
Actuarial Models: example sheet 8

*=easy, **=intermediate, ***=difficult

** Exercise 8.1

Consider the employment-unemployment MJP model with two states e: employed and u:
unemployed and constant transition rates σ, η where σ is the transition rate from employment
to unemployment and η is the transition rate from unemployment to employment. For
j = e, u let wj to be the total waiting time spent in state j and δj to be the total number of
transitions out of state j during the observation interval [0, t].

(a) Suppose you observe a person’s history of employment throughout [0, t] and you record
the corresponding sample path. Write down the corresponding likelihood function of
the pair of parameters (σ, η) and find the mles of σ and η.

(b) Given the following data from a study:

Waiting times: we = 9600, wu = 1200

Transition numbers: δe = 100, δu = 20,

find the maximum likelihood estimate of
(i) the probability that an individual, who is initially employed, remains employed

for a full year;
(ii) the probability that an individual, who is employed at the beginning of a year,

is in employment at the end of the year.

** Exercise 8.2

A political party is interested in how long a party member stays with the party and what
is the reason for eventually leaving the party. To this end they use a four-state time ho-
mogeneous Markov jump process to model the status of current party members with states
1:party member, 2:left the party due to political differences with the party 3:left party due
to unknown/other reasons, 4:dead. It is assumed that the only possible transitions are from
state 1 to either state 2 or 3 or 4 with respective (constant) transition rates α, β and µ,
where time is measured in years. In total 1000 party members were observed for exactly one
calendar year and the following data has been recorded for these 1000 party members under
observation:

• In total 373 people left the party with 180 of them leaving due to political differences
and 18 due to death.

• Party members were, on average, 9 months at risk of leaving the party.

(a) Compute the maximum likelihood estimates of α, β and µ.
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(b) Derive 95% asymptotic confidence intervals of α, β and µ.

(c) Use the Wald test to test H0 : α = 0.3 versus HA : α ̸= 0.3 at 0.05 significance level.

(d) Find the maximum likelihood estimate of the probability that a party member is still
a party member in one year’s time.

(e) Find the maximum likelihood estimate of the probability that a party member leaves
the party within 6 months due to having political differences.

*** Exercise 8.3 (not so important)

(The formulas in this exercise appear in the contingencies course units.) Consider a time
homogeneous MJP X = {Xt : t ≥ 0} with transition rates µjk and transition probabilities
pij(t). Let the random variable Wj be the total length of time the MJP visits the state j in
the interval [0, 1] and let the random variable ∆jk be the total number of transitions from
state j to state k (with k ̸= j) in the interval [0, 1]. Assume the MJP starts in state i.

(a) Prove that E[Wj] =
∫ 1

0
pij(u)du.

(b) Define for m ≥ 1 the discrete time stochastic process Y (m) = {Y (m)
n : 0 ≤ n ≤

m} by Y
(m)
n = Xn/m and let the random variable ∆

(m)
jk be the total number of

times the process Y (m) jumps from state j to state k. Prove that E
[
∆

(m)
jk

]
=∑m

n=1 pij
(
n−1
m

)
pjk(1/m).

(c) Explain why E[∆jk] = µjk

∫ 1

0
pij(u)du.
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