
Actuarial Models: example sheet 2

*=easy, **=intermediate, ***=difficult

* Exercise 2.1

Consider a discrete time Markov chain {Xn : n ≥ 0} with state space S = {1, 2, 3} and transition matrix

P =

 α β 0
3/4 0 1/4

α− 7/20 2/5 1/5

 .

(a) Find the values of α and β.

(b) Draw the transition graph of the Markov chain.

(c) Calculate the transition probabilities pik(3), for i, k = 1, 2, 3.

(d) Use Theorem 1.3 in the notes to calculate the probability Pr(X1 = 2, X2 = 3, X5 = 2|X0 = 1).

** Exercise 2.2

With Xn denoting the status of a pension scheme member at age n, let X = {Xn : 50 ≤ n ≤ 60} be a
discrete time, time inhomogeneous Markov chain with possible states a:active, r:retired, w:withdrawn
and one-step transition matrices given by

P(n, n+ 1) =

a r w a paa(n, n+ 1) 1.02n−49 − 1 0.25 · 0.1n−49
10

r 0 1 0
w 0 0 1

.

For an active member of age 52, compute

(a) the probability that the member is retired at age 55;

(b) the probability that the member is active at age 54 but retires at age 55;

(c) the probability that the member retires at age 55 given that they are active at age 54.

*** Exercise 2.3 (Sept 2006 CT4 exam (modified))

The credit worthiness of debt issued by companies is assessed at the end of each year by a credit rating
agency. The ratings are A (the most credit worthy), B and D (debt defaulted). Historic evidence
supports the view that the credit rating of a debt can be modelled as a Markov chain with one-year
transition matrix

A B D( )A 0.92 0.05 0.03
B 0.05 0.85 0.1
D 0 0 1

.

(a) Determine the probability that a company currently rated A will never be rated B in the future.
(Hint: first determine the probability that a company currently rated A is rated A in the next n
years and then defaults in the year after that).
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(b) Assume a group of 100 companies of which 75 are rated A and the rest are rated B. Determine,
for this group of companies, the expected total number of companies that will default in the next
two-year period.

** Exercise 2.4

A production machine has two crucial parts which are subject to failures. The two parts are identical.
The machine works as long as at least one of the two parts is functioning. A repair is done when both
parts have failed. A repair takes one day and after each repair the system is as good as new. An
inspection at the beginning of each day reveals the exact condition of each part. If at the beginning
of a day both parts are functioning, then at the end of the day both parts are still functioning with
probability 0.50, one of them has failed with probability 0.25 and both have failed with probability 0.25.
If at the beginning of the day only one part is functioning, this part is still functioning at the end of the
day with probability 0.50.

(a) Define a Markov chain to describe the functioning of the machine and give the transition matrix
of the Markov chain and draw its transition diagram.

(b) Given that both parts of the machine are functioning at the beginning of the day, determine the
probability that both parts of the machine are functioning (including the possibility that repairs
have taken place in between) exactly four days later.

*** Exercise 2.5

Consider a NCD model with four levels of discount, 0%, 20% 30% and 40%. A claims free year results
in the discount increased to the next higher level or retention of the maximum discount. If a year
is not claims free the discount status goes either to the next lower discount level or two levels down
depending on whether the driver had a claims free year in the year before that or not respectively
(here we understand that one cannot drop further than the 0% discount level). In any given year
the probability of not making a claim is 3/4 and the probability of making at least one claim is 1/4,
independently of what happened in previous years. The goal is to use the theory of Markov chains to
find the probability that a customer who currently has a 20% discount, will have a 40% discount exactly
three years later under this NCD policy. To this end, given a state space S, let Xn be the random
variable that indicates which one of the states in S a customer in this NCD model belongs to in year n.
Further, let X = {Xn : n ≥ 1}.

(a) Consider the state space S = {1, 2, 3, 4} where state 1 = 0% discount, state 2 = 20% discount,
state 3 = 30% discount and state 4= 40% discount. Try to draw a transition graph corresponding
to the stochastic process X (as defined in the first paragraph) with this particular state space.
What is the problem?

(b) The choice of the state space in part (a) results in the process X not being a Markov chain. Come
up with a different, more refined state space such that X does become a (time homogeneous)
Markov chain that models the amount of discount a customer receives over time. Draw further
its transition graph and determine its transition matrix.

(c) Use the Markov chain in part (b) to determine the probability described near the end of the first
paragraph.

** Exercise 2.6

State and prove the Chapman-Kolmogorov equations for a discrete time Markov chain.
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