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Abstract

These notes were written primarily for the bene�t of the authors in to construct a detailed
proof of the main Theorem in the above paper.

1 Assumptions & Preliminary Central Limit Theorem

Let fWigni=1 be a simple random sample drawn on a random variable W from an unknown Data
Generation Process (DGP). For simplicity of exposition it is assumed that X 2 Rk, a subvector
of W; is a continuous random variable with probability density f(:). The unknown DGP is
characterized by a (p� 1) parameter vector partitioned as ' =

�
�0; 
0

�0 2 ��� � Rp; with true
value '0 =

�
�00; 


0
0

�0
; and the corresponding estimation criterion has the general form Qn(');

with ~' � argmax'Qn('): Throughout, unless stated otherwise, expectations are taken with
respect the true DGP. It is assumed that standard regularity conditions support the following
high level assumptions:

Assumption A

1. ~' � '0
p! 0; and '0 lies in the interior of the compact and convex parameter space

�� � � Rp

2.
p
n@Qn('0)=@' = Op(1):

3. @2Qn(')=@'@'0 � J(')
p�! 0; uniformly in '; with J(') = O(1); continuous in '; and

J ('0) is negative de�nite.

De�nition L�; � > 0; is the class of functions l(:) : Rk ! R satisfying the following: 9 � > 0
such that for all x 2 Rk; supkdk�� jl(x+ d)� l(x)j = kdk � L(x) and l(:) and L(:) have
�nite moments of order � (or are bounded if � = +1).

Assumption B

1. K(:) is even, bounded, integrates to 1 and limkuk!1 kukk jK(u)j = 0:

2. h! 0 as n!1; such that nhk !1:

3. f(:) 2 L1; i.e., supx f(x) � � <1:

4. "r(W ;'0), r = 1; :::;m; satis�es the following:
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(a) E ["r(W ;'0)jX] = 0:
(b) crs(X) = E ["r(W ;'0)"s(W ; �0)jX] 2 L4:

(c) �r(X) = E
h
j"r(W ;'0)j4 jX

i
2 L2:

It is assumed, for simplicity of exposition, that K(:) is a symmetric density function. As-
sumption B is su¢ cient for the following multivariate generalisation of Hall�s (1984) Central
Limit Theorem for a second order degenerate U -Statistic (in order to support the following re-
sult and the proof of the main theorem, we exploit some Technical Lemmata, which are detailed
in Section 3.

Proposition 1 Under Assumption B



�1=2
0 nhk=2Tn('0)

d! N(0; Im); (1)

where


0 = 2E [fC(X;'0)� C(X;'0)g f(X)]
Z
K2 (u) du

has typical element 2E
�
c2rs(X;'0)f(X)

� R
K2 (u) du; r; s = 1; :::;m; and is �nite and positive

de�nite.
Proof. The proof proceeds in two stages.

1. Consider, �rst, just a typical element of Tn; denoted

Tnr =
1

n(n� 1)hk
nX
i=1

X
j 6=i

"r(Wi;'0)Kij"r(Wj ;'0):

For this part of the proof, drop the subscript r on " and let "i � "(Wi;'0): Then, nh
k=2Tnr

is a degenerate U-Statistic because E ["i"jKij jWi] = 0: Need to verify Hall�s (1984) condi-

tions. Let Hn(Wi;Wj) = h
�k=2"iKij"j, Un =

1

n(n� 1)
Pn
i=1

Pn
j 6=iHn(Wi;Wj) and de�ne

Gn(W1;W2) = E [Hn(W3;W1)Hn(W3;W2)jW1;W2]

then, provided

lim
n!1

E
�
G2n(W1;W2)

�
+ n�1E

�
H4
n(W1;W2)

�
fE [H2

n(W1;W2)]g2
= 0

we get
nUnp

2E [Hn(W1;W2)2]
=

nhk=2Tnrp
2E [Hn(W1;W2)2]

d! N(0; 1):

From Lemma 2, (2),

E
�
H2
n(W1;W2)

�
= h�kE

�
"21"

2
2K

2
12

�
= E

�
c2(X)f(X)

� Z
K2 (u) du+ o(1) = O(1)

E
�
H4
n(W1;W2)

�
= h�2kE

�
"41"

4
2K

4
12

�
= h�kE

�
�2(X)f(X)

� Z
K4 (u) du+ o(h�k) = O(h�k):

For the �rst we need: c(X) = E
h
j"j2 jX

i
2 G2 (we need the bound, and the Lipschitz

condition on c(X)).

For the second we need: �(X) = E
h
j"j4 jX

i
2 G2 (again, we need the bound and the
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Lipschitz condition on �(X)).
By (5), 1

E
�
G2n(W1;W2)

�
= h�2pE

h
"21"

2
2E
�
"23K31K32jX1; X2

�2i
= hkE

�
c4(X)f3(X)

� Z �Z
K (u)K(u� v)du

�2
dv + o(hk) = O(hk)

thus
E
�
G2n(W1;W2)

�
+ n�1E

�
H4
n(W1;W2)

�
fE [H2

n(W1;W2)]g2
= O(hk) +O(n�1h�k) = o(1)

since hk ! 0 and
�
nhk

��1 ! 0: Note that 2E
�
Hn(W1;W2)

2
�
= �0 + o(1); where �0 =

2E
�
f(X)c2(X)

� R
K2 (u) du; It is then immediate that nhk=2Tnr = nUn

d! N(0;�0):

2. Second, we apply a Cramer-Wold device. Now use a Cramer-Wold device, and de�ne
Zn = �

0Tn('0); for any k�k = 1; and �ij =
Pm
r=1 �r"ir"jr = �ji; "ir = "r(Wi; �0);

nhk=2Zn = nUn

Un =
1

n(n� 1)

nX
i=1

nX
j 6=i

h�k=2�ijKij

which is degenerate, because E
�
�ijKij jWi

�
= 0: In this case, de�ne Hn(Wi;Wj) = h

�k=2�ijKij ;
so that by Lemma 2, (2),

E
�
Hn(W1;W2)

2
�
= h�pE

�
�212K

2
12

�
= h�pE

24( mX
r=1

�r"1r"2r

)2
K2
12

35
= h�pE

24 mX
r=1

�2r
�
"21rK

2
12"

2
2r

�
+
X
r=1

X
s 6=r

�r�s
�
"1r"1sK

2
ij"2r"2s

�35
= E

24 mX
r=1

�rc
2
rr(X) +

X
r=1

X
s 6=r

�r�sc
2
rs(X)

35Z K2 (u) du+ o(1)

= E
��
�0 [C(X)� C(X)] �

�
f(X)

� Z
K2 (u) du+ o(1)

=
1

2
�0
0� + o(1) = O(1);

using Assumption C4b, where


0 = 2E [[C(X)� C(X)] f(X)]
Z
K2 (u) du:

Further,

Gn(W1;W2) = E [Hn(W3;W1)Hn(W3;W2)jW1;W2]

= h�kE [�31�32K31K32jW1;W2]

E
�
H4
n(W1;W2)

�
= h�2kE

�
�412K

4
12

�
1This is where we need c(X) 2 G4:

3



and we need to show that E
�
G2n(W1;W2)

�
+n�1E

�
Hn(W1;W2)

4
�
= o(1): First, by the Cr

Inequality, and Assumption C4c, Lemma 2, (2), gives

E
�
H4
n(W1;W2)

�
= h�2kE

24( mX
r=1

�r"1r"2rK12

)435
� m3h�k

mX
r=1

E
�
h�p�4r"

4
1r"

4
2rK

4
12

�
= m3h�k

mX
r=1

�
E
�
�4r�

2
r(X)f(X)

� Z
K4 (u) du+ o(1)

�
= O(h�p):

Second,

E
�
G2n(W1;W2)

�
= h�2kE

h
fE [�31�32K31K32jW1;W2]g2

i
= h�2kE

24E " mX
r=1

�r"3r"1rK31

mX
r=1

�r"3r"2rK32jW1;W2

#235
= h�2kE

"(
mX
r=1

�2r"1r"2rE [crr(X3)K31jX1; X32]

mX
r=1

X
s 6=r

�r�s"1r"2sE [crs(X3)K31K32jX1; X2]

9=;
235

= h�2kE

24( mX
r=1

(Ar +Br)

)235
� 2h�2kE

24( mX
r=1

Ar

)2
+

(
mX
r=1

Br

)235
� 2mh�2kE

"
mX
r=1

�
A2r +B

2
r

�#

using the Cr Inequality and where

Ar = �2r"1r"2rE [crr(X3)K31K32jX1; X2]
Br = �r"1r

X
s 6=r

�s"2sE [crs(X3)K31K32jX1; X2] :

Now, by Assumption C4b, Lemma 2, (5), yields

h�3pE
�
A2r
�
= h�3pE

h
�4r"

2
1r"

2
2r fE [crr(X3)K31K32jX1; X2]g

2
i

= h�3pE
h
�4rcrr(X1)crr(X2) fE [crr(X3)K31K32jX1; X2]g

2
i

= �4rE
�
c4rr(X)f

3(X)
� Z �Z

K (u)K(u� v)du
�2
dv + o(1)

thus h�2kE
�
A2r
�
= O(hp): Similarly, by Assumption C4b (and using the Cr Inequality
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again)

h�3kE
�
B2r
�
� (m� 1)h�3k

X
s 6=r

E
h
�2r�

2
s"
2
1r"

2
2s fE [crs(X3)K31K32jX1; X2]g

2
i

= (m� 1)h�3k
X
s 6=r

E
h
�2r�

2
scrr(X1)css(X2) fE [crs(X3)K31K32jX1; X2]g

2
i

= (m� 1)
X
s 6=r

�2r�
2
sE
�
crr(X)css(X)c

2
rs(X)f

3(X)
�

�
Z �Z

K (u)K(u� v)du
�2
dv + o(1)

so that h�2kE
�
B2r
�
= O(hk); noting that (by repeated application of Cauchy-Schwartz)

E
�
crr(X)css(X)c

2
rs(X)f

3(X)
�
� B3E

�
crr(X)css(X)c

2
rs(X)

�
� B3

�
E
�
c2rr(X)c

2
rs(X)

�
E
�
c2ss(X)c

2
rs(X)

�	1=2
= O(1)

since E
�
c2rr(X)c

2
rs(X)

�
�
�
E
�
c4rr(X)

�
E
�
c4rs(X)

�	1=2
<1: Thus,

E
�
Gn(W1;W2)

2
�
+ n�1E

�
H4
n(W1;W2)

�
fE [H2

n(W1;W2)]g2
= O(hk) +O(n�1h�k) = o(1)

since hk ! 0 and
�
nhk

��1 ! 0: Therefore,
nUnp

2E [Hn(W1;W2)2]

d! N(0; 1); Un =

1

n(n� 1)
Pn
i=1

Pn
j 6=i h

�k=2�ijKij ; by part (a), implying nh
k=2Zn = nh

k=2�0Tn(�0)
d! N(0; �0
0�);

for all k�k = 1: Thus by the Cramer-Wold device, nhk=2Tn(�0)
d! N(0;
0):

This completes the proof.

In addition, the following assumptions are su¢ cient to justify the asymptotic expansions
employed to obtain the limit distribution of the CCM test indicator:

Assumption C

For all r = 1; :::;m; and each w; "r (w; �) is thrice di¤erentiable in '; and let gr(W ;') =
@"r(W ;')@'; (p� 1) ; with typical element fgrt(W ;')g ; t = 1; :::; p; Gr(W ;') = @2"r(W ;')=@'@'0,
(p� p) ; Fr(W ;') = @vecGr(W ;')=@';

�
p2 � p

�
; satisfying:

1. E [j"r(W ;'0)j jX] 2 L2:

2. For all t = 1; :::; p : (i) E
h
jgrt(W ;'0)j8=3

i
< 1; (ii) E [grt(W ;'0)jX] 2 L8=3; (iii)

E[jgrt(W ;'0)j jX] 2 L2; and, (iv) E
h
jgrt(W ;'0)j2 jX

i
2 L2

3. (i) E
h
kGr(W ;'0)k8=3

i
<1; and, (ii) sup' kGr(W ;')k < M(W ), for all r; E[M(W )] <1

with �(X) = E [M(W )jX] 2 L2:

4. (i) Fr(W ;') is continous in ', for each w; and, (ii) sup' kFr(W ;')k < P (W ); for all r;
E[P (W )] <1 with E

�
P 2(W )jX

�
<1:
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2 Theorem and Proof

Theorem 1 De�ne the following: J('0) =
�
J�� J�

J
� J



�
; � =

�
J�1�� J�
�
��

�
; d (X;') = E

�
@"(W ;')

@'0

���� X�
and �('0) = E

h
kd(X;'0)�k2 f (X)

i
:

Under the true DGP characterised by 
0 = �=
p
nhk=2, 0 � k�k <1; and Assumptions A-C

nhk=2Vn('̂)
d! N (�0;�0) ,

where �0 = limn!1 �('0) and �0 = limn!1 �
0
0�:

Proof. It is shown in the main paper that
p
nhk=2('̂n � '0) = Op(1)

It will be useful to de�ne:
(i) "̂ir � "r(Wi; '̂); "

0
ir � "r(Wi;'0); gir(') � gr(Wi;'); Gir(') � Gr(Wi;'); Fir(') �

Fr(Wi;');
with
(ii) d(X;'); (m� p) having typical element drt(X; ); r = 1; :::m; t = 1; :::; p; and dr(X;');
(p� 1) ; having typical element drt(X;'); t = 1; :::; p:
Then, if Tn(') has typical element Tnr('); we have

nhk=2Tnr('̂) = nhk=2Tnr('0)

+2
nhk=2

n(n� 1)hk
nX
i=1

X
j 6=i

"0irKij("̂jr � "0jr) +
nhk=2

n(n� 1)hk
nX
i=1

X
j 6=i
("̂ir � "0ir)Kij("̂jr � "0jr):

= nhk=2Tnr('0) + 2T1nr + T2nr; say.

It su¢ ces to show that T1nr = op(1); whilst T2nr = E
h
jdr(X;'0)0�j

2 f(X)
i
+ op(1) :

1. T1nr : write

"̂jr � "0jr = gjr('0)
0('̂� '0) +

1

2
('̂� '0)0Gjr('0)('̂� '0)

+
1

6
vec(('̂� '0)('̂� '0)0)0Fjr(�'(r))('̂� '0)

where �'(r) is a �mean value�such that


�'(r) � '0

 � k'̂� '0k = Op(n�1=2h�k=4): Sub-

stituting this expression into T1nr yields

T1nr = hk=4

8<:
p
n

n(n� 1)hk
nX
i=1

X
j 6=i

"0irKijgjr('0)
0

9=; �n
+
1

2
�0n

8<: 1

n(n� 1)hk
nX
i=1

X
j 6=i

"0irKijGjr('0)

9=; �n
+
1

6
vec(�n�

0
n)
0

8<: 1

n(n� 1)hk
nX
i=1

X
j 6=i

"0irKijFjr(�'
(r))

9=; ('̂� '0);
= hk=4S01n�n +

1

2
�0nS2n�n +

1

6
vec(�n�

0
n)
0S3n('̂n � '0)

where (here) �n =
p
nhk=2('̂� '0) = � + op(1) = Op(1):
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(a) S1n = Op(1)
Appeal to Corollary 1 and consider a typical element of S1n: Write S1n = fS1ntg ;
t = 1; :::; p where

S1nt =

p
n

n(n� 1)hk
nX
i=1

X
j 6=i

"0irKijgrt(Wj ;'0)

=

p
n

n(n� 1)

nX
i=1

nX
j 6=i

Hn(Wi;Wj)

where (dropping the subscriprs r and t on Hn; for notational convenience)

Hn(W1;W2) =
1

2hk
�
"01rK12grt(W2;'0) + "

0
2rK21grt(W1;'0)

	
:

Now, since E jA+Bj2 � 2
n
E jAj2 + E jBj2

o
we can write, by Lemma 2, result (2),

E jHn(W1;W2)j2 � 1

h2k
E
��"01rK12grt(W2;'0)

��2
=

1

h2k
E
h��"01r��2K2

12 jgrt(W2;'0)j2
i

= h�k
�
E
h
jdrt(W ;'0)j2 crr(X)f(X)

i Z
jK (u)j2 du+ o(1)

�
= O(h�k) = O

�
n=
�
nhk

��
= o(n)

because E
h
jgrt(W ;'0)j2 crr(X)f(X)

i
= O(1); by Assumption B4b and C2. More

precisely,

1

hk
E
h��"01r��2K12 jgrt(W2;'0)j2

i
= E

h
jgr(W ;'0)j2 crr(X)f(X)

i
+ o(1)

� �
�
E jgrt(W ;'0)j8=3

�3=4 �
E jcrr(X)j4

�1=4
+ o(1)

= O(1)

by Lemma 2, equation (2), with jgrt(W ;'0)j2 � z(W ); j"r(W ;'0)j2 � m(W ); and
s = 4:
Note: here we have just used Assumption B4b and E jgrt(W ;'0)j8=3 <1; we have
not used E[grt(W ;'0)jX] 2 L8=3; yet; but we have used the Lipschitz condition on
crr(X):

Thus, the conditions of Lemma 1 are satis�ed, with ��nt(Wi) =
1

2
"0irE

�
h�kKijgrt(Wj ;'0)jXi

�
and �nt = E [��nt(Wi)] = E [Hn(Wi;Wj)] = 0; and we can write

S1nt =
2p
n

nX
i=1

��nt(Wi) + op(1):

Apply Lemma 2, equation (3), with jgrt(W ;'0)j � z(W ) and j"r(W ;'0j = m(W );
with s = 4: That is,

j��nt(W1)j =
1

2

���"01rE hh�kK12grt(W2;'0)jX1
i���

� 1

2

��"01r��E hh�kK12 jgrt(W2;'0)j jX1
i

7



so that

E j��nt(W1)j2 � 1

4
E
n��"01r��E hh�kK12 jgrt(W2;'0)j jX1

io2
=

1

4
E
�
crr(X)


2
rt(X)f

2(X)
��Z

jK(u)j du
�2
+ o(1)

= O(1)

because E
�
c2rr(X)

�
<1 and 
rt(X) = E [grt(W ;'0)jX] 2 L8=3 (to apply (3), we now

need the Lipschitz condition on 
rt(X) as well). Thus, by Corollary 1, S1n = Op(1)
and we are done.

(b) S2n = op(1) :

Appeal to Lemma 1. Write S2n =
1

n(n� 1)hk
Pn
i=1

P
j 6=i "

0
irKijGjr('0) and by sim-

ilar arguments to those put forward in the �rst part of (a) above (replace grt by Gr),

Assumptions B1-4b , C3(i), and Lemma 1 imply that
1

n(n� 1)hk
Pn
i=1

P
j 6=i "

0
irKijGjr('0) =

op(1): Spec�cally, E[S1n] = E[h�k"0irKijGjr('0)] = 0; for all n; since E["r(W ;'0)jX] =

0: Thus, in terms of Lemma 1, �n = 0:Write S2n =
1

n(n� 1)
Pn
i=1

P
j�iHn(Wi;Wj);

where
Hn(W1;W2) =

1

2hk
�
"01rK12Gr(W2;'0) + "

0
1rK21Gr(W1;'0)

	
and

E kHn(W1;W2)k2 � 1

h2k
E


"01rK12Gr(W2;'0)



2
=

1

h2k
E
h��"01r��2K2

12 kGr(W2;'0)k2
i

= h�k
�
E
h
kGr(W ;'0)k2 crr(X)f(X)

i Z
jK (u)j2 du+ o(1)

�
= O(h�k) = O

�
n=
�
nhk

��
= o(n)

because E
h
kGr(W ;'0)k2 crr(X)f(X)

i
= O(1); by Assumption B4b and C3(i). More

precisely,

1

hk
E
h��"01r��2K12 kGr(W2;'0)k2

i
= E

h
kGr(W ;'0)k2 crr(X)f(X)

i
+ o(1)

� �
�
E kGr(W ;'0)k8=3

�3=4 �
E jcrr(X)j4

�1=4
+ o(1)

= O(1)

by Lemma 2, equation (2), with kGr(W ;'0)k2 � z(W ); j"r(W ;'0)j2 � m(W ); and
s = 4. Thus, by Lemma 1, Sin

p! 0:

(c) S3n = Op(1)

Write S3n(') =
1

n(n� 1)hk
Pn
i=1

P
j 6=i "

0
irKijFjr('): Assumptions B1-3, C1 and C4

imply

E

24sup
'







 1

n(n� 1)hk
nX
i=1

X
j 6=i

"0irKijFjr(')








35 � 1

n(n� 1)

nX
i=1

X
j 6=i

E[h�k
��"0ir��KijP (Wj)]

= O(1)
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so that
1

n(n� 1)hk
Pn
i=1

P
j 6=i "

0
irKijFjr(�'

(r)) = Op(1) by Markov�s Inequality.

By Lemma 2, equation (2), we have E sup' kS3n(')k = O(1); since �(X) = E [j"r(W ;'0)j jX] 2
L2 by Assumption C1 (we need the Lipschitz condition) and by Assumption C4
E
�
P 2(W )jX

�
<1

2. T2nr : write

"̂ir � "0ir = gir('0)
0('̂� '0) +

1

2
('̂� '0)0Gir(~'(r))('̂� '0)

= gir('0)
0('̂� '0) +

1

2
vec( ~Gir)

0 (('̂� '0)
 ('̂� '0))

where ~'(r) is a �mean value� such that



~'(r) � '0


 � k'̂� '0k = Op(n

�1=2h�k=4); and
~Gir = Gir(~'

(r)): Substituting this expression into T2nr yields

T2nr = �0n

8<: 1

n(n� 1)hk
nX
i=1

X
j 6=i

gir('0)Kijgjr('0)
0

9=; �n +Rn; say
= �0nS1n�n +Rn

(a) �0nS1n�n = E
h
jdr(X;'0)0�j

2 f(X)
i
+ op(1):

Write S1n =
1

n(n� 1)hk
Pn
i=1

P
j 6=i gir('0)Kijgjr('0)

0; and consider a typical ele-

ment S1nts =
1

n(n� 1)
Pn
i=1

P
j 6=iHn(Wi;Wj); where

Hn(W1;W2) = h
�kgrt(W1;'0)K12grt(W2;'0)

0; t; s = 1; :::; p;

and which is symmetric in i and j:Note that (i) E[Hn(W1;W2)] = E[f(X)drt(X;'0)drs(X;'0)
0]+

o(1), by Lemma 2, equation (2), which follows from Assumption C2(ii) - the moment
bound is slightly stronger than actually required here - and (ii).E jHn(W1;W2)j2 =
o(n); by Lemma 2, equation (2), which follows from Assumption C2(iv). Thus, by
Lemma 1, S1n = E[f(X)dr(X;'0)dr(X;'0)

0] + op(1) and the result follows since
�n = � + op(1) = Op(1):

(b) Rn = Op(1):
We can express Rn as

Rn = ('̂� '0)0
8<: 1

n(n� 1)hk
nX
i=1

X
j 6=i

gir('0)Kijvec( ~Gir)
0

9=; (�n 
 �n)
+

1

4nhk=2
(�n 
 �n)0

8<: 1

n(n� 1)hk
nX
i=1

X
j 6=i

vec( ~Gir)Kijvec( ~Gir)
0

9=; (�n 
 �n)
= ('̂� '0)0R1n(�n 
 �n) +

1

4nhk=2
(�n 
 �n)0R2n(�n 
 �n)

and, since nhk=2 ! 1; ('̂ � '0) = op(1) and �n = Op(1); all need to show is that
R1n = op(1) and R2n = op(1): This is done by Markov�s Inequality. Consider �rst
a typical row of R1n; denoted R1nt; so that by Assumption C3(ii) (with kvec(A)k =

9



kAk)

kR1ntk � 1

n(n� 1)hk
nX
i=1

X
j 6=i

jgrt(Wi;'0)jKij



vec(Gr(Wj ; ~'

(r)





� 1

n(n� 1)hk
nX
i=1

X
j 6=i

jgrt(Wi;'0)jKijM(Wj):

Second, again by Assumption C3(ii),

kR2nk �

8<: 1

n(n� 1)hk
nX
i=1

X
j 6=i

M(Wi)KijM(Wj)

9=; :
Markov�s Inquality ensures that both

1

n(n� 1)hk
Pn
i=1

P
j 6=i jgrt(Wi;'0)jKijM(Wj)

and
1

n(n� 1)hk
Pn
i=1

P
j 6=iM(Wi)KijM(Wj) areOp(1); by Assumptions B1-3, C2(iii)&3(ii),

since

E[h�k jgrt(W1;'0)jK12M(W2)] = E[E[jgrt(W ;'0)j jX]�(X)f(X)] + o(1)

� �

q
E[fE[jgrt(W ;'0)j jX]g2]E[�2(X)] + o(1) = O(1)

by Assumptions C2(iii) and since E[�2(X)] < 1 (we just need the moment bolund
here), and

E[h�kM(W1)K12M(W2)] = E[E(M
2(W )jX)f(X)] + o(1)

by Assumption C3, �(X) = E [M(W )jX] 2 L2 and an application of Lemma 2,
equation (2).

Thus, T2nr = E
h
jdr(X;'0)0�j

2 f(X)
i
+ op(1):

Finally, the Assumptions ensure that �('0) = E
h
kd(X;'0)�k2 f (X)

i
= O(1); and continu-

ous in '0, so that limn!1 �('0) = �0 exists. Finally, by (1), nh
k=2Tn('0)

0�=
p
�0
0�

d! N(0; 1)
and due to the local alternatives note that limn!1 �0
0� = �0: The result then follows, noting
that

Pm
r=1 jdr(X;'0)0�j

2 = kd(X;'0)0�k
2 :

3 Technical lemmata

Lemma 1 (Powell, Stock and Stoker, 1989) Let Un = 1
n(n�1)

Pn
i=1

Pn
j 6=iHn(Wi;Wj) be a

U-statistic with Hn(Wi;Wj) = Hn(Wj ;Wi) and Wi being independently and identically dis-
tributed. Assume E kHn(Wi;Wj)k2 exists for each n; but which may depend upon n; and
de�ne ��n(Wi) = E [Hn(Wi;Wj)jWi], �n = E [��n(Wi)] = E [Hn(Wi;Wj)] and ~Un = �n +
2
n

Pn
i=1 [��n(Wi)� �n] : If E kHn(Wi;Wj)k2 = o(n), then

Un = ~Un + op(n
�1=2)

Un = �n + op(1):

Remark 1 The above shows that
p
n(Un� ~Un) = op(1); so that

p
n(Un��n) =

p
n( ~Un��n)+

op(1); where
p
n( ~Un � �n) = 2p

n

Pn
i=1 [��n(Wi)� �n] :

We thus have the following Corollary:

10



Corollary 1 If Un; ��n(Wi) and �n are as in Lemma 1, and E k��n(Wi)k2 = E kE [Hn(Wi;Wj)jWi]k2 =
O(1); then

p
n(Un��n) = Op(1); with

p
n(Un��n)

d! N(0; V ); V = 4 limn!1 var (��n(Wi)� �n) :
Proof. First,and by Chebyshev�s Inequality, provided E k��n(Wi)� �nk2 = O(1); then

p
n(Un�

�n) = Op(1): Note that

E k��n(Wi)� �nk2 = E
�
(��n(Wi)� �n)0(��n(Wi)� �n)

�
= E k��n(Wi)k2 � k�nk2

= O(1)

since E k��n(Wi)k2 = O(1); by assumption, and E k��n(Wi)k2 � �2n; by Jensen�s Inequality.
(Note, also by Jensen�s Inequality, that since E(kHn(Wi;Wj)k2 jWi) � kE[Hn(Wi;Wj)jWi]k2 ;

o(n) = E kHn(Wi;Wj)k2 = E
h
E(kHn(Wi;Wj)k2 jWi)

i
� E k��n(Wi)k2

so that, in fact, E kHn(Wi;Wj)k2 = o(n) is insu¢ cient for E k��n(Wi)k2 = O(1); and we there-
fore need the extra condition.) With this condition, var (��n(Wi)� �n) = O(1) and the iid
assumption ensures that the limit exists.

Here we state and prove a fundamental Lemma. This exploits Lemma 3 which immediately
follows it.

Lemma 2 Let m(W ) and z(W ) be scalar random variables, and de�ne for any r � 1

Qn(W1;W2) = h
�km(W1)K

r
12z(W2):

In addition to Assumption A, assume the following conditions hold, where s � 1 :

1. f(x) 2 L1; implying that supx f(x) � � <1:

2. �(X) = E [m(W )jX] 2 Ls: (The condition of �(X) 2 Ls is not only important becasue of
bounded moments, it also gives the required local Lipschitz (in x) condition on �(x):)

3. E
h
jz(W )js=(s�1)

i
<1 or z(W ) is bounded if s = 1 (note that s=(s� 1) > 1).

Under Assumption A and Assumptions 1-3 above,

E [Qn(W1;W2)] = E fz(W )�(X)f(X)g
Z
Kr (u) du+ o(1) = O(1) (2)

= E f
(X)�(X)f(X)g
Z
Kr (u) du+ o(1) = O(1)

where 
(X) = E[z(W )jX]; which exists a:s: since E jz(W )j <1: In fact, the proof of this
indicates that a slightly weaker condition is that E j
(X)js=(s�1) <1: Since v = s=(s�1) >
1; Jensen�s Inequality implies that

E[jz(W )jv] = E fE[jz(W )jv jX]g � E fE[jz(W )j jX]gv � E fjE[z(W )jX]jgv = E j
(X)jv

so that E jz(W )js=(s�1) <1 =) E j
(X)js=(s�1) <1:

Remark 2 If m(W ) � z(W ); then set s = 2 and will require just �(X) = E [m(W )jX] 2
L2:
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4. Suppose �(X) = E[m2(W )jX] 2 Ls and 
(X) = E[z(W )jX] 2 L2s=(s�1).
De�ne qn(W1) = E [Qn(W1;W2)jW1] ; then under Assumption A and Assumptions 1-4
above,

E jqn(W1)j2 = E
�
�(X)
2(X)f2(X)

��Z
Kr(u)du

�2
+ o(1): (3)

Actually, for the above, all we need is E j�(X)js <1 and 
(X) 2 L2s=(s�1)
We need, though, both �(X) = E[m2(W )jX] 2 Ls and 
(X) 2 L2s=(s�1) for the following:
De�ne Pn(W1;W2) = E [Qn(W3;W1)Qn(W3;W2)jW1;W2] ; the under Assumption A and
Assumptions 1-4 above

E [Pn(W1;W2)] = E
�
�(X)
2(X)f2(X)

� Z Z
Kr (u)Kr(u� v)dudv + o(1): (4)

5. And we need both �(X) = E[m2(W )jX] 2 L2s ( =) �(X) = E[m2(W )jX] 2 Ls) and
�(X) = E

�
z2(W )jX

�
2 L2s=(s�1) for the following:

If Pn(W1;W2) = E [Qn(W3;W1)Qn(W3;W2)jW1;W2] ; as above then under Assumption A
and Assumptions 1-5 above

hkE jPn(W1;W2)j2 = E
�
�2(X)�2(X)f3(X)

� Z �Z
Kr (u)Kr(u� v)du

�2
dv + o(1): (5)

6. Letmr(W ) and zr(W ) be scalar random variables, r = 1; 2; satisfying � rs(X) = E[mr(W )ms(W )jX] 2
L2s and �rs(X) = E [zr(W )zs(W )jX] 2 L2s=(s�1):
De�ne Pn(W1;W2) = E [Q1n(W3;W1)Q2n(W3;W2)jW1;W2] ; where

Q1n(W1;W2) = h
�km1(W1)K

r
12z1(W2)

and
Q2n(W1;W2) = h

�km2(W1)K
r
12z2(W2);

then under Assumption A and Assumptions 1-6 above

hkE jPn(W1;W2)j2 = E
�
�212(X)�11(X)�22(X)f

3(X)
� Z �Z

Kr (u)Kr(u� v)du
�2
dv+o(1):

(6)

Proof. To prove (2), we can write (by independence)

E [Qn(W1;W2)] = h�kE [m(W1)K
r
12z(W2)]

= h�kE fz(W2)K
r
12E [m(W1)jX1;W2]g

= h�kE fz(W2)K
r
12E [m(W1)jX1]g

= h�kE fz(W2)K
r
12�(X1)g

= h�kE fz(W2)E [K
r
12�(X1)jW2]g

= h�kE fz(W2)E [K
r
12�(X1)jX2]g

= h�kE

�
z(W )

Z �
K

�
x�X
h

��r
�(x)f(x)dx

�
:

Now, �(X) = E [m(W )jX] 2 Ls; s � 1; implies
R
j�(x)j f(x)dx < 1: Furthermore, for all

x 2 Rp

sup
kdk<�

j�(x+ d)f(x+ d)� �(x)f(x)j = kdk

= sup
kdk��

j(�(x+ d)� �(x)) f(x+ d) + (f(x+ d)� f(x)) �(x)j = kdk

� sup
kdk��

j�(x+ d)� �(x)j
kdk f(x+ d) + sup

kdk��

jf(x+ d)� f(x)j
kdk j�(x)j

� BL(x) +B j�(x)j
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where B = max

�
supx f(x); supkdk��

jf(x+ d)� f(x)j
kdk

�
: Thus, by an application of Lemma 3,

we have ����h�k Z �
K

�
x�X
h

��r
�(x)f(x)dx� �(X)f(X)

Z
Kr (u) du

����
� �B fL(X) + j�(X)jg

Z
kuk��=h

jK (u)jr du

+ sup
kuk>�=h

kukp jK (u)jr 1
�k

Z
j�(x)j f(x)dx+ j�(X)j f(X)

Z
kuk>�=h

jK (u)jr du:

Thus, since����E [Qn(W1;W2)]� E fz(W )�(X)f(X)g
Z
Kr (u) du

����
=

����E �z(W )h�k Z �
K

�
x�X
h

��r
�(x)f(x)dx� z(W )�(X)f(X)

Z
Kr (u) du

�����
� E

����z(W )h�k Z �
K

�
x�X
h

��r
�(x)f(x)dx� z(W )�(X)f(X)

Z
Kr (u) du

����
= E

�
jz(W )j

����h�k Z �
K

�
x�X
h

��r
�(x)f(x)dx� z(W )�(X)f(X)

Z
Kr (u) du

����� ;
we obtain ����E [Qn(W1;W2)]� E fz(W )�(X)f(X)g

Z
Kr (u) du

����
� �BE fjz(W )jL(X) + jz(W )�(X)jg

Z
kuk��=h

jK (u)jr du

+ sup
kuk>�=h

kukp jK (u)j 1
�k
E [jz(W )j]E[j�(X)j]

+E fjz(W )�(X)j f(X)g
Z
kuk>�=h

jK (u)jr du:

Now, E [jz(W )j] <1 and E[j�(X)j] <1 by Assumptions 2 & 3, and E [jz(W )�(X)j] ; E [jz(W )jL(X)]
and E[jz(W )�(X)j f(X)] are all bounded, by Hölder�s Inequality. For example, by Assumptions
1-3,

E fjz(W )�(X)j f(X)g � B � E jz(W )�(X)j

� B �
�
E jz(W )js=(s�1)

�(s�1)=s
(E j�(X)js)1=s = O(1):

Therefore, by iterative expectations,

E [Qn(W1;W2)] = E fz(W )�(X)f(X)g
Z
Kr (u) du+ o(1)

= E f
(X)�(X)f(X)g
Z
Kr (u) du+ o(1):

This, therefore, also establishes the existence of qn(W1) = E [Qn(W1;W2)jW1] ; a:s:.
The proof of (3) follows in a straightforward way. As notes, Assumptions 1-3 establish the
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existence of qn(W1) = E [Qn(W1;W2)jW1] ; almost surely, and

E [Qn(W1;W2)jW1] = m(W1)E
h
h�kKr

12z(W2)jW1

i
= m(W1)E

h
h�kKr

12z(W2)jX1
i

= m(W1)E
h
h�kKr

12 fE [z(W2)jX1; X2]g jX1
i

= m(W1)E
h
h�kKr

12 fE [z(W2)jX2]g jX1
i

= m(W1)E
h
h�kKr

12
(X2)jX1
i

= m(W1)h
�k
Z �

K

�
X1 � x
h

��r

(x)f(x)dx:

= m(W )h�k
Z �

K

�
X � x
h

��r

(x)f(x)dx:

Substituting u =
X � x
h

; for x; yields

h�k
Z �

K

�
X � x
h

��r

(x)f(x)dx =

Z
Kr(u)
(X � uh)f(X � uh)du

= 
(X)f(X)

Z
Kr(u)du+ tn(X); say.

where jtn(X)j, by Lemma 3, is linear in L(X); 
(X) and 
(X)f(X): Speci�cally,

jtn(X)j =

����h�k Z ����K �X � x
h

�����r 
(x)f(x)dx� 
(X)f(X)Z jK (u)jr du
����

� �B fL(X) + j
(X)jg
Z
kuk��=h

jK (u)j du

+ sup
kuk>�=h

kukp jK (u)jr 1
�k
E [j
(X)j]

+ j
(X)j f(X)
Z
kuk>�=h

jK (u)jr du:

Thus,

q2n(W ) =

�
m(W )
(X)f(X)

Z
Kr(u)du+m(W )tn(X)

�2
� jm(W )
(X)f(X)j2

�Z
Kr(u)du

�2
+2
��m2(W )
(X)tn(X)f(X)

�� �Z Kr(u)du

�
+ jm(W )tn(X)j2

so that

E jqn(W )j2 = E jm(W )
(X)f(X)j2
�Z

Kr(u)du

�2
+ o(1)

= E
�
�(X)
2(X)f2(X)

��Z
Kr(u)du

�2
+ o(1)

provided E
�
m2(W )L2(X)

�
; E

�
m2(W )
2(X)

�
; E

�
m2(W )
(X)L(X)

�
are all bounded, since

f(X) is bounded. By Hölder�s Inequality, and Assumption 4,

E
�
m2(W )
(X)L(X)

�
�
�
E
��m2(W )

��s	1=s nE j
(X)L(X)js=(s�1)o(s�1)=s <1
14



since E
��m2(W )

��s = E jm(W )j2s <1, E j
(X)L(X)js=(s�1) <1 by Cauchy-Schwartz, and

E
�
m2(W )
2(X)

�
�

�
E
��m2(W )

��s	1=s nE j
(X)j2s=(s�1)o(s�1)=s <1
E
�
m2(W )L2(X)

�
�

�
E
��m2(W )

��s	1=s nE jL(X)j2s=(s�1)o(s�1)=s <1:
This su¢ ces.
To prove (4), we have

Pn(W1;W2) = E [Qn(W3;W1)Qn(W3;W2)jW1;W2]

= h�2kz(W1)z(W2)E
�
m2(W3)K

r
31K

r
32jX1; X2

�
so that

E [Pn(W1;W2)] = h�2kE [
(X1)
(X2)E [�(X3)K
r
31K

r
32jX1; X2]]

= h�2kE [
(X1)E [
(X2)E [�(X3)K
r
31K

r
32jX1; X2] jX1]]

= h�2kE

�

(X1)

Z Z

(z)

�
K

�
x�X1
h

�
K

�
x� z
h

��r
�(x)f(x)f(z)dxdz

�
= h�2kE

�

(X)

Z Z

(z)f(z)�(x)f(x)

�
K

�
x�X
h

�
K

�
x� z
h

��r
dxdz

�
Thus, by an application of Lemma 3, part 2, we have

E [Pn(W1;W2)] = E
�

2(X)�(X)f2(X)

� Z �Z
Kr (u)Kr(u� v)du

�
dv + o(1)

provided E
�

2(X)�(X)

�
<1; which it is by Hölder�s Inequality:

E[
2(X)�(X)] � fE j�(X)jsg1=s
n
E j
(X)j2s=(s�1)

o(s�1)=s
<1:

To prove (5), we have

Pn(W1;W2) = E [Qn(W3;W1)Qn(W3;W2)jW1;W2]

= h�2kz(W1)z(W2)E
�
m2(W3)K

r
31K

r
32jX1; X2

�
so that

hkE jPn(W1;W2)j2 = h�3kE
h
�(X1)�(X2) fE [�(X3)Kr

31K
r
32jX1; X2]g

2
i

= h�3kE
h
�(X1)E

�
�(X2) fE [�(X3)Kr

31K
r
32jX1; X2]g

2 jX1
�i

= h�3kE

"
�(X1)

Z
�(z)

�Z �
K

�
x�X1
h

�
K

�
x� z
h

��r
�(x)f(x)dx

�2
f(z)dz

#

= h�3kE

"
�(X)

Z
�(z)f(z)

�Z
�(x)f(x)

�
K

�
x�X
h

�
K

�
x� z
h

��r
dx

�2
dz

#
:

Thus, by an application of Lemma 3, part 2, we have

hkE jPn(W1;W2)j2 = E
�
�2(X)�2(X)f3(X)

� Z �Z
Kr (u)Kr(u� v)du

�2
dv + o(1)

provided E
�
�2(X)�2(X)

�
<1; which it is by Hölder�s Inequality :

E[�2(X)�2(X)] �
n
E j�(X)j2s

o1=s n
E j�(X)j2s=(s�1)

o(s�1)=s
<1:
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The result in (6) is a straightforward extension of the previous result. We have

Pn(W1;W2) = E [Q1n(W3;W1)Q2n(W3;W2)jW1;W2]

= h�2kz1(W1)z2(W2)E [m1(W3)m2(W3)K
r
31K

r
32jX1; X2]

so that

hkE jPn(W1;W2)j2 = h�3kE
h
�1(X1)�2(X2) fE [�12(X3)Kr

31K
r
32jX1; X2]g

2
i

= h�3kE
h
�1(X1)E

�
�2(X2) fE [�12(X3)Kr

31K
r
32jX1; X2]g

2 jX1
�i

= h�3kE

"
�1(X1)

Z
�2(z)

�Z �
K

�
x�X1
h

�
K

�
x� z
h

��r
�12(x)f(x)dx

�2
f(z)dz

#

= h�3kE

"
�1(X)

Z
�2(z)f(z)

�Z
�12(x)f(x)

�
K

�
x�X
h

�
K

�
x� z
h

��r
dx

�2
dz

#
Thus, by an application of Lemma 3, part 2, we have

hkE jPn(W1;W2)j2 = E
�
�1(X)�2(X)�

2
12(X)f

3(X)
� Z �Z

Kr (u)Kr(u� v)du
�2
dv + o(1)

provided E
�
�1(X)�2(X)�

2
12(X)

�
<1; which it is by Hölder�s Inequality :

E[�1(X)�2(X)�
2
12(X)] �

n
E j�12(X)j2s

o1=s n
E j�1(X)�2(X)js=(s�1)

o(s�1)=s
<1

and, by Cauchy-Schwartz, E j�1(X)�2(X)js=(s�1) �
n
E j�1(X)j2s=(s�1)E j�2(X)j2s=(s�1)

o1=2
<

1:

Lemma 3 De�ne the class of functions S to be s(:) : Rk ! R such that for all x 2 Rk;
supkdk�� js(x+ d)� s(x)j = kdk � S < 1; for some � > 0: Note that, since this Lipschitz
condition holds for all x 2 Rp, this implies

R
js(x)j dx < 1; and that that s(x) is bounded:

supx js(x)j � B <1:

1. If g 2 S; then, for all r � 1;

h�k
Z �

K

�
x� x0
h

��r
g(x)dx = g(x0)

Z
Kr (u) du+ o(1);

where Kr(u) � fK(u)gr ; or, more precisely, for any h > 0 and � > 0����h�k Z �
K

�
x� x0
h

��r
g(x)dx� g(x0)

Z
Kr (u) du

���� � �S

Z
kuk��=h

jK (u)jr du

+ sup
kuk>�=h

kukp jK (u)jr 1
�k

Z
jg(x)j dx

+ jg(x0)j
Z
kuk>�=h

jK (u)jr du:

2. If both a 2 S and g 2 S; then for all r � 1

h�2p
Z
a(z)

Z �
K

�
x� x0
h

�
K

�
x� z
h

��r
g(x)dxdz

= a(x0)g(x0)

Z Z
Kr (u)Kr(u� v)dudv + o(1):

h�3p
Z
a(z)

�Z �
K

�
x� x0
h

�
K

�
x� z
h

��r
g(x)dx

�2
dz

= a(x0)g
2(x0)

Z �Z
Kr (u)Kr(u� v)du

�2
dv + o(1):
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Proof.

1. Making the substitution u = (x� x0)=h we have

In(x0) � h�k
Z �

K

�
x� x0
h

��r
g(x)dx =

Z
Kr(u)g(x0 + uh)du

so that ����In(x0)� g(x0)Z K (u) du

���� =

����Z Kr(u)(g(x0 + uh)� g(x0))du
����

�
Z
jK(u)jr jg(x0 + uh)� g(x0)j du

=

Z
kuk��=h

jK(u)jr jg(x0 + uh)� g(x0)j du

+

Z
kuk>�=h

jK(u)jr jg(x0 + uh)� g(x0)j du

= T1n + T2n; say.

We show that Tjn = o(1); j = 1; 2: Now,

T1n �
Z
kuk��=h

kuhk jK (u)jr jg(x0 + uh)� g(x0)jkuhk du

� sup
kuhk<�

jg(x0 + uh)� g(x0)j
kuhk

Z
kuk��=h

kuhk jK (u)jr du

� �S

Z
kuk��=h

jK (u)jr du

which is bounded for any � > 0 and h > 0: Turning now to T2n; we have

T2n �
Z
kuk>�=h

jK (u)jr jg(x0 + uh)j du+ jg(x0)j
Z
kuk>�=h

jK (u)jr du

=

Z
kuk>�=h

kukp jK (u)jr
����g(x0 + uh)kukp

���� du+ jg(x0)jZ
kuk>�=h

jK (u)jr du

� sup
kuk>�=h

kukp jK (u)jr
Z
kuk>�=h

����g(x0 + uh)kukp
���� du+ jg(x0)jZ

kuk>�=h
jK (u)jr du

� sup
kuk>�=h

kukp jK (u)jr h
k

�k

Z
kuk>�=h

jg(x0 + uh)j du+ jg(x0)j
Z
kuk>�=h

jK (u)jr du

= sup
kuk>�=h

kukp jK (u)jr 1
�k

Z
kx�x0k>�

jg(x)j dx+ jg(x0)j
Z
kuk>�=h

jK (u)jr du

� sup
kuk>�=h

kukp jK (u)jr 1
�k

Z
jg(x)j dx+ jg(x0)j

Z
kuk>�=h

jK (u)jr du

where the third inequality follows since, for p � 1; 1= kukp < hk=�k; the second equality
follows by making the substitution x = x0 + uh; and the last inequality becauseZ

kx�x0k>�
jg(x)j dx �

Z
jg(x)j dx:
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Putting all of this together, we have for any h > 0 and � > 0����h�k Z ����K �x� x0h

�����r g(x)dx� g(x0)Z jK (u)jr du
���� � �S

Z
kuk��=h

jK (u)jr du

+ sup
kuk>�=h

kukp jK (u)jr 1
�k

Z
jg(x)j dx

+ jg(x0)j
Z
kuk>�=h

jK (u)jr du:

Since this is true for any � > 0; we now just let h ! 0 (as n ! 1): the �rst integral
is bounded by Assumption A2; supkuk>�=h kukp jK (u)jr ! 0; by Assumption A3; and,R
kuk>�=h jK (u)j

r du ! 0: Then letting � ! 0; gives the result, noting that
R
jg(x)j dx and

jg(x0)j are both bounded.

2. For the �rst result, making the substitution u = (x � x0)=h and then v = (z � x0) =h we
obtain

In(x0) � h�k
Z
a(z)

�
h�k

Z �
K

�
x� x0
h

�
K

�
x� z
h

��r
g(x)dx

�
dz

=

Z
a(x0 + vh)

�Z
Kr(u)Kr(u� v)g(x0 + uh)du

�
dv:

WritingZ
Kr(u)Kr(u� v)g(x0 + uh)du = g(x0)

Z
Kr(u)Kr(u� v)du

+

Z
Kr(u)Kr(u� v) fg(x0 + uh)� g(x0)g du

= g(x0)J(v) +Rn(x0; v); say,

we obtain����In(x0)� a(x0)g(x0)Z Z
Kr (u)Kr(u� v)dudv

���� =

����Z a(x0 + vh) fg(x0)J(v) +Rn(x0; v)g dv

�a(x0)g(x0)
Z
J(v)dv

����
�

����g(x0)Z fa(x0 + vh)� a(x0)g J(v)dv
����

+

����Z a(x0 + vh)Rn(x0; v)dv

����
� B

Z
ja(x0 + vh)� a(x0)j jJ(v)j dv

+B

Z
jRn(x0; v)j dv

= T1n + T2n

where we have exploited the fact that both g(:) and a(:) are bounded. We now show that
the Tjn = o(1); j = 1; 2:
Firstly, note that J(v) =

R
Kr(u)Kr(u � v)du satis�es the conditions placed on K(u) in

Assumptions 1-3 so that, since a 2 S; T1n = o(1) which follows immediately from the proof
of part 1 above.
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Second, we show that supv jRn(x0; v)j = o(1); which su¢ ces for T2n = o(1):

jRn(x0; v)j �
Z
jKr(u)Kr(u� v)j jg(x0 + uh)� g(x0)j du

� �r
Z
jK(u)jr jg(x0 + uh)� g(x0)j du

which is independent of v and where � = supz jK(z)j : Again, from part 1,Z
jK(u)jr jg(x0 + uh)� g(x0)j du = o(1)

so that jRn(x0; v)j = o(1) uniformly in v:
Similarly, for the second result, making the substitution u = (x� x0)=h we have and then
v = (z � x0) =h we obtain

In(x0) � h�k
Z
a(z)

�
h�k

Z �
K

�
x� x0
h

�
K

�
x� z
h

��r
g(x)dx

�2
dz

=

Z
a(x0 + vh)

�Z
Kr(u)Kr(u� v)g(x0 + uh)du

�2
dv:

WritingZ
Kr(u)Kr(u� v)g(x0 + uh)du = g(x0)

Z
Kr(u)Kr(u� v)du

+

Z
Kr(u)Kr(u� v) fg(x0 + uh)� g(x0)g du

= g(x0)J(v) +Rn(x0; v); say,

we obtain �����In(x0)� a(x0)g2(x0)
Z �Z

Kr (u)Kr(u� v)du
�2
dv

�����
=

����Z a(x0 + vh) fg(x0)J(v) +Rn(x0; v)g2 dv � a(x0)g2(x0)
Z
J2(v)dv

����
�

����g2(x0)Z fa(x0 + vh)� a(x0)g J2(v)dv
����

+

����Z a(x0 + vh)
h
fg(x0)J(v) +Rn(x0; v)g2 � g2(x0)J2(v)

i
dv

����
� B

Z
ja(x0 + vh)� a(x0)j jJ(v)j2 dv

+B

Z ���fg(x0)J(v) +Rn(x0; v)g2 � g2(x0)J2(v)��� dv
= T1n + T2n

where we have exploited the fact that both g(:) and a(:) are bounded. We now show that
the Tjn = o(1); j = 1; 2:
Firstly, note that J(v) =

R
Kr(u)Kr(u � v)du satis�es the conditions placed on K(u) in

Assumptions 1-3 so that, since a 2 S; T1n = o(1) which follows immediately from the proof
of part 1 above.
Second, we have shown that supv jRn(x0; v)j = o(1); which su¢ ces for T2n = o(1):

This completes the proof.
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