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*=easy, **=intermediate, ***=difficult

* Exercise 3.1

Consider the Markov chain of Example 2.2 in the notes. Determine for each of the six states whether
or not they are aperiodic.

** Exercise 3.2

A firm rents cars and operates from three locations 1,2,3. Customers may return vehicles to any of the
three locations. The company models the location of a rental car by a discrete time, time homogeneous
Markov chain and estimates that the probability of a car being returned to each location is as follows:

car returned to
car hired from 1 2 3

1 0.50 0.25 0.25
2 0.25 0.75 0
3 0.25 0.25 0.50.

(a) Calculate the probability that a car currently located at site 3 will return for the first time to
site 3 after the car has been rented out exactly twice.

(b) Show that the MC is irreducible and aperiodic.

(c) Calculate the stationary distribution.

(d) Determine the probability that a car currently located at site 2 will ‘in the long run’ (i.e. after a
very very large period of time) be at site 3.

(e) Determine the probability that in the long run a car at site 2 will next be at site 3.

** Exercise 3.3

Let i, j, k be states of a (discrete time, time homogeneous) Markov chain. Prove that if i ↔ j and j ↔ k,
then i ↔ k.

* Exercise 3.4

Draw the transition graphs of the two discrete time (and time homogeneous) Markov chains with state
space S = {1, 2, 3, 4} and transition matrices given by

(a) : P =


1/3 0 2/3 0
1/10 1/5 3/5 1/10
0 1/2 1/3 1/6
1/4 1/4 1/2 0

 , (b) :


0 1/2 1/2 0
1/3 0 0 2/3
1 0 0 0
0 0 1 0

 .

Further determine for each MC whether it is irreducible or not and whether or not all states are aperiodic.

** Exercise 3.5
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Consider the MC of the NCD model of Exercise 2.5, i.e. let X be the discrete time, time homogenous
MC with state space S = {1:0% discount, 2:20% discount, 3:30% discount and no claims in the previous
year, 4:30% discount and claim in the previous year, 5:40% discount} and transition matrix

P =


1/4 3/4 0 0 0
1/4 0 3/4 0 0
0 1/4 0 0 3/4
1/4 0 0 0 3/4
0 0 0 1/4 3/4

 .

(a) Show that the MC is irreducible and aperiodic (i.e. all states are aperiodic).

(b) Determine the stationary distribution.

(c) Assume that the (undiscounted) premium per year for a policyholder is £100. What is the
expected premium income per policyholder per year in the long run?

(d) Assume further that if a policyholder makes a claim in a year, then the average claim size is
£250. What is the expected profit per policyholder per year that the insurance company makes
in the long run?

** Exercise 3.6

Let X0, X1, X2, . . . be a sequence of random variables defined on the sample space Ω and taking values
in {1, . . . , d}, where d is a strictly positive integer. We say that the sequence (Xn)n≥0 converges in
distribution if there exists a probability distribution (v1, v2, . . . , vd) such that

lim
n→∞

Pr(Xn = k) = vk for all k = 1, . . . , d.

We say that the sequence (Xn)n≥0 converges almost surely if there exists a random variable X∞ defined
on the sample space Ω and taking values in {1, . . . , d} such that

Pr
(
lim
n→∞

Xn = X∞

)
= 1.

One can show that if (Xn)n≥0 converges almost surely, then it must also converge in distribution.

(a) Assume that the collection of random variables {Xn : n ≥ 0} forms a (discrete time) time
homogeneous Markov chain which is moreover irreducible and aperiodic. Then we know from
Theorem 2.9 that (Xn)n≥0 converges in distribution. Assume further that d ≥ 2. Argue (a
rigorous proof is not needed) why (Xn)n≥0 cannot converge almost surely.

(b) Assume that the collection of random variables {Xn : n ≥ 0} forms a (discrete time) time
homogeneous Markov chain. How should the structure of the state space be (i.e. what kind of
properties should any communicating class have) such that (Xn)n≥0 converges almost surely?

*** Exercise 3.7

A discrete time, time homogeneous Markov chain with state space {A,B,C} has the following properties:
(i) it is irreducible, (ii) it is not aperiodic and (iii) the probability of moving from A to B equals the
probability of moving from A to C. Show that these properties uniquely define the transition matrix
and provide the transition graph/diagram of the process.
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