
Actuarial Models: example sheet 4

*=easy, **=intermediate, ***=difficult

** Exercise 4.1

Consider the following time homogeneous employment-unemployment model:

e:employed u:unemployed
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Let P(t) =
(

pee(t) peu(t)
pue(t) puu(t)

)
, t ≥ 0, be the associated homogeneous transition matrix function.

(a) Write down the Q- or generator matrix of this model.

(b) Write down the Kolmogorov forward equations for the backward state e, i.e. write down the
forward equations for pee(t) and peu(t). (Note that with pij(t) or pij(s, t) the backward state
refers to state i and the forward state to state j.)

(c) Solve the Kolmogorov forward equations for the backward state e. (Hint: use that pee(t)+peu(t) =
1.)

** Exercise 4.2

Consider the following three state time inhomogeneous model which can be used for critical illness
insurance. Here t represents the age of a critically ill person and one can assume that the transition
intensities µ(t) and ν(t) are bounded and continuous.

1:ill

2:dead due to illness

3:dead by other causes
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µ(t)

ν(t)

Let {P(s, t) : s ≥ 0, t ≥ s} be the corresponding transition matrix function and denote by pij(t, s)
the (i, j)th entry of P(s, t). Show that

p11(s, t) =e−
∫ t
s (µ(u)+ν(u))du,

p12(s, t) =

∫ t

s

µ(u)e−
∫ u
s (µ(v)+ν(v))dvdu,

p13(s, t) =

∫ t

s

ν(u)e−
∫ u
s (µ(v)+ν(v))dvdu.
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** Exercise 4.3

Consider the following three state time homogeneous model for a terminal illness:

h:healthy i:ill

d:dead
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Let P(t) =

(
phh(t) phi(t) phd(t)
pih(t) pii(t) pid(t)
pdh(t) pdi(t) pdd(t)

)
, t ≥ 0, be the associated homogeneous transition matrix function.

(a) By using Kolmogorov’s forward equations show that pid(t) = 1− e−νt, t ≥ 0.

(b) Write down the forward equations for phh(t), phi(t), phd(t) and solve them.

** Exercise 4.4

State and prove the Chapman-Kolmogorov equations for an MJP.

** Exercise 4.5

(This exercise justifies that in order to solve the Kolmogorov forward equations with a fixed backward
state i, one can always replace one of the differential equations by the equation which says that the ith
rowsum of the matrix solution equals one.) Let for each t ≥ 0, Q(t) = (µij(t))

d
i,j=1 be a Q-matrix. Fix i

and l ∈ {1, . . . , d} and suppose that pik(s, t) satisfies for 0 ≤ s < t,

∂

∂t
pik(s, t) =

d∑
j=1

pij(s, t)µjk(t), (∗)

for all k ∈ {1, . . . , d}\{l}. Suppose in addition that
∑d

j=1 pij(s, t) = 1. Show that (∗) is satisfied for
k = l as well.
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