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1. INTRODUCTION

In his classic paper [1] of 1965, Zadeh introduced the notion of fuzzy sets and
fuzzy set operations. Subsequently, Chang [2], Wong [3], Lowen [4] and others
applied some basic concepts from general topology to fuzzy sets and developed a
theory of fuzzy topological spaces. In an analogous application with groups,
Rosenfeld [5] formulated the elements of a theory of fuzzy groups. In the present
paper, we bring together the structure of a fuzzy topological space and that of a
fuzzy group to form a combined structure, that of a fuzzy topological group.
Homomorphic images and inverse images, quotients and products of fuzzy

topological groups are also briefly examined. Notation for fuzzy sets follows that
of Zadeh [1].

2. PRELIMINARIES

Let X be a set and I the unit interval [0, 1]. A fuzzy set 4 in X is characterized
by'a membership function u, which associates with each point x € X its “‘grade
of membership” u,(x) € 1.

DEeFINITION 2.1. Let 4 and B be fuzzy sets in X. Then:

A =B <= p,(x) = py(x) forall x € X;
ACB < p,(x) < pg(x) for all x € X;
C =AU B < pc(x) = max{u(x), ug(x)} forallx e X;
D = AN B < pup(x) = min{u (%), ua(x)} forall x € X.

More generally, for a family of fuzzy sets .7 = {4;|je J}, the union, C =
Uses 4; , and the intersection, D = (\,.; 4; , are defined by

pc(x) = sup py (%), xe X,
jeJ
pp(x) = inf p 4 (x), xelX.
jeJ
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We denote by %, the fuzzy set in X with membership function g () = ¢ for all
x € X. The fuzzy set k, corresponds to the set X and the fuzzy set k, to the
empty set ..

DeFINITION 2.2. Let f be a mapping from a set X to a set Y. Let B be a
fuzzy set in Y, with membership function up . Then the inverse image of B,
written f-1[B], is the fuzzy set in X with membership function defined by

Brags(®) = pp(f(x)  forallxe X.

Conversely, let A be a fuzzy set in X, with membership function u,, . Then the
image of A, written f[A], is the fuzzy set in ¥ with membership function defined
by

piay) = sup paz) if  f7Hy)is nonempty,

zef"Uy)

=0 otherwise,
for all ye Y, where f~Y(y) = {x [f(x) =3}

ProPOSITION 2.1. Let f be a mapping from a set X to a set Y, and let {A;},
je ], be a family of fuzzy sets in X and {Bj}, j € ], a family of fuzzy sets inY.
Then:

(i) fMUjes Bl = Uses fYBI),
(@) fNses Bl = Nies S 7B,
(i) flUses 451 = Uses f (41,
(iv)  fINes A C Nies S145)-
Proof. (i), (i), and (iii) follow immediately from the definitions.

(iv) The membership function of f[(\;e,; 4;] is given by
prin,e ai(y) = sup infp,(2) <inf sup p4(?)
zef"Ny) jeJ jeJ zef " (y)

= HNyeyrl4;]

for all y € V; hence the assertion. J

3. Fuzzy TOPOLOGICAL SPACES AND SUBSPACES
The following definition of a fuzzy topological space is due to Lowen [4].

DEFINITION 3.1. A fuzzy topology on a set X is a family J of fuzzy sets in X
which satisfies the following conditions:
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(i) Forallcel, k7.
() If4,BeT,thenANBeJ.
(i) If A;eT forallje J, then ., 4;€ 7.

The pair (X,.7) is called a fuzzy topological space, or fts for short, and the
members of 7 are called T -open fuzzy sets, or, when there is no risk of con-
fusion, simply opern fuzzy sets.

In the definition of a fuzzy topology by Chang [2], the condition (i) is just

G ko, €T

The necessity for the inclusion in 7~ of all fuzzy sets with constant membership
functions will become apparent later.

DeriniTION 3.2. Let 4 be a fuzzy set in X and J a fuzzy topology on X.
Then the induced fuzzy topology on A is the family of fuzzy subsets of A which
are the intersections with 4 of J -open fuzzy sets in X. The induced fuzzy
topology is denoted by 7, , and the pair (4, 7)) is called a fuzzy subspace of
(X, 9).

Note that the induced fuzzy topology does not in general satisfy condition (i)
of Definition 3.1. Condition (ii), however, is satisfied, and so is condition (iii).
Thus, if U;e T, for all j€ ], then there exist U; €7, je ], such that U] =
U; N A for each je J. The union U’ = ;e; Uj = Uje; (U; N A) has member-
ship function u;- , given by

pu(®) = Sup (%) = sup minpuy,(x), pa(*)} = minfsup py (), pa()}
jeJ jeJ jeJ

= B(Ue; U A%)
for all x € X. Hence U’ = (Ujes U;) N 4 and is therefore in 7, .

DeriniTionN 3.3. Let (X, ), (Y, %) be two fts’s. A mapping f of (X, T)
into (Y, %) is fuzzy continuous iff for each open fuzzy set I in % the inverse
image f~1[V] is in . Conversely, f is fuzzy open iff for each open fuzzy set U
in 7, the image f[U] is in %.

If (4, 74), (B, %) are fuzzy subspaces of fts’s (X, T), (Y, %) respectively,
and f is a mapping of (X, .7") into (Y, %), then we say that f is 2 mapping of
(4, T,) into (B, %) if f[4]C B.

DerFiNiTION 3.3'.  Let (4, 7,), (B, %3) be fuzzy subspaces of fts’s (X, 7),
(Y, %) respectively. Then a mapping f of (4, 7,) into (B, Up) is relatively fuzzy
continuous iff for each open fuzzy set V' in %, the intersection f-1[V']1 N 4
is in 7, . Conversely, f is relatively fuzzy open iff for each open fuzzy set U’ in
T4, the image f[U’] is in %, .
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ProrosiTion 3.1. Let (A4, T,), (B, Xp) be fuzzy subspaces of fts’s (X, T),
(Y, ) respectively, and let f be a fuzzy continuous mapping of (X, ") into (Y, U)
such that f[A] C B. Then f is a relatively fuzzy continuous mapping of (4, 7,)
into (B, Uy).

Proof. Let V' be open in %,. Then there exists V€% such that
V' = V N B. The inverse image V] is open in 7. Hence, f[}']N A =
FUVINfABINA=fVInAdisopeninF,. |

A bijective mapping f of a fts (X, ") into a fts (Y, %) is a fuzzy homeomorphism
iff it is fuzzy continuous and fuzzy open. A bijective mapping f of a fuzzy sub-
space (4, F,) of (X, ) into a fuzzy subspace (B, %p) of (Y, %) is arelative fuzzy
homeomorphism iff f[A] = B and f is relatively fuzzy continuous and relatively
fuzzy open.

PROPOSITION 3.2. Let f be a fuzzy continuous (resp. fuzzy open) mapping of a
fts (X, T ) into a fts (Y, %), and g a fuzzy continuous (resp. fuzzy open) mapping
of (Y, U) into a fts (Z,¥"). Then the composition g - f is a fuzzy continuous (resp.
fuzzy open) mapping of (X, T ) into (Z,7").

Proof. Obvious.

ProposITION 3.2, Let (4, T,), (B, %), (C,¥¢) be fuzzy subspaces of fts’s
(X, ), (Y, ), (Z,7") respectively. Let f be a relatively fuzzy continuous (resp.
relatively fuszy open) mapping of (4, 7 ,) into (B, Up) and g a relatively fuzzy
continuous (resp. relatively fuzzy open) mapping of (B, p) into (C, ¥'¢c). Then the
composition g o f is a relatively fuszy continuous (resp. relatively fuzzy open) map-
ping of (4, T,) into (C, ¥ ¢).

Proof. Let W’ be open in ¥¢. Then g Y[W] N B is open in #, and
F g (W]Nn BN AisopeninJ,. But(gof) 1 [W]N A = f-g W' N
B] N A, since f[A] C B, and so g o f is relatively fuzzy continuous. The proof in
the case of relatively fuzzy open mappings is trivial. ||

DEFINITION 3.4. Let Z be a fuzzy topology on a set A", A subfamily & of I
is a base for 7 iff each member of I can be expressed as the union of members

of 4.

DeFINITION 3.4, Let  be a fuzzy topology on a set X and 7, the induced
fuzzy topology on a fuzzy subset 4 of X. A subfamily &’ of J, is a base for T,
iff each member of 7, can be expressed as the union of members of #'.

Note that if & is a base for a fuzzy topology Z on a set X, then
#,={UnN A|Ue %} is a base for the induced fuzzy topology 7, on the tuzzy
subset 4.
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ProposITION 3.3, Let f be a mapping from a fts (X, T ) to a fts (Y, ¥). Lt #
be a base for U. Then f is fuzzy continuous iff for each B in B the inverse tmage
fYUB] is in T .

Proof. Straightforward.

ProrosiTioN 3.3". Let (A, 7)), (B, %) be fuzzy subspaces of fts's (X, T),
(Y, ) respectively. Let B8’ be a base for Uy . Then a mapping f of (A, T,) into
(B, %) is relatively fuszy continuous iff for each B’ in A’ the intersection
fUB 1N Aisin T, .

Proof.  Straightforward.

DerFiniTION 3.5. Given two fuzzy topologies .7, , 7, on the same set .Y,
we say that 7, is finer that 7, (and that 7, 1s coarser that J) if the identity
mapping of (.Y, 7)) into (X, 7,) is fuzzy continuous.

DerFiNITION 3.6. Let f be a mapping of a set A" into a set Y, and let % be a
fuzzy topology on Y. The coarsest fuzzy topology 7 on X for which f is fuzzy
continuous is called the inverse image under f of %. The J -open fuzzy sets in X
are the inverse images of #-open fuzzy sets in Y.

DeriniTiON 3.7. Let f be a mapping of a set X into a set Y, and let I
be a fuzzy topology on X. The finest fuzzy topology % on Y for which f is fuzzy
continuous is called the émage under f of 7. A fuzzy set U in Y is #-open iff
SfHU] is a .7 -open fuzzy set in 1\

DeriniTION 3.8, Given a family {(X;, .7))}, j€ ], of fts’s, we define¢ their
product [, (X;,7,) to be the fts (X, .7), where X = [],., X is the usual
set product.and .7 is the coarsest topology on X" for which the projections p; of
X onto .Y are fuzzy continuous for each j & J. The fuzzy topology 7 is called
the product fuzzy topology on X, and (X, 7") a product fts.

ProrosiTiON 3.4. Let {(X;, J;)}, je ], be a family of fts’s and (X, T") the
product fts. The product fuzzy topology .7 on X has as a base the set of finite
intersections of fuzzy sets of the form p;*[U], where U; € 7, j€ ].

Proof. See [3].

Let {X;}, 7 =1,2,..,n be a finite family of fuzzy sets and for each
J=1,2,..,n, let A; be a fuzzy set in .X; . We define the product A -- [];_, 4,
of the family {A;}, j = 1,2,...,n, as the fuzzy set in X' =[], ; A, that has
membership function given by

:u'A(xl (2] xn) = min{.u'/ll(xl)v-“y “’A"(xn)}v
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for all (x,..., x,) € X. Notice that for eachj = 1, 2,..., n, p,{A] C A4, , since the
membership function of p,[4] is given by

pp Lat(;) = L Sup | p A1 5eeer 20)

PIPROVE I 1= €

= sup  minfup(E) (2}

(21, . zp)eni )

= min{sup pa(21)s fa,(%5)r- SUP 4, (2n)}

z1€Xy zpe Xy,
< pax5),

for all x;€ X;. .
It follows from the above that if X; has fuzzy topology 7;,j =1, 2,..., n, the

product fuzzy topology 7~ on X has as a base the set of product fuzzy sets of the
form H?:l U;, where U;e 7;,j=1,2,...,n

Proposition 3.4". Let {(X;, 77}, j=1,2,...,n, be a finite family of fts’s
and (X, ) the product fts. For each j = 1, 2,..., n, let A; be a fuzzy set in X; and
A the product fuzzy set in X. Then the induced fuzzy topology T, on A has as a
base the set of product fuzzy sets of the form TT,., U i, where Uj e (7;) 0] =
1,2,..,n :

Proof. 1In accordance with the preceding remarks, 7 has a base

A P

i=1

A base for 7, is therefore given by

B, =

(H U,-)mA | U;eJ5,j=1,2,..,n
=1

But T, Up)nd= I’[L1 (U; N A). The proposition follows with U; =
Undj=12..,n |

By an abuse of notation, we denote the fuzzy subspace (4, J,) by
ILia (455 (Z5)a)-

ProrositTioN 3.5. Let {(X;, 7))}, j € ], be a family of fts’s, (X, ") the product
fts, and f a mapping of a fts (Y, ¥) into (X, T). Then f is fuzzy continuous iff
Psof is fuzzy continuous for each je .

Proof. See [3].

CororLLary. Let {(X;, T, {(Y;,%;)}, je ], be two families of fts’s and
(X, ), (Y, %) the respective product fts’s. For each j e |, let f; be a mapping of
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(X;, ;) into (Y;, U;). Then the product mapping f = [ Lies fi: (%;) — (fi(%;)) of
(X, T) into (Y, U) is fuzzy continuous if f; is fuzzy continuous for each j eJ.

Proof. 'The mapping f can be written as x — (f;(p;(x)), where x = (x;), and
is therefore fuzzy continuous by Proposition 3.5. |

Prorosition 3.5, Let {(X;, 7;)},7 =1, 2,..., n, be a finite family of fts’s and
(X, T) the product fts. For each j = 1, 2,..., n, let A; be a fuzzy set in X; and A
the product fuzzy set in X. Let (Y, %) be a fts, B a fuzzy set in Y, and f a mapping
of the fuzzy subspace (B, Up) into the fuzzy subspace (A, 7). Then f is relatively
Suzzy continuous iff p, o f is relatively fuzzy continuous for each j = 1,2,...,n

Proof. (=) By Proposition 3.1, the fuzzy continuity of p, implies the
relative fuzzy continuity of p; for each j = 1,2,..., n. The composition piof
is therefore relatively fuzzy continuous for each j =1, 2,..

(<) Let U =U; x - x U, , where Ue(ﬂ'),,, ]~12 By
Proposition 3.4, the set of such U’ forms a base for 77, . Since

FTUTIN B =f7{p"[Us1 0 - n g {UR] N B = (n) (s /)" U N B)

is open in %y, as p; o f is relatively fuzzy continuous for each j = 1, 2,..., n, it
follows from Proposition 3.3 that f is relatively fuzzy continuous. 1

CoroLLARY. Let {(X;, T3)}, {(Y;, U;)}, j = 1, 2,..., m, be two finite famzlzes
of fts’s and (X, T), (Y, ) the respectwe prodm‘t fts’s. For each j = 1, 2,..
let A; be a fuzzy set in X;, B; a fuszy set in Y; , and f; a mapping of the fuzzy
subspace (4;,(7))a,) tnto the Sfuzzy subspace (B, , (”Z/ )p,). Let A = 1_[] 14;,B =
]"[, 1 B; be the product Suzzy sets in X, Y respectively. Then the product mapping
f= H]n 151 (%1 0ees %) = (fo(®1),- s fu(x0)) of the fuzzy subspace (4, 7,) into
the fuzzy subspace (B, Up) is relatively fuzzy continuous if f; is relatively fuzzy
continuous for eachj = 1, 2,...,n

Proof. Analogous to the proof of the Corollary to Proposition 3.5.

ProposiTION 3.6. Let {(X;, 7))}, {(Y;, %)}, j = 1,2,....,n, be two Sinite
families of fts’s and (X, T), (Y, U) the respective product fts’s. For each
J=12,..n, let f; be a mapping of (X,,T;) into (Y;,U,). Then the product
mapping f == [Ti1 fi: (%1500 22) = (ful®r)se- fn(xn)) 0f (X, ) into (Y, %) is
SJuzzy open if f; is fuzzy open for eachj =1, 2,..

Proof. Let U be open in . Then there exist open fuzzy sets U, € J;,
meM,j=1,2,..n, such that

U= U [ Usn-

meM j=1
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The image f[U] of U has-membership function p,[), where, for all y e Y,

tAo(3) = BU peprd 1 0,0(Y) = sup sup prr, o, (2)
meM zef My

= sup sup - sup min{py (21),.- ko, (Fa)}
meM z,ef7 Hyy) z 68y W)

= sup min{ sup iy, (3)es S pio, (30}
meM 2,687 Ny z,,ef,, (4y)

sup min{pyy, (V1o fr, 10,1 (Vn)}
meM

= U g7 0510, (D)

Thus f[U} = Unen ]_I:':l (fi[U;n])- Since f; is fuzzy open for eachj = 1, 2,..., n,
f[U]is openin%. |

ProrosiTioN 3.6 Let {(X;, I)hL{(Y;, %)}, 7 =1,2,...,n, be two finite
families of fts’s and (X,T°), (Y, X) the respective product fts’s. For each
j=1,2,...,n let A; be a fuzzy setin X;, B; a fuzzy set in Y; , and f; a mapping
of the fuz‘.y subspace (A;,(F3)a,) into the fuzzy subspace (B? (%;)s,). Let A =
1.4, B= H] 1 B; be the product fuzzy sets in X, Y respectzvely Then the

product mapping f =TTy (%1 soes 30) = (ful® e fuli)) of the fuzzy sub-
space (A, T,) into the fuzzy subspace (B, Ug) is relatively fuzzy open if f; is
relatively fuzzy open for eachj =1,2,..,n

Proof. Let U’ be open in 7, . By Proposition 3.4’, there exist open fuzzy
sets U, € (%)Aj, meM,j=1,2,..,n, such that

jm

U= []Unm-
MmeEM j=1
As in the proof of Proposition 3.6, it follows that
f10 = U AU
meM j=1
Since f; is relatively fuzzy open for eachj = 1, 2,...,n, f[U'] is open in%p . |1
ProposITION 3.7. Let (X, , 97), (Xy, Ty) be fts’s and (X, T) the product fts.

Then for each a, € X, , the mapping i: x, — (a; , %,) of (X, Ts) into (X, T) s
fuzzy continuous.

Proof. 'The constant mapping i;: &, —> a; of (X, , 7;) into (X, , F7) is fuzzy
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continuous, for, if U, is open in ; , the inverse image i7*[U,] has membership
function given by

:u'il—l[ul](xz) = /‘Lul(al) - f“];l.(xz)
for all x, € X, , where £, is the open fuzzy set in X, which has constant member-
ship function with value ¢ = py (ay)- Since the identity mapping 7,: x, — x, of

(X, , ;) into itself is fuzzy continuous, the mapping 7 is fuzzy continuous by
Proposition 3.5. |

PRrOPOSITION 3.7". Let (X, , T7), (X, , ) be fts’s and (X, T°) the product fts.
Let A, , A, be fuzzy sets in X, , X, respectively, and A the product fuzzy set in X.
Then for each a, € X, such that p 4 (@) = pq (%) for all x, € X, , the mapping
1 %y — (ay , %y) of the fuzzy subspace (A, , (9_2)/12) into the fuzzy subspace (A, 7 ,)
15 relatively fuzzy continuous.

Proof. We see that i[4,] C A4, since the membership function of i[A,] is
given by

f‘Li[AZ](xl ) Xp) == P'Ag(xz) if X = 4y,

=0 otherwise,
and that of 4 by

pa(Xy, x3) = min{;ul(xl), .“Ag(xz)}

= .“Ag(xz)

for all (¥, x,) € X', The proof of the relative fuzzy continuity of 7 is analogous
to the proof of the fuzzy continuity of i in Proposition 3.7. ]

4. Fuzzy Grours

DerINITION 4.1, Let X be a group and G a fuzzy set in .\ with membership
function y . Then G is a fuzzy group in X iff the following conditions are
satished:

() o) > minfuc(®), pe(») for all v, y e X
(i) pe(xt) = pe(x), for all x e X.

Note that Rosenfeld [5] refers to G as a fuzsy subgroup.
ProrosiTiON 4.1. G is a fuszy group in X iff

pa(ey ) = min{u(x), pe( )}, forallx, ye X.

Proof. See [5].
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PrOPOSITION 4.2. Let X, Y be groups and f a homomorphism of X into Y. Let G
be a fuzzy group in Y. Then the inverse image f[G] of G is a fuzzy group in X.

Proof. Forallx,yeX,
:“l'f—l[c;](xy_l) = f"o(f(xy_l)) = :U‘G(f(x) (f(y))_l)

= min{pe(f (%)) ue(f (¥}
= min{l"j-l[g](x)’ .“’f-l[c](y)}' |

For images, we need the following property [5]. A fuzzy set 4 in X is said to
have the sup property if, for any subset T C X, there exists to€ T such that

pa(ty) = SUPser pa(t)-

ProrosiTioN 4.3. Let X, Y be groups and f a homomorphism of X into Y. Let G
be a fuzzy group in X that has the sup property. Then the image f[G] of G is a Sfuzzy
groupin Y.

Proof. Let u,ve Y. If either f~X(u) or f~}(v) is empty, then the inequality
in Proposition 4.1 is trivially satisfied. Suppose neither f(u) nor f~Y(v) is
empty. Ler 7y € f~Y(x), 5o € f () be such that

po(re) = sup pg(t),  pelSe) = sup pe(t)
tef~Y(u) tef—(v)

Then,
(o) = sup po(w) = min{ps(ro)s rel(so)}

wef Nuv™)
= min{us161(®), pric)(@)}-
We say that the membership function g of a fuzzy group G in a group X is

f-invariant [5] if, for all x;,x€ X, f(x) = f(x) implies pg(%,) = po(s)-
Clearly, a homomorphic image f[G] of G is then a fuzzy group.

PRroPOSITION 4.4. If G is a fuzzy group in a group X, then po(x™) = pe(x)
and pc(e) = po(x) for all x € G, where e is the identity element of G.

Proof. See [5].

Given a fuzzy group G in a group X, let G, denote the set {x | ug(¥) = pe(e)}
It follows that G, is a subgroup of X. For a € X, let p,: x — xa and A,: x — ax
denote, respectively, the right and left translations of X into itself.

PropoSITION 4.5. Let G be a fuzzy group in a group X. Then, for alla€ G, ,
p[G] = A[G] = G.
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Proof. (Compare [5]). Letae G, . Then the membership function of p,[G]
1s given by

\Y

B f61(%) = pe(xa™) = min{ug(x), pole)} = po(x)

\Y

= pg(xa~'a) = min{uc(xa), pe(e)} = po(xa™) = Bogl61(%),

for all x € X. The proof for A, is similar. J ~

5. Fuzzy ToroLocica. GROUPS

Suppose G is a fuzzy group in a group X. Let o denote the mapping (x, y) — xy
X X X into X, and B the mapping x — x> of X into itself. The image
a[G x G] of the product fuzzy set G X G has membership function p,gyq],
where

Baloxel(®) = sup pexa(®1 » %2)
(24, 2)€a~Nz)

= sup min{,ua(zl)y P"G(z2)}

(2. z,)€0 M)

< sup pe(2122) = pe(%),
(2, 3)ea ()
for all x € X. Hence o[G x G]C G. By Proposition 4.4, ug(x) = pg(x~1), for all
x€ X. Hence B[G] C G. Next, note that if X is given a fuzzy topology 7,
then G acquires an induced fuzzy topology J . By definition, (G, J¢) is a
fuzzy subspace of the fts (X,.77) and (G, J;) x (G, T) a fuzzy subspace of
the product fts (X, J) X (X, 7).

DeriNiTION 5.1.  Let X be a group and 7 a fuzzy topology on .X. Let G be a
fuzzy group in X and let G be endowed with the induced fuzzy topology J .
Then G is a fuzzy topological group in X iff it satisfies the following two con-
ditions:

(i) The mapping o: (¥, y) = &y of (G, I5) X (G, I;) into (G, Tg) is
relatively fuzzy continuous.
(i) 'The mapping B: x — &7 of (G, %) into (G, Fg) is relatively fuzzy

continuous.

A fuzzy group structure and an induced fuzzy topology are said to be compa-
tible if they satisfy (i) and (ii).

ProPoSITION 5.1. Let X be a group having fuzzy topology T . A fuzzy group
G in X is a fuzzy topological group iff the mapping v: (x, y) — xy=1 of (G, Tg) X
(G, %) into (G, Ty) is relatively fuzzy continuous.
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Proof.” (=) The mapping (x,y)— (x,3™Y) of (G, Is) X (G, J;) into
itself is relatively fuzzy continuous by the Corollary to Proposition 3.5". Hence,
the composition (x, y) > (x, ¥y 1) — ay~! is relatively fuzzy continuous.

(=) By Proposition 4.4, ug(e) = pe(x), for all xe X, and therefore by
Proposition 3.7’ the canonical injection i: y — (e, ¥) of (G, F;) into (G, F) X
(G, F¢) is relatively fuzzy continuous. Hence the composition 8: y — (e, y) —
ey~ is relatively fuzzy continuous. The mapping «: (x, y) — xy of (G, T;) X
(G, 9%) into (G, Jg) is relatively fuzzy continuous since it is the composition
(%, ¥) = (x, y™1) — x{y~1)~! of relatively fuzzy continuous mappings. ||

If G is a fuzzy topological group in a group X carrying fuzzy topology 7,
then, in general, the translations p,, , A, , a € X, are not relatively fuzzy continuous
mappings of (G, J;) into itself. We do, however, have the following special case.
Recall that G, = {x | pg(x) = pele)}-

PRrOPOSITION 5.2. Let X be a group having fuzzy topology J, and let G be a
fuzzy topological group in X. For each a € G, , the translations p, , A, are relative
Juzzy homeomorphisms of (G, I ) tnto itself.

Proof. From Proposition 4.5, we note that p,[G] = G and A,[G] = G, for all
a e G, . The mapping A, is the composition of the injection i: y — (a, ¥) and the
mapping «: (x, y) — xy. Since pg(a) = pe(y) for all ye Y, it follows from
Proposition 3.7’ that { is a relatively fuzzy continuous mapping of (G, 7;) into
(G, T5) % (G, T5). The mapping a is relatively fuzzy continuous by hypothesis.
Hence, A, is relatively fuzzy continuous, and therefore A7 = A -1 also. The
relative fuzzy continuity of p, and p; ' is shown similarly. ||

6. HoMOMORPHISMS

Suppose that X and Y are groups and that f is a homomorphism of A into Y.
Let Y have fuzzy topology % and let G be a fuzzy topological group in Y. The
mapping f gives rise to a fuzzy topology 7 on X, the inverse image under f of %,
and, by Proposition 4.2, it also gives rise to a fuzzy group in X, the inverse
image f~1[G] of G. The following proposition shows that the induced fuzzy
topology on f~![G] and the fuzzy group structure are compatible.

ProPOSITION 6.1. Given groups X, Y, a homomorphism f of X into Y, and a
fuzzy topology U on Y, let X have fuzzy topology T, where T is the inverse
image under f of U, and let G be a fuzzy topological group in Y. Then the inverse
image f~G] of G is a fuzzy topological group in X.
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Proof. We have to show that the mapping yy: (%, &) = 335" of
(F UG, Tr-16) X (FUC) Tyi)) into (f G, Ty riey) s relatively fuzzy
continuous. Let U’ be an open fuzzy set in the induced fuzzy topology J; 1147 on
f71G]. Note that since f is a fuzzy continuous mapping of (X, ) into (¥, %) it
is, by Proposition 3.1, a relatively fuzzy continuous mapping of (fYG], Z;-151)
into (G, %;). Note also that there exists an open fuzzy set V"’ in % such that
f-1[1"] == U’. The membership function of y;'{U’] is given by:

f".,);,llulj(xj ) xz) == ,uu,(x]x;]) = M/‘l[y'](xlxgl) = :U'V'(f(xl) (f(xg))_1)7

for all (x,, x,) € X' X X. By hypothesis, the mapping yy: (¥, ¥s) — 155" of
(G, %) < (G, %) into (G, %) is relatively fuzzy continuous, and, by the
Corollary to Proposition 3.5’, so is the product mapping f X f of (f~YG],
Trorie1) % (F G, Tyt into (G, %) X (G, Uo). But,

:u’y'(f(‘xl) (f(‘xz))—l) - :uy;,l[y'](f(xl)vf(xz)) = lu(ij)*l[y;l[ V']](xl ’ xz):

for all (x,x) e x X, Hence, ;' [U]N (fYUG] x fG)) = (f X
AV O (G x f~G]) is open in the induced fuzzy topology on
SHGT x fGL B

The next proposition shows that for some homomorphic images a similar
situation holds.

ProrosiTioN 6.2. Given groups X, Y, a homomorphism f of X into Y, and a
fuzzy topology T on X, let Y have fuzzy topology U, where U is the image under
fof T, and let G be a fuzzy topological group in X. If the membership function g
of G is f-invariant, then the image f[G] of G is a fuzzy topological group in Y.

Proof. In accordance with the remark following Proposition 4.3, f[G] 1s a
fuzzy group. We have to show that the mapping yy: (¥1, ¥s) — ¥1¥5" of
(fIG)s Zi61) ¥ (FIG], Us16y) into (f[G], %,11) is relatively fuzzy continuous.
Note that f is fuzzy open, for if U e J, then f[U] € %, since the inverse image
FYUSUT] is the union of open fuzzy sets (Prop. 5.2) and thus open in 7. It
follows that f is relatively fuzzy open, since if U’ € F; , there exists U €.7 such
that U’ = U N G and, by the f-invariance of pg , f[U'] = fIU] N f[Gl e X0 -
By Proposition 3.6", the product mapping f X f1s a relatively fuzzy open map-
ping of (G, J) x (G, 7¢) into (f[G), 1) X (fIG], #161)-

Let 1’ be an open fuzzy set in %, . The membership function of
(f X ) lyy' [V is given by

Firxn =1y V']|(x1 ) Xy) = }LV,(f(xl) (f(xz))#l) = :‘“(v}lof~1)[y,](x1 , x2),

for all (x;, x,) € X X X, where yy: (&, , 5) — x125". But, by hypothesis, yy is a
relatively fuzzy continuous mapping of (G, 7;) X (G, J;) into (G, I), and f
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is a relatively fuzzy continuous mapping of (G, J;) into (f[G], %;c1)- Hence, by
the f-invariance of u ,

(f X O DY TVIN (FIG X FIGD] = (f x /)7 Dy VNI N (G X G)

is open in the induced fuzzy topology on G X G. As f X f is relatively fuzzy
open,

(f X O U X O TVINFIG] X fIGN] = v V10 (fIG] X fIG)

is open in the induced fuzzy topology on f[G] X f[G]. |

7. QUOTIENTS AND ProODUCTS

Given a group X carrying a fuzzy topology 7, and G a fuzzy topological
group in X, let N be a normal subgroup of X, and let ¢ be the canonical homo-
morphism of X onto the quotient group X/N. If the membership function g
of G is constant on N, then pg is ¢-invariant, and the image $[G] is accordingly
a fuzzy group in X/N. We call $[G] a quotient fuzzy group and denote it by G/N.

ProPoSITION 7.1. Let X be a group having fuzzy topology 7, G a fuzzy
topological group in X and N a normal subgroup of X. Let the quotient group X|N
be given the fuzzy topology which is the image of J under the canonical homo-
morphism ¢. Then, if the membership function pgof G is constant on N, the quotient
Sfuzzy group GIN is a fuzzy topological group in X/N.

Proof. Apply Proposition 6.2. ||

We refer to the above fuzzy topology on the quotient group X/N as the quotient
fuzzy topology and to G|N as a quotient fuzzy topological group.

ProposiTION 7.2. Let X, Y be groups, and f a homomorphism of X onto
Y. Let T be a fuzzy topology on X, U a fuzzy topology on Y, and f both fuzzy
continuous and fuzzy open. Let G be a fuzzy topological group in X such that its
membership function . is constant on the kernel f~Y(e) of f. Let the quotient group
X/[fY(e) have the quotient fuzzy topology. Then:

(i) The fuzzy groups G|fYe) and f[G] are fuzzy topological groups in
X[fYe) and Y respectively.

(i1)  The canonical isomorphism f of X|f ~'(e) onto Y is a relative fuzzy homeo-
morphism of G|f ~1(e) onto f[G].

Proof. (i) 'That G[f~Y(e) is a fuzzy topological group in X/f~I(e) follows
immediately from Proposition 7.1. Since f is both fuzzy continuous and fuzzy
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open, the image under f of J coincides with %. For, if 17 is a fuzzy set in YV
such that =[] is open in J, f[f~1[V]] = V is open in %, and, conversely, if
V is open in %, then f~[V] is open in J". By Proposition 6.2, the image f[G]
is therefore a fuzzy topological group in Y.

(i) Let V' be an open fuzzy set in the induced fuzzy topology %) on
SIG], and let ¢ be the canonical homomorphism of X onto X/f~(e). Then
fAV ] =¢ [ f V'] is open in J;, since f is relatively fuzzy continuous,
and therefore f~1[V'] is open in the induced fuzzy topology on GJf-1(e), since ¢
is relatively fuzzy open. Conversely, if U’ is an open. fuzzy set in the induced
fuzzy topology on G|f~Y(e), then ¢~ [U’] = f-1[ f[U’]] is open in the induced
fuzzy topology on G, which implies that f [U']is open in % since f is relatively
fuzzy open. |

We now briefly discuss products of fuzzy topological groups. Let {X,},
J=1,2,...,n, be a finite family of groups, and X the product group. For each
7 =1,2,..,n, let X; have fuzzy topology .7;, and let G, be a fuzzy topological
group in X; . The product fuzzy set G = ]"[:;1 G, in X has membership function
He given by

po(*) = min{pg,(%1),..., pg, (%)}

where x = (x, ,..., x,). It follows that G is a fuzzy group in X, since, for all
xyeX,

:“‘G(xy_l) = f"'G(xl.yl_l»"': x'nyzl) = min{/"’Gl(xqul)""1 f"G,,(xny;l)}
= min{min{ug,(%:), e ,(¥1)}---, min{pe (%), po,(¥a)}}
= min{min{/“Gl(xl)"“’ V‘Gﬂ(xn)}’ min{f“Gl(.Vl)""’ /"G,,(yn)}}

= min{pg(éc), re(¥);-

We call G the product of the fuzzy groups G; ,j == 1,2,..., n.

'The product group X has associated with it the product fuzzy topology. The
next proposition shows that the induced fuzzy topology on G and the product
fuzzy group structure are compatible.

ProrosrTioN 7.3. Let {X}}, j = 1,2,...,n, be a finite family of groups and,
Joreachj =1, 2,..., n, let T; be a fuzzy topology on X, , and G; a fuzzy topological
group in X; . Let the product group X = H;;l X; have the product fuzzy topology
. Then the product fuzzy group G = I‘[Ll G is a fuzzy topological group in X.

Proof. The mapping y: (x, y) = 2y~ of (G, I3;) X (G, ;) into (G, I;) may
be written as the composition of yy: (%, ) = (1 yeer X,) (Fg 5eees V) =
(21, 315, (¥ 5, ¥))  and 2 (21, Y1)sess (%, ) = (217" 5oy xny;l)' By
Propositions 3.5 and 3.1, y, is relatively fuzzy continuous, and, by the Corollary
to Proposition 3.5, v, is relatively fuzzy continuous; hence y is relatively fuzzy
continuous. ||
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We refer to G = I—[:-Z:l G, as a product fuzzy topological group. The results of
Propositions 7.1 and 7.3 may be combined to yield the following.

ProposITION 7.4. Let {X;}, j=1,2,..,n, be a fnzte family of groups and,
for eachj = 1,2,...,n, let I; be a fuzzy fo/)ology on X;, N; a normal subgroup of
,and G; a fuzzy topological group in X; such that zts membersth Junction p
is wnstant on N; . Let the quotient groups X/ N, where N = I_[] 1 N, and X;/N;,
j =1, 2,..., n, have the respective quotient fuzzy topologies, and the product groups
X =TI A\, and TT1 (Xi/N,) the respective product fuzzy topologies. Let
G = IT;.1 G; be the product fuzzy topological group in X. Then the canonical
1somorphism « of X|N onto 1—[:-':1 (X,/N;) is a relative fuzzy homeomorphism of the
quotient fuzzy topological group GIN onto the product fuzzy topological group
IT-1 (G,/N).

Proof. Let ¢ be the canonical homomorphism x - [x] of .\ onto /N, and,
for each j = 1,2,...,n, let ¢; be the canonical hom()morphism x;— [x;] of X
onto \;/N; . Let ]—[) 1 ¢, be the product mapping of .\’ onto [T 1 (X;/N)). Thus,
vo¢p = I1r.1¢;. Note that for each [x] € X/N,

:"‘G/N([x]) = pg(x) = pyr 6, (%1 e Xn)
= min{pg (%1),--s 6, (¥n)}
= min{ug n([*1]);--s we, v ([ ]))
= pr 6, n)(Ux])-

By Propositions 7.1 and 7.3, G/N and [—L 1 (G;/N;) are fuzzy topological
groups. Let 7" be open in the induced fuzzy topology on [T;; (G;/N;). Then
Lo V] == (I—[}:1 $;)"1[V'] is open in the induced fuzzy topology on G,
since, by Propositions 3.5 and 3.1, [T, 4, is relatively fuzzy continuous. Thus,
[V} is open in the induced fuzzy topology on G/N, since ¢ is relatively fuzzy
open. Hence . is relatively fuzzy continuous. Conversely, let U be open in the
induced fuzzy topology on G/N. Then ¢-'[U’] is open in the induced fuzzy
topology on G, and therefore (T ) (¢ [U]) - = [U"] is open in the induced
fuzzy topology on Hj;l (Gy/N), since ]—[7,L~l #; is the product of relatively fuzzy
open mappings and is therefore relatively fuzzy open by Proposition 3.6’. Hence .
is relatively fuzzy open. |
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