
Actuarial Models: example sheet 7

*=easy, **=intermediate, ***=difficult

** Exercise 7.1

Consider the setting of Exercise 5.2 and assume now X = {Xt : t ≥ 0} is a time homogeneous MJP
with constant transition intensities µij, i, j = 1, . . . , 5.

(a) Derive expressions, in terms of the transition intensities µij, for each of the four probabilities in
(a)-(d) of Exercise 5.2.

(b) Assuming some specific numerical values for the transition intensities, explain what one should
do in order to compute (i.e. get a numerical value for) the probability in part (e) of Exercise 5.2?

** Exercise 7.2

(In Exercise 4.3(a) you were asked to determine a transition probability using the analytical approach
with the forward equations. In this exercise you are asked to solve the same question but now via a
probabilistic method. However, in general I recommend to use the method of the forward equations to
compute transition probabilities, since with that method you are less likely to make mistakes.) Consider
the time homogeneous MJP {Xt : t ≥ 0} generated by the Q-matrix associated with the following model:

h:healthy i:ill
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Prove, without making use of the Kolmogorov forward equations, that

pid(t) := Pr(Xt = d|X0 = i) = 1− e−νt, t ≥ 0.

(Hint: draw a sample path of the MJP.)

** Exercise 7.3

(a) Let X = {Xt : t ≥ 0} be an MJP and let Ct be the current holding time at t, i.e. Ct is the length
of time between t and the last jump before t (if there is no jump before t, then we define Ct = t).
Show that for s ≤ t and w ≤ t− s,

Pr(Ct > w,Xt = k|Xs = i) = pik(s, t− w)pkk(t− w, t),

where recall, pik(s, t) = Pr(Xt = k|Xs = i) and pii(s, t) = Pr(Xu = i ∀u ∈ [s, t]|Xs = i). (Hint:
draw a sample path of the MJP.)
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(b) Consider the model of Exercise 7.2 where time is measured in years.
(i) Determine the probability that given that at time 5 a person is ill, they have been dead for

at least two years by time 9.
(ii) Determine the probability that a person is dead at time 9 given that they have been ill for

at least two years at time 5.

** Exercise 7.4

Consider two machines A and B who are operating independently from each other. If working, machine
A, resp. B, breaks down after an independent exponentially distributed amount of time with parameter
αA > 0, resp. αB > 0. Each time a machine breaks down it will be repaired and machine A, resp. B,
is fully repaired after an independent exponentially distributed amount of time with parameter βA > 0,
resp. βB > 0. Here time is measured in weeks. Let Xt ∈ {1, 2, 3, 4} be the status of the two machines
at time t, where the states are given by 1: both working, 2: A working, B broken down, 3: A broken
down, B working, 4: both broken down.

(a) Show that the process X = {Xt : t ≥ 0} is a time homogeneous MJP generated by the Q-matrix

Q =


−(αA + αB) αB αA 0

βB −(αA + βB) 0 αA

βA 0 −(αB + βA) αB

0 βA βB −(βA + βB)

 .

(b) Given that both machines are working, what is the probability that they are still working 6 weeks
later (without having been broken down in between)?

(c) Given that both machines are working, what is the probability that machine B breaks down
before machine A?

(d) Given that both machines are working, what is the probability that machine B breaks down first
after which machine A breaks down before machine B is fully repaired?

(e) Given that both machines are working, what is the probability that machine B breaks down on
exactly two separate occasions before machine A breaks down for the first time?

*** Exercise 7.5

(In Exercise 7.2 it was shown that instead of using the Kolmogorov forward equations you can alter-
natively compute a transition probability using the probabilistic construction of the MJP. Conversely,
in this exercise it is shown that one can determine probabilities of the type in Exercise 7.4 by using
the Kolmogorov forward equations instead of using directly the results of Sections 4.2-4.3 on (residual)
holding time distributions and the distribution of the state to which the MJP jumps next.)

(a) Let i be a particular state of an MJP denoted by Y = {Yt : t ≥ 0}. Let pii(s, t) = Pr(Yt = i|Ys = i)
and pii(s, t) = Pr(Yu = i ∀u ∈ [s, t]|Ys = i). Under what circumstances do we have that
pii(s, t) = pii(s, t) for all 0 ≤ s ≤ t?

(b) Find the required probability in Exercise 7.4(b) by computing a transition probability by means
of solving the Kolmogorov forward equations. (Hint: work with an MJP Y that is a modified
version of the MJP X in Exercise 7.4 in such a way that Y satisfies the property in part (a) for
a suitable state i.)

(c) Use the transition probabilities of the MJP Y in part (b) to find the required probability in
Exercise 7.4(c).
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