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Abstract-This paper describes techniques to implement 
gradient-descent-based machine learning algorithms on crossbar 

arrays made of memristors or other analog memory devices. We 
introduce the Unregulated Step Descent (USD) algorithm, which 
is an approximation of the steepest descent algorithm, and 

discuss how it addresses various hardware implementation 
issues. We discuss the effect of device parameters and their 
variability on performance of the algorithm by using artificially 
generated and real-world datasets. In addition to providing 
insights on the effect of device parameters on learning, we 

illustrate how the USD algorithm partially offsets the effect of 
device variability. Finally, we discuss how the USD algorithm can 
be implemented in crossbar arrays using a simple 4-phase 

training scheme. The method allows parallel update of crossbar 
memory elements and reduces the hardware cost and complexity 

of the training architecture significantly. 

Keywords-memristor; crossbar arrays; machine learning; 
gradient descent; back propagation; neural networks; deep 
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I. INTRODUCTION 

Memristive crossbar arrays consist of two perpendicular 

wire layers acting as contacts to nanoscale memristor devices 
(passive 2-terminal components that display a hysteretic 
resistance-switching behavior) formed at the cross-over points 
of the two layers [1,2]. Crossbar arrays are attractive for 
several reasons. They can be made very dense, enabling 
construction of high-capacity memories and computational 
hardware. Furthermore, they could be layered on top of 
traditional CMOS ICs. In such a configuration, the CMOS 
circuits can be used for complex and precise signal 
conditioning and processing tasks, leaving the crossbar array 

to perform simpler, but parallel, operations [3]. Such systems 
hold great promise for hardware acceleration of computation, 
by enabling ultra-fast, low-power implementations of large
scale neural networks and other machine learning algorithms. 

However, several issues need to be addressed before 
memristive crossbar arrays can be widely adopted, one of 
which is high device variability [4]. This problem is unlikely 
to go away given the desire for very high device densities and 
physical limitations. Another issue is the absence of precise 
models. The physics of practical memristor devices is not yet 
fully understood. They display a complex dependence on 
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internal state parameters, which makes it difficult to program 
them to a desired state without resorting to elaborate feedback 
schemes [5,6]. In addition, stochastic behavior has been 
observed [7,15]. While several models describe general 
memristive behavior, they are often not accurate enough for 
reliable circuit design. 

Despite these difficulties, there is an increasing interest in 
developing practical memristor-based computational circuits 

[2, 8]. In particular, neuromorphic systems with dynamic 
circuits employing memristors to mimic the plasticity rules 
seen in biological synapses have been proposed [9-13]. These 
systems are trained using STDP (Spike Timing Dependent 

Plasticity) learning schemes and have been demonstrated to 
work in spite of high device variability. However, the learning 
capability of spike-timing based systems is still rather limited 
when compared against state-of-the-art deep learning systems 
used in practice today. Simple artificial neural networks 
implementing binary pattern classification have been already 
demonstrated in memristive hardware [14]. More complex 
neural networks such as Restricted Boltzmann Machines 
(RBM), Convolutional Neural Networks (CNNs), etc. perform 
even better and use much fewer parameters or weights than 
spiking systems [23]. Therefore, it is of practical interest to 
investigate how memristive crossbar arrays can be used to 
implement such networks. 

In this paper, we investigate methods for implementing 
machine-learning algorithms based on gradient-descent in 
memristive crossbar arrays. Gradient descent is a first order 
optimization algorithm for finding a local minimum of a 
function. For convex functions, it converges to the global 
minimum. It can be used for a variety of optimization 
problems such as inverting matrices, regression analysis, and 
to minimize the objective function in several machine learning 

algorithms. It is at the core of the back-propagation and 
similar training algorithms used on several artificial neural 
networks such as RBMs, CNNs, Auto-encoders, etc. However, 
as we discuss in this paper, the steepest gradient descent 
cannot be efficiently implemented in memristive crossbar 
arrays, because of device limitations. In this paper, we propose 
an appro xi mate gradient descent rule to train memristive 
crossbar arrays, and investigate the impact of device 
parameters and variability on the algorithm's performance. 



Figure I: Block diagram of the training module 

II. GRADIENT DESCEN T IN CROSSBAR ARRA YS 

For a given learning rate a, an N-dimensional parameter 

vector w = [Wv"" WN]T, and an objective function F(w), the 
gradient-descent training rule for updating w is: 

w:= w-aVF(w) (I) 

For least-square minimization the objective function measures 

the mean square error when a predictive model hw(x) is used 
to fit the training samples (Yi,xD, i E{l, ... ,M}. Each training 

sample is a 2-tuple of observed output Yi and the input 

vector Xi = [Xi,V"" Xi,N]T. The objective function is: 

(2) 

For linear predictive models of the form hw(x) = wTx, the 
steepest descent update rule for w in each iteration is given 
by: 

(3) 

The online variant of this algorithm is called the stochastic 
gradient descent, where the prediction error from each training 
sample is immediately used to update the weights. This 
algorithm converges faster than the steepest descent technique 
for large datasets. The update rule for stochastic gradient 
descent is: 

(4) 

Where, prediction error 

(j = Yi - hw(Xi) (5) 

The algorithm involves two passes per iteration, a forward 
predictive pass, and a reverse update pass. The forward pass is 
essentially a matrix multiplication. As shown in Fig 1, this is 
easy to implement with crossbar arrays by treating the 
weights was device conductances g, the inputs x as voltages v, 

and outputs hw(x) as currents i with suitable scaling to ensure 
that data falls within the dynamic range of the devices. 

In the reverse pass, the weights of the predictive model are 
updated using a chosen training rule. In order to do this with a 
crossbar array, techniques to modify the device conductance 
are required. In addition, an understanding of design issues, 
such the memristive device characteristics, dynamic range of 
the input, and variability, on algorithm performance is needed. 

In memristive devices, a change in conductance is observed 
when it is subjected to a non-zero flux. Therefore, the desired 
change in memristor conductance can be achieved by 
modulating the amplitude and/or duration of the applied 
training pulse {3. The gradient training rule would then be 
implemented as: 

(6) 

where,Ak(f3,wk) models the magnitude of change in device 
conductance when the training pulse {3 is applied to the device 
with state parameters denoted by Wk' In theory, any weight 
update rule can be implemented in this manner. For example, 
for (6) to be equivalent to (4), Ak(f3,Wk) must be equal to 
a {) Xi,k' However, that is impractical. The function Ak is 

typically monotonically increasing with respect to {3, and 
positive (negative) pulses lead to increase (decrease) of 
memristor conductance, but the magnitude of change in 
conductance depends on the device state. For example, a 
greater change in conductance is observed when the device is 
at a higher conductance state than at a lower conductance state. 
Moreover, the internal device state parameters Wk might not be 
directly observable and device models are either too simplistic 
or computationally expensive to compute Ak to desired 
precision. The memristor behavior might even be stochastic 
[22]. This makes it impossible to stimulate a precisely 
controlled change in device conductance by si mple schemes. 

Some designers have proposed look-up tables (LUT) and/or 
feedback-based schemes in order to solve this problem 
[5,6,24]. These techniques generally use some form of read
monitored write method to program the memristors to the 
desired states. However, they have several practical limitations. 
Memristor device parameters exhibit high variability (spread 
across orders of magnitude) which makes it impossible to use a 
common LUT for the entire array. Maintaining a dedicated 
LUT for each device is clearly impractical. The feedback 
schemes typically require integration of CMOS devices within 
the crossbar array, making fabrication of crossbars significantly 
more complex. Such schemes also make the control circuitry 
complex and, most importantly, require different training 
pulses for each device, i.e. all the devices in the array cannot be 
simultaneously trained. Sequential training is unattractive 
because high-dimensional inputs result in a large number of 
devices, making the scheme unfeasibly slow. 

Therefore, in order to use memristive crossbar arrays 
effectively, a more practical training scheme is essential. 
When training memristive arrays for pattern recognition tasks, 
it has to be remembered that the goal is not to precisely 
regulate the device states, but to minimize/maximize the 



objective function. Therefore, we propose a traini ng procedure 
to allow the devices to settle to a state that minimizes the least 
square error in the trai ning data without actively trying to 
regulate each device state to a predetermined value at every 
step. 

III. UNREGULATED STEP DESCENT 

In order to tackle the problems described in the previous 
section, we propose that the training pulse be approximated as: 

(7) 

By using P from equation (7) in (6), we get the Unregulated 
Step Descent (USD) algorithm. Here, the programmer only 
chooses a without concerning himself with the magnitude of 
o Xi k' The intuition behind Equation (7) is to stop trying to 
reg�ate the update step size, which is impractical in 
memristive crossbar arrays anyway. Instead, the training rule 
moves the weights in the general direction that results in 
reduction of the objective function. The error introduced by 
making this approximation is compensated by taki ng small 
steps and recalibrating the direction of descent in each 
iteration. One of the limitations of the USD approach is that the 
magnitude of weight changes must be kept small. This slows 
down the rate of descent when the gradients are large. In 
addition, when the value approaches a local minima, the ability 
of the training rule to converge is limited by a. This effect is 
seen as noise or settling error that can be improved by 
adaptively reducing a as the solution converges. 

It should be noted that stochastic gradient descent and other 
inexact gradient methods are based on a similar idea, in that the 
gradient calculated for each iteration only approximates the 
actual gradient of the objective function. The parallel weight 
perturbation (PWP) algorithm [25,26] has been proposed as an 
analogue hardware friendly approximation of the gradient
descent algorithm. However, some crucial differences make 
USD better suited for crossbar arrays. In the PWP algorithm, 
the devices are uniformly perturbed and the change in the 
objective function is computed. This change is used to 
approximate the gradient and update the weights. Note that the 
uniform distribution requirement is central to the PWP 
algorithm. To improve the approximation accuracy, multiple 
perturbations can be performed. The first implementation issue 
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Figure 2: 4-phase Training Scheme. The voltage levels in the pulsing 

scheme shown here can only take three levels: + V",.,,,, 0, and -V,Mw 

Table I: Device parameters for the BCM model [12] used for simulations 

Property Description Value 
GOff Mean offstate conductance 6. 25e-4 S 

Gon Mean on state conductance 

Jlv MobilIty ofoxygen ions 

D Length ofthe thin-oxide film 10nm 

11 Mean value ofpolarity coefficIent 

Vmax Maximum voltage applied to the device 1 V 

to Time normalization fuctor 10ms 

with PWP is that each update involves programming the 
devices twice, a perturbation step followed by a correction step. 
If multiple perturbations are required, it further increases the 
number of programmi ng events. On the other hand, the USD 
implementation always involves a single mernristor update in 
each step. Second, it is impossible to perturb all the devices in 
parallel and expect the perturbations to be uniformly 
distributed (because of the state-dependent response of 
memristors). The alternative is to perturb the devices 
sequentially where the pulse widths can be controlled finely. 
However, it increases training time exponentially and, as 
discussed in section II, it is practically impossible to control the 
state of each device precisely. The USD algorithm is not 
subject to such complications. Finally, the USD algorithm does 
not need a uniform perturbation signal generator, hence 
simplitying the circuit design. 

IV. IMPLEMENT A TJON 

Following commonly used mernristive device models [15-
17], we assume that mernristors display a threshold 
voltage Vth, below which no or minimal change in conductance 
occurs. In the forward pass of the training process, the voltages 
driven into the array should be much lower than Vth' This 
restriction is to minimize unwanted changes in the device state. 
The gradient of the objective function is approximately 
computed using the sign of the input and the resultant 
prediction error. The computed values are then used to train the 
devices in the update pass using the 4-phase scheme shown in 
Fig 2. A similar scheme was used in [14] where it was used to 
train a binary perceptron. In this scheme, four-phased pulse 
patterns are driven into the input (rows) and output (columns) 
sides of the crossbar array. The choice of pattern at the 
input/output crossbar terminals is based on the sign of the input 
feature and output error as shown in Fig 2. In each phase, only 
a subset of the devices is subjected to a voltage difference that 
is large enough to cause a change in their internal states. For 
example, in the first phase, memristors with positive inputs and 
positive error outputs see a voltage of 2Vdrive while the other 
devices see a voltage of either zero or Vdrive' The value of 
Vdrive should be chosen such that Vdrive < Vth < 2Vdrive' This 
ensures that the devices that are not targeted are not subjected 
to a voltage difference greater than the threshold. In addition, 
keeping the widths of the pulse constant for all the devices in 
all the phases is necessary to eliminate spurious 2Vdrive paths 
that can corrupt the untargeted devices. If the simplifications 
given by equation (7) were not made, the 4-phase scheme 
would not work because each device would require a unique 
training pulse. 



The pulse amplitudes could be scaled in proportion to {j and 
xi,k' Such a scheme would potentially reduce the settling error 
and settling time. This study does not pursue this idea because 
it expects significant variability in Vth which is not adequately 
modeled by the mernristor model used here. Experimental 
evidence also suggests that threshold voltage is a soft value 
below which there could be small changes in conductance [1]. 
This can result in some change/drift in the weights of the non
targeted devices in the array at each phase. It should be noted 
that the 4-phase scheme tries to compensate for this by 
ensuring that all the devices effectively see a net flux only in 
the desired update direction. 

V. SIMULATIONS 

Simulations to test the algorithm were run using the 
Boundary Condition Model (BCM) model for memristors; this 
paper uses the same notation and equations used in [16], not 
repeated here for brevity. The physical parameters used for the 
device are listed in Table l. The BCM model was chosen 
because it has been reported to provide a fair approximation to 
mernristor behavior [17] even though it appears to be imprecise 
close to Vth' This is not an issue when using the USD training 
rule because the pulse amplitudes are fixed and much larger 
than Vth' The model provides closed form equations for all the 
device parameters maki ng simulations faster. Additionally, it is 
easy to control various device parameters in this model. The 
parameters used to study the effect of variability are the on
state conductance Gon' off-state conductance Goff' and polarity 

coefficient TJ. Variability was controlled by (1. For any device 
parameter p, the samples were generated such that the standard 
deviation of its distribution was (1' p. Based on empirical 
observations [4][18], the lognormal distribution was used for 
Gon and Goff' and the normal distribution was used for TJ. 
Idealized components were used for the peripheral circuit 
elements such as sigmoid function, scaling, logic, pulse 
generation, etc. Note that the model implicitly assumes that the 
mernristive conductances are continuous. Consequently, we do 
not deal with the effect of finite resolution here. Note that this 
is a realistic assumption as can be seen in [19]. 

To study the effect of device parameters on learning, tests 
were run on several datasets with dataset size M = 1000 and 
dimension N = 20. A linear classifier algorithm was chosen to 
test the USD rule because the simplicity of the algorithm 
makes it easy to develop intuition for the performance of the 
design. Additionally, the crossbar architecture for the linear 
classifier extends naturally to more complicated machine 
learning algorithms such as polynomial regression or 
classification, MLPs, RBMs, etc. Negative weights are 
implemented by driving input features of same magnitude but 
opposite polarities into the array. A bias term is learnt by 
adding a constant input and treating it as an added dimension to 
the input vector. For example a ten dimensional training set 
using a single linear classifier could consist of a column of 21 
mernristors. Alternatively, the positive and negative weights 
can be split into two columns of 10 devices each with a 
summation circuit that also includes a bias term. In this paper, 
we simulate the devices in the array and assume ideal 
peripheral circuitry. Under these simulation conditions, both 
structures are equivalent. 

The parameters whose effects on the learning capability of 

the array were studied are Gratio (= Gon/Goff ) , (1, and a. The 

training pulses in each phase had amplitude Vdrive=1 V and 
duration ato. Initial conditions of the devices at the start of the 
algorithm affect convergence behavior and performance. 
Hardware aspects in addition to the well-studied algorithmic 

Figure 3(a) Evolution of Classification Error with Iterations 
3(b) Classification error vs Gratio' The bands straddle the maximum and 
minimum classification error because of settling error at convergence. 
3(e) Settling time (N iters) vs Gratiofor different values of a (Alpha). 



ones have to be considered when discussing initialization. A 
detailed discussion of this is beyond the scope of this paper. In 
all the experiments described in this paper, the device 
conductances were initialized to Gratia/2. 

The learning capability of the array was studied in terms of 
settling time and settling error. Classification error was 
computed on the entire training dataset at each iteration. 
Settling ti me is defined as the number of iterations after which 
there is no improvement in error performance. Settling error is 
the asymptotic mean error rate observed on the training dataset. 
The training sets used to obtain the plots in Fig 3 and Fig 4 
were generated by sampling a uniformly distributed N
dimensional random variable and bisecting the training sample 
space by a randomly chosen hyperplane. We allowed a random 
subset of the training samples to lie in the wrong side of the 

hyperplane with a probability Pe, which unless stated otherwise 
is set at 5%. 

The effects of Gratia and a on settling error and settling 
time are shown in Fig 3a, 3b, and 3c. The curves in Fig 3a 
show evolution of classification error as the algorithm 
converges. Fig 3b and 3c plot the effect of varying Gratia and a 
on settling behavior. 

The value of Gratia affects the settling time, settling error, 
and design of peripheral circuitry. It can be seen that the 
algorithm converges faster, but shows higher settling error as 
Gratia increases. This can be seen in Fig 3b where the colored 
bands straddle the maximum and minimum settling error for 
corresponding values of Gratia and a. As Gratia and a increase, 
the bands get wider (Fig 3b). This effect is explained by 
looking at the BCM model [16]. A quick analysis shows that 
that greater Gratia and a values result in a greater change in 
device conductance. On the other hand, from a design point of 
view, it is useful to have a greater Gratia' A greater Gratia 
would provide a greater dynamic range in the output current 
because the difference between the max and min-state currents 
would be larger. This makes the design of sigmoid or other 
threshold function si mpler and less susceptible to variability 

and noise. The trade-off between larger Gratia or a val ues and 
learning performance is a constant feature in our simulations. It 
should also be noted that the mean error performance of the 
algorithm only modestly increases with respect to Gratia and a. 
The noisy behavior resulting from larger Gratia values can be 
compensated by averaging over multiple predictors. 

There is plenty of literature on how the learning rate a 
affects learning performance in standard gradient-descent 
implementations. Most of those ideas are directly applicable 
here. The figures show that a larger a results in faster 
convergence. However, larger values of a also make settling 
noisier (Fig 3b). A simple technique to improve settling time 
and error is to start with a large a and progressively shrink it. It 
should be noted that although the number of iterations required 
for convergence increases with decrease in a, the time taken in 
each iteration decreases (because a determines the duration of 
the training pulse). Therefore, the net training time does not 
necessarily increase when using smaller values of a. The 

optimal choice of a should take into account factors such as 
training time, Gratia and the dataset. 
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increases as variability increases. 

Fig 4a and 4b show how settling error and settling time are 
affected by device variability. The lognormal distribution 
causes a wide variation in the device properties (Fig 5). As 
device variability increases, the range of input and output 
currents increasingly deviates from the expected mean value. 
This can result in saturation of the peripheral circuitry. Note 
that the gradient-descent rule partially compensates for such 
behavior. The compensation mechanism does not appear to 
affect the mean convergence ti me significantly. However, the 
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Figure 5: Effect of (I in the spread of Gan (y-axis) and Gaff (x-axis) 
values shown using 1000 memristive device samples with mean Gaff = 
0.003 S, mean GTatio= 100. Note that both x and y-axis are in log-scale. 



variance in settling time increases with (J. Increasing the 
dynamic range of the peripheral circuits will help mitigate the 
effect of variability. Additionally, arrays with larger 
Gratia values find it easier to compensate for variability because 
such arrays have more room to adjust. This can be seen in a 
smaller spread of settling time (Niters) in Fig 4b. 

A method to minimize the effect of variability is to have 
several columns train on the same database and take a weighted 
average of all the predictions. This can be achieved by boosting 
schemes that have been successfully used in several machine 
learning algorithms. An important requirement for such 
techniques is to have uncorrelated predictors [20]. This is 
satisfied by the implementation described in this paper because 
the columns are trained independently of each other. 

Fig 6 compares the performance of the crossbar array 
trained by the USD algorithm with that of the floating-point 
software implementation of the logistic regression for various 
values ofPe. It can be seen that a smaller value of a results in a 
better mean error rate. This is expected because all the devices 
are updated in each iteration even when they are very close to 
their ideal states (unless the error is precisely zero, which is 
practically impossible). Therefore, we can get closer to the 
mini ma by using smaller values of a. 

To test the USD rule on a more realistic problem, it was 
used to train a (784 x 2) rows x 10 columns crossbar array on 
the complete MNIST handwritten digits database [21], where 
the soft-max (multinomial) logistic regression [22] was used as 
the classification rule. The implementation of the algorithm 
was straightforward with only some changes in the peripheral 

circuitry. We used devices with a range of Gratia from 32 to 
1000 and (J of 0.2. Interestingly, in all our experiments the 
validation-set error hovered around 7.5% and the test-set error 
was around 10%. Usi ng a floating-point software 
implementation (softmax regression using steepest-gradient 
descent) gives a test-set error of about 5%. 

VI. CONCLUSION 

In this paper, we presented the USD rule, which 
approximates the standard gradient-descent algorithm. This 
approximation can be applied to several algorithms based on 
gradient descent such as linear/polynomial classification, soft
max regression, back-propagation algorithm for MLPs, 
contrastive divergence for RBMs, matrix inversion, etc. 

If one were to attempt to train a crossbar array using the 
standard gradient descent technique, it would require fine 
control over the internal states of all the memristive devices. 
This can only be done using complex feedback schemes or 
sequentially training each device individually. This is 
unattractive for larger arrays. The approximation presented in 
this paper solves these design problems, making it feasible to 
use memristive crossbar an'ays in applications where power 
and speed are important considerations. The USD gradient
descent rule iteratively adapts to the imprecision in device 
updates. It also partially cancels the effect of device variability. 
These benefits accrue from the self-correcting nature of the 
gradient-descent rule. Additionally, the USD rule allows use of 
simple 4-phase schemes to train all the devices in crossbar 
arrays simultaneously. Such schemes are hardware-efficient, 

Figure 6: Performance of the stochastic USD implementation in 
comparison to floating-point logistic regression for various values ofPe. 

and reduce array-trammg signal-generation complexity. 
Enabling such techniques make fabrication of crossbar-array
based machine learning systems easier to integrate with the 
current VLSI fabrication techniques because of the absence 
CMOS devices embedded within the crossbar array. 

We applied the USD rule to the logistic regression and soft
max algorithm to train the crossbar array. These algorithms 
were chosen because the lessons from these experiments can be 
applied to more complex neural networks. Our experiments 
with artificially constructed and the MNIST databases suggest 
that training memristive crossbar arrays using techniques based 
on gradient-descent USD approximation could be more 
attractive than STDP, LUT, feedback, or PWP-based 
mechanisms. Even with a simple linear-classifier, the 
performance obtained using the proposed USD approximation 
compares well with spiking neural networks [11,23]. More 
importantly the performance was attained with a much smaller 
number of devices than the spiking neural network 
implementations [23]. The USD approximation also results in a 
faster and simpler training architecture in comparison to LUT 
or feedback-based schemes. 

Finally, our experiments provide an understanding of how 
crossbar array device and training parameters such as 
a, Gratia, and (J affect the learning capability of the crossbar 
array. These insights can also be useful when developing 
methods to program memristive crossbar arrays for non
learning applications such as memories. 

The experimental results presented in this paper indicate 
that using the USD approximation to implement machine 
learning algorithms in memristive crossbar arrays might result 
in practical, low-power, and fast designs. This is encouraging 
and motivates further analysis to test the performance of USD 
training rule in larger and deeper crossbar array networks based 
on auto-encoders, RBMs, CNNs, etc. 
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