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Abstract. Multidimensional data projection and visualisation are becoming in-
creasingly important and have found wide applications in many fields such as 
decision support, bioinformatics and web/document organisation. Various 
methods and algorithms have been proposed as either nonparametric or semi-
parametric approaches. This paper provides an overview of the subject and re-
views some recent developments. Relationships among various key methods 
such as Sammon mapping, Neuroscale, principal curve/surface, SOM, GTM and 
ViSOM are analysed and their advantages and limitations are highlighted in the 
context of nonlinear principal component analysis and independent component 
analysis.  

1   Introduction 

Data projection and visualisation methods are becoming widely used tools in many 
fields such as decision support [8], financial analysis [1], information/knowledge 
management [11] and bioinformatics [51]. Searching for a suitable data mapping 
method has always been an integral objective of multivariate data analysis and pattern 
recognition. Projecting data on to its underlying subspace can detect its real structures, 
facilitate functional analysis, and help making a judgment. A great deal of research 
has been devoted to this subject and a number of methods have been proposed.  

Classic projection methods include the linear principal component analysis (PCA) 
and the multidimensional scaling (MDS). The PCA projects the data onto its principal 
directions, which are represented by the orthogonal eigenvectors of the covariance 
matrix of the data. It is the optimal linear projection in the sense of minimum mean-
square-error between the original data points and the projected ones on the principal 
subspace. But the PCA’s linearity has limited its power for practical data, as it cannot 
capture nonlinear relationships defined by higher than second order statistics. If the 
input dimensionality is much higher than two, the projection onto a linear plane will 
provide limited visualisation power. An extension to nonlinear PCA, in principle, 
could tackle practical problems better. However there is no single and unique solution 
to nonlinear PCA [34]. Various methods have been proposed, for example the auto-
associative networks [27], generalised PCA [20], kernel PCA [46], and the principal 
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curves and surfaces [14, 28]. Other mapping methods include the recently proposed 
local, geometric based grouping and averaging [49] and local linear embedding [43].  

MDS tries to project data points onto a two-dimensional plane by preserving as 
close as possible the inter-point metrics [9, 42]. The mapping generally is nonlinear 
and can reveal the overall structure of the data. Sammon [45] mapping is a widely 
known example of MDS. However, like other MDS methods, the Sammon algorithm 
is a point-to-point mapping, which does not provide the explicit mapping function [45, 
35].  

Neural networks present another approach to nonlinear data analysis or projection. 
A feedforward neural network has been proposed to parametrise the Sammon mapping 
function and a back-propagation algorithm has been derived for training of the net-
work and minimising the Sammon stress [35]. Neuroscale [33] is another realisation 
of the MDS using the radial basis function. The self-organising map (SOM) is an 
abstract mathematical model of the mapping between nerve sensory and cerebral cor-
tex [24, 25]. The SOM has been widely used as a visualisation tool for dimensionality 
reduction (e.g. [52, 26]). The generative topographic mapping (GTM) [3] parametrises 
the SOM using mixture of Gaussians. The SOM’s topology preserving property can be 
utilised to visualise the relative mutual relationships among the input. However, the 
SOM does not directly apply to scaling, which aims to reproduce proximity in 
(Euclidean) distance on a low visualisation space, as it has to rely on a colouring 
scheme to imprint the distances –that is very crude and often the distributions of the 
data points are distorted on the map. The recently proposed visualisation induced 
SOM (ViSOM) [54, 55] constrains the lateral contraction force between the neurons in 
the SOM and hence regularises the inter-neuron distances with respect to a scaleable 
parameter that defines and controls the resolution of the map. It preserves the data 
structure as well as the topology as faithfully as possible. The ViSOM provides a 
direct visualisation of both the structure and distribution of the data.  

The remaining of the paper provides a review on various methods. The relation-
ships among these methods are analysed and drawn. The advantages and drawbacks of 
these different approaches are also elucidated. 

2   MDS and Sammon Mapping 
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 MDS 
tries to project data points onto a two-dimensional sheet or plot by preserving as close 
as possible the inter-point metrics [9, 42]. The projection is generally nonlinear and 
can reveal the overall structure of the data. 
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2.1   Sammon Mapping  

Sammon mapping is a well-known example of MDS. The objective of Sammon map-
ping is to minimise the differences between inter-point distances in the original space 
and those in the projected plane. The Sammon mapping has been shown to be useful 
for data structure analysis (e.g. [45], [41]). However, like other MDS methods, the 
Sammon algorithm is a point-to-point mapping, which does not provide the explicit 
mapping function and cannot naturally accommodate new data points [45, 35]. It also 
requires to compute and store all the inter-point distances. This proves difficult or 
even impossible for many practical applications where data arrives sequentially, the 
quantity of data is large, and/or memory space for the data is limited. 
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2.2   Neural Approaches to MDS 

��� �	� 2��	 "3+! ��*� �����
�� �� �
� � ����������� 	����� 	�����/� ������
����--������������
���������	�����	���	����	�	���	
����*�
������	�	�
������
��
���	����*���������	�	������	�����/ '������*����	�

�����������
���/�����������	 ���������� �% ��	���
�	� ��� �����	 
���

 �	
���� �� ��� �����
�����
������	��
�����	������������� '��	�����/��/�
��������	������	�
��



380         H. Yin 

 

���������	�������	�	� �	�*�������	��
����������������
�	��������������	�
�
��������$��	���������������	
 

)	�������--���� ����	�������	���
��	��
��*�����	������
�����������	�
�	��������	�����/ '��
������
���������	����	%	���������	�
���
���
��	��

�����*���
�������	�
�������������	�����	������
�	�
���� '������������
�����
���	���
��	��������	������
�	������	������
����	 

-����
�����
�
 ��������
�
 ��	����	 �456� ����	�����
� ������"33!  )���	��
��
�
 � 
����� �	�������� 
���

 ��	����	� � �  &( �#� ������� ��� ��	���	����  �

�������*� �����	� ��
 ��
� ���	 �	���������� �	�� ��� �������*� ��	����	 �	� ����
����
����������	������/�
�	�������	���
�������*����������	���������������
���

���������/	��������$�
�

����
�	�����	�
%
���
 

3   Nonlinear Extensions of PCA and ICA 

PCA is a classic linear data analysis method aiming at finding orthogonal principal 
directions from a set of data, along which the data exhibit the largest variances. By 
discarding the minor components, the PCA can effectively reduce data variables and 
display the dominant ones in a linear, low dimensional subspace. It is the optimal 
linear projection in the sense of the mean-square error between original points and 
projected ones, i.e., 
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where x=[x1,x2, …xn]
T is the n-dimensional input vector, {qj, j=1,2, …m, m≤n} are 

orthogonal vectors representing principal directions. They are the first m principal 
eigenvectors of the covariance matrix of the input. The second term in the above 
bracket is the reconstruction or projection of x on these eigenvectors. The term qj

Tx 
represents the projection of x onto the j-th principal dimension. Traditional methods 
for solving eigenvector problem involve numerical methods. Though fairly efficient 
and robust, they are not usually adaptive and often require the presentation of the en-
tire data set. Several Hebbian-based learning algorithms and neural networks have 
been proposed for performing PCA such as, the subspace network [37] and the gener-
alised Hebbian algorithm [44]. The limitation of linear PCA is obvious, as it cannot 
capture nonlinear relationships defined by higher than the second order statistics. If the 
input dimension is much higher than two, the projection onto linear principal plane 
will provide limited visualisation power. 

The extension to nonlinear PCA (NLPCA) is not unique, due to the lack of a uni-
fied mathematical structure and an efficient and reliable algorithm, in some cases due 
to excessive freedom in selection of representative basis functions [34, 20]. Principal 
curves and principal surfaces [14, 41] were primary nonlinear extension of PCA, but a 
valid algorithm is required for a good implementation. Several networks have been 
proposed for nonlinear PCA such as, the five-layer feedforward associative network 
[27] and the kernel PCA [46]. The first three layers of the associative network project 
the original data on to a curve or surface, providing an activation value for the bottle-



Nonlinear Multidimensional Data Projection and Visualisation         381 

 

neck node. The last three layers define the curve and surface. The weights of the asso-
ciative NLPCA network are determined by minimising the following objective func-
tion, 

∑ −
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��� �77�8�977��	 ��                                              (4) 

where f: �1→ �n (or �2→ �n), the function modelled by the last three layers, defines a 
curve (or a surface), sf: �

n→ �1 (or �n→ �2), the function modelled by the first three 
layers, defines the projection index. 

The kernel-based PCA [46] uses nonlinear mapping and kernel functions to gener-
alise PCA to NLPCA and has been used for character recognition. The nonlinear func-
tion Φ(x) maps data onto high-dimensional feature space, where the standard linear 
PCA can be performed via kernel functions: k(x, y)=(Φ(x) Φ(y)). The projected co-
variance matrix is then 
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The standard linear eigenvalue problem can now be written as λV=KV, where the 
columns of V are the eigenvectors and K is a NxN matrix with elements as kernels 
Kij:=k(xi, xj)=(Φ(xi) Φ(xj)). 

(Linear) ICA is another way to extend and generalise the PCA. With the assump-
tion of linear mixtures, ICA can decompose and map data set into statistically inde-
pendent components. It has been studied intensively recently. Many theories regarding 
various aspects of the linear ICA have been established and confirmed experimentally 
[30, 17, 12]. However, in general and for many practical problems, mixtures are more 
likely to be nonlinear or subject to some kind of nonlinear distortions due to sensory or 
environmental limitations. Extension of existing theories and methods to nonlinear 
ICA (NLICA) is not straightforward. There have been few initial attempts (e.g. [39]). 
ICA and NLICA can be approached through non-linear PCA (NLPCA), SOM, and 
mixture models, and some work has demonstrated tentative links [38, 15, 40, 53].  

The generic NLICA problem can be formulated as X(t)=� [S(t)], where S(t) are a 
set of unknown source signals and X(t) the observation or measurements, �� is un-
known and generally a nonlinear transformation. In real problems there is a noise 
process V(t) associated with either source or observed signals. This noise term can be 
additive and multiplicative, and with various distributions (either correlated or not 
with the source signals). The complexity of the noisy NLICA model suggests the use 
of a flexible method that may need to be tailored to the experimental context. Some 
research has addressed a compromise between standard linear and purely NLICA 
methods, such as the ICA mixture models [32] and the local linear ICA using k-means 
clustering [21]. The first tries to relax the independence assumption of the generic ICA 
model. While the second is closely related to the batch version of the SOM, but with 
standard k-means clustering used, because of the fairly small number of clusters in-
volved. 

Various neural networks have also been applied to the NLICA problem. The use of 
multilayer perceptrons (MLP) in biomedical applications has been studied [31], while 
earlier a two-layer perceptron was employed [6]. An RBF network [48] has been used 
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to recover the unknown sources from their nonlinear mixtures in presence of cross-
nonlinearities. This method appears robust against additive, uniformly distributed 
white noise, but a further noise suppression technique is necessary to denoise the sepa-
rated source signals. SOMs have been used [15, 40] to extract independent compo-
nents from nonlinearly mixed discrete or continuous sources. The network complexity 
increases with the number of neurons while the quantization error (interpolation error, 
in the continuous case) cannot be disregarded. A SOM-based NLICA method has been 
used to denoise multiplicative noise [13]. A post-nonlinear mixing has been proposed 
by [32] and [47]. In this case, the sources are assumed to be linearly mixed and then 
transformed by a nonlinear transfer channel. This parametric approach uses sigmoidal 
functions and MLP networks to approximate the inverse nonlinearity. However, the 
approach is limited to a certain class of nonlinear mixtures. A generalization to a 
rather larger class of functions has been given by [18] using the notion of conformal 
mapping into the complex domain. Generally existing NLICA methods can be classi-
fied into two categories. The first models the nonlinear mixing as a linear process 
followed by a nonlinear transfer channel. These methods are of limited flexibility as 
they are often parametrized. The second category employs parameter-free methods, 
which are more useful in representing more generic nonlinearities. A common neural 
technique in this second category is the SOM, which can be used to model and extract 
the underlying nonlinear data structures.  

4   Principal Curves and Surfaces 
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For a data point x, its projection index on f is defined as 
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The curve is called self-consistent or a principal curve of p if 
!��7"�� ρρρ == �� ��                                             (7) 

 The principal component is a special case of the principal curves if the distribu-
tion is ellipsoidal. Although 1-D principal curves have been mainly studied, extension 
to higher dimension, e.g. principal surfaces is feasible in principle. However, in prac-
tice, a good implementation of principal curves/surfaces relies on an effective and 
efficient algorithm. 

The principal curves/surfaces are more of a concept that invites practical 
implementations. The HS algorithm is a nonparametric method [14], which directly 
iterates the two steps of the above definition. It is similar to the LGB VQ algorithm, 
combined with some smoothing techniques.  
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HS algorithm: 
 

Initialisation: Choose the first linear principal component as the initial curve, 
f(0)(x). 

Projection: Project the data points onto the current curve and calculate the 
projections index, i.e. ρ(t)(x)=ρf(t)(x). 

Expectation: For each index, take the mean of data points projected onto it as 
the new curve point, i.e., f(t+1)(ρ)=E[X|ρf(t)(X)=ρ]. 

 
The projection and expectation steps are repeated until a convergence criterion is 
met, e.g. when the change of the curve between iterations is below a threshold. 

 
For a finite data set, the density p is often unknown, the above expectation is re-

placed by a smoothing method such as the locally weighted running-line smoother or 
smoothing splines. For kernel regression, the smoother is, 
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The arc length is simply computed from the line segments. There are no proofs of 
convergence of the algorithm, but no convergence problems have been reported, 
though the algorithm is biased in some cases [14]. Banfield and Raftery [2] have 
modified the HS algorithm by taking the expectation of the residual of the projections 
in order to reduce the bias. Kegl et al [23] have proposed an incremental, e.g. segment 
by segment, and arc length constrained method for practical construction of principal 
curves. 

Tibshirani [50] has introduced a semi-parametric model for the principal curve. A 
mixture model was used to estimate the noise along the curve; and the expectation and 
maximisation (EM) method was employed to estimate the parameters. Other options 
for finding the nonlinear manifold include the GTM [3] and probabilistic principal 
surfaces (PPS) [7]. These methods model the data by a means of a latent space. They 
belong to the semi-parametrised mixture model, although types and orientations of the 
local distributions vary from method to method.  

5   SOM, GTM, and ViSOM 

The SOM is an unsupervised learning algorithm that uses a finite grid of neurons to 
frame the input space. As the map is often arranged in a low dimensional, e.g. 2-D, 
grid, it can be used for visualisation of potentially high dimensional data on a visible 
dimension. In the SOM, neighbourhood learning is adopted to form topological order-
ing among the neurons in the map. The mapping is generally nonlinear. The close data 
points are likely projected to nearby nodes. Thus the map can be used to show the 
relative relationships among the data points. However, the SOM does not directly 
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show the inter-neuron distances on the map. For visualisation, the SOM requires assis-
tance from a colouring scheme to imprint the inter-neuron distances and therefore the 
clusters and boundaries can be marked. The colour or grey tone of a node or a region 
between nodes is proportional to the mean or median of the distances between that 
node and its nearest neighbours. Such a colouring method has been used in many data 
visualisation applications, e.g. WEBSOM [16] and World Welfare Map [22]. The 
colouring methods indeed enhance the visualisation ability of the SOM. However, the 
cluster structures and distribution of the data shown on the map often are not apparent 
and appear in distorted and unnatural forms. Other techniques to mark the inter neuron 
distances include calculating the magnification factors or the Jacobians [4] and inter-
polation [57]. The SOM can serve as a visualisation map only in showing the relative 
closeness and relationships among data points and clusters. This is also the case for the 
GTM, which is a parametrised approach to the SOM [3]. It uses a set of RBFs to map 
a latent 2-D grid into the high dimensional data space, 

Y(x, W)=Wφ(x)                                                     (9) 

 In the GTM, the data is modelled by a mixture of homoscedastic Gaussians. Then 
the EM algorithm is used to learn the parameters: the mapping W and the common 
variance σ of the Gaussians. The PPS [7] has adopted a general Gaussian mixture and 
oriented covariance noise model in the GTM and results in a better approximation to 
principla curves and surfaces. The recently proposed latent trait model (LTM) [19] 
generalises the GTM for both discrete and categorical data distributions. The SOM 
can also be directly parametrised using mixture of Gaussians such as the Bayesian 
SOM [58] for modelling the data density.  

In many cases, however, a direct and faithful display of structure shapes and distri-
butions of the data is highly desirable in visualisation applications. ViSOM has been 
proposed to directly preserve distances on the map [54, 55]. For the map to capture the 
data structure naturally and directly, the distance quantity must be preserved on the 
map, along with the topology. Ideally the nodes should be uniformly and smoothly 
placed in the nonlinear manifold of the data space. The map can be seen as a smooth 
and graded mesh embedded into the data space, onto which the data points are mapped 
and the inter-point distances are approximately preserved. 

In the ViSOM, lateral contraction force is constrained in the learning rule,  

wk(t+1)=wk(t)+ α(t)η(v,k,t){[x(t)−wv(t)]+ β[wv(t)−wk(t)]}                    (10) 

where the simplest constraint can be β:=dvk/(∆vkλ)-1, with dvk the distance in the input 
space, ∆vk the distance on the map, and λ a resolution constant. 

The ViSOM regularises the contraction force so that the distances between the 
nodes on the map are analogous to the distances of their weights in the data space. The 
aim is to adjust inter-neuron distances on the map in proportion to those in the data 
space, i.e. ∆vk∝dvk. When the data points are eventually projected on a trained map, the 
distance between point i and j on the map is proportional to that of the original space, 
subject to the quantisation error (the distance between a data point and its neural rep-
resentive). This has a similar effect to Sammon mapping, which also aims at achieving 
this proportionality, Dij∝dij, though here Dij represents the distance of two mapped data 
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points. When the number of nodes increases, the quantisation errors reduces. The key 
feature of the ViSOM is that the distances between the neurons on the map (in a 
neighbourhood) reflect the corresponding distances in the data space. When the map is 
trained and data points mapped, the distances between mapped data points on the map 
will resemble approximately those in the original space (subject to the resolution of 
the map). This makes visualisation more direct, quantitatively measurable, and visu-
ally appealing. The size or covering range of the neighbourhood function can also be 
decreased from an initially large value to a final smaller one. The final neighbourhood, 
however, should not contain just the winner. The rigidity or curvature of the map is 
controlled by the ultimate size of the neighbourhood. The larger of this size the flatter 
the final map is in the data space. 

The SOM has also been related to the discrete principal curve/surface algorithm 
[42, 36]. However the differences remain in both the projection and smoothing proc-
esses. In the SOM the data are projected onto the nodes rather than onto the curve. The 
principal curves perform the smoothing entirely in the data space –see Eq. (8). The 
smoothing process in the SOM and ViSOM, as a convergence criterion, is [56], 
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The smoothing is governed by the indexes of the neurons in the map space. The kernel 
regression uses the arc length parameters (ρ, ρi) or ||ρ−ρi|| exactly, while the 
neighbourhood function uses the node indexes (k, i) or ||k-i||. Arc lengths reflect the 
curve distances between the data points. However, node indexes are integer numbers 
denoting the nodes or the positions on the map grid, not the positions in the input 
space. So ||k-i|| does not resemble ||wk-wi|| in the common SOM. In the ViSOM, how-
ever, as the inter-neuron distances on the map represent those in the data space (sub-
ject to the resolution of the map), the distances of nodes on the map are in proportion 
to the difference of their positions in the data space, i.e. ||k–i||∼||wk–wi||. The smoothing 
process in the ViSOM resembles that of the principal curves as shown below,  
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The ViSOM is a better approximation to the principal curves/surfaces than the 
SOM is. The SOM and ViSOM are similar only when the data are uniformly distrib-
uted, or when the number of nodes becomes very large, in which case both the SOM 
and ViSOM will closely approximate the principal curves/surfaces. 

6   Conclusions 

Nonlinear projections of multidimensional data have been approached from various 
aspects such as MDS, nonlinear PCA, nonlinear ICA, and principal manifold such as 
principal curves and surfaces. Various realisation methods have been proposed and 
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proved to be useful in various data modelling and visualisation applications. Among 
these methods, the SOM and ViSOM seem to be the most versatile and nonparametric 
methods not only in data visualisation, but also in capturing the nonlinear manifold of 
the data. The ViSOM is a natural algorithm for extracting discrete principal curves 
and surfaces. 
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