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Notation

Symbols

Symbol Meaning
R Set of real numbers
C Set of complex numbers
R” Real coordinate space of n dimension
cr Complex coordinate space of n dimension
Rr*m™ Real matrices with n rows and m columns
cnxm Complex matrices with n rows and m columns
AT Transpose of A
A* Complex conjugate of A
.
T = (11, 29) T = [xlT xﬂ
diag(dy, ds, . .., d,) Diagonal matrix with (dy,ds, ..., d,) as elements of the diagonal
z* Complex conjugate of the complex number z
v Vector whose element are the complex conjugate of the elements of v,
lLe. v; = v
Acronyms
Acronyms Meaning
ODE Ordinary Differential Equation
LTI Linear Time Invariant
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Introduction

This set of notes in State-Space Control summarises and extends undergraduate concepts on
this topic. It has been developed following different textbook at different sections. Some of

them are:
o “Feedback systems” by Astrom and Murray.
e “Feedback Control of Dynamical Systems” by Franklin et al.
e “State Variables for Engineers” by DeRusso et al.
e “A Linear Systems Primer” by Antsaklis and Michel.
e “Linear Systems” by Kailath.

The last but one is recommended for students willing to extend their knowledge in this topic.
The last one is the classical reference in this topic but its approach is very mathematical.

I have tried to produce a self-contained set of notes, explaining some of the mathematical
concepts that we will use during the course. Nevertheless, the student may need further help
in Linear Algebra. Any undergraduate textbook in this topic should be fine, but I would
recommend “Introduction to Linear Algebra” by G. Strang, and “Matrix Analysis and Applied
Linear Algebra” by C. D. Meyer!. For advanced students, the book “Matrix Analysis” by
R. A. Horn and C. R. Johnson should provide all required knowledge in this topic, but it is far
beyond the scope of this unit.

State-Space Control provides a mathematical framework for studying how to design con-
trollers and observer for dynamical systems. This representation will not be as intuitive as the
transfer function representation of the dynamical systems but it will provide other advantages.
For example, the state-space representation is not limited to linear systems. We will be re-
quired to use several geometrical concepts, which are very powerful but can lead to complex
and artificial problems.

Whereas classical control was developed using transfers functions as the representation of
the systems; in the 1950s-1960s-1970s, there was a strong development of tools in the state-
space. Powered by the development of computer, State-Space Control became very popular.
For a while, it seemed that frequency methods were something in the past and Laplace trans-

form suffered a temporally exile from the control realm (“The Laplace transform is dead and

L Available at http://www.matrixanalysis.com/DownloadChapters.html



State-Space Control

buried”, R. E. Kalman, 1959). During the 1970s, frequency Jedi (watch Star Wars!) fought
to defend the simplicity and intuition of the Laplace transform. One of these Jedis was Prof.
H. H. Rosenbrock, a pioneer in computer aided-control techniques and MIMO frequency meth-
ods, who founded the Control Systems Centre at UMIST, nowadays University of Manchester.
Currently, sophisticated design methods, such as H,, use advantages of the state-space repre-
sentation to solve the frequency design problem. In fact, other fields such as operator theory
have adopted this representation since it provides valuable advantages over other representa-
tions.

This part of the unit has the following structure:

Chapter 1 The basic notions of state-space representations are given. Since the system is
represented by a linear application, the representation of a system is associated with the
basis used to represent this linear application. There are some forms of the state-space
representation that will be very important to design controllers and observers, and they
are referred to as canonical forms. We will show how to derive these canonical forms of

a system represented by an ODE or a transfer function.

Chapter 2 The solution of the state-space representation is shown as well as an alternative
form to express the system: the modal form. It introduces the concept of modes of the
systems, which are equivalent to the poles of the system in the frequency framework.
Stability then will be analysed using the dynamics of the modes, which are given by the
eigenvalues of a matrix. The Laplace transform of the state-space representation provides

the transfer function associated with the state-space representation.

Chapter 3 When the system is nonlinear, state-space representation is essential. In this unit,
we will study how to analyse nonlinear systems by linearising the system. Two linearisa-

tions will be given: around equilibrium points and around operating points.

Chapter 4 Four concepts that are essential for the design techniques in State-Space control are
introduced in this chapter: controllability, stabilizability, observability, and detectability.
These will be introduced in a mathematical framework, but their meaning will be fully

understood in Chapter 5.

Chapter 5 The problem of designing controllers and observers is solved. Concepts introduced
in Chapter 4 ensure either a solution for any arbitrary design specification or suitable

solutions with some restriction on the design specification.
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Chapter 6 The last chapter introduces MIMO systems and their state-space representation. If
it is trivial to obtain a state-space representation of a MIMO system, a new concept turns
up: minimality. Concepts presented in Chapter 4 are exploited to define the minimality of
the system. Gilbert’s realization is required to obtain representation without redundant

states.

C1: State-Space

representation

C2: Linear C3: Nonlinear
Systems. Solutions Systems.
and stability Linearization

C4: Controllability
and observability

C6: Realisation of
MIMO transfer
functions

C5: Design in the
State-Space

Figure 1: Structure of this set of notes.

Finally, three appendices are given: Appendix A contains tutorials for each chapter; the

software lab is given in Appendix B; and the notes conclude with previous exam papers.
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Chapter 1

Introduction to state-space

representation

1.1 Dynamical systems

1.1.1 Definition of dynamical systems

A dynamical system is a system that changes as time evolves. A system can be a part of the

universe, a set of memory bits, etc. A dynamical system consists of two elements:
1. A non-empty space D, e.g. R%.
2. A map from this space and the time into the same space: f:D x R +— D.

Then, the dynamical system would be described by the differential equation

x(t) = f(x(t),t). (1.1)

Mathematically, it is a geometrical concept. It is not surprising that some of the concepts
presented in this unit are also referred to as Geometrical Control by some authors. Loosely
speaking, for every point of the space x € D, the function f(z,t) provides the information
about the evolution of the system at the instant ¢. Given an initial condition, the trajectory
of the state follows the field of velocities f = f(x,t). When the function f does not depend on
the time, i.e. f = f(z), then the system is said to be a time-invariant system. Henceforth, we
will focus our attention on time-invariant systems.

A useful concept of a dynamical system is the state of the system. It can be defined as the

minimal information that determines the future of the system. For the dynamical system (1.1),

11



State-Space Control Introduction to state-space representation

the state of the system is given by z(t) € D. Hence the state of the system is a point of the
space D.

Example 1.1.1. Consider the free fall problem:
d*y
mﬁ(t) = —myg. (1.2)
We will see that it can be represented as (1.1) where f : R? — R?. You should have studied at
some point of you life that the future of the system is determined by its position and speed at

some instant. Hence the state of the system z € R2.
This unit will be focused on dynamical systems with this property; however, it is not general.

Example 1.1.2. Let us consider a dynamical systems with input delay, then the differential
equation is

(t) = f(z,t — 7). (1.3)
The state of the system is a function ¢ : [-7,0) — D x [—7,0], i.e. we need the past of the

system from the time [—7,0) in order to determine the evolution of the system at the instant

0.

As the system (1.1) is isolated from the rest of the universe, its evolution only depends on

itself, and we say that the system (1.1) is an autonomous system.

1.1.2 Autonomous linear system and transformations

During most of the part of this unit, we will focus on linear time invariant dynamical systems.
In this case, f is a linear map of the coordinates x, hence f(z(t)) = Ax(t) where A is a square

matrix, i.e.

(t) = Az(t). (1.4)

In the jargon, such systems are referred to as Linear Time-Invariant (LTI). Loosely speaking,
the function f is a linear map from R™ into R™ *. A natural question arises: can we express
this system using another set of coordinates?

Let us assume that we have two different bases on R", x and z 2. Then there exists a
nonsingular square matrix 7' such that z = Tx. The dynamical system (1.4) can also be

represented in the basis z as follows

t=Ti=TAxr = TAT 'z (1.5)

! Any linear map from R™ into R™ is represented by a m-by-n matrix.
2We are highly abusive of the notation of the bases.

12
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S T

(] | g ( %F_I_C

Figure 1.1

As a result, the dynamical system can be represented in any basis of R™. Considering two bases
x and z where z = Tx, two different matrices A, and A, will describe the same dynamical

system, and they are related as A, = TA, T~ .

1.1.3 Worked example

Let us consider the electrical circuit in Fig. 1.1. The dynamics of the circuit can be described
using infinite set of coordinates, but two sets seem straightforward: the charges at the capacitors
q = (q1,q2) and the mesh current i = (i1,43). In this example, we are going to model the same
circuit using both sets of coordinates and check the theoretical result that we have obtained in

the above section.

Using q Applying Kirchoft’s Voltage Law (see Wikipedia for more details) on the left mesh

1 1 1 1
Zi: i oh + 1 o ; 4 Rl + oR® (1.6)
and using KVL on the right mesh
Zvﬁght:iRJriq —0, iy ———yg (1.7)
i i 2 o ) 2 OR® :
Moreover, both charges and currents are related as follows
1 1
o= i = —— — 1.8
G 0 Rl + OR% (1.8)
. . 1 1 1
@2 = -u=—mpet ph T FRe (1.9)
or equivalently
1 1
G= fC RCQ q (1.10)
RC ~ RC

13
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Using i The time-derivatives of (1.7) and(1.6) are given by

. 1 .
12R+ E(]Q = O, QQ = —Roig; (111)
and
L iR — Ly =0 i = —RC1y — RCi (1.12)
th 11 C'QQ =Y, q1 = 31 12. .

The dynamical equations in the capacitors can be written as

iy, = ¢ = —RCi; — RCis, (1.13)
1 1 1

lg—1 = (o= _C'RQZ + C’qu — C’RqQ‘ (1.14)

Reordering the above equation, the desired result is reached

R I E
i = fC Rcl i (1.15)
RC T RC

Transformation From the KVL, we can deduce the transformation between charges and

currents
= ! + L (1 16)
1
g — ——— 1.17
12 C’RQQ ( )
or
1 1
i=| B¢ ROy (1.18)
0 _Rlc

P RC  RC RC  RC RC  RC i (1.19)
0 L € 2 0 __1
RC RC RC RC

-1

= (1.20)

14
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NS TR U I B T A D U
RC RC RC RC RC RC —
1 1 2 1
0 —%| | e ~®e 0 —%a
-1
1 1l=1 1] |=1 1]]=1 1
RC1o 1|1 =20 =1
1 |-1 1] ]-1 1 1 -1 1
RC 1o 1|1 —2EDED=019 1
1 |2 =3 |-1 -1 -2 =
Vit = fC Rcl . (1.21)
1 2 0 —1 AL

Hence, performing the basis transformation we obtain the same result as in (1.15). This

example has demonstrated the relationship between two representations of the same system.

1.2 System modelling

The key point in control engineering and system theory is interaction. We are interested in
studying the dynamical evolution of interconnected systems. In particular, feedback systems
will attract much of our attention. Therefore, we would like to model our system as a dynamical

system including explicitly input v and output y:

T = f(z,u) xr € R"™, ueR"™, (1.22)

y = h(z,u) ye R™ (1.23)

where n, is the number of state coordinates, n,, is the number of inputs, and n, is the number of
outputs. This representation of a system is very general and most real systems can be modelled
by (1.22) and (1.23). These equations are referred to as the system equation and the output
equation, respectively.

In contrast with the transfer function representation of a system, the state-space representa-
tion is not limited to linear systems and it can also cover time-varying systems if f = f(z,u,t)
and h = h(z,u,t).

Nevertheless, this first encounter with state-space representation will be focused on either

linear systems or how to approximate a nonlinear system with a linear system, i.e. linearisation.

15
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1.2.1 State-space representation of a linear system

The general definition of a dynamical system can be used to describe the behaviour of a linear

system as follows:

t = Ax+ Bu reR™, ueR™; (1.24)

y = Cx+Du yeR™ (1.25)

where A € R B € R™*™ (' € R™*" and D € R™*™. Equations (1.24) and (1.25)
are said to be the state-space representation of a linear system. In short, we will say that the
four matrices (A,B,C,D) represent a time-invariant linear (LTT) system.

For systems with single input and output, i.e. n, = n, = 1, B is column vector, C' is a
row vector and D is a number. These systems are referred to as Single-Input Single-Output
(SISO). Systems with a single input but several outputs, i.e. n, = 1 n, > 1, are referred
to as Single-Input Multiple-Output (SIMO). Systems with several inputs but a single output,
ie. n, =1n, > 1, are referred to as Multiple-Input Single-Output (MISO). Finally, systems
with several inputs and several outputs, i.e. n, > 1 n, > 1, are referred to as Multiple-Input
Multiple-Output (MIMO).

Restricting our attention to SISO systems, we have the following result:

Result 1.2.1. Any ordinary differential equation in the form

d™y A"ty dy d™u dm™lu du
-7 [P -7 S [P T - 1.2
din + Qp_1 dpn—1 + + a dt + aopy bm dpm + bm 1 dpm—1 + + bl di + bou ( 6)

with m < n has an equivalent state-space representation. |

Worked example: Ideal Mass-spring-damper system

Let us consider an ideal mass-spring-damper system where a external force F' is applied on the
mass (See Fig. 1.2). The output of the system is the position of the mass y. Applying Newton’s

second law, the dynamics of the system is given by
Z F;, = ma = my,

There are three forces in the direction of y: the spring force (—ky), the damper force (—py),

and the external force F. It follows

F+ (=ky) + (—=8y) = mj, (1.27)

16
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Rest position

y=0
Y
—ky
A AN Lo
4 By | 1@ L
/] =l . m
(No friction!)

Figure 1.2: Ideal Mass-Spring-Damper system

equivalently
ij+gy+%y= % (1.28)
Let us define the set of states as
T = vy, (1.29)
T2 = (1.30)

then we can find a state-space representation of this system as follows. From the definition of
both coordinates, it is trivial that @7 = x9; then (1.28) can be rewritten in terms of x, 2, and
)

k F
.562 + ﬁl’g +—x = —. (131)
m m m

As a result, the system is described by two first order simultaneous differential equation

i’l = 0331 + T2 + OF, (132)
k 1
m m m

Now we rewrite these two equation using matrices and the state = = (1, x2)

= c+ | | F (1.34)
Using (1.29)-(1.30), the output equation is given by
y =21 + 02y + OF = [1 o]x—IrOF (1.35)

In summary, the state-space representation of an ideal mass-spring-damper system is given

by

A= . B= , C:[l 0] D=0 (1.36)
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It is worth highlighting that the state-space is a mathematical description of a system that
could be different to the real space where the system performs its trajectory. In this example,
the system moves along the y-axis, which is one-dimensional space. However, the state of the

system, as a mathematical concept, evolves on a two-dimensional space.

1.2.2 Transformation of state-space representation

In the same manner as we can use different bases to express autonomous systems, we can also
use basis transformations with input-output systems.

Let us consider the dynamical system given by

t = Ayr+ Bu (1.37)

y = Cyr+ Dyu (1.38)

and the new set of coordinates z = T'x, where T' € R™*™ is a nonsingular matrix. Then, we

can express the above dynamical system in the basis z as follows

i = Ti=TA,x+TByu=TA T '2+TB,u (1.39)

y = Cyx+ Dyu=C,T 24 Dyu (1.40)

As a result, the state-space representation has been transformed as A, = TA, T, B, = TB,,

C,=C,T7' and D, = D,.

1.3 Canonical forms

As we have stated in Result 1.2.1, there is a space-space representation for all ODEs. Usually,
we prefer to express a differential equation in the Laplace domain, and we speak about transfer
functions. In conclusion, any transfer function can be represented by an infinite number of state-
space representations. Among all possible state-space representations of a system, three are
very important: controller canonical form, observer canonical form, and modal form (Chapter
2).

Before starting the different representations of a transfer function, we must comment that
the term D is independent of the state-space representation, as we have shown in Section 1.2.2.
Therefore, we will focus our attention on system where D = 0. For instance, any transfer
function can be decomposed as

G(s) = G(s) + G(o0) (1.41)

18
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where G is a strictly proper system, i.e. G(oo) = 0. For any representation of G(s), the matrix

D will be given by D = G(oc0).

1.3.1 Controller canonical form
Definition

Consider the system described by

%?+an_1%+~ : -—l—aldz—g)—i—aoy(t) - bn_l% bn_g%‘i" " dl;it) Fhoul(t),
(1.42)
or equivalently,
= G e 48
where b; # 0 for at least one 1 <7 < n.
Then its controller canonical form is given by
| 0 1 0 0 0 ] -O-
0 0 1 0 0 0
B(t) = 0 0 0 1 0 (t) + 0 u(t) (1.44)
0 0 0 0 1 0
|—@o —a1 —ay —az - —apo| _1_
y = |by by by --- bn—l] x(t). (1.45)

Other versions of this form can be found in the literature by renaming the state in opposite

order. In the following, we show its development.

Development: Simplest case

First, let us consider the case where the ODE does not contain derivatives of the input

d"y(t) d"y(t) dy(t) _
W+an_1w+"’+a17+aoy—u, (146)

or equivalently, a transfer function with no bounded zeros

Y (s) 1
a(s) = Y8) _ . 1.47
(5) U(s)  s"+ap_1s" 1+ +as+ag (1.47)

19
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T =

T Ty =Yy

/]

Figure 1.3: Block diagram representation of the control canonical form.

Let us define the set of state coordinates as

zi(t) = y(),
(

zo(t) = TR 1 (t),
(1) %ﬁ’f) — Gna(b).

Then, substituting the above states in (1.46), it follows
Ty (t) + an12n(t) + - + a122(t) + apr1 () = u(t),

where the derivative of the last state is

Tp(t) = —an_12,(t) — - — aywa(t) — agr1(t) + u(t).

In summary, the controller canonical form of (1.46) or (1.47) is given by

(0 1 0 0 0 | |
0o 0 1 0 0
i(t) = v ! ! x(t) +
0O 0 0 - 0 1
|—ao —ar —az -0 —Ap-2 —dn-1| i
y = [1 00 -0 o]ar(t)

(1.48)
(1.49)

(1.50)
(1.51)

(1.52)

(1.53)

(1.54)

(1.55)

Since integration blocks are standard in electrical circuits, so we can think of this procedure

as the practical implementation of an ODE or transfer function. Therefore, this procedure is

classically referred to as realisation.

20
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Remark 1.3.1. Different authors use different structures for the definition of controller canonical
form, so the interested student should go to different textbooks and understand that different
structures have a common point, only one state depends directly on the input and the rest of

the states only depend directly on one state.

Development: General case

Once we have developed this particular case, we have got the tools to deal with the most general

case. Let us consider the differential equation given by

d"y(t) d"ly(t) dy(t) d"u(t) d"2u(t) du(t)
din +an71W cetay dt +a0y(t) = bnflw+bn72w c '+bl d +bou(t),
(1.56)
or equivalently, a transfer function with no bounded zeros:
Y T s 2 4.
Gl(s) = (s) _ bn18"" "+ by 98" 4+ b5+ Do (157)
U(s) 8"+ @y a5 + ag
where b; # 0 for at least one 1 <7 < n.
Let us consider an intermediate variable £ such that
d"£(t) d" (1) dg(t)
g +an—1w+"'+a17+a0§(t) = u(t). (1.58)
By linearity, it can be shown that
rUE as (1)
=p S\ 4 1.
Y(t) = bpar— F bna o o b=+ b (0), (1.59)

however, this linearity argument may not be straightforward for the student. It can be easy to
understand the following procedure is the frequency domain. Let us introduce an intermediate

variable = (Laplace transform of £) as follows

Y(s)  bu 18"+ by 98" 24+ bis+ by
Ul(s) "+ Ay SV 4 a1 + ag

(s)
(s)°

hence we can rewrite the system between y and u as a system between u and £ followed by a

(1.60)

—_
—
—_—
—_
—
—_—

sequence of derivatives

=(s) 1
= 1.61
(s) S+ ap 18"+ ais+ag (161)

U
Y(s) = (bpo18" "+ by os" 24+ bs+by)=(s). (1.62)

Now, it is clear that (1.61) and (1.62) are the equivalent of (1.58) and (1.59) in the Laplace
domain.
Therefore, the realization of the general case can be reduced to the previous case by using

the intermediate variable £. One could think that the brute force implementation of (1.62) is
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Ty =
i1 (—T Il——f
|£, GlE T
dt dt? dtn—2 dgn—1
Lbo | [ba][ba] (o] oo

(a) Unrealisable control canonical form.

bnfl
dn—lg dn72£

xn = dtn—1 xnfl = dtn—2

(b) Realisable control canonical form.

Figure 1.4: Block diagram of control canonical form

indeed infeasible (see Fig. 1.4a), and hence the system (1.56) unrealizable. Nonetheless, £ = x4
and xo = @1, then € = 2o, and so on; thus the realization of (1.56) is carried out without the

implementation of (1.62) (see Fig. 1.4b).

As a result, the control canonical form of the ODE (1.56) or transfer function (1.57) is

0 1 0 0 0 0
0 0 1 0 0 0

i(t) = 0 O O 1 0 (t) + 0 u(t) (1.63)
0 0 0 0 1 0
a0 —ar —ay —az - —Qpo| _1_

y o= |bo by by - bn_l] z(t). (1.64)
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Worked example

Let us consider the dynamical system given by the following ODE

Fy(t)  dylt) . dy(t) Pult) | dult)
26— + 24y(t) = 4u(t 1.
g T 9 H 20— =+ 24y(t) = 3— = 46— = + du(t), (1.65)
or equivalently, by the following transfer function
352 + 65 + 4
= ) 1.66
G = S o9t 265124 (1.66)
Let us consider the system with input u and output & defined by
d°E(t) | d*E() dg(t)
9 26 24£(t) = u(t 1.67
Tm T 9 26—+ 246(1) = u(t), (1.67)
Now, let us defined state coordinates as follows:
x1(t) = &), (1.68)
d&(t )
o(t) = %:xl(t), (1.69)
d?E(t) .
r(t) = Ty, (1.70)

and replace these states in (1.67)

As a result, the time derivative of the vector state x is

0 1 0 0
zt)=1 0 0 1|z + |0] u). (1.72)
—24 =26 -9 1

By linearity arguments®, it can be shown that the output y is given as a linear combination of

§ =, &0 = T2, and Tew T3

o) =374 6% yet) and so y(t) = 4 (1) + 62a(t) + 32s)  (17)
or, in vector form,
y(t)=[4 6 3| (1.74)

3If you are still not sure of how this argument works, use the same argument as used in (1.60)-(1.61)-(1.62)
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Figure 1.5: Block diagram representation of the control canonical form for the ODE (1.65) or

transfer function (1.66).

Exercise 1.3.2. Given the state-space realization defined by the matrices

0 1 0 0
A=|l0 0 1|.B=|0 ,C:[4 6 3],andD:o; (1.75)
—24 —26 —9 1

use the MATLAB commands ss and tf to find the transfer function of this realisation. Check
whether the result corresponds with (1.66). Develop Simulink model using: (a) state-space
representation block, (b) integrators as in Fig. 1.5, and (c) interpreted MATLAB function to

define the state derivative followed by an integrator.

1.3.2 Observer canonical form

Once again, two different cases could be developed. However, since the general case is sim-
pler than in the previous case, we will develop the Observer canonical form for the general
case, without any intermediate case. To simplify the notation, we will omit expression of the

dependence on t.

Definition

Consider again the system described by

d"y(t) d"y(t) dy(t) d"u(t) d"?u(t) du(t)
T —Hlnflw Cetay It +aoy(t) = bnflw nqw—#' ~+by It +bou(?),
(1.76)
or equivalently,
n—1 n—2 .
G(S) . Y(S) . bn_ls + bn_QS + + blS + bo7 (177)

CU(s) o s"ta, st +as +ag

where b; # 0 for at least one 1 < i < n.
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Then the observer canonical form is given by

0000 -0 —a b
1000 -0 —a by

R A PR R (1.78)
0000 - 0 —ans bs
0000 - 1 —apa|  [bud]

y =000 0 1= (1.79)

Development

We are going to define a more sophisticated set of state coordinates for the ODE

d™y A"y dy d”_lu d"%u du
= 1.
dt + ap— 1dt" 1 + - Far— dt + agy b dtn =1 +bn thn 5 + - +b1d +b0u ( 80)

Let us reorder the above equation in a fancy way. All the terms with time-derivatives on the

left-hand side, and the rest on the right-hand side, so it follows

d™y d" 1ty dy d”_lu(t)
dpn OV g b g = =

Pult) L, dult)

Tz T bou(t)—apy. (1.81)

_bn72

As every term on the left-hand side has a time-derivative, then one time-derivative can be taken

as a common factor, so

d dnfl dn72 d"fzu dnf:}u
E( y—i_anfl y—|—~~—i—a1y—bn,1——bn,2m

i1 a2 din—2 S blu) = bou(t) = ao.

(1.82)
The first state has magically turned up! We will consider our first state as everything inside of

the brackets on the left-hand side, i.e.

dn—l dn—Zy dn—2u dn—3u
Ty = di1 +ap-1— di—2 + - Fay — bnflm T2y T T biu, (1.83)
and
jjl = —agy + bou. (184)

Let us reorder (1.83) following the same procedure, but now terms with time-derivative will
stay on the right-hand side of the equation, whereas terms without derivatives will be moved

to the left-hand side, and so

dn—l dn—2 d dn—2 t dn—3 d
LA P o u(t) Y n 2 (185)

_ b A A S U N A S
T1mmy o= A2 2t L g2 2 g3 dt
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Once again, our fancy re-aggregation of term allows us to take a common derivative on the

right-hand side, so

d dn—2y dn_3y dn_3U dn—4u
Ty — Yy +bu= % <dt”—2 +an1W+"‘+a2y_bn1W_bn2m_"'_b2u) )
(1.86)

and the second state is born as everything inside of the bracket on the left-hand side, i.e.

dn—Qy dn—3y dn—3u dn—4u
— ] e —byg—— —byg——— — - — bou, 1.87
L2 dtn—2 T On—y dtn—3 + + a2y 1 dtn—3 2 dtn—4 2U ( )
and
Tog = 21 — a1y + bu. (1.88)
So forth and so on, we will obtain the state z3, x4,..., x,_2 and
d
Tp1 = el + ap_1y — bp_1u, (1.89)
dt
which can be reordered in the same manner, i.e
dy
n—1 — Un— bnf = 7 1.90
Tp—1 — Qpn1Y + 1Uu It ( )
an equation that gives birth to our last state
Ty =Y, (1.91)
and
Ty = Ty — Ap_1Y + bp_qu. (1.92)

During this procedure, some students would have been very worried, since one could think that
time-derivative of the states can only depend on states and input. However, (1.91) will have

calmed these students since it allows us to rewrite the time-derivative of the states as follows

1 = —apx, + bou, (1.93)
T9 = T1— a1T, + biu, (1.94)
(1.95)

Tpol = Tp_9 — Qp_oly + bn_ou. (1.96)
Tp = Tp_1— Qp_1Tp + bp_1u; (1.97)
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SIS B B =
O

SO —O—{IF

)
o/
—ag —a1 —a2 —an—1

Figure 1.6: Observer canonical form of ODE (1.76) or transfer function (1.77) with the new set

u

€1

of coordinates.

or equivalently

0000 -0 —a | [t
1000 -0 —a b
I P L P
0000 -~ 0 —aps b
0000 - 1 —at]| b
y = o000 1= (1.99)

This form is known as the observer canonical realization of of ODE (1.76) or transfer func-

tion (1.77). See Fig. 1.6 for a block diagram.

Worked example

Let us consider the dynamical systems given by the following ODE

dy  dPy dy d*u  du
— +9—+26— 424y =3—5+6—+4 1.100
g ae T T T g T T ( )
or equivalently, by the following transfer function
352+ 6s+4

G(s) = . 1.101
)= 30 1265+ 24 (1.101)

We are going to use this example to uncover our magic trick. Let us rewrite (1.100) as
follows

d
E(y‘+9y+26y—3u—6u) = —24y + 4u, (1.102)

then we can choose

x1 =+ 9y + 26y — 30 — 6u, (1.103)
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0 0o OO

T1

oo IOo——

—24 —26 -9

Figure 1.7: Observer canonical form of ODE (1.100) or transfer function (1.101) with the new

set of coordinates.

where it is clear that &1 = —24y + 4u. Once again, let us rewrite (1.103) as follows
d .
a(y+9y—3u) = 11 — 26y + 6u, (1.104)

then we can choose

xo(t) = v + 9y — 3u, (1.105)
then &5 = —26y + x; + 6u. And, finally,

d

a(y) =25 — 9y + 3u, (1.106)

then z3 =y and 23 = —9y + x5 + 3u.

As a result,the final expression to the obsever canonical form is

0 0 —24 4

T = |1 0 —26|x+ |6|u (1.107)
01 -9 3

y = [0 0 1}:1: (1.108)

Exercise 1.3.3. Given the state-space realization defined by the matrices

00 —24 4
A=11 0 —26|, B=|6 ,C:[o 0 1],andD:O; (1.109)
01 -9 3

use the MATLAB commands ss and tf to find the transfer function of this realisation. Check
whether the result corresponds with (1.101). Develop Simulink model using: (a) state-space
representation block, (b) integrators as in Fig. 1.7, and (c) interpreted MATLAB function to

define the state derivative followed by an integrator.
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1.4 Learning Outcomes

The learning outcomes of this chapter can be summarised as follows:

e The state-space representation is a very powerful method to model any system, linear or

nonlinear.

e When the system is linear and time invariant (LTT), then the representation of the system

is given by four matrices A, B, C' and D with
&t = Ax+ Bu, (1.110)
y = Cz+ Du. (1.111)
e Any transfer function or ODE has a state-space representation.

e The state of the system is the minimal information that allows us to determine the future

of the system.
e The evolution of the system is represented by the trajectory of the state in the state-space.

e There are three important forms of representing an LTI system: control canonical form,

observer canonical form and modal form (Chapter 2).

e In the control canonical form, the input only directly affects one state and the output is

a linear combination of the state coordinates.

e In the observer canonical form, the output is one of the state coordinates and the input

may directly affect the dynamic of all states.
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Chapter 2

Solutions in the state-space

This chapter is devoted to finding the solution of a dynamical system in the state-space repre-
sentation. Two methods are presented: firstly, we will solve the ODE in the time-domain and;

secondly, we will do so in the frequency-domain.

2.1 Modal form

2.1.1 Definition of the modal form

We have skipped this form in the previous chapter since this form is related with the solution
of the system. The modal form of a system is obtained when the matrix A is represented by

its diagonal form.

Definition 2.1.1. The matrix A € R™*" is said to be diagonalizable if there exist a diagonal

matrix A € C"*" and a nonsingular matrix V' € C™*" such that
A=VTAV. (2.1)

The diagonal elements of A, \;, are called eigenvalues of the matrix A and they satisfy det(A —

MNl)=0fori=1,2,...,n. The column vectors of V' are the eigenvectors of the matrix A.

There are matrices that cannot be diagonalised, but we are not going to consider these
details. Interested students can check any Linear Algebra textbook, e.g. Chapter 7 in Meyer’s
book available online (http://www.matrixanalysis.com/DownloadChapters.html). We will re-
strict our attention to matrices with different eigenvalues, i.e., \; = A; if and only if 7 = j; then

we can ensure that there is a diagonal form on the matrix.

Result 2.1.2. If A € R™" has n different eigenvalues, then A is diagonalizable.

31



State-Space Control Solutions in the state-space

Let us consider the system with a state-space representation given by

&t = Ax+ Bu, (2.2)

y = Cx+ Du. (2.3)

where A € R™*" has n different eigenvalues. Then, A is diagonalizable, so let us find V' such

that A = V1AV, with A diagonal. Applying the change of variable z = V¢, we obtain

¢ = Ag+V 'Bu, (2.4)

y = CVqg+ Du. (2.5)

The coordinates g are referred to as system modes and the matrix A as the modal matriz. Note

that this expresion is equivalent to the previous chapter expresion for change of variable if we
use ' = V1

Whereas x are assumed to be real, we cannot longer assume that ¢ will be real as the

eigenvalues can be complex. Some authors propose a linear combination of the modes ¢ to

recover realness. In this case A is no longer diagonal.

2.1.2 Worked example: Modal form of a system

Find the modal form of the system with the following state representation:

1 -2 1 1 1

= + u (2.6)
To 2 =3 |z 2
T
y = [2 1} (2.7)
4op)

The first step is to find the eigenvalues of the matrix A, i.e., find A such that det(A—\I) = 0:

—2-=A 1
2 -3-A

=(=2-AN)(=3-XN)—2=X N+ A+4=A+4)\+1) (2.8)

hence the eigenvalues of A are given by the roots of the polynomial (A +4)(A+1), i.e. —1 and
—4. The second step is to find the eigenvectors. The eigenvector associated with the eigenvalue

A1 = —1 is given by any of the infinite solutions of the simultaneous equation Az = Az or

(A= M)z =0,ie.

A=(=DN) | | = = (2.9)
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hence

—rx+y = 0, (2.10)
20 —2y = 0. (2.11)
It is clear that both equations provide the same information; thus the system of simultaneous

equations will have infinite solutions. In this case, any vector where x = y will be an eigenvalue

of A1, for instance

1
vy = : (2.12)
1
Following the same procedure for A\ = —4
2 1| |z 0
A— (=4I = = . (2.13)

Students with basic knowledge in Linear Algebra will not be surprised by the fact that there
are infinite solutions again. The definition of eigenvector ensures that there exist infinite eigen-

vectors. In this case

2e+y = 0, (2.14)
2e+y = 0; (2.15)
resulting in that any vector such that y = —2x is a eigenvector of A\y. For instance, let us take
1
vy = . (2.16)
—2

As a result, we have obtained that the transformation matrix V' is given by

1 1 X 1 2 1
1 -2 —2-11_1 1
hence
X 1 |-2 =1 |-2 1|1 1 112 1] |1 1 —1 0
A=VAV = = == =
3 1-1 1 2 3|1 =2 =314 —4| |1 =2 0 —4

So we have found a matrix V such that A = V1AV is diagonal. In the jargon, A it is said to
be similar to A. As V is not unique, the modal form is not unique, but A, i.e. the A matrix of
the state-space representation, will be unique up to ordering of its diagonal elements.

In summary, the modal form is given by applying the transformation ¢ = V=12
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j -1 0 3
- L I (2.19)
1) 0 —4| |¢ =
q1
y = [3 0] (2.20)
q2

and it block diagram is given in Fig. 2.1. Note that each mode evolves regardless of the rest of

modes.

Exercise 2.1.3. Use the command ss2ss to find the transformation of the systems defined by

T = V1. The result should correspond with the system given in (2.19) and (2.20).

Exercise 2.1.4. Use the command canon to find the modal form of the system. Does this

modal form correspond with the modal form in (2.19) and (2.20)? If not, why?

2.2 Solution of a state-space representation

2.2.1 Exponential matrix

Before dealing with the solution of a system, we need to introduce the concept of the exponential

of a matrix.

Definition 2.2.1. Given a square matrix A € R"*", we define the exponential of the matrix

A, henceforth, e? as follows
— 1
et =>" EAk (2.21)
k=0

The above definition is the straightforward generalization of the exponential function from
numbers to matrices. Note that students should be able to carry out all operations on the right-
hand side, but computing this infinite sum could be somehow tedious. We will be particularly

At

interested in the exponential matrix e, since it turns up in the solution of LTT systems.

34



Solution of a state-space representation State-Space Control

The exponential matrix has some properties:

L =1

plath)A  _ aAbA

ed = diag(eM, e, ... M) where A =diag(A;, Ag, ..., An)
d
ae
Exercise 2.2.2. Using Definition 2.2.1, show that Le4" = Ae?.

(2.22)
(2.23)
ele™d = T (2.24)
(2.25)
= A (2.26)

Result 2.2.3. Given a square matriz A € C™", with A = V1AV where A is diagonal, then
= VetV (2.27)

Proof. Using the definition of the exponential matrix

=> A (2.28)
k=0
Let us pre-multiply by V! and post-multiply by V/
- 1 = Ly
VeV =y (VAR —AF = 2.2
V= 4l =2 (2.29)
k=0 k=0
hence
A=yt (2.30)
[ |

Exercise 2.2.4. During the above proof, we have used that A* = VA*V~! for any k € IN.
Prove by induction this result. Hint: show that it is true for £ = 1, then assume that it is true

for k = n — 1, and show that it is true for k = n.

2.2.2 Worked Example: Computing exponential matrix e

The computation of exponential matrix using (2.21) is difficult. The use of Result 2.2.3 and

property 2.25 is simpler. Let us consider

A= . (2.31)
2 -3
Then, we have show that A = V"'AV with A = diag(—1, —4) and

11 . —1|-2 -1
V= and V' = — : (2.32)
1 -2 3 -1 1
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Then, it is trivial to check that At = V~1(At)V. Therefore, the application of Result 2.2.3

yields
At Aty —1 1
e =Vel'VT = — =

1|2 t+e™™ et—e ¥ (2.33)
3 {27t — 24 ot 4 Qe . '

Exercise 2.2.5. Using symbolic variable (syms) and exponential matrix(expm) in MATLAB,

reproduce the above result.

2.2.3 Autonomous case
Let us start with the autonomous case.
Theorem 2.2.6. The matriz differential equation
&= Az, x(0) = zo; (2.34)
has a unique solution given by x(t) = exy for all t > 0.

Proof. Let us assume that the solution of the system is z(t) = exy. Using (2.22), it is clear
that 2(0) = e’zy = xo. Moreover, using (2.26)

x(t) = d(zjt)xo = AeMzy = Ax(t) (2.35)

Therefore, the proposed solution z(t) = e?*z, satisfies both condition in (2.34). Theorems
about existence and uniqueness of the solution of a ODE gives the desired result. Interested

students can go to any textbook on differential equations to find such a theorem. [ |

Definition 2.2.7 (The state-transition matrix). From the solution of the matrix ODE (2.34),

At

the matrix e®" is referred to as the state-transition matrix. From any instant ¢y up to the

instant o + ¢, the states are related by

z(t) = ez (ty). (2.36)

Worked example: Solution in the state-space

Let us consider the dynamical system

= , x(0) = (2.37)
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Figure 2.2: In solid blue, first 10 seconds of the trajectory of the autonomous system (2.37). In
dashed red, direction of the “slower” mode. The initial value is (1,2) and the system evolves
towards the point (0,0). From all the possible directions to approach zero, the trajectory
chooses the direction given by the eigenvector associated with the eigenvalue whose real part

is greater.

Then, the solution of the system is given by x(t) = e**x(0). As we have previously computed

the exponential matrix, then the solution of the trajectory of the state is given by

x1(t) 2et e et—et | |1 det — e~

1 1
To(t) 3 |2e7t —2e 4 et 4274 |2 3 |det + 24

(2.38)

Exercise 2.2.8. Plot Fig. 2.2 using MATLAB and expm.

Exercise 2.2.9. Plot Fig. 2.2 using Simulink and State-Space block.

2.2.4 Stability of an LTI system

The previous example has shown that the solution of the dynamical system (2.34) is given
by a linear combination of e, where )\; are the eigenvalues of A. In short, the eigenvalues
of the matrix A contains a very important piece of information. Since the representation of
the dynamical system is not unique, we should expect that all the possible realisations of the

system provide the same information.

Result 2.2.10. If A is similar to B, i.e. there exists an nonsingular matriz V' such that

A =V~IBV, then the eigenvalues of A and B are the same.
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The above result ensures that the dynamical behaviour defined by the eigenvalues of the
matrix A will remain unmodified if we carry out a transformation, as we should expect.
A general definition of stability may be complicated, but let us restrict our attention to

linear systems in this chapter. Then we can propose the following definition:

Definition 2.2.11 (Stability). An autonomous system & = Az is said to be asymptotically
stable if lim;_,,, z(t) = 0 for all initial conditions zq € R™. It is said to be marginally stable if
for any initial condition xy € R™ such that ||z¢|| < J, there exists M € R such that ||z(t)|| < M
for all ¢ > 0, but lim;_,,, x(t) # 0. Finally, if the system is neither asymptotically stable nor

marginal stable, it said to be unstable.

General definitions for nonlinear systems will be covered in Chapter 3. For further discus-
sion, read Chapter 4 in “Nonlinear Systems” by H. K. Khalil, but it is beyond the scope of this

unit.

Result 2.2.12. An autonomous system & = Ax is asymptotically stable if all the eigenvalues
of A have strictly negative real part. The system is marginally stable if it has one or more
distinct poles on the imaginary axis, and any remaining poles have negative real part. Finally,
the system is unstable either if any pole has a positive real part, or any repeated poles on the
1Maginary aris.

Stability is a very important concept, so we have a special name for the matrices with this

property in their eigenvalues.

Definition 2.2.13 (Hurwitz). A square matrix is said to be Hurwitz if all its eigenvalues have

strictly negative real part.

We are not going to develop a formal proof, but the argument is along these lines: if all

eigenvalues are strictly negative, then

lim e =0, (2.39)
t—o0
since all elements of this matrix are linear combination of e** for all i = 1,...,n and these

exponentials approach zero as t goes to infinity. Therefore

. T At .
Jim z(t) = Jlim e™zo =0, (2.40)

Exercise 2.2.14. If the eigenvalues provide information about the stability of the system, other
information is provided by the eigenvectors (See Fig. 2.2). When ¢ approaches infinity, then
x(t) approaches the direction of the eigenvalue with maximum real part. Show this property.
Hint: Transform the dynamical system and the initial conditions to the modal form and evolve

the state.
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Non-autonomous case

Once we have addressed the autonomous case, we can propose the solution for the non-
autonomous case. By analogy, the solution of a non-homogeneous ODE is given by the addition

of the solution of the homogeneous case, i.e. the autonomous case, plus the particular solution.
Theorem 2.2.15 (General Case). Consider the matriz differential equation
&(t) = Az(t) + Bu(t); x(0) = zq (2.41)
For t > 0 the state x(t) of the above system is given by
t
z(t) = g +/ A=) Bu(r)dr (2.42)
0

Proof. We can write (2.41) as

x(t) — Ax(t) = Bu(t). (2.43)
Multiplying by e~ yields
e i(t) — Ax(t)] = e " Bu(t) (2.44)
which is equivalent to
%[e_mw(t)] = e Bu(t). (2.45)

Finally, integrating over [0, ¢] it follows
t
e HMa(t) = e gy +/ e ™ Bu(t)dr. (2.46)
0

Hence, multiplying by e the desired result is obtained. [

Once the evolution of the state is known, the output of the system can be trivially computed

as

y(t) = Cz(t) + Du(t) (2.47)

for any ¢t > 0.

When the system has inputs and outputs, we need to define stability properties carefully.
Nevertheless, for linear systems, both definitions, autonomous stability and input-output sta-
bility, are equivalent. Therefore, we will say that the system 2.41 is stable if the autonomous

system associated with the system, i.e. u(t) =0 for all ¢t € R, is stable.
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2.3 Solution using Laplace transform

2.3.1 Laplace transform

In the previous chapter, we discussed the state-space representation of systems which are defined
via ODE or transfer functions. Now we are going to derive the solution of the differential
equation via Laplace transform. Instead of using transfer functions with high order, we are

going to use a first order transfer function but with matrices instead of numbers.

Definition 2.3.1. Given a function f : R — R, its Laplace transform is defined by
Lif(t) = F(s) = h f(t)e " dt. (2.48)
-
Moreover, we say that f(¢) is the inverse Laplace transform of F(s).
See your notes on Control Fundamentals by W. P. Heath for further discussion.

We are not going to deal with the properties of this transformation here, but students should

be familiar with them. For instance:

Lif(t)] = sF(s)— f(07) (2.49)
LIf®)] = s*F(s) = sf(07) = f(07) (2:50)
Lif(t—to)] = e ™F(s) (2.51)
Lif(at)] = “F(s/a) Va>0 (2.52)
LIf(t)xg(t)] = F(s)G(s) (2.53)

All these properties make the Laplace transform a very useful tool for solving ODEs. In

particular, the last item is what control engineers use every day.

Result 2.3.2. Let h(t) be the impulse response of an LTI system with zero initial conditions.

Then the output of the system can be computed as

y(t) = u(t) * h(t) = /0 w(F)h(t — 7)dr. (2.54)

By using (2.53), the above integral becomes a product

For the rest of the world, the Laplace transform is “just” a way for solving a differential

equation. Our world is transformed by Laplace!
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2.3.2 Solution of the system: The autonomous case

Given the system defined by
&= Az, x(0)= xo; (2.55)

the solution of the system can be computed using the Laplace domain

sX(s) —xg = AX(s). (2.56)
Then the solution in the frequency-domain of the system (2.55) is

X (s) = (sI — A) tay. (2.57)

But we must go back to the time domain. To this end, let us expand the above expression as

follows

n—1

(sI —A)'=stT—-A/s) ! = %i(A/s)k = g + g - A +- 4 +... (2.58)

s3 s"
k=0
Then, we need to use the inverse laplace transformation tables to find that

n!

L[t"] = s, (2.59)
which is equivalent to
1 ot
L= = : 2.60
[s”] (n—1)! (2.60)

Moreover, if we are considering a matrix form, then

Lt L{n] = {fil)!. (2.61)

where X is a matrix.

Now we can translate the frequency-domain expression (2.57) into the time-domain

z(t) = L7X(s)] = (L—1 H + L7t {é} + L7t {A—? +o 4 L7 {Ann_l} +. ) To. (2.62)

S 52 53 S

And using (2.61), then the final result is achived
A2t2 An—ltn—l At
As expected, the result is the same as developed in previous section. But this offers an alter-

native method of computing the solution. Moreover, let us state the above result properly

Result 2.3.3. Let A be a square matriz, the inverse Laplace transform of (sI — A)™! is given

At

by e, in short

L7Y(sI — A)7Y = e (2.64)
|
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Worked example: Solution in the state-space

Let us consider the dynamical system

1( -2 1 1 (T 1
0 0 2(0) = (2.65)
ZL‘Q(t) 2 -3 .Q?g(t) 2
Then let us use (2.56)
-1
s+2 -1 1
X(s) = , (2.66)
-2 s+3 2

hence a new posiblity of solving the problem turns up. Let us invert the above matrix and then
carry out the inverse Laplace transformation.

-1

_ s+3 1
s+2 —1 I S SR (N  e== e i e== el (2.67)

B T 2 +5s+4 2 s+2
2 s+3 2 s+2 IO D) +d)

As an intermediate step, we need to apply the partial fraction decomposition to these fractions.

After simple algebra, it follows that

s+3 o b 2/3 1/3
GG+ G+ (44 (+1)  (5+4) (2.68)
1 a2 bo B 1/3 _1/3.
(3+1)(5+4)_(S+1)+(S—|—4)_(S—|—l)+(3+4)’ (2.69)
2 _as b3 B 2/3 _2/3.
GrDG+d) G+D (44 (+1)  (5+4) (2.70)
s+ 2 _ s n by _ 1/3 n 2/3 2)

(s+1)(s+4) (s+1) (s+4) (s+1) (s+4)
Then,

L1 [A] L1 [;] et f et et _ o
L7Y(sI — A7 = (s+1)(s+4) GO0 | _

1
2 ] 71 [( ) ] 3 9=t — et o—t 1 9p—4t

~1
[(s+1)(s+4) s+1)(s+4)
(2.72)
As a result, we have been able to compute the exponential matrix as
1|2 t+e ™™ et—e¥
e =L7(sI - A7 = 3 (2.73)

27t — 2eH et 4 207
So the solution of the system is

o(t) = z1(t) 1 2t e et —et | |1 1 4ot — e~ (2.74)
To(t) 3 |2e7t —2e 4 et 4274 |2 3 |det + 24
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2.3.3 Transfer function of a state-space representation
Let us consider the state-space representation
(t) = Ax(t)+ Bu(t), z(0)=x (2.75)
y(t) = Cz(t) + Du(t). (2.76)
Firstly, let us apply the Laplace transform to the state equation as previously
sX(s) —xg = AX(s) + BU(s), (2.77)

grouping terms
(sI — A)X(s) = BU(s) + xo, (2.78)
hence the state trajectory in the frequency-domain is
X(s) = (s — A)'BU(s) + (sI — A) " ty. (2.79)
We need to keep in mind that we are working with matrices so the order is important when we

move terms from one side to the other.

Exercise 2.3.4. Use (2.79) to obtain (2.42). Hint: You will need to use Result 2.3.3 and

property (2.53).
Secondly, let us apply the Laplace tranform to the output equation and use the above result
Y(s)=CX(s)+ DU(s) = C((sI — A)7'BU(s) + (sI — A)~'z) + DU(s), (2.80)

thus it follows

Y(s) = (C(sI — A)"'B+ D)U(s) + C(sI — A)"'a. (2.81)

Finally, we need to consider that the transfer function of a system assumes null initial conditions,

and thus we reach the desired result

G(s) = =C(s[ —A)'B+D. (2.82)

Worked Example: Transfer function of a state-space representation

Let us find the transfer function of the system given by the state-space representation

00 —24 4
A=1|1 0 —26|, B= |6 ,C’:[o 0 1],andD=0. (2.83)
01 -9 3

The first step is to compute the inverse of (s/ — A).
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: G /L —
: [—A)'B+D
O [ ! u |CI=ATB+D)y

B C
u 1] — (A, B,C, D)

Figure 2.3: Block diagram with matrices and its transfer function representation.

Result 2.3.5. The inverse of a matriz of any order can be computed as the adjoint over the
determinant, i.e.
_1_ Adj(4)

= Jet() (2.84)

where the adjoint of a matrix is the matriz of cofactors of the transpose matrix. Finally, the

cofactor of the element (i, j) is the minor of A without the row i and the column j times (—1)*7.

[ |
Thus, we need to write first the transpose of the matrix that we want to invert
s —1 0
(sI-AT=10 s -1 (2.85)
24 26 s+9

Let us compute some cofactors of the transpose matrix.

Element (1,1) of the adjoint of (sI — A) It is defined by the minor of (sI — A)" without

fisrt column and row times (—1)'*! i.e.

s -1
Adj(s] — A)y1 = (—1) = 5%+ 95 + 26. (2.86)
26 s+9

Element (2,1) of the adjoint of (sI — A) It is defined by the minor of (sI — A)" without

fisrt column and second row times (—1)2"1, i.e.

-1 0
Adj(sI — A)yy = (—1)? =s5+09. (2.87)
26 s+9

Element (3,1) of the adjoint of (s/ — A) It is defined by the minor of (sI — A)T without

fisrt column and third row times (—1)3™ i.e.
Adj(sI — A)zq = (—1)* =1 (2.88)
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Following this procedure

9s+s24+26 —24 —24s
Adj(sI — A) = 9+ s 9s + s> —26s — 24 (2.89)
1 S 52
and applying the above trick

-1

s 0 =24 9s+s2+26 —24 —24s
1
B _ 2 _96s — 2.90
1 s 26 5052 1 265 1 24 9+s 9s + s> —26s—24|, (2.90)

0 —1 s+9 1 s 52

hence we have all elements to carry out the matrix product G(s) = C(sI — A)"'B

9s+s2+26 —24 —94s 4
Y(s) 1
G :—:|: i| 2 . _ _
) Us) 00 e oo aesraa | 9T Osts —2s =246
1 S 52 3
4
1 352+ 6s+4
' 2 = 2.91
s% + 9% + 265 + 24 [1 ’ 8} 6| =S o2 raesrar

3

2.3.4 Inverse “a la Rosenbrock”

In his book, H. H. Rosenbrock provides an interesting way of computing the most common
inverse in state-space representation. This approach is based in the Cayley-Hamilton theorem.
Several results in state-space make use of this theorem, so let us state this relevant result.
Let A be the determinant of the matrix s — A, known as the characteristic polynomial of
A, and given by
A =

sl — A’ = 5"+ ap_15" + -+ ais + ag. (2.92)

and the values s that satisfies this characteristic equation are called eigenvalues. For sake of
convenience, we have replaced the symbol A by s, but this definition is the same as the one

given at the beginning of this Chapter.

Theorem 2.3.6 (Cayley-Hamilton Theorem). Every square matriz satisfies its own character-
1stic equation, i.e.
A"+ a, A" 4t a At ag =0 (2.93)

Then the inverse of the matrix s/ — A is given as follows:
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Result 2.3.7. The inverse of sI — A is given by

-1 _ pn_1(S)I +pn_2(5)A 4 .- _’_pl(S)ATHQ + A1

I—A 2.94
(s ) S+ Gp_1 SV -+ aps + ag (294)
where the polynomials py are given by
k
pi(s) = Zan—k+j3] (2.95)
§=0

with a, = 1.

This result is insightful since it allows us to write the transfer function of a system as
frequency dependent linear combination of relevant matrices

G(S) :D+pn_1(8)CB+pn_2<8)CAB+'--—|—p1(s)CAn72B+ ]_

A(s) A(s) A(s) A(s) cATB. (2.96)

The matrices {CA*B} for k = 0,1, ... are refereed to as the system Markov parameters. They
are widely used in MPC (Model Predictive Control) and system identification, where they are
usually obtained from the discrete-time state space form. The inverse “a la Rosenbrock” shows
the meaning of these parameters in the continuous-time domain. Let us consider D = 0, then

we can rewrite (2.96) as follows:

bn_lsn_l + bn_zsn_z + -+ bls + bg

Gls) = 8" 4 Q18" 4 - Fais +ag (2.97)
where the coefficients b, are given by
bp-1 = CB (2.98)
b2 = a,_1CB+CAB (2.99)
bo-zs = an2CB+a, CAB+ CA’B (2.100)
_ (2.101)
by = aCB+a3CAB+ - +a, CA"*B+CA" B (2.102)
bo = a,CB+ayCAB+ -4 a,_yCA" ?B +a, CA" > B+ CA"'B (2.103)
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2.4 Learning Outcomes

The learning outcomes of this chapter can be summarised as follows:

e The modal canonical form splits the system into independent modes via a diagonalisation

of the matrix A.

e Given an (A, B, C, D) representation with A diagonalisable and state x, the modal canon-
ical form is obtained by applying the transformation ¢ = V~'z, where the columns of V'

are the eigenvectors of the matrix A. The set of coordinates ¢ are modes of the system.

e Some matrices cannot be diagonalised, but the modal form can be obtained via Jordan

forms (more details about Jordan forms are beyond the scope of this course).

e The exponential of a square matrix A is defined by

A - Ak
et =>" o (2.104)
k=0

d AL _ oAt

and e

At

e The matrix e is referred to as state transition and the evolution of the autonomous

system between the instant ¢, and ¢, is given by z(t;) = eAt170)x(¢,).

e The state transition matrix is a linear combination of the exponential of the eigenvalues

of the matrix A.

e If all eigenvalues of A have strictly negative real part, A is said to be Hurwitz and

limy_, €* = 0. This property ensures that the system is stable.

e The Laplace transform of the exponential matrix provides an alternative method to com-

pute it with finite number of terms:

L) = (sI — A)7 ' or e = L7 ((sI — A)7Y). (2.105)

e The transfer function of a system with a state-space representation (A, B, C, D) is G(s) =

C(sI — A)~'B+ D.
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2.5 Further examples

Let us find the inverse Laplace transform of the transfer function:
1

G(s) = . 2.106
() = 2 1 1015 (2.106)
The first step is decompose this fraction in partial fractions:
1
o, Bsty (2.107)
s3+2s24+101s s s2+4+2s+101
After some simple algebraic manipulation, it follows that
1 = as® 4+ 2as + 101a + Bs* + vs. (2.108)
Then, we need to find the solution of the simultaneous equations
10l = 1, (2.109)
20+ = 0, (2.110)
a+pB = 0. (2.111)
It is trivial to show that the solution is
a = 1/101, (2.112)
= —2/101, (2.113)
g = —=1/101, (2.114)
hence
1 1/101 1 2
_Y i (2.115)

$3 + 252 + 101s s 101(s+1)2+100°
The inverse Laplace transform of 1/s is 1 for all ¢ > 0. We need further manipulations with

the second fraction. In particular, we need to use:

s+ a
LT ————] = e “cos(bt 2.116
b
L' ———— ] = e “sin(bt 2.117
((s+a)2+b2) ¢ sin(bt) (2.117)
so let us rewrite this fraction to be able to use this expression:
5+ 2 s+1 1 10
_ L 2.118
GFr121100 (st 124102 10(s 1 12+ 10° (2.118)
Then, it follows that
-1 s+2 —t Loy
_— | = 10t) + — 10¢ 2.11
L (3—1—23—1—101) e cos( 0)+106 sin(10¢) (2.119)
As a result, the inverse Laplace transform of G(s) is given by
1 1 1
L(G(s)) = o1 101 (e_t cos(10t) + Ee_t sin(lOt)) (2.120)
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Chapter 3

Nonlinear systems

The state-space representation of a system can be used for both linear and nonlinear systems.
In this chapter, we shall only briefly deal with nonlinear systems. Students will be able to test
their endurance with Nonlinear Systems within the unit Nonlinear and Adaptive Control in
the second semester. This chapter will focus on linearisation of nonlinear systems around an

equilibrium point or around an operating point.

3.1 Linearisation of nonlinear systems

3.1.1 Equilibrium point of a nonlinear system

Let us consider the autonomous dynamical system

2(t) = f(x(t), 2(0) = xo, (3.1)

where the vectorial function f : R™ +— R"™ has an appropriate continuity condition such that
the above differential equation has a unique solution.

The mathematical definition of an equilibrium point is the following:

Definition 3.1.1 (Equilibrium point). The point z. € R™ is an equilibrium point of the
system (3.1) if f(z.) =0, i.e.
#(t)|,_,. = flz) =0. (3.2)

Now, we can introduce a more sophisticated definition of stability.

Definition 3.1.2. An equilibrium point z. is said to be stable if for any initial condition around

the equilibrium point, then the distance between the solution of (3.1) at any instant and the
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equilibrium point is bounded. Mathematically, for any € > 0 there exists § such that
|2(0) — x|l < & then ||z(t) — z|]| <€ Vt>0. (3.3)

Moreover, it is said to be asymptotically stable if lim; ., z(¢t) = 0. Finally, if the equilibrium

point z, is not stable, it is said to be unstable.

Loosely speaking, an equilibrium point is stable if the trajectory of the state tries to recover
or stay close to the equilibrium point when the system is slightly disturbed. So it is able to keep
this position even though small disturbances can disturb the system. When the equilibrium
point is unstable, any small perturbation will lead to the loss of equilibrium and the equilibrium
position will not be recovered. Further classifications of stability, such as globally, locally,
exponentially; can be found in classical nonlinear literature (for futher discussion read Khalil).

In the linear case, we are only interested in the trivial equilibrium point z. = 0, so the
definition of stability is given for the system. However, this definition is more fundamental
since a system such as a pendulum has two equilibrium points, where one is stable and the

other unstable. Therefore, the concept of stability is inherent to the equilibrium point.

Exercise 3.1.3. Give an example of a linear system with several equilibrium points.

3.1.2 Linearisation around equilibrium points

The nonlinear system behaves approximately as a linear system near an equilibrium point
(assuming some nice properties such as as continuity in f, etc.). This fact is supported by the

Taylor expansion® of f around the equilibrium point

fx) = fxe) + Jp(we)(z — ), (3.4)

where J; is the Jacobian matrix. Now it clear that if f(z.) = 0 and we define a new state as
Ar = x — x. , then the f(z) becomes the matrix J; times the vector Az if z — . is close to

zero, hence the nonlinear system (3.1) becomes linear

% (Az) ~ AAx (3.5)

d
where A = J¢(x.) and we have used that if Az =z — z, then pr (Az) = 7.

We still need to define the Jacobian matrix of f:

'Nothing to do with Taylor Swift.
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Definition 3.1.4. Given a vectorial function f : R" — R", then the Jacobian matrix J; € R"*"

is defined by

9fh  Of of
ox1 X9 Tt Oxn
Jp= |0 0w O (3.6)
Ofn  Ofn Ofn
_82?1 8%2 T azn_

We can analyse the equilibrium point by performing a linearisation and studying the prop-

erties of the Jacobian matrix at the equilibrium point.

Result 3.1.5. The stability of the equilibrium point x. of the system (3.1) is equivalent to the
stability of the linear system defined by & = Az, where A = Jyp(x.).

3.1.3 Worked example: simple pendulum

A simple pendulum (Fig. 3.1) is described by the equation
b+ % sin(6) = 0 (3.7)

where 6 is the angle between the vertical position and the position of the pendulum and [ is
the length of the pendulum. The state-space representation of this second order differential

equation can be deduced as follows.

Figure 3.1: A rigid and massless bar of length [ joins the pivot o and the mass m. Let 6 be the

angle between the vertical position and the bar.

Let us define the states

r = 0 (3.8)
T, = 0. (3.9)
Then &y = —%sin(f), so the state-space representation of this system is
T = @9; (3.10)
By = —% sin(z;). (3.11)
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Hence the vectorial function f(z;,x9) is given by

o)
f(l'l, .CCQ) = s (312)
—sin(z1)
and the equilibrium points satisfies f(z) = 0, i.e.
To = 0 (3.13)
sin(z;) = 0. (3.14)

As a result, the equilibrium points of the system 3.7 are xz.; = (0,0) and x.o = (7,0), if we
restrict our attention to 6 € (—m, ]. Before analysing the equilibrium point let us find the

Jacobian matrix:

Jp(w1, m9) = gg}l 2;2 " | axl(.Q) 9 %(.2) - (3:15)
o o (=4 sin(zy)) 52 (—9sin(zy)) (=% cos(z1)) 0O

Equilibrium point z.; = (0,0) At the equilibrium point z.; = (0,0), the system can be

linearised as

1
&= Jp(0,0)z = . (3.16)
—9 0
I
The eigenvalues of J;(0,0) are given by
—A 1 2, 9 g
det(J;(0,0) — XI) = =\ —i-i:Oand soA==+ 7j (3.17)
_9
I

Hence, the real part of the eigenvalues is 0 and they are at different localisations, therefore the

equilibrium point z.; is marginally stable.

Equilibrium point 2., = (7,0) At the equilibrium point z., = (7,0), we need to use a
translation of the space since the equilibrium point is not the origin, hence Ax = x — .. Thus

the system can be linearised as

Az = Jp(m,0)Az = Ax (3.18)
2.0
The eigenvalues of Jg(m,0) are given by
- 1 2 g g
det(Jy(m,0) — AI) = =\ —7:Oand so A=+ 7 (3.19)
g )
l

Hence, the real part of one eigenvalue is greater than 0; therefore the equilibrium point z.o is

unstable.
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3.1.4 Linearisation around an operating point

When the nonlinear system is required to be operating with an input that is different to zero,
then we can no longer refer to as an equilibrium point of the system since this concept is related
with the autonomous system. In this case, we use the concept of operating point.

Let us consider the nonlinear system given by

Po= fou) (3.20)
y = h(z,u); (3.21)
then if f(x,,u,) = 0, the point (x,, u,) is referred to as an operating point. Under this condition,

we can perform a linearisation of the system as follows. Let us define the new input, state and

output as the variation around u,, x,, and y,

Au = u—u,, (3.22)
Ar = x—z,, (3.23)
Ay = y— Y. (3.24)

Carrying out a Taylor expansion of f(z,u) and h(z,u) around the point (z,,u,), it follows that

flryu) = f(0,u) + JF (To, Up) (T — 20) + JF (o, Uo) (U — Up); (3.25)

h(z,u) =~ h(xe o) + Jp (o, Uo) (T — To) + 5 (X0, Up) (U — Uyp); (3.26)

where f(x,,u,) =0 and h(z,,u,) = y,. Finally, the linearised system is given by

d
pr (Az) = JF(Zo, Uo) AT + J§ (T0, o) Au; (3.27)

Ay =~ Ji(xo,u,) Az + J (0, uy) Au (3.28)

where the superscripts « and u in the Jacobian matrices indicate the parameter that is consid-
ered as a variable.

In order to compare both systems, we should implement both systems as depicted in Fig. 3.2.
One could wonder about what happens if the plant is linear. In this case, the implementation
of the operating point is not so critical since the system is the same at any point (x,u) and we

can always replace variables by increments of the variables.

3.1.5 Worked example: The quadruple-tank process

This problem was introduced by Johansson in his paper: “The quadruple-tank process: a

multivariable laboratory process with an adjustable zero”. This process is interesting since it
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Yo |||||||‘|||||l Yo
/L Z; = Ax; + Buy /L
_/ /

y = Cx; + Dy,

Y

Figure 3.2: Implementation of an operating poing in a nonlinear plant. In the figure, Ax, Au

and Ay have been replaced by x;, u; and ;.

provides an academic example of a plant with multivariable zero and directionality. Moreover
the process can be set up in such a way that the zero can be either in the left-half plane or in
the right-half plane. This system will be discussed in the last part of this unit.

The experiment consists in 4 tanks as in Fig. 3.3. The inputs of the system are the voltages
applied to two pumps. These pump water from the bottom basin into the four tanks, in
particular, Pump 1 into Tank 1 and Tank 4; and Pump 2 into Tank 2 and Tank 3. It is
assumed that the water flow is proportional to the voltage in the pump. The flow through each
pump is split into two subflows, outputs 1 and 2 at the top of the Fig 3.3. If the total flow is
fi for i = 1,2, then the flow through Output 1is f;; = 7, f; ; and the flow through Output 2 is
fiz = (1 =) f; where 0 <, < 1. It is assumed that each tank has the same section A.

The state of the system is defined by the four levels of the tanks: Ly, Lo, L3, and Ly. The
dynamics of each tank is given by the law of conservation of the mass for a liquid with constant

density

—volume of water = water flow in — water flow out (3.29)

dt

and Bernoulli’s equation provides that the discharge flow f4 at a Tank ¢ with a hole in the

bottom of the cylinder with a section D,; is given by
Jai = Doi/29 L, (3.30)

where we have assumed a perfect discharge.

Tank 1 Let us apply the law of conservation of the mass to Tank 1

d

E(ALI) = (fig+ fas) — for = (L = 711)kVp1 + Dosn/29L3) — Dp1n/29L4 (3.31)
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Figure 3.3: The quadruple tank. Adapted from Quanser manual.
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and we obtain the dynamics of the state L, as

. D 1— )k
iy = 29L1 + = /29Ls + A=k,

A

This equation is nonlinear in the states L, and Ls.

Tank 2 Let us apply the law of conservation of the mass to Tank 2

A 2

d
2 2,2 d4) — Jd2 = — 72 P2 o4 gLly) — Dsa gL
dt(AL> (fao + faa) — f ((1 VkVye + Dosr/2gL4) — Doar/2gL
and we obtain the dynamics of the state Ly as
. o o 1 — )k
LQ = A 29L2 A4 2gL4 —+ ( A,Y2) ‘/;)2.

Tank 3 Let us apply the law of conservation of the mass to Tank 3

d
dt<AL3) Joa — faz = 72kViye — Dozn/2gL3
and we obtain the dynamics of the state L3 as
; Yok
Ly = 29L3 + ——V,p.
3 A 3+ —— A

Tank 4 Finally, let us apply the law of conservation of the mass to Tank 4

d
dt<AL4) f1,2 — faa = ’Ylkvpl — Dosn/29L4
and we obtain the dynamics of the state L3 as
; Tk
L, = 29Ls + —V,1.
4 A 4+ —= 1

As a result, the state-space representation of the quadruple tank process is

D3
Ly = fi(L1, Ly, L3, Ly, Vi1, Vo) 2914 +7 29 L3

A
Do D 4
Ly = fo(Ly, Ly, L3, Ly, Vi, Vi) = A 29L2+7 2gL4 +
k
L3 = f3(Ly, La, L3, Ly, Vi1, Vi) A 2gLs + Pyz Vi,
k
Ly = f4(L1, Ly, L3, Ly, V1, Vi) A 29L4 + 7114 Vot

(1—m)k

A

(1 -k

A

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
(3.40)
(3.41)

(3.42)

The output of the quadruple tank process is given by the levels of Tank 1 and Tank 2, so it

can be written in our classical linear form

Ly
Ll [tooo||L
L |01 0 o] |L
Ly

26

(3.43)
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Now, let us assume that we want to operate the plant around the input voltages V; and

V5. Then, from the last two equations, there exist unique levels L3 and L7 such that

D, k

0 = = QngJr%v;z, (3.44)
D, k

0= = 2ng+%1/;1. (3.45)

Once L§ and L{ have been determined, it is clear that there exist unique levels L{ and L§ such

that
D, D, 1 — )k
0 = —=2/2gLg+ =2 2ng+%1/;1, (3.46)
D, D, 1 — )k
0 = —Z2Vaglg+ =t o9 + L2k A%) VY (3.47)

hence setting the voltage of the pumps, the operating point is determined by (L9, Lg, L3, LY, Vi, Vi),
in short, (L°,V?).

Exercise 3.1.6. Find the expression of (L, L§, L§, L]) as a function of (V3,V3).

Let us define the new set of coordinates as follows

1 = L1 - Lcl), (348)
To — L2 — Lg, (349)
r3 = L3 — Lg, (350)
Ty = L4 - LZ (351)
and the new set of inputs and outputs
u = Vi — V5, (3.52)
us = Vo=V, (3.53)
yio= Li— LY, (3.54)
Yo = Lo—Lj. (3.55)
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Nonlinear systems

The linearisation around this point is given by

iy SL (Lo, Vo) SE(Le, Vo)
Ba| | SE(Le,Ve) SE(L0,Ve)
i3 (Lo, ve) SB(Le,ve)
da| | GE(LO V) GE(Lo, V)

ats (Lo V) gH(Lo, V)
oz (Lo, Vo) g (Lo, V)
oty (L9 V) GE L,V
sty (L0 V) G (Lo, ve) |
59‘21 (Lo, Vo
5)‘211 (LO7 Ve
88\2))1 (Lo Ve
v

(3.56)

Uz

)

Voyl lup
)
)

Now we need to find the derivatives of the functions given in (3.39), (3.40), (3.41), and (3.42),

and evaluate them at the operating point (L°, V°). Then it follows

. Do1 /29 0 Doz [29

T 24 \/ L¢ 24 \/ Lg

. _ D02 2_9 D04
X2 o 0 2A L3 0 2A
| Doy /2
XT3 O 0 — —2;13 L_ZZ
Iy 0 0 0 Dt

X1

X2

Zs3

Ty

+
(1—Xl)k 0 1
0 (1—’Y2)'I€ Uy
J:k (3.57)
0 e (5)
uk 0

The state-space representation of the dynamical system is completed with the output equation

1 000
0100

xy
T2
xs3

Xyg

(3.58)

Exercise 3.1.7. Given the quadruple plant with values k = 0.5-107%/60 m3s™'V~!, A = 0.03%*x

m~2, Dy =47 -107%m=2 for i = 1,2, D,; = 7 - 107°m=2 for i = 3,4, and 7; = 0.25 for ¢ = 1, 2.

Carry out a simulation of the nonlinear system in Simulink and compare the nonlinear system

with the linearisation of the operating point given by the pump 1 working at 6 V and the

pump 2 at 4 V. Data: g =

9.81 ms™

2

Levels at operating point: L = 6.7802 - 107> m

L5 =4.5388-107% m; L = 3.5862 - 1072 m; and L§ = 8.0690 - 107> m
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3.2 Introduction to Lyapunov Stability

In the previous section, we have studied the stability of a linear system when it is linearised
around an equilibrium point. However, it just provided information of a very narrow region of
the state-space. In this section we are going to introduce a result that will be able to study
wider region of the state-space.

We are going to reduce our attention to the autonomous system

2(t) = f(x@), 2(0) = xo; (3.59)

and we assume that f : R" — RR" has nice properties in such a way that the above equation
has one and only one solution and f(0) = 0. The latter assumption ensures that there is at
least one equilibrium point, which is assumed without loss of generality to be the origin of the

state space.

Theorem 3.2.1 (Lyapunov Theorem). Let V : R" — R be a continuously differentiable func-
tion such that V(0) =0 and V(x) > 0 for all z € R* — {0}. If

V(z)<0 (3.60)
for all x € R™ then the equilibrium point x = 0 s stable. Moreover, if

V(z) <0 (3.61)
for all x € R™ — {0}, then the equilibrium point is asymptotically stable.

The application of this theorem will be covered in the second semester in Nonlinear Control

and Optimal and Robust Control.
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3.3 Learning Outcomes

The learning outcomes of this chapter can be summarised as follows:
e The state-space representation is able to describe nonlinear systems.

e The point x. of the dynamical system © = f(x) is said to be an equilibrium point if

f(we) = 0.

e The linearisation around an equilibrium point is always possible. The dynamics of the

system is described by the Jacobian matrix of f evaluated at the equilibrium point ..

e The stability of an equilibrium point z. is given by the eigenvalues of the Jacobian matrix

evaluated at x. as any linear system.

e When we have a nonlinear system operating with a constant input different to zero, then
the linearisation is still possible. This linerisation is referred to as linearisation around
an operating point. The matrices of the state-space representation are given by different

Jacobian matrices, all of them evaluated at the operating point.

e Stability analysis of nonlinear systems is a beautiful and fun topic. One of the most
important approaches is the Lyapunov theorem, which will be widely studied in the

second semester.

60



Chapter 4

Controllability and Observability

This chapter deals with two important concepts for state-space control: controllability and
observability. The former concerns the ability of the input to “move” the system from one
state to another state. The latter concerns the ability of the output to “reveal” the state of
the system. Both concepts were developed in the fifties and sixties of the last Century when
control engineers started to use state-space techniques instead of classical transfer functions.
Since then, controllability and observability have appeared in modern control techniques using

the state-space representation.

4.1 Controllability

4.1.1 Definition

Let us start with the mathematical definition.

Definition 4.1.1 (Controllability). The pair [A, B] is said to be controllable if for any x¢, z; €

R™ and any ¢; > 0, there exists a control action u : [0,¢;] — R™ such that the solution of
&(t) = Az(t) + Bu(t); x(0) =0 (4.1)
is T at t = tl, i.e. [L’(t1> =T.

We will say that a state-space representation is controllable if its pair [A, B] is controllable.
Loosely speaking, given two points of the state space, the controllability of the system ensures
that we will be able to move between them by a correct design of the input. In the opposite
case, i.e. if the pair [A, B] is not controllable; the input will be not enough to determine a

desired trajectory of the system.
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If a system is in its modal form, then it is very easy to check the controllability of the pair
[A, B], where A is diagonal. We need to check if all elements of B are non-zero. If so, the pair
[A, B] is controllable. Otherwise, the mode corresponding to the zero element of B will not
be affected by the input at all, and its fate will be fixed by the matrix A itself, i.e., as in the

autonomous mode.

4.1.2 Test for controllability

This section presents a more elegant method to test controllability than using the modal form.

The following theorem provides an essential tool to check the controllability of the pair [A, B].
Result 4.1.2. The pair [A, B] is controllable if and only if the matriz

B AB A’B ... A"B (4.2)
18 full rank.

This result introduces an important matrix in our lives, so let us define it properly.

Definition 4.1.3 (Controllability matrix). Given A € R™*™ and B € R"*™, the controllability
matrix associated with the pair [A, B], henceforth, C(A, B) € R™*"™™ is given by

C(A,B)=|B AB A?B ... A"'B (4.3)

For the case of a SISO system, i.e., m = 1, the controllability matrix is square and full rank

is reduced to nonsingular.

Result 4.1.4. The pair [A, B] with B € R™ !, is controllable if and only if the matriz C(A, B)
18 nonsingular, i.e.

det([B AB A?B ... A”*lB])#O (4.4)

Once again, we should expect that such an important property does not depend on the basis
that we choose to express A and B. The following result ensures that this property does not

change due to a transformation.

Result 4.1.5. Given the pair [A, B] and a nonsingular matriz T, the pair [TAT', TB] is
controllable if and only if [A, B] is controllable.

Exercise 4.1.6. Show that C(TAT ', TB) = TC(A, B). What conclusion can be drawn? Hint:
Given a nonsingular matrix 7', then rank(X) = p if and only if rank(7'X) = p.
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Finally, now we can understand why the control canonical form has such a name.

Result 4.1.7. If the pair [A, B] is controllable, then there exists a nonsingular matriz T such
that the state space representation (TAT~Y, TB,CT~!, D) is in the control canonical form.

We have introduced the control canonical form in Chapter 1. It is related to the controlla-

bility of the pair [A, B] by the following result:

Result 4.1.8. The pair [A, B] is controllable if and only if there exist a nonsingular matriz T

and the set of numbers a; with i = 0,n — 1 such that

0 1 0 0 0 0
0 0 1 0 0 0
rar=| 00 " andre = (4.5)
0 0 0 o --- 1 0
—ag —ap —ay —as -+ —Qp_1 1_

Finally, the following result shows that any SISO control canonical form of a transfer func-

tion with no pole-zero cancellation is controllable:

Result 4.1.9. A pair [A, B] is uncontrollable if and only if there is a the left eigenvector of A,
v, such that v*B = 0.

Whereas the eigenvalues that we have used previously are also referred to as right-eigenvalues,

the definition of left eigenvalues is similar:

Definition 4.1.10. The vector v is said to be a left eigenvalue of A if there exists A such that
v*A =v*A

4.1.3 Proof of the main result

Students interested in controllability and observability will find more information in Chapter 2
in Kailath and Chapters 5 and 6 in Antsaklis and Michel. The aim of this Section is to show a
simplified version of the proof of Result 4.1.2.

The concept of controllability of the pair [A, B] required that given an initial state xo, we
must find an input u(t) such that we reach the state x; after some period of time. To simplify
our development, we are going to try to find very powerful input which is able to move the

state instantaneously.
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The first initial input that we can find with this property is the dirac function. Let us
consider ui(t) = a10(t) for any real value a;, then applying equation (2.42)!, the new state
x1 will be reached at time 07, where 07 is the "following instant” after 0, with definition

0" = lim,_,o+ 0 + €. Under this conditions, the new state will be given by

o+
21 = z(0%) = % g +/ A" By 6(7))dr, (4.6)
where ¢4%" = I and using the Dirac function property (or definition)
o+
f(r)o(r)dr = f(0), (4.7)
-
it thus follows that
1 = Xo —+ BOél. (48)

So if we want to reach the state x; with n coordinates, the question results in a set of n
simultaneous equations (one for each state) with 1 unknown «;. Evidently, we cannot find one
o for each state x1. However, it does not mean that the system is uncontrollable since we can
propose a more sophisticated input.

Let us consider us(t) = a16(t) + apdM(t), where we are using the derivative of the Dirac
delta. It comes from generalised function (or distribution) theory, and you may not be familiar

with it, do not panic! The only property that we want to use is that

or df (7)

F(r)oW(r)dt = (1) . (4.9)
0~ dr 7=0
Then, using(2.42), we obtain the expression of the new state as follows:=
ot
zy = z(0") = 2 1 —I—/ A0 D By 6(1) + a6V (7)) dr (4.10)
o0
Thus, using (4.7) and (4.9), it follows

x1 =79 + Bony + (1) (=A)e™*7|__, = xo + Boy + ABay. (4.11)

As a result, given x; we can find the required input by solving the set of simultaneous equation

given by
an
[B AB] = (21 — ) (4.12)
Qg
Once again, we have n equations but only 2 knowns («; and «a3), hence we cannot find a solution

for any x;.

'We should have used 0~ in the lower limit of the integral in our development. If after the following

development, you still have questions, please, let me know!
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Now, we can propose the following input
Un(t) = a16(t) + apdM (t) + - - - + a, 0" V(1) (4.13)

In general, the k-th derivative of the Dirac delta holds the following property

o+ k
d® f(t
FOSW(t)dt = (—=1)F o (4.14)
0~ dt* t=0
A similar development yields to
1 = 2o+ Bay + ABas + - -+ + A" ' Ba,. (4.15)

Finally, we have obtained an set of simultaneous equations with the same number of equations
as unknowns

g
(%)

B AB A’B ... A”‘lB] as | = (v1 — wp), (4.16)

Qn

and the controllability matrix turns up. Then, it will have a solution for any value of z; (and
xp) if and only if the controllability matrix has rank n. As this is the maximum rank that it
can have, then we say it is full rank.

If the student is not familiar with the Cayley-Hamilton theorem, they could be tempted
to introduce a new derivative to obtain more freedom if the controllability matrix is not full
rank. However, students who are familiar with the Cayley-Hamilton theorem, will know that
it is useless since this theorem state that A" is a linear combination of A%, A', ..., and A""!.
As a result, we will only be able to reach any state z; if the controllability matrix is full rank.

The above development show the sufficiency of Result 4.1.2, i.e. the pair [A, B] is con-
trollable if the controllability matrix is full rank. To prove the necessity of Result 4.1.2 it is
required to show that if the controllability matrix is not full rank, then we cannot reach the
output with any other input. It goes beyond the scope of this unit, but this part of the proof

can be found in the reading list.

4.1.4 Worked example
Let us consider the pair
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-2 =2 0 0 4 0
1 0 0 0 0 0
A= , B = (4.17)
0 0 =5 =2 0 1
0o 0 2 0 00
Then the controllability matrix is
4 0 -8 0 8 0O 0 0
00 4 0 -8 0 8 0
C(A,B)=|B AB A2?B A3B| = (4.18)
01 0 -5 0 21 0 =8
00 0 2 0 —10 0 42

Trick. The rank of a matrix X™*™ is between 0 and min{n, m}. The matrix X™*™ has rank
larger than or equal to k, in short, rank(X) > k, if there is one minor of order k different

to zero. A minor of a matrix is the determinant of a square submatrix, roughly speaking the

intersection between the same number of rows and columns. [ |

With this information, let us start considering 1 as a possible rank of the matrix. Then it
is clear that the minor that intersects the row 1 and column 1 is different to zero. As a result,
the rank of the matrix is 1 or larger than 1. The next step is to find a minor of order 2 different

to zero. For instance, the minor intersecting rows 1 and 3 and columns 1 and 2 is

0
=4 £0. (4.19)
0

As a result, the rank of the matrix is 2 or greater than 2. Following this procedure, the minor

intersecting rows 1, 3 and 4 and columns 1, 2 and 4 is

40 0
01 —5/=8#£0. (4.20)
00 2

As a result, the rank of the matrix is 3 or greater than 3. Finally, let us try with minors of

order 4. The minor with first 4 rows and columns is

40 -8 0
00 4 0

(4.21)
01 0 -5
00 0 2
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Brute-force method can be applied, but the following tricks make of this determinant a

straightforward computation.

Trick. Swapping two rows or two columns changes the sign of the determinant. The determi-

nant of a triangular matrix is the product of the diagonal elements. [
Hence
4 0 -8 0 4 0 -8 0
00 4 0 01 0 =5
- = -32#0. (4.22)
01 0 -4 00 4 0
00 0 2 00 0 2

where we have swapped rows 2 and 3 first and after applied properties of triangular matrices.

Exercise 4.1.11. Use the MATLAB command ctrb to find the controllability matrix of the
pair (A, B). Use the MATLAB command rank to find the rank of this matrix.

4.2 Stabilizability

Stability is a relaxation of the controllability concept. Loosely speaking, any controllable pair

[A, B] will be stabilizable, but not any stabilizable pair [A, B] will be controllable.

Definition 4.2.1 (Stabilizability). The pair [A, B] is said to be stabilizable if there exists
K € R™ such that the matrix (A — BK) is Hurwitz.

At first glance, it is difficult to find the connection between controllability and stabilizability.
The concept of controllability informs us about the ability of controlling the modes of the
system. The concept of stabilizability informs us about the possibility of stabilizing the system
through a state feedback interconection (Chapter 5). Therefore, if there are modes that cannot
be controlled, i.e. our pair [A, B] is not controllable, we need to ensure that these modes are
stable.

We can state out test for checking if the pair [A, B] is stabilizable as follows:

Result 4.2.2. Let us assume that the system A is given in the form
A= , B = (4.23)

where the pair [A11, B1| is controllable. Then the system is stabilizable if and only if As is

Hurwitz.
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Cix Y
(A1, {31 A12} ,Ch, 0)—— ()

T2

(A227 Oa 027 0)

CQJCQ

Figure 4.1: In the representation (4.23), the uncontrollable system can be expressed as two
subsystems, one where the states x; can be controlled from wu, and another where u does not

have any ability to modify the trajectory of the state xs.

Two straightforward conclusions can be drawn:
1. As commented, if [A, B] is controllable, then the system is stabilizable.
2. If A is Hurwitz, then the pair [A, B] is stabilizable for any B (by choosing K = 0).

A natural question arises: what happens if the system is not in the above form? Then, it
is complicated... The full solution of this problem is far beyond the scope of these notes, but
Section 2.4 in Linear Systems by T. Kailath and Chapter 18 in Linear System Theory by W. J.
Rugh are recommended for daredevil students. Here we will just state that it is possible always

possible to transform the pair [A, B] into the above desired form.

Result 4.2.3. Let A € R™" and B € R™™. If rank(C(A, B)) = p < n, then there ezists an

nonsingular matrix T such that

Xn X Y;
S o) T (4.24)
0 X 0

TAT ' =

where X11 € RP*P and Y1, € RP*™ and the pair [X11, Y11] controllable.

In this course, we will transform the system into its modal form.

4.2.1 Worked example: Jan 2013 Exam

Q4 (Jan 2013 Exam) requires to decide whether the pair

~7 6 —2
B = (4.25)
6 2 1

A:
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is stabilizable.

The controllability matrix is

-2 20
C(A,B) = ) (4.26)
1 10
and det(C(A, B)) = 0, hence there is an uncontrollable mode and we need to determine if it is
stable or unstable.
To do so, we will transform this pair into the modal form. The characteristic equation of
det(A— M) =01is
A+ 5\ — 50 = 0. (4.27)

Hence the eigenvalues are 5 and —10. Now we need to find the eigenvectors.

A =5: We need to find a non-trivial solution of the simultaneous equation

—-7—=5 6 x 0

= (4.28)
6 2—-5]| |y 0
ie.
—12z+6y = 0, (4.29)
6x—3y = 0. (4.30)
(4.31)
Hence, the solution is any vector with y = 2z, for instance, v; = (1, 2).
A= —10: We need to find a non-trivial solution of the simultaneous equation
-7 —(-10) 6 x 0
= (4.32)
6 2—(=10)| |y 0
ie.
3r+6y = 0, (4.33)
6x+ 12y = 0. (4.34)
(4.35)
Hence, the solution is any vector with —2z = y, for instance, v; = (=2, 1).
Using these two vectors
1 =2
V= (4.36)
2 1
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where diag(5, —10) = V"'AV; and

) 111 2| |=2 0
v-lp = = _ (4.37)
512 1| |1 1

As a result, the uncontrollable mode is the mode A = 5, hence the uncontrollable mode is

unstable; therefore the pair [A, B] is not stabilizable.

4.3 Observability

4.3.1 Definition

Again, let us start with the mathematical definition.

Definition 4.3.1 (Observability). The pair [A, C] is said to be observable if for any ¢; > 0,

the initial condition zg of

o(t) = Ax(t); (4.38)
y(t) = Cuz(t); (4.39)

can be determined from the time history of the output in [0, ¢;].

The concept of observability may less be intuitive since you may not be familiar with the
concept of observer. Loosely speaking, if a system is observable then we can “guess” what is
happening with the state of the system from output information. This concept is independent
of the input; hence it is only determined by the pair [A, C]. We will explain why we do not
need to use the input in Chapter 5.

Similarly, if the state-space representation is in its modal form, to check that the pair [A, C]
is observable, just check that all elements of C' are non-zero. If one of them is zero, this mode
is said to be unobservable. Once again, this is not a really nice form for testing observability,

since there are systems that cannot be expressed in the modal form.

4.3.2 Derivation of the Observability matrix

We are going to say that the state x5 # 0 is unobservable? if the output of the system #(t) =
Ax(t), and y(t) = Cx(t) is null for all £ > 0 when z(0) = z5.

20nly controllable and unobservable states can be properly defined form a mathematical point of view as

they belong to subspaces. The sets of uncontrollable states and observable states are not subspaces.
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Following Theorem 2.2.6, the solution of the autonomous systems is given by z(t) = ez,
hence
=1
y=Cetlr, =C H(At)kx;,.
k=0

Applying the Cayley-Hamilton theorem, we can write the exponential matrix in terms of a

finite addition as the rest are linear combination of the first terms?®:

et = ay ()] + ax(t)A + as(t) A2+ - + o, (DAY,
then the expression of the output of the system is
y(t) = CeMas = Clog () + ag(t) A + as(t)A* 4 - - + a, (1) AV D)z

or in matrix form

C
cA
y=laa®) aalt) as(t) ... au®)] | CA2 [z5=0.

CAn—l

As the above expression is true for any value of ¢, it implies that

C

CA
CA? | 25 =0]A,Clz; =0,

C A

hence the unobservable states belong to the kernel (or null space) of the observability matrix, i.e.
x5 € ker(O[A, C]). A second property that this expression gives us is that if z; € ker(O[A, C]),
then ez, € ker(O[A, C]) for all t > 0. So if you start in the subspace of unobservable states,
then you will stay there when you evolve the system. This property is called invariance with
respect to the evolution & = Az. The final conclusion is that if O[A,C]) is full rank, then the
rank-nullity theorem ensure that the ker(O[A, C]) = {0}.

For completeness, let us mention that the subspace of controllable states is given by the

column space of the controllability matrix, see Equation (4.16).

3Method 5 in goo.gl/2MKMux
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4.3.3 Test for observability

In this section, we present a test for observability which can be used independently of the

realization of [A, C].

Result 4.3.2. The pair [A, C] is observable if and only if the matrix

C
cA
C A2 (4.40)

C A

18 full rank.
Another important matrix has been introduced in our lives, so let us define it properly.

Definition 4.3.3 (Observability matrix). Given A € R™" and C' € R™*", the observability
matrix associated with the pair [A, C], henceforth, O(A, C) € R™*™ is given by

C
CA

O(A,C) = | cA2 (4.41)

OAnfl

For the case of a SISO system, i.e., m = 1, the observability matrix is square and full rank

is reduced to nonsingular.

Result 4.3.4. The pair [A,C] with C € R"™!, is observable if and only if the observability

matrix is nonsingular, i.e.

C
CA
det CA? #0 (4.42)

C«Anfl

Once again, we should expect that such an important property does not depend on the basis
that we choose to express A and C'. The following result ensures that this property does not

change due to a transformation.
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Result 4.3.5. Given the pair [A,C] and a nonsingular matriz T, the pair [TAT', CT™] is

observable if and only if [A, C] is observable.

Exercise 4.3.6. Show that O(TAT~!,CT~1) = O(A,C)T~'. What conclusion can be drawn?

Finally, now we can understand why the observer canonical form has such a name.

Result 4.3.7. If the pair [A,C] is observable, then there exists a nonsingular matriz T such

that the state space representation (TAT ', TB,CT~!, D) is in the observer canonical form.

Finally, a result that we will use in Chapter 6 is given as follows:

Result 4.3.8. A pair [A, C] is unobservable if and only if Cv = 0 where v is a eigenvector of

A.

4.3.4 Worked example

Let us determine whether [A, C] is observable where

-2 =2 0 0
Ao 10 0 0 e 4 0
0O 0 =5 =2 00
I o 0 2 0 |
Then the observability matrix is
(4 0 0
0 0 1
i C ] -8 -8 0
O(A.C) = CA _ 0 0 -5
CA? 8 16 0
CA3 0 0 21
0 —-16 0
| 0 0 -85
Moreover, it is easy to check that
4 0 0 O 4 0 0 O
o 0 1 0| o 1 0 0
8 8 0 0| |80 -8 0
0 0 =5 =2 0o -5 0 =2

_ O
o O

= 6440

(4.43)

(4.44)

(4.45)
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hence the rank of O(A,C) = 4, i.e. O(A,C) is fullrank. As a result, the pair [A,C] is

observable.

Exercise 4.3.9. Use the MATLAB command obsv to find the observability matrix of the pair
(A,C). Use the MATLAB command rank to find the rank of this matrix.

4.4 Detectability

Detectability is a relaxation of the observability concept just as stabilizability is a relaxation
of controllability. Indeed, any observable pair [A, C] will be detectable, but not any detectable
pair [A, C] will be observable.

Definition 4.4.1 (Detectability). The pair [A, C] is said to be detectable if there exists L €
R™™ such that the matrix (A — LC) is Hurwitz.

The concept of detectability informs us about the possibility of designing a observer where
the error between real state and observer state approaches zero as t goes to infinity (see Chapter
4). Therefore, if there are modes that cannot be observed, i.e. our pair [A, C] is not observable,
we need to ensure that these modes are stable.

We can state our test for checking if the pair [A, C] is detectable as follows:

Result 4.4.2. Let us assume that the system A is given in the form

Ay 0
A= ,C:kgq (4.46)
A21 A22

where the pair [A11, C1] is observable. Then the system is detectable if and only if Ags is Hurwitz.

u

(A117B170170) "

1

(A2, {Am 32} ;0,0)

Figure 4.2: The unobservable system can be expresed as two subsystems: one where the state
x1 can be determined from the history of y, and another where the state x5 does not have any

ability to modify the output y.

Two straightforward conclusions can be drawn:
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1. As commented, if [A, C] is observable, then the system is detectable.
2. If A is Hurwitz, then the pair [A, C] is detectable for any C.

A similar question arises: What happens if the system is not in the above form? The answer
is the same: it is complicated but the same literature can be consulted if you want to have
some fun. Once again, here we will just state that it is always possible to transform the pair

[A, C] into the above desired form.

Result 4.4.3. Let A € R™™ and C € R™ ™. If rank(O(A,C)) = p < n, then there ezists an

nonsingular matriz T such that

Xy 0
X2 Xo

TAT! = . T = [yl 0} (4.47)

where X1 € RP*P and Yy € R™*P and the pair [Xi1,Y1] observable.

In this course, we will transform the system into its modal form.

4.4.1 Worked example: Jan 2013 Exam

Q4 (Jan 2013 Exam) requires to decide whether the pair

-7 6
A= =1 2] (4.48)
6 2
is detectable.
The observability matrix is
1 2
O(A,C) = , (4.49)
5 10

and det(O(A, C)) = 0. Hence there is an unobservable mode and we need to determine if it is
stable or unstable.

Using the previous result of Section 4.2.1

1 -2
V= (4.50)
2 1
where
. 5 0 1 =2
VAV = cand €V =1 2] — |5 0| (4.51)
0 —10 2 1
As a result, the unobservable mode is the mode A\ = —10. Hence the unobservable mode is

stable, and therefore the pair [A, C] is detectable.
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Uncontrollable unstable mode

Unobservable stable mode
Figure 4.3: Block diagram of the modal form in Q4 (Jan 2013) and Exercise 4.4.4. It is clear

that there is no possible connection between the input and the output.

If we sketch the block diagram of the modal form, it is very easy to understand what is

happening in the system, see Fig 4.3.

Exercise 4.4.4. Show that the transfer function of the state-space representation

76 )
. B= , C:[1 2}, D=0 (4.52)
6 2 |

A:

is zero, see Fig. 4.3. How many zeros has this system?” Where are the zeros?

4.5 Final remarks

4.5.1 Duality

The student can check that my development of both previous sections is very similar and I
hope there are no typos due to copy and paste. The symmetry between controllability and

observability is known as Duality and it can be formally stated as follows:

Result 4.5.1 (Duality). Let A € R™*" and X € R™™. The pair [A, X] is controllable if and
only if the pair [AT, X T] is observable.

In the same way, stabilizability and detectability are also dual concepts.

Result 4.5.2. Let A € R™" and X € R™™. The pair [A, X] is stabilizable if and only if the
pair [AT, XT] is detectable.

This duality will also turn up in the design of controllers and observers (pole placement in
Chapter 5 and Optimal Control and Estimation in Optimal and Robust Control unit, Semester
2)
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4.5.2 Kalman’s decomposition

The combination of Result 4.2.3 and Result 4.4.3 leads to the following result. This is the formal
procedure that we use to obtain the controllability and observability of a system. However, it

may be somehow difficult.

Result 4.5.3. Any state-space representation can be transformed into a state-space represen-

tation in the following form

Z1 A A Az Ay 21 By
z 0 A 0 A z B
2| _ 22 24 2 n 2 " (4.53)
Z"g 0 0 A33 A34 z3 0
24 0 0 0 A44 Z4 0
21
22
<3
Z4
Ay A B Ay A
where the pair Heooe : "1 is controllable and the pair 2 o : [CQ 04] 5
0 AQQ BQ 0 A44

observable. Moreover, the tranfer function G(s) = C(sI — A)™'*B + D is reducible to G(s) =
CQ(SI - AQQ)_lBQ + D.

Exercise 4.5.4. Given the system

0 -1 1 10
A=11 -2 1|,B=111 ,C:{o 1 0],andD:0. (4.55)
0 1 -1 12

use the MATLAB command minreal to find the Kalman’s decomposition of this system.

A formal procedure for this decomposition can be found in Chapter 6 in A Linear Systems
Primer by Antsaklis and Michel and is highly recommended. A more advanced reference is
Chapter 3 in Robust and Optimal Control by Zhou, Doyle, and Glover, where results can be

found with formal proofs.
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Controllable, Uncontrollable,
but unobservable and unobservable
+
-
@F

-
||

Controllable, Uncontrollable,

and observable but observable

|
Output

(a) Diagonal Kalman’s decomposition. In this case there is no interaction between the four part of

the system
Controllable, Uncontrollable,
but unobservable and unobservable
+
-
@F

-

e
Controllable, Uncontrollable,
and observable but observable

Output
(b) General Kalman’s decomposition: Some interaction between the block.

Figure 4.4: Kalman’s decomposition. The MATLAB function minreal eliminates all states that
are not in the controllable and observable block. It is stated that minreal can also provide

Kalman’s decompostion, but I recomend some critical thinking.
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4.6 Learning Outcomes

The learning outcomes of this chapter can be summarised as follows:
e Definition of controllability of a linear system or the pair [A, B].

e The pair [A, B] is controllable if a only if the controllability matrix
C(A.B)=|B AB A*B ... A"1B] (4.56)
is full rank.

e When the pair [A, B] is not controllable but all the uncontrollable modes are stable, then
we say the pair [A, B] is stabilizable. The modal form of A can be used to test this.

e Definition of observability of a linear system or the pair [A, C].

e The pair [A, C] is observable if a only if the observability matrix

C
CA
OA,C) = | ca? (4.57)

CA?’L—l

is full rank.

e When the pair [A, C] is unobservable but all the unobservable modes are stable, then we

said the pair [A4, C] to be detectable. The modal form of A can be used to test this.

e There exists a duality between controllability and observability: The pair [A, X] is con-
trollable if and only if the pair [AT, X ] is observable.

e Kalman’s decomposition splits the system into four blocks: a part that can be controlled
and observed, a part that just can be controlled, a part that just can be observed and a

part that cannot be either observer or controlled.
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Chapter 5

Design in the state-space

Until now, the unit has covered the underpinning principles that will be needed to design
controllers and observers. From now on, we will be focused on using the previous chapters from
a control engineering point of view.

At first, we will assume that we can look inside the system, and all states can be perfectly
known. With this information, we will design a controller that modifies the original dynamics
of the system in a predefined manner. However, this assumption is not very realistic in most
systems. Hence, secondly, we will need to study how to discover what is happening inside the
system using just “input and output information”. Finally, we will combine both designs in
order to obtain a realistic controller.

A very important part of control, tracking control, will not be covered in this unit. State-

space control can cope with set-points, and we will study this issue in the second semester.

5.1 State-feedback controller

This section will propose a problem, the design of a control gain in order to have an appropriate
behaviour of the closed-loop system, see Fig 5.1. The problem is rewritten in a mathematical
fashion. As with many mathematical problems, we will find situations where the problem is
correctly defined and we have at least one solution, but we will also easily find situations where
the problem is ill-defined and no solution can be found. When we are able to guarantee the

existence of a solution, we will study the solution of the problem.

5.1.1 Design problem

The design of a state feedback controller can be stated as the following design problem:
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| © = Ax + Bu C

Kx

K

Figure 5.1: State feedback problem.

Problem 5.1.1 (Pole placement). Given the state-space equation
i = Ax + Bu, (5.1)
find the state feedback law u = —Kx such that the poles of the dynamical system
t=(A— BK)x (5.2)
are placed at (o, g, ..., qp).

As we are considering only the input v = — Kz we assume that the reference signal will be
always null, and we focus our attention on achieving the steady state smoothly. This control

design problem is just a mathematical problem that can be stated as follows.

Problem 5.1.2. Given the pair [A, B] where A € R"™*"™ and B € R"*™, find K € R™*" such
that the eigenvalues of A — BK are given by {ay, s, ..., an},

Remark 5.1.3. Note that we could ask for complex eigenvalues a; € C, but we should include
their complex conjugate, i.e., there exist 1 < j < n such that a; = of, if we want K € R™*".
If we do not include the complex eigenvalues in pairs, then K € C"™*". We will always include
complex conjugate pairs in the desired values «;, but interested students are welcome to study

other cases.

Example 5.1.4. Let us consider A =5 and B = 1, find K € R such that the eigenvalues of
(A— BK) = -2, 1ie.
(5 —1K) = -2. (5.3)

Then the solution of the problem is K = 7. A

Example 5.1.5. Let us consider A =5 and B = 0, find K € R such that the eigenvalues of
(A— BK) = -2, ie.

(5—-0K)=-2. (5.4)
In this example, we would like to stabilise the mode of this unstable system. However, it is

trivial that it is impossible. For any value of K, the pole of the system will at 5. A
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5.1.2 Existence of solutions

The above example has provided a trivial situation where we cannot find a solution of the
control design problem 5.1.1 or the mathematical problem 5.1.2. So the first thing that we

need to figure out is when the problem is well defined.

Result 5.1.6. Problem 5.1.1 has a solution for any {ay,as,...,a,} if and only if the pair
[A, B| is controllable. |

The mathematical notion of controllability that we have studied in Chapter 4, is the key
point to be able to solve the control problem 5.1.1. If the pair [A, B] contains a mode that
is uncontrollable, then this mode will not be modified by the selection of K. As a result, the

eigenvalues of A — BK will always contain the value of the uncontrollable mode.

Example 5.1.7. Given the pair A =5 and B = 0, then the controllability matrix is given by
C(A,B) =0. A

We can place the modes that are controllable but we must to preserve the uncontrollable

modes in our design.

Result 5.1.8. Let the pair [A, B] to be uncontrollable and let {1, Aa, ..., \,)} be the eigenvalues
of the uncontrollable modes. Then, Problem 5.1.1 has a solution if and only if the desired set

of eigenvalues of A — BK is of the form {a1, g, ..., 00_p, A1, A2y ... AL} [ |

Example 5.1.9. Let us consider A =5 and B = 0, find K € R such that the eigenvalues of
(A— BK) =5, ie.
(5—0K)=5. (5.5)

Hence the above problem has a solution, in fact, has infinite number of solutions, any K € R

is a solution of the problem. A

Finally, one could wonder if we could solve Problem 5.1.1 but instead of any location of the
poles, we are just interested in placing the poles in the LHP, i.e. given the pair [A, B], we want
to find K such that A — BK is Hurwitz. Now Definition 4.2.1 seems natural. Controllability
offer us the possibility of designing the placement of all the poles, whereas stabilizability ensures

that we will be able to place all poles in the LHP.

5.1.3 Worked example

Let us consider the system
&Py Py dy
— 4+ 55— +3— + 2y =u,
aw T aE Tty T
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and design a state feedback controller such that the poles of the closed-loop systems are located
at {—1,—2, —3}, assuming that we have access to all states.
It should not be strange that the control canonical form of a system is desired to solve the

control design. The control canonical form of the above transfer function is

0 1 0 0
i =10 0 1]|z+|0]w (5.6)
-2 -3 =5 1
y = [1 0 0] x. (5.7)
Let us consider the control action u = — Kz, the closed-loop system is given by
0 1 0 0 0 1 0
i=0 o0 1|zt fo|(=[k ke k|o) =] o0 0 1|
-2 -3 =5 1 —(k1+2) —(k2+3) —(ks—05)

and we need to choose k1, ko, and k3 to fulfil the design specification. To this end, the charac-

teristic equation is computed

A ~1 0
0 A ~1 = (N> + (k3 +5)N° + (k2 + 3)A + (k1 +2), (5.9)
(k1 +2) (ka+3) A+ (k3+5)

and compared with the desired
A+ DA +2)(A+3) = A* + 617 + 11\ + 6. (5.10)

Then, k3 =1, ks = 8, and k; = 4. In summary, the designed gain is

K = [4 8 1] (5.11)

Note that this values depends on the realisation of the system, so if we apply a transforma-

tion z = Tz, K in the new basis will be different.

5.1.4 Worked example: Jan 2013 exam

Q4 (Jan 2013 Exam) requires to decide whether the poles of (A — BK) can be placed at —1+ 7,

with
-7 6 -2
A= ,B = (5.12)
6 2 1
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This example has been studied in Chapter 4, where we have found that the system is not fully
controllable. Since poles of A are in {5, —10}, applying Result 5.1.8 we conclude that it is not
possible to place the poles of A — BK at this location since either 5 or —10 must be included
in the desired location. Here we are going to show that it is actually true.

Let us analyse the eigenvalues of A — BK:

a—pr—| "0 |77 [kl kQ}:
6 2 1

—T7+ 2k 64 2k
6 — K 2 — ko

—~

5.13)

The eigenvalues of A — BK satisfy

A+T—2k  —6— 2k,
det(AM — (A — BK)) = =0. (5.14)
—6+k  A—24 ks

Computing this determinant, we find that the characteristic equation is given by
A+ (5 — 2k1 + ko)A + (=50 + 10k; — 5kz) = 0 (5.15)

Then, solving this second order equation and using k = —2k; + ko

\ —(5+k) £ /(54 k)? — 4(—50 — 5k) _ —(5+k) £ V2 + 30k +225 _

2 2
— k)£ (k+15
(k) + (k+15) (5.16)
2
As a result, the eigenvalues of A + BK are given by
—(5+k k415
N = —CHRFEFIS) (5.17)
2
— k)—(k+1

In summary, we have demonstrated that Result 5.1.8 is satisfied for this example. Furthermore,

this has provided a less elegant procedure to find that the system is not stabilizable, since

A — BK will have a pole in the RHP for any values (k1, k2).

5.1.5 Solution of the Pole Placement Problem: Ackermann’s for-

mula

If the state space representation is in the control canonical form, we have shown that it is
straightforward to find the solution of the problem. However, the previous method could
be somewhat complex in other representations. The general solution to the Pole Placement
problem was given by Juergen Ackermann in 1972 for SISO systems. In this case, if the system

is controllable, there is one and only one solution.
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Result 5.1.10. Given the pair [A, B] where A € R™™ and B € R™ !, then the matriz A— BK

has eigenvalues at (ay, aa, . .., ap) if K € RY™™ is given by Ackermann’s formula:
K=100 --- 0 1|C'(A4,B)3(A) (5.19)

where B(A) = A"+ B, 1 A"+ B, 2 AV 2+ - B A+ Byl with B; the coefficients of the desired

characteristic polynomaial, i.e.
BA)=A—ar)A—a2) ... (A —an_1)(A— ay). (5.20)
[ |

Once again, we need to highlight that the coefficient of the characteristic polynomial will
be real if poles are specified including complex conjugate pairs. If not, we will able to find a
solution, but K € C**".

MATLAB command is acker. For MIMO systems, it is possible that the simultaneous
equation to be solved be underdetermined, i.e. there are infinite solutions to the Pole Place-
ment problem. Moreover, Ackermann’s formula will have issues related to inverting high order
matrices. To solve both problems, other algorithms has been proposed and MATLAB offers an
alternative command (place). These algorithms are beyond the scope of these notes but, for
further discussion, see J. Kautsky, N. K. Nichols, and P. Van Dooren, “Robust Pole Assignment
in Linear State Feedback,” International Journal of Control, 41 (1985), pp. 1129-1155.

5.1.6 Worked Example: Q3 Jan 2013 Exam

Given the system
) -1 -3 3
T = x + u, (5.21)
-3 —1 1
design a state-feedback controller such that the poles of the closed-loop system are located at
{-1+7}.

The first step is to check if the problem will have a solution, so the controllability matrix

C(A, B) need to be invertible:

3 —6 3 —6
C(A,B) = and so =-30+6=-24#0 (5.22)
1 —-10 1 —10

hence this matrix is nonsingular. Moreover, we will need to find its inverse

—11|-10 6
c—l(A,B):ﬁ N (5.23)
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We need the desired characteristic polynomial, it is given by

BN =M= (=1+))A=(=1+j) =22 +2)+2. (5.24)
Then,
2
-1 -3 ~1 -3 10
B(A) = +2 +2 —
—3 —1 -3 -1 0 1
10 6 —2 —6 20 10 0
+ + = (5.25)
6 10 6 -2 0 2 0 10

Now we are able to find K by applying Ackermann’s formula as follows

K=[o0 1]c(4 B)sA) = o 1]_—1 B RT R :i[1 3]

(5.26)
2401 3] |01 12

Exercise 5.1.11. Use Ackermann’s formula to reproduce the results found in Section 5.1.3.

Use also the command acker.

5.1.7 Final discussion

Even though we have solved the design problem in a very nice fashion, the real problem remains.
What is a good location of the poles of the system? It will be the work of the control engineer
to understand the problem and design a correct location of the poles. If poles are located in
such a way that the state reaches zero very fast, it is nice as long as my actuator is able to
cope with the “energy” that the control action will require to modify the state of the system.
A less demanding controller can be designed by choosing the poles location in a slower region,

i.e. closer to the imaginary axis, but always in the LHP, evidently!

5.2 Observer design

Duality between control and observation or estimation has been commented at the end of
Chapter 4. Once again, we are going to exploit this duailty here, and we will reproduce the
same notions as in the previous section. As some students may not be familiar with the concept

of observer, we are going to start by explaining the notion and usefulness of observers.

5.2.1 Introduction to the concept of observer

As previously mentioned, the availability of all states in the feedback is a very strong assump-

tion. In most of the cases, some states of the plant will not be accessible. The target of an
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System
| A
u 1 X ! Yy
; i = Ax + Bu C /—
bo oo J
Observer
Fs-s=ss=sss=s=====" bl |
i : . LT
] T = Az + Bu T
Lo - 3

Figure 5.2: Observer design assuming that z(0) = z(0).

observer is to provide the information of what is happening inside the system by the use of a
virtual system, which will be referred to as an observer or estimator. This virtual system will
modify its state in such a way that, after some time, the states of the system and the state of
the observer match.

What virtual system are we going to use as an observer? Firstly, let us assume that if both
systems have the same state at some instant and if the dynamics of the states and inputs are
the same for both systems, then the states will match at any future instant. So it seems natural
to use an artificial system with the same dynamic.

Let us consider the strictly proper system
z(t) = Ax(t)+ Bu(t), =z(0)=x; (5.27)
Cz(t) (5.28)

<

—
~

N—
Il

and let observer be given by the same dynamic
z(t) = Ai(t) + Bu(t), #(0) = g (5.29)

then, it is trivial to see that #(t) = x(t) for all t € R. The state z is referred to as estimation
of the state x. As a result, the use of the observer allows us to see what is happening inside
the system; one can think of the observer as “virtual sensor” that is measuring x.

Evidently, our assumption of x(0) = z(0) is totally unrealistic. Hence, if it does not hold,
we need to inform the observer that something is wrong. As the only information about the
state x is given through the output y = C'x, the feedback to the observer must be given as the
difference between the real output of the system and the estimated output y = C'z. Hence,
the observer will need to modify its dynamics as a function of the difference y — ¢, so the final

expression for the observer is
z(t) = Ai(t) + Bu(t) + L(y — C#), (5.30)
where L € R™"*". Then, let us define the error state as:

e(t) = a(t) — & (b); (5.31)
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System
F-- - s s ST s s T T T T E s s s s s EEE T A
u o x ! Y
i i = Ax + Bu C K
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: y—y e :
: Qo
: B
2 =A%+ Bu+ L(y — 9) c — 9 .
bommmo-- j ______________ J
Observer '
z

Figure 5.3: Observer design where we inform to the observer about a possible error between x

and Z.

and its dynamics equation is
é(t) = i(t) — x(t) = Az(t) + Bu(u) — (A& + Bu(t) + LCx — LCZ) = (A — LC)e(t). (5.32)

Therefore, by construction, the observer results in a “magical system” called the error system,
which is an autonomous dynamical system governed by the matrix A— LC. We say this system
is “magical” in the sense that it cannot be realised. It would require the information z that is
unavailable. Note the difference with the observer, which may only exist inside a computer or
PLC, but can be realised.

In the following subsection, we are going to follow the same flow as Section 5.1.

5.2.2 Observer design

Similar to the case of state-feedback design where we need to place the poles of A — BK in a
desired location, we can state a new design problem where we need to place the poles of the

error system

Problem 5.2.1 (Observer design). Given the strictly proper system

& = Az + Bu, (5.33)
y = Cu, (5.34)

and the observer system
z = (A - LC)i& 4 Bu+ Ly; (5.35)

find the value of L such that the poles of the error system
é=(A—LC)e (5.36)
are placed at (o, g, ..., qp).
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Once again, the observer design problem can be translated into a mathematical problem.

Although we have included the matrix B, the solution will be independent of B.

Problem 5.2.2. Given the pair [A, C] where A € R™™ and C' € R™*", find L € R™™ such
that the eigenvalues of A — LC' are given by {a1,as, ..., a,},

Remark 5.2.3. The same comments about the inclusion of complex conjugate poles hold here
as in the control design. Moreover, we have included B in Problem 5.2.1, but as our design
is just interested in A — LC, the solution will be independent of B. Since the observer design
is independent of B, students can understand now why we defined observability using the

autonomous system, i.e., B = 0.

The student will be able to find examples where the pair [A, C] does not allow us to fix the
poles of the error system at a desired location. Hence, the first step is to find conditions to

ensure the existence of a solution.

5.2.3 Existence of solutions

Result 5.2.4. Problem 5.2.1 has a solution for any {ay,as,...,a,} if and only if the pair
[A, C] is obsevable. |

The mathematical notion of observability that we have studied in Chapter 4, is the key
point to be able to solve the observer desing problem. If the pair [A, C] contains a mode that
is unobservable, then the error system will contain this mode regardless of the selection of L.

As a result, the eigenvalues of A — LC will always contain the value of the unobservable mode.

Exercise 5.2.5. Design an uncontrollable pair [4, C] and then choose randomly L in MATLAB,
with adequate dimensions. Check that at least one eigenvalue of [A, C| corresponds with an

eigenvalue of A. A

We can place the modes that are observable but we must preserve the unobservable modes

in our design.

Result 5.2.6. Let the pair [A, C| to be unobservable and let {\, Xa, ..., \,)} be the eigenvalues
of the unobservable modes. Then, Problem 5.1.1 has a solution if and only if the desired set of

eigenvalues of A — LC' is of the form {oq, aq, ..., 0n_p, A1, A2, ..., Ao} [ |

Finally, one could wonder if we could solve Problem 5.2.1 but instead of any location of the

poles, we are just interested in placing the poles in the LHP, i.e. given the pair [A, C], we want
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to find L such that A — BK is Hurwitz. This will ensure that after some time, the state of the
error system will approach zero, or equivalenty, the state & will approach the state x, with is
the main target of the observer.

Now, Definition 4.4.1, the definition of detectability, seems natural. Observability allows us
the possibility of designing the error system with special dynamics, whereas detectability just
ensures that we will be able to place all poles of the error system in the LHP. The consequence
of the lack of observability is the lack of freedom in the location of the poles. This lack of
freedom becomes an issue when the poles of the observer stay in the RHP, then the state x will

never approach z, hence we cannot design a suitable observer.

5.2.4 Worked example

Let us consider the system

Py Py dy
A I Sl T
a Cap TP T

design an observer such that the poles of the error systems are located at {—1,—147j,—1—j}.
In this case, it should not be strange that the observer canonical form of a system is desired
to solve the observer design problem. The observer canonical form of the above transfer function

18

00 -2 1
r=11 0 =3|x+ [0]|u (5.37)
01 =5 0
and the output is given by
y = [o 0 1} x (5.38)

Then, we need to design L such that the eigenvalues of A — LC are {—1,—1+ j,—1 — j}.

Firstly, let us analyse the location of the eigenvalues of

00 —2-10
A-LC=|1 0 —3-1]; (5.39)
01 —5-1,

Then, the characteristic equation is computed

A0 (240D
det(IAN— (A—=LO)=|-1 A  (341b) |[=X+3+5)N+ (L+3)A+ (I, +2), (5.40)
0 —1 A+ (5+15)
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and compared with the desired
A+DA+1+H))A+1—35) =N+ 3N +4\+ 2. (5.41)

Then, I3 = -2, [ =1, and [; = 0. In summary, the designed gain is

L=11]. (5.42)

5.2.5 Solution of the problem

Until now, we have exploited the duality property just to follow the same steps. Now we are
going to use this duality for solving the problem. The following result is based in the fact that

a matrix and its transpose have the same eigenvalues.
Result 5.2.7. The eigenvalues of A — LC are the same as the eigenvalues of AT — CTLT.

Then, the problem of designing a observer for the pair [A, C] becomes the problem of design-
ing a controller K for the pair [AT,C"] and setting L = K '. Hence the same commands can
be used in MATLAB, L=acker(A’,C’, a)’ or L=place(A’,C’, «)’, where « is the desired

characteristic polynomial.

Exercise 5.2.8. Use Result 5.2.7 to show that the Observer version of the Ackermann’s formula

is given by

L=pB(A)O0AC) |: (5.43)
0
1

Exercise 5.2.9. Use Ackermann’s formula to reproduce the results in Section 5.2.4. Use also

the MATLAB command acker

5.2.6 Final discussion

As in the previous discussion, the main problem remains: What is a good location of the poles
of the error system? It will depend on the confidence that we have in our model and the noise

of the sensor. One could think that a slow design for the observer will demand low confidence
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in model and output, whereas a fast design will requires a high fidelity in the model and low
noise ratio. If we have a good model but noisy output, some states could be estimated faster

than others. However, it is very difficult to quantify the above statement.

These questions and issues will be tackled in Optimal and Robust Control in the second

semester.

5.3 Output feedback design

The last section of this chapter combines the two elements that we have presented previously.
On the one hand, we will design an observer as a virtual sensor of all the states of the system.

On the other hand, we will use the estimated states to develop a control action, see Fig. 5.4.

System
F-- S s ST s s T T s T T s s s T s T s s E T A
—Ki !
1 x 1 y
O ! & = Ax + Bu C K
- e 3
: y—9 A
: ® :
S~ % =A%+ Bu+ L(y —9) cC — 9 .
RN R 3
Observer .
Z
K

Figure 5.4: Output feedback controller. The closed-loop system between u and y contain two

set of states, the state of the plant and the state of the observer.

5.3.1 Separation principle

The separation principle states that the design of an output-feedback controller with the poles
of the state-feedback at the location {af} and the error system at the location {af} can be

designed independently.

On the one hand, design a state-feedback gain K such that the eigenvalues of A — BK are

placed at {af} and, on the other hand, design observer gain L such that the eigenvalues of
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A — LC are at {af}. Then, the system

©t = Ax+ Bu, (5.44)
y = Cu, (5.45)
i = Ai+ Bu+ L(y— C#), (5.46)
u = —Ki (5.47)

will have the desired properties.

To this end, let us consider the state x, = (z,e), where e =z — Z. It follows
&t =Ax — BK& = Ar — BK(x —e) = Av — BKx + BKe = (A— BK)x + BKe,  (5.48)
and
¢ =i—1 = Az — BKi — Ai + BKi + L(Cx — C%) = Ae — LCe = (A — LO)e. (5.49)

As a result the closed-loop systems behave as the autonomous system

d T A— BK BK T
— = ) (5.50)
dt e 0 A—-LC| |e
The result is obtained applying a well-known result in matrix algebra:
Result 5.3.1. The set of eigenvalues of the matrix
XY
(5.51)
0 Z

1s the union of the set of eigenvalues of X and the set of eigenvalues of Z

As a result, the eigenvalues of the matrix in the right-hand side of (5.50) is the union of the
eigenvalues of A — BK and A — LC. These problems are identical to Problem 5.1.1 and 5.2.1,

whose solutions have been presented in previous sections.

5.3.2 Design considerations

The design specification of the controller are straightforward: fast poles will reject disturbances
quickly, but the actuator will suffer to provide this control action. Evidently, the effort of the
actuator can be reduced by slowing the poles down. Pole placement is a very primitive method,
and more sophisticated methods will be considered in the second semester.

However, the observer design can be slightly more difficult. The control engineer will need
to understand the limitation of the bandwidth of the system. The design of the observer can
be as fast as we wish, since there is not a physical actuation. Once we have understood how

fast the observer can be, the controller should be designed to be 5-10 times slower.
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5.4 Learning outcomes

The learning outcomes of this chapter can be summarised as follows:

e State-feedback design provides a gain K such that the poles of A — BK are located at

some predetermined location of the complex plane.

e If the pair [A, B] is controllable, then we will be able to find a solution of the state-
feedback problem. If the pair [A, B] has uncontrollable modes, we will not be able to
modify these modes in A — BK regardless of the selection of the gain K.

e Ackermann’s formula provides a sophisticated manner to find the solution for SISO sys-

tems.

e The observer of a system is a “virtual sensor” that measures the state of the system. The
error between the state  and the estimated state  behaves as an autonomous dynamical

system é = (A — LC)e.

e The observer design provides a gain L such that the poles of A — LC' are located at some

predetermined location of the complex plane.

e If the pair [A, C] is observable, then we will be able to find a solution of the observer

design problem.

e When the pair [A, C] is unobservable but all the unobservable modes are stable, then we

can still design an observer but we cannot “move” the unobservable modes.

e There exists a duality between state-feedback control and observer design: the matrices

A— XY and AT — YT X have the same eigenvalues.
e The output feedback design is the combination of the state-feedback and observer designs.

e The separation principle ensures that they can be independently designed, and we will

keep their original properties when combined.

e The designer must understand the limitations of actuators and sensors to produce a sound

design. Pole placement is a very rudimentary design technique but straightforward.
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Figure 5.5: Transformation Step 1
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Figure 5.6: Transformation Step 2
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Figure 5.7: Transformation Step 3. As a result, C(s) = K(sI — (A — LC — BK))™ 'L
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Chapter 6

Realisation of MIMO transfer functions

Undergraduate Control Engineering textbooks introduce transfer functions from ODEs. How-
ever, they restrict their attention to SISO systems. On the other hand, Advanced Control
Engineering books use transfer function matrices with no introduction. The following sections

provide an introduction to MIMO transfer function.

6.1 MISO systems: transfer function column-vector
A general differential equation with & inputs and one output is very similar to the SISO version:

ALy g, ful Y, {ud) Y, o Y = 0, (6.1)

d@ 2
dt(®) -

where m; < n for all 1 < i < k and 2% means Undoubtedly we have more freedom in
the forced component of the equations, but solving this differential equation is equivalent to

solving a SISO system once all inputs have been decided.

If the system is linear, equation (6.1) becomes an ODE

d" dr—1 dn—2 2
Y + Un—1 7Y + n—275Y +ot Y + Y +agy =
b,ln1 CZ:: uy + bm1—1Z:_1 up + bm1 2;:;—11_22“ NI b1(§iul + bhuy+
b, ZZ +02, 15;2—2_1112 + b?nQ_QZW:_2 Ug 4 -+ b2 j ur + bRy + .
bfﬁ»k% ug, + b, 1iz—liuk+bﬁzk_2$—i2u e by juk+b u,. (6.2)
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Using the Laplace transform, then we obtain
S"Y 4+ Gp 18"+ ap_08" Y + o+ a08?Y +aysY +apY =
by S™ UL+ by 8™ T U 4 b, _os™ TPUL + -+ bysUy + byUs+

b7, "2 Us + b2, 8™ Uy + 02, 58" PUs + - + b sUs + bgUs + ...

bfnksm’“Uk + blfnk_lsm’“_lUk + b]:nk_QSmk_2Uk —+ e+ beSUk + blgUk

Finally, we take common factors Y, Uy, Us, ..., and Uy, so it follows that
(8" + 18"+ ap28" P+ +ags® +ars +ag)Y =
(bhy 8™ + by 8™ by, o™ TP 4+ bys 4 b)) U+

(b2, s™ + b2, s™ T b s T+ s+ b)) Us + .

(b 8™ Uy —18™ 71 by 8™ - 4 B o+ 0G) U

which provides the desired result

v by, 8™ A+ by 8™ T 4B 8™ T2 4+ bys + b(l)U N
S+ U 15" L Ay 98" 2 - ag8? + ays +ag
b2, 8™ + b2, 8T b2, 8™ 4 bis + B
S+ Ay 18" 4 Ay_08" T2+ - 4 a9s? + a8 + ag
by, 8™k 4 bk s B 5™ e 4 B 4 b

S+ A1+ Apy_98" 2 4 - - 4 a98? 4+ a1s + ag

k-

(6.5)

(6.6)

(6.7)
(6.8)

(6.9)

or, i i
Ui(s)
Us(s)
— |numi(s) numa(s) . numg(s)
Y(S) [ den(s) den(s) den(s) .
its)
where we have included the dependence on s to highlight that it is a transfer function vector
and
numi(s) = by, s™ +by, s™ T bl 8™ T2+ bis + by,
numy(s) = by, "+ b, s b, 8T TR+ bis + b,
numy(s) = bf ™ bl s BE 08T T 4 bs + by,
den(s) = s"+ap 18" "+ ap28""% + -+ azs® + a5 + ao.

(6.10)

On the other hand, if the differential equation 6.1 is nonlinear, then we need to apply state-

space control techniques that we have learn, where the trivial states z; = y, 2, = %

% may be the simplest way of obtaining the state-space representation.
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6.1.1 Worked example

Consider the differential equation
Y+ Tij 4+ 145 + 8y = iy + 141y + 40u; + 21y + duy

then we can apply the Laplace transform as follows

(8% + 75 + 145 + 8)Y (s) = (s* + 145 + 40)U;(s) + (25 + 4)Us(s).

Rearranging the equation, it follows that

Y(s) = [( 524145440 ) ( 944 )] Ui(s)

534752414548 534752414548

and simplifying yields

)} Ui(s)

Ve =[] |

6.2 MIMO systems: transfer function matrix

(6.11)

(6.12)

(6.13)

(6.14)

Once we know how to tackle a system with several inputs and one output, we can think in

the most general case, where we have several outputs and several inputs. We will need as

many equations as outputs. A natural assumption, it is that we will obtain independently the

dynamics for every output, i.e.

(LYo, fud ¥, fu ¥y, DY) = o,

S({ys Y20, ful ¥, fu ¥, o Yy =0,

oLy Yo, ful )y, fud 3 DY) = 0.

~~ o~ o~
SRR
—_ =
~N o

~— N~ N~

Then, we have again two cases. If the system is linear, we will be able to write every equation as

a transfer function vector matrix, and combine all these column vectors in a matrix as follows

[ hum 1(s)  numj 2(s) numy,x(s)

}/1(3) denll ES) denll ?5) e denlll(Cs) Ul(s)
nums 1(s) numsy 2(s) numy x (s)

Yv2<8) _ den22 Es) dené?s) o den221(€s) UQ(S)
numg i(s)  numga(s) numy (s)

_YE(S)_ L denllzs) denll?s) e denlll(cs) | _Uk(S)_
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On the other hand, if these equations are nonlinear, once again the state space representation

. . ny—1
of the system could be obtained by using the states z; = y;, o = dd%,. C Ty, = %,
_ _ dys _dm2ly
Tpi4+1 = Y2, Tpy4+1 = PTRIER yLni4+ng — ama=1 and so on.

One could think of the most general case where all the outputs are in all the equations.
Then the solution of this system is a simultaneous differential equation. In the linear case,
extra conditions will be required to obtain a solution in a similar way to standard simultaneous
equations. In the nonlinear case, we can either perform a linearization and recover the previous
case or develop a state-space representation as discussed previously. However, it may not be

straightforward.

Exercise 6.2.1. Obtain the transfer function associated with the quadruple tank process using

the linearisation in Exercise 3.1.7 as
G(s)=C(sI — A)'B+D. (6.20)

Write the two differential equations associated with this transfer function.

6.3 Rosenbrock system matrix

The state-space methods are usually motivated to study MIMO systems in contrast with trans-
fer function methods. The Control Systems Centre at The University of Manchester was inter-
nationally recognised by the development of frequency methods for MIMO systems such as the
inverse Nyquist array design technique. Howard. H. Rosenbrock and Alistair G. J. MacFarlane
were the leading researchers in this development.

The Rosenbrock system matrix of a state space representation is defined as follows:

P(s) = oA (6.21)
-C D

It provides a link between both representation, state-space and transfer function. The transfer

function between the input ¢ and output j is given by
—¢;  di

A e —— 22
95 = T A (6:22)

where b; is the column ¢ of B and ¢; is the row j of C.
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6.4 'Trivial realisation of a MIMO system

A realisation of an MIMO system can be found trivially by using the realisation of each element.

For example, let us consider a 2-by-2 system as follows

G1i(s) Gsfs
G(s) = 1(8) Gals) (6.23)
G3(8) G4(S)
where G;(s) = Ci(sI — A;)7'B; + D;, for i = 1,2,3,4. Then a state-space realisation of the

system is given by

A, 0 0 O By 0
0 A, 0 O 0 B,
A - B =
0 0 A; O By 0
0 0 0 A, 0 B, (6.24)
c, ¢, 0 0 ‘D, D,
C _ 1 2 D _ 1 2
0 0 Cg C4 D3 D4

Exercise 6.4.1. Extend the above expression to a 3-by-3 transfer function matrix.

Worked example: Realisation of a MIMO system

Consider the differential equation given (6.11), then we have shown that the relationship be-

tween inputs and output in the Laplace domain is given by

G(s) = [ _st10 2 ] (6.25)

52+4+35+2  s2+5s+4

Then a state space realisation of the above plant can be found as follows:

Element (1,1) The transfer function

s+ 10

G=——"7-—
1 s2+35+2

(6.26)

We can, for instance, use the control canonical form to represent this transfer function

jfl 0 1 T 0
.%.'2 -2 =3 i) 1

I
+
S

(6.27)

y = 10 1] . (6.28)
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Element (1,2) The transfer function

2

Gyp=—""——
2T 215514

(6.29)

Again, we can use the controllability canonical form to represent this transfer function

T3 0 1 T3 0

= + Us; (6.30)
jf4 —4 =5 Ty 1
I3
y = |20 |7]. (6.31)
Ty

With these two realisations we can conclude that the state-space realisation of (6.25) is

given by

T o 1 0 0 T 00

x -2 -3 0 0 x 1 0 |u

o= 1+ e (6.32)

i’g 0 0 0 1 T3 0 0 U9

Ty 0 0 —4 —5| |x4 01
T
o)

y = 0120 |7 (6.33)
T3
Xy

Exercise 6.4.2. Show in MATLAB that the state-space representation of this system corre-

sponds with the transfer function matrix (6.25).

6.5 Minimal realisation

6.5.1 Definition

When we find a state space realisation of SISO transfer functions using the canonical forms, it
seems intuitive that all states are controllable and observable if there is no pole-zero cancellation.

This kind of realisation is called a minimal realisation.

Definition 6.5.1. The state-space representation (A, B, C, D) is said to be a minimal realisa-

tion if and only if the pair [A, B] is controllable and the pair [A, C] is observable.
Result 6.5.2. All minimal realisations of a given transfer function are similar to each other.

Loosely speaking, if we have two minimal realisations of the same system, then there exists

a transformation matrix T such that one transforms into the other.
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6.5.2 SISO

For SISO systems, the minimality can be easily associated with pole-zero cancellations.

Result 6.5.3. Any canonical form of a SISO transfer function with no pole-zero cancellation

18 minimal.

Proof. Let us show that the controller canonical form is minimal. Given a general transfer

function

G(s) = Y(s) _ by 15" 4+ b0 2 4 -+ bys + by _ n(s) (6.34)
Ul(s) 8" 4 Q18" 4 Fas +ag d(s)’ '

where b; # 0 for at least one 0 < ¢ < n. Then its controller canonical form is given by

| 0 1 0 0 0 ] _0_
0 0 1 0 0 0
I U I (6.35)
0 0 0 o - 1 0
|—@o —a1 —ay —az - —ap| _1_
¢ = [bo by by -+ by bn_q|- (6.36)

The controllability of this form is trivial, however its observability is not straightforward. Let

us denote « a root of the numerator polynomial, i.e.
n(a) =b, 10"+ + bia+ by = 0. (6.37)

We can rewrite this equation as follows

1 1
(6] (e
Oéz 062
bo b by bas boa| | | =C| | =0 (6.38)
an—Z an—2
an—l an—l

On the other hand, let us denote 8 a root of the denominator polynomial d(s), which

corresponds with the characteristic polynomial associated with the matrix A, hence 3 is also a
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eigenvalue of A. Further the eigenvectors of the matrix A have a very particular structure:

0

0

—Qp—1

1

B
52

Bn—2
ﬁn—l

B
52

ﬂn—2
671—1

(6.39)

By applying Result 4.3.8, the system is unobservable if and only if there exist a root of n(s),

a, and a root of d(s), 3, such that & = 8. Therefore, the controller canonical form is observable

if and only if there is no pole-zero cancellation.

6.5.3 MIMO

However, when we find the realisation of a MIMO transfer function matrix, the complexity

increases. If we transform each element of the transfer function matrix, then it is possible to

find that some states are uncontrollable or unobservable. In MIMO, the dynamics of a output

can be different for every input, but they share the same equation, hence cancellation due to

shared common states is very common as we have shown in Section 6.1.1. When a MIMO

transfer function matrix is realised without considering this possibility of sharing states, then

nonminimal realisations are obtained. Let us consider an example.

Worked example: Lack of minimality

Let us consider the realisation from previous section

I
Ty
T3

Ty

0O 1 0
-2 =3 0
0O 0 0
0O 0 —4
[10 1 2 0}

X2

Zs3

Ly

T
T2
T3

Ly

o o = O

_ o O O

U

U2

(6.40)

(6.41)

As there is no pole-zero cancellation in the transfer function, one could assume that this is a

minimal realisation, but it is easy to show that it is not.
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The controllability matrix is

oo 1 o0 -3 0 7 0

10 -3 0 7 0 -15 0
C(A,B) = . (6.42)
00 1 0 -5 0 21

1 0 -5 0 21 0O -8

0
0

It is easy to check that this matrix has rank 4, i.e. it is full rank. As result, the pair [A, B] is
controllable.

On the other hand, the observability matrix is

10 1 2 0

2 7T 0 2
O(A,C) = . (6.43)
—14 -23 -8 —10

46 55 40 42

The student can check that det(O(A, C')) = 0; hence there is one state that cannot be observed.

As a result, the developed (A, B, C, D) representation of (6.25) using minimal representations

of each component is not a minimal realisation.

Exercise 6.5.4. Use the command minreal to find the transformation 7" to obtain a system

with the structure given by Kalman’s decomposition.

6.6 Gilbert’s realisation

6.6.1 Procedure

With this example, we can deduce an interesting property of MIMO systems. If we construct
the realisation of a system by using controllability canonical forms or observability canonical
forms of the individual elements, the minimality of the realisation is no longer necessarily
preserved. Therefore, it is natural to ask whether we can realise the MIMO transfer function
in such a way that we obtain a minimal realisation.

The answer to this question is given by Gilbert’s realisation. It provides a procedure to
obtain a minimal representation. The first step is to write the transfer function (I-by-k)-matrix

G(s) as follows:
W (s)
p(s)

where p(s) is a scalar polynomial and W (s) is a matrix whose elements are polynomial. Let

G(s) =D+ (6.44)

us denote \; for i = 1,...,n, the roots of p(s) and, for simplicity’s sake, assume that they are
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real and distinct. The method can be generalised to more general cases. Once we have found

all the poles, then we decompose the fraction (6.44) in partial fractions as follows

G(s) =D+ Z e ‘j/A) (6.45)

Note that W; is a constant matrix. Let us denote the rank of W; by p;, then it is possible to
write these matrices as:
where B; € R?** and C; € R,

Then, Gilbert’s realisation of the transfer function G(s) is given by

M, 0 - 0 By
a= |’ AQ_]"Z 0 g | P
(6.47)
0 0 Andp, B,
c=loy ¢ - al D
6.6.2 Worked example
Once again, let us consider the transfer function
Gls) = |52 o] (6.49)

The first step is to decompose each transfer function in partial fractions. After some algebra,

it follows
s+ 10 -8 9
— 6.49
s2+3s+2 3+2+s—|—1 ( )
2 —2/3  2/3
= 6.50
s2+4+5s5+4 s+4+s+1 ( )
Then, transfer function (6.48) can be written as
[, —2/3 | 2/3
Gl = [(Z+5+:%) (+L+Y)] (6.51)

where all poles are introduced in each transfer function. Now, we can rewrite the transfer

function matrix as in (6.45) as follows

oL b bl
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where Wy = [—8 ()], Wo = [0 —2/3], and W5 = [9 2/3] Then it is trivial that the rank of
each matrix is one. Finally, we need to decompose this matrices as in (6.46), where B; € R'*?
and C; € RY™! for all i = 1,2,3. Finally, a trivial but correct solution is considering B; = W;
and C; =1, for all : = 1,2, 3.

Finally, the Gilbert’s realisation of the system is given by

—2 0 0 -8 0
A=10 -4 0| B=|0 -2/3
0 0 -1 9 2/3 (6.53)
c=[11 1 p=1o o

Exercise 6.6.1. Show in MATLAB that this state-space representation corresponds with the

transfer function (6.48).

Exercise 6.6.2. Show that the representation (6.53) is minimal.

6.7 Some operations with systems

The last part of the unit summarises some operations with state-space realisations. Let us

denote

[A,B,C,D] :=C(sI — A)"'B + D; (6.54)
then the following operations with systems can be defined:

Transformation Given a nonsingular matrix V = T~!, a transformation of the system will

produce the same system, i.e.

[A,B,C,D] = [T 'AT, T'B,CT, D]. (6.55)

[Ala B17 Ola Dl]

— v

[AQa BQ7 C?a DQ]

Figure 6.1: Addition of two system.

Addition The addition of two system is given by
A O By

[A1, By, Cy, D1] + [Ag, By, Cy, Ds] = ) ) [01 02} D1+ Do (6.56)
0 A, By
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Product The product of two system is defined

Ay BiCy B1D,

[AhBlaOth] X [A27B27027D2] = ) ) [Cl D102i| 7D1D2
0 A By
(6.57)
or
A2 0 BQ
[A1, B, C1, D1] X [Az, By, Ca, Do) = ) ; [DlCz 01} ; D1Ds
3102 Al BlDQ
(6.58)
U = Chyzy + Dou = Yy
— [A27327027D2] Y2 272 24 4 [Al,Bl,Cl,Dl] "
Figure 6.2: Product of two systems.
The dynamics of the state x5 is straightforward
ig = AQJZ’Q —+ BQ'U,. (659)

But the dynamics of the state x; requires some treatment
7;’1 = All’l + Blul = All'l + Bl (OQZEQ + DQU) = A1$1 + Bngxg + BlDQU (660)

If we consider the total as x = (z1, 2), both equations lead to

d T A, B C T B{D
d 1 _ |4 Bily oo | PP, (6.61)
dt 9 0 A T By

Finally, the output is given by
Yy = Oll’l + D1U1 = 01131 + D1<OQZE2 + DQU) = 01131 + chQZEQ + DIDQU (662)

or

Iy
Yy = |:C1 D1Cz:| + D; Dsu. (663)
T2

As a result, we have found the four matrices given in (6.57). The student can find the

matrices in (6.58) by choosing x = (22, x1)

As the order in the product does not match with the order of the block diagram (see
Fig 6.2), H. guys have proposed to change the direction of the arrows (see Fig. 6.3).

Inverse If D is a square nonsingular matrix, then

(|A,B,C,D))" = [A— BD'C,—BD~',D~'C, D). (6.64)
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Uy = CQ%’Q -+ Dzu =Y

] [Ala Bh Clle]

[AQa B27 027 DZ] D

Figure 6.3: A reason for changing the direction of the arrows.

U Cx + Du

4 [AB,C,D Y

(|4, B,C, D))~ b—

Figure 6.4: Inverse system.

6.7.1 Worked example

Consider the product of a system with it inverse system given in Fig. 6.4. Let us show that

this product is equal to the identity system as defined in (6.64). Using (6.61) and the systems

in Fig. 6.4, i.e.
(A1, B1,C1,Dy] = [A—BD™'C,—BD™',D7'C,D™], (6.65)
[AQ, By, Cs, Dﬂ = [A7 B,C, D]% (6-66)
it follows that
d T A—BD'C —BD'C| |z —BD7'D
— — —|— u =
dt \ |z, 0 A 2 B
A—BD'C —BD'C| |x —-B
+ u (6.67)
0 A T2 B
and
T 1 T
y=|D"!C D—lc] +D ' Du= |D"IC D—lc] + Iu, (6.68)
) T2

where it is easy to see that there is a very singular structure in the matrices, for example, the
input affect is exactly opposite manner to both states, whereas the output depend on both
states in the same way. Let us transform the system into the new coordinates z; = xy + x5 and

29 = To, then it follows that

S=d1 +dy=(A—BD 'C)x; — Bu+ (A— BD 'C)xy + Bu =

(A—BD'O)(z1 4+ 23) = (A— BD'C)z; (6.69)

and

y=D'0(xy +x) + Tu=D"'Cz + Iu. (6.70)
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As a result, we obtain the diagonal form of the system that corresponds with its Kalman’s

decomposition, i.e.

d 21 A—BD7'C 0 21 0
— = + u (6.71)
dt Z9 0 A Z9 B
and
21
y=[pc o || +1u, (6.72)
)

where the state z; is observable but uncontrollable and zy is controllable but unobservable.
Therefore, from an input-ouput point of view, both states can be eliminated and only I must

be considered, i.e.

(A,B,C, D))" x [A,B,C,D] = I. (6.73)

Exercise 6.7.1. Derive the state space representation of the unit feedback of the system

A, B,C, D).

Exercise 6.7.2. Derive the state space representation of the feedback interconnection between

the System [Al, Bl, Cl, Dl] and [AQ, BQ, 02, DQ]
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6.8 Learning outcomes

A state-space realisation is minimal if and only if the pair [A, B] is controllable and the

pair [A, C] is observable.

All minimal representations of a system are equivalents, hence they have the same number

of states.

For multivariable systems, then minimality of each element does not ensure minimality

of the whole transfer function.
The minimal realisation of a system can be obtained using Gilbert’s realisation.
Obtain a minimal represetation using Gilbert’s realisation.

Inverses, additions and product can be defined in the state-space representation.
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