +N50(1)) · 0.5

+ (N50(1) +N50(1.5)) · 0.5 + (N50(1.5) +N50(2)) · 0.5
]

=10125.62.
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Hence the new estimate for µ50.5 is

76

10125.62
= 0.007506.

(c) With the new definition of age for the census data, the table does give us directly
N50(t) for t ∈ {0, 0.5, 1, 1.5, 2}. Namely,

N50(0) =5451, N50(0.5) = 4420, N50(1) = 4515, N50(1.5) = 4773,

N50(2) =5934.

Then using the census approximation, we get

w50 ≈
1

2

[
(N50(0) +N50(0.5)) · 0.5 + (N50(0.5) +N50(1)) · 0.5

+ (N50(1) +N50(1.5)) · 0.5 + (N50(1.5) +N50(2)) · 0.5
]

=9700.25.

Hence the new estimate for µ50.5 is

76

9700.25
= 0.007835.

Answer to Exercise 10.3

In Exercise 10.1 each individual was observed continuously over time and each individual’s
date of birth and censoring date (note that censoring has nothing to do with census) was
recorded so that the exact age of each individual at any time is known and further one can
determine from the data the exact exposed to risk of each individual. On the other hand for
Exercise 10.2 we do not have data for each individual separately but we only know the total
number of individuals that were alive at a rounded (not exact) age and on a few dates (not
at all times points) and the total number of deaths at a rounded age. So in Exercise 10.1 we
have individual data whereas in Exercise 10.2 we have grouped data.

The data in Exercise 10.1 leads to more accurate estimates since we can determine the
exact age of death and the exact exposed to risk corresponding to a rate interval.

When dealing with large populations in practice, it is typically not feasible to observe
each individual in the way it was done in Exercise 10.1 and instead it is far more likely that
one can only get grouped data as in Exercise 10.2.

3


