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A split-step FDTD method with higher-order spatial accuracy is

presented, which is proved to be unconditionally stable. From the

dispersion analysis, it is justified that the method achieves improved

accuracy compared with lower-order cases and its dispersion error is

comparable with the higher-order ADI-FDTD method.

Introduction: A split-step FDTD (SS-FDTD) method has been

proposed to achieve arbitrary orders of accuracy in both space and

time [1]. With the time increment sequences presented in [1], the method

is anticipated to attain higher-order accuracy in time. To provide an

approach for higher-order accuracy in space, an SS-FDTD method

featuring second-order temporal accuracy and fourth-order spatial accu-

racy (denoted as SS-FDTD(2,4) here) is developed in this Letter. It will

be seen that this method is unconditionally stable and achieves a lower

dispersion error than SS-FDTD(2,2), which is the SS-FDTD based on the

Crank-Nicolson approximation with second-order accuracy in both time

and space [2]. Furthermore, the dispersion error of SS-FDTD(2,4) is also

compared with that of the ADI-FDTD method with second-order

accuracy in both time and space [3] (denoted as ADI-FDTD(2,2)), and

the higher-order ADI-FDTD method with second-order accuracy in time

and fourth-order accuracy in space [4] (denoted as ADI-FDTD(2,4)).

SS-FDTD(2,4) method: The updating schemes to obtain different

temporal accuracy have been presented in [1] and the distinction

among the various updating schemes is in their time increment

sequences. Here the higher-order spatial accuracy method is derived

from the scheme with second-order temporal accuracy, which is

convenient to be generalised to other cases. For the case of 2-D TM

wave propagation in a lossless isotropic medium with permittivity

e and permeability m, the three updating sub-procedures for the

SS-FDTD(2,4) can be presented as
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Equation (1a) can be represented as

Ezj
nþ1=4
I ;J ¼ Ezj

n
I ;J þ

b

2
� ½PxðHyj

nþ1=4
I ;J Þ þ PxðHyj

n
I ;J Þ� ð5aÞ

Hxj
nþ1=4
I ;J ¼ Hxj

n
I ;J ð5bÞ

Hyj
nþ1=4
I ;J ¼ Hyj

n
I ;J þ

d

2
� ½PxðEzj

nþ1=4
I ;J Þ þ PxðEzj

n
I ;J Þ� ð5cÞ

in which b¼Dt=2e, d¼Dt=2m. Substituting Hy at (nþ 1=4)th time step

from (5c) into (5a), the first sub-procedure updating equation for Ez can

be obtained as
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After Ez at (nþ 1=4)th time step is solved implicitly from (6), the

magnetic field components can be obtained from (5b) and (5c). Other

updating equations can be deduced using similar steps.

Analysis of stability and dispersion: The procedures for stability and

dispersion analysis of the present SS-FDTD(2,4) are similar to those

of the ADI method in [3] and [5]. The whole updating procedure can

be presented in a matrix form as

unþ1 ¼ L � un ¼ L3 � L2 � L1 � u
n;L3 ¼ L1 ð7Þ

L1, L2 and L3 are the updating matrices for first, second and third

updating sub-procedures accordingly. The eigenvalues of L can be

solved as
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It can be seen that the magnitude of each of the eigenvalues of L is

unity. Thus the SS-FDTD(2,4) is proved to be unconditionally stable.

The dispersion relationship of the SS-FDTD(2,4) can be represented

as
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To justify the accuracy improvement achieved by the SS-FDTD(2,4),

numerical investigation of the dispersion relations of various FDTD

methods, i.e. SS-FDTD(2,2), SS-FDTD(2,4), ADI-FDTD(2,2) and

ADI-FDTD(2,4), is conducted.

Fig. 1 compares the phase velocity error against propagation angle f
of SS-FDTD(2,4) with that of the lower-order cases, ADI-FDTD(2,2)

and SS-FDTD(2,2). For simplicity, uniform mesh Dx¼Dy¼ d¼ l=20
is used and the time step is selected as 2DtCFL. DtCFL¼ s=

ffiffiffiffiffiffiffiffi
ð2cÞ

p
is the

CFL limit for minimum mesh size of l=20. It is observed that the

dispersion error of SS-FDTD(2,4) is lower than the other two lower-

order methods. Thus the higher-order spatial accuracy scheme achieves

better accuracy than the lower-order cases.

Fig. 1 Phase velocity error of ADI-FDTD(2,2), SS-FDTD(2,2),
SS-FDTD(2,4) for Dt¼ 2DtCFL
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Fig. 2 presents the phase velocity error of SS-FDTD(2,4) and ADI-

FDTD(2,4) for different time steps, i.e. Dt¼DtCFL, Dt¼ 2DtCFL,

Dt¼ 4DtCFL. One can find that the dispersion error of SS-FDTD(2,4)

is comparable with that of the higher-order ADI-FDTD method, ADI-

FDTD(2,4). In this case, it is also generally lower for most of the

propagation angles despite demonstrating some form of asymmetry,

which can be explained due to the different time step effect along x- and

y-axis updating direction. Such asymmetry may be exploited at advan-

tage for simulation of certain antennas or microwave structures.

Fig. 2 Phase velocity error of ADI-FDTD(2,4) and SS-FDTD(2,4) for
different time steps

Conclusion: An unconditionally stable split-step FDTD method with

higher-order spatial accuracy is proposed. The method achieves

improved accuracy compared with lower-order cases and its disper-

sion error is comparable with the higher-order ADI-FDTD method.
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