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Abstract

These notes were written primarily for the benefit of the authors in to construct a detailed
proof of the main Theorem in the above paper.

1 Assumptions & Preliminary Central Limit Theorem

Let {W;};"; be a simple random sample drawn on a random variable W from an unknown Data
Generation Process (DGP). For simplicity of exposition it is assumed that X € R¥, a subvector
of W, is a continuous random variable with probability density f(.). The unknown DGP is
characterized by a (p x 1) parameter vector partitioned as ¢ = (9', ’y’), € O xTI' C RP, with true

value ¢, = (06,76)/, and the corresponding estimation criterion has the general form @, (y),
with ¢ = argmax, @y (). Throughout, unless stated otherwise, expectations are taken with
respect the true DGP. It is assumed that standard regularity conditions support the following
high level assumptions:

Assumption A

1. @ — ¢y 2,0, and @ lies in the interior of the compact and convex parameter space
OxIT' CR?

2. V/ndQn(pg)/0p = Op(1).

3. 92Qn(p)/8pdy’ — J(p) - 0, uniformly in ¢, with J(¢) = O(1), continuous in ¢, and
J (¢p) is negative definite.

Definition L%, o > 0, is the class of functions I(.) : R¥ — R satisfying the following: 3 § > 0
such that for all z € RF, sup|q<s [l(x +d) —l(z)| /||| < L(z) and I(.) and L(.) have
finite moments of order « (or are bounded if o = 400).

Assumption B
1. K(.) is even, bounded, integrates to 1 and lim|j, | llw|)® | K (u)] = 0.
2. h — 0 as n — o0, such that nh* — oo.
3. f(.) € L*®; ie., sup, f(z) < A < 0.

4. e,(W3pg), r =1,...,m, satisfies the following:



(a) Eler(W;p0)|X] =0.
(b) crs(X) = E[er (W5 pg)es(W;60)| X] € LY.

(©) kr(X) = B [len(Wsp)|* IX] € L2.

It is assumed, for simplicity of exposition, that K(.) is a symmetric density function. As-
sumption B is sufficient for the following multivariate generalisation of Hall’s (1984) Central
Limit Theorem for a second order degenerate U-Statistic (in order to support the following re-
sult and the proof of the main theorem, we exploit some Technical Lemmata, which are detailed
in Section [3

Proposition 1 Under Assumption B

Qg kT, (pg) S N0, ), (1)
where
0 = 2B {C(Xi0) © C(Xsp0)) S(X)] [ K2 (u
has typical element 2F [czs(X;goo ] fK2 Ydu, r,s = 1,...,m, and is finite and positive
definite.

Proof. The proof proceeds in two stages.

1. Consider, first, just a typical element of T,,, denoted

Tn’l’ = n — 1 hk_ Z;%:F:r iy Po KZJFQT(W],QO())
=1 j#i

For this part of the proof, drop the subscript r on e and let ¢; = £(Wj; ). Then, nh*/2T,,
is a degenerate U-Statistic because E [e;eK;;|W;] = 0. Need to verify Hall’s (1984) condi-

tions. Let H,(W;,W;) = h™"2¢;K;;e;, U, = 2D Sy Y Ha(Wi, W) and define

Gn(W1,Wa) = E [H, (W3, W1)H, (W3, Wa)| W1, Wa]
then, provided
i E[GZ(W1,Wa)] +n~ E [HA (W1, W>)]

RS (B [H2(Wh, W)} -

we get
nU, nhk/QTm d

V2E [H, (W1, W5)?] \/2E n(W1, Wa)?]
From Lemma@ (@,

4 N(0,1).

E[HXW1,W)] = hFE[eledK},] = B [A(X)f(X)] /K2 (u) du + o(1) = O(1)

E[HXW1,W2)] = h 2 E[cledKl] =h*E [k /K4 )du+ o(h™F) = O(h™F).

For the first we need: ¢(X) = FE [‘6‘2 \X} € G? (we need the bound, and the Lipschitz
condition on ¢(X)).

For the second we need: k(X) = E {|e|4 |X} € G? (again, we need the bound and the



Lipschitz condition on k(X)).

By (8).[]
FE [G%L(Wl,WQ)} = h_ng [6162E [83K31K32|X1,X2] }
2
= BB [0 (X)) / { / K (u) K (u— v)du} dv + o(hF) = O(h¥)
thus

E [G2(W1,Wa)] + n ' E [HA(W1, Ws)]
{E [H2(W1, Wa)]}

= O(h*) + O(n~th™) = o(1)
since h* — 0 and (nhk)_l — 0. Note that 2E [Hp, (W1, W2)?] = S + 0( ), where Yo =
2F [f(X ] fK2 ) du, It is then immediate that nhk/2T,, = nU, 4, N(0,%).

2. Second, we apply a Cramer-Wold device. Now use a Cramer-Wold device, and define
Zn = élTn(@O)y fO’f’ any ||€H = 17 and Cij = Z:rlzl grgirfj’r = Cji’ Eir = 57’(Wi; 00)7

nhk/QZn = nUn

Un = n—l ZZ’Z kZCZJ ij

=1 j#i

which is degenerate, because 2 [{inij]Wi] = 0. In this case, define H,,(W;, W;) = h_k/2Cinij,
so that by Lemma@ (@,

E[H,(Wi,W»)?] = hPE[CK3)]

m 2
= hPE {Z@elrsgr} K7,

= hPE 252 €1TK1252T —1—2257«55 (511"513[(1‘2]‘527'525)]

r=1 s#r
= Zfrcfr(X)JrZZE&sc?s(X) /KQ(u)du—i—o(l)
r=1 r=1 s#r
= Elflcx)ecx /K2 )du + o(1)

1
= g9 +o(1) = O(1),
using Assumption (48, where

0 = 2B ([C(X) © CO0)] £(X)] [ K* (u) du

Further,

Gn(W1,Wa) = E[H,(Ws, W) H,(Ws, Wa)|Wy, Wy
= hFE [<31C32K31K32‘W17W2}
E[H:Wi,Wa)] = h%E [¢lK)]

'This is where we need ¢(X) € G*.



and we need to show that E [G%(W1, Wa)| +n L E [H, (W1, W2)*| = o(1). First, by the Cy
Inequality, and Assumption C@ Lemma@ (@), gives

E[Hi(Wi,W2)] = h™%*E

m 1
{Z §r€1r€2rK12}

r=1

IN

m*hh "B [hPelet g3, Ky
r=1

= m3hF g E[4:2(X)f(X K* (u) du + o(1
= O(h™P).
Second,

E[G2(W,W,)] = h™*E [{E [C31C32K31K32\W1,W2]}2}

= hW¥*E|E

r=1 r=1

m m 2
Z &rezrerr K31 Z &, e3r€2, K32| W1, Wz] }

B m
= W*E {Zf?slrser[Crr(X3)K31|X1’X32]
L \r=1

2
>N 6 € E1reaE [ers(X3) K31 Kso| X1, Xo] }

e[|
(£} {5

(A2 + B?)

= h%*E

-

o2n 2k g

IN

M= i

omh~ 2k E

IN

\3
Il
—

using the C, Inequality and where

Ar = 572«517”527‘E[CT’/‘(XS)KZ‘)lK?)Q‘XlaXQ]

B, = e Z €25 [ors(X3) K31 K32| X1, Xo] .
S#ET

Now, by Assumption Lemma@ (@, yields
WE (A = BB [glehed (B e (Xa) K Kol X1, X))
= hPE [ifcrr(Xl)Crr(XQ) {E [Crr(X3)K31K32\X1,X2]}2}

_ g [ch(X)f3(X)]/{/K(u)K(u—v)du}de+o(1)

thus h=**E [A%] = O(RP). Similarly, by Assumption C@ (and using the C, Inequality



again)

W E[BY] < (m—1p ZE [572»525%5%5 {E [ers(X3) K31 K32| X1, X2]}2}
s#ET
= (m = )WY B e (X)ews(Xa) {E [ers (Xa) Ko K| X1, Xa] |
SFET
= (m—1) Z €3€§E [CTT(X)CSS<X>Cgs(X)f3(X)]

SFET

« / {/K (u) K (u v)du}2 dv + o(1)

so that h™2*E [BE] = O(h*), noting that (by repeated application of Cauchy-Schwartz)

E [Crr(X)CSS(X)Cgs(X)fg(X)]

IN

B3E (¢ (X)ess(X) 2o (X)]

BB [¢2 (X)e,(X)] B [2,(X)e2, (X))}
— o(1)

IN

since E [¢2.(X)c2(X)] < {E [¢}.(X)] E [c}(X)] }1/2 < oo. Thus,

TS T

FE [Gn(Wl, W2>2] +n7'E [Hﬁ(Wl, WQ)]
(B [H2(W1, Wa)]}?

= O(h*) + O(n~th™") = o(1)

nU, a4
V2E [Hy (W1, Wa)?]
Dot D h=k/2¢,5 K5, by part (), implying nh*/2 Z,, = nh¥/2¢'T,, (0o) <, N(0,&'Q08),

since h* — 0 and (nhk)_l — 0. Therefore,
ot
n(n—1)
for all ||€|| = 1. Thus by the Cramer-Wold device, nh*/?>T,,(6y) < N(0, Q).

This completes the proof. ®

In addition, the following assumptions are sufficient to justify the asymptotic expansions
employed to obtain the limit distribution of the CCM test indicator:

Assumption C

For all r = 1,...,m, and each w, ¢, (w;0) is thrice differentiable in ¢, and let g,(W;p) =
der (W3 0)dp, (p x 1), with typical element {g,+(W; @)}, t = 1,...,p, G+ (W; @) = 0%, (W; ) /000y,
(p x p), F(W;p) = dvecG,(W;p)/0p, (p2 X p) , satisfying:

1. Eller(W; )| 1X] € L2

2 For all ¢ = 1,.p ¢ (1) B |lge(Wio)/?| < o0 (i) Elon(Wiwo)|X] € L33 (i)
Ellgn(W; o)l |X] € L% and, (v) E [lgn(Ws 90) 2| X| € L2

3. (1) B |G, (W3 0)[*%] < 003 and, (i) sup, |G (W3 9)| < M(W), for all 7, E[M(W)] < o
with A\(X) = E[M(W)|X] € L%

4. (i) F(W;¢) is continous in ¢, for each w; and, (i) sup, [|F-(W;¢)|| < P(W), for all r,
E[P(W)] < co with E [P?(W)|X] < oco.



2 Theorem and Proof

—1 .
Theorem 1 Define the following: J(py) = [ oo Joy ] €= { Tog Jo10 } ,d(X;p)=F {W’@)

Jro Ty
and (o) = B 140X 20)¢II” £ (X))
Under the true DGP characterised by v, = §/Vnh¥/2, 0 < ||§]] < oo, and Assumptions A-C

nhk/zvn(gb) i) N (:u(]a ZO) ’
where py = limy, 00 p(g) and 3o = limy, 00 ¢'Qo.

Proof. It is shown in the main paper that Vnh*/2(¢, — ¢y) = O,(1)

It will be useful to define:

(i) &r = &(Wis9), ) = & (Wis00), 9ir(9) = g-(Wis0), Gir(p) = Gr(Wis ), Firlp) =
F.(Wi; 0),

with

(ii) d(X;¢), (m x p) having typical element d,+(X;), r = 1,..m, t = 1,...,p, and d,(X;¢),
(p x 1), having typical element d,+(X;¢), t =1,...,p.

Then, if T},(¢) has typical element T),,(¢), we have

nhk/2Tn7“ (p) = nhk/2an (¥0)

n n

nhk/2 0 N 0 nhk/? R 0 R
42— Y Y D Kij(Ejr — 9) + 5 > D Eir — €0 ) K (&5
n(n—1)h = n(n—1)h =

= nhk/sz«((pO) + 2T + TQnT, say.
It suffices to show that T1,, = 0p(1), whilst Tan = E [|dr (X; 00)'€]? f(X)} +op(1) :

1. 1y @ write

=l = g3n(00) (B~ 00 + 56— po) Cirl0) (B~ 90)
+gvecl(B = p0)(& — 20) Y Fin() (6 — 20)

where () is a “mean value” such that Hg‘o(’”) — goOH < ¢ — @oll = Op(n=/2n=k/4). Sub-
stituting this expression into 717, yields

Vi
Typy = hM* WZZE%KU%(%)’ &n

i=1 j#i

1, 1 = 0
56— > enKyGir "
+2€n ’I’L(’I’L . 1)hk ey Eir JGJ (QDO) 5

1 1 & X
+ovee(€,6)' 7 > > e K Fir(@) 3 (& — @),
6 n(n —1)h =

1 1 ,
= hk/451n£n + 55%5271571, + gvec(gngg’b)/s&l((’p” o SOO)

where (here) &, = Vnh*/2(p — @) = £+ 0,(1) = O,(1).

jr)'



(a) Sin = Op(1)
Appeal to Corollary [I| and consider a typical element of Si,. Write S1, = {S1nt},
t=1,...,p where

Sint = TL—l hk ZzsHKz]grt 37900)
= 1]7&2
= n—l D IALAIS
i=1 j#i

where (dropping the subscriprs r and ¢ on H,,, for notational convenience)

H, (W1, W3) = {2, K129rt(Wa; g) + €9, K190 (W13 00) } -

1
2hk
Now, since E |A+ B|* <2 {E A*+ E |B\2} we can write, by Lemma result ,

E|H,(Wy, Wa)[?

IN

1 2
WE ‘E?ergrt(W?; ©o)|

= B [0 B o Was )]
= 0B [l Wi P (0700] [ 15 @ du+o1)}
- O™ =0 (n/ (nhk)) — o(n)

because E [|grt(W; ©o)|? cM(X)f(X)] = O(1), by Assumption and . More
precisely,

—F [‘E(l)r‘QKl2 |grt(W2;900)’2] = b [|gr(W;g00)\20rr(X)f(X)} +o(1)

< A (BloaWip0)) " (Blen(01") " 4 o1
— 0(1)

by Lemma 2} equation (), with |g.:(W;o)|* = 2(W), [ (W;¢p)[* = m(W), and

s =4.

Note: here we have just used Assumption and E |g.(W; ¢0)|¥? < o00; we have

not used E[g.s(W;pg)|X] € L83, yet; but we have used the Lipschitz condition on
crr(X). .

Thus, the conditions of Lemma are satisfied, with fi,,,(W;) = =% E [h ™" Kijgr(W;; ¢0)| X

2 ’L'f‘
and p,; = E [fi,,(W;)] = E[H,(W;, W;)] =0, and we can write

Stnt = R Zum ) + 0p(1).

Apply Lemma [2] equation (3)), with [g,+(W;g)| = 2(W) and |e,(W; ¢y = m(W),
with s = 4. That is,

1
3 ’a(l)rE [hikKlzgrt(WZ; <P0)|X1”

1 _
o €0 B [ K12 g (W 001 131

|t (W) =

IN



so that

B{Je%] B [h K lgnWas el 11}

2
[ (07200 200) { [ 1Kl +of1)
)

because E [¢2.(X)] < co and v, (X) = E [g::(W; 00)| X] € L8/3 (to apply , we now
need the Lipschitz condition on ~,,(X) as well). Thus, by Corollary (I} S, = Op(1)
and we are done.

E (W) <

Q &Ik =

Son = 0p(1) :

1
Appeal to Lemma |1} Write S, = R Dot D ) K;jGr(¢p) and by sim-

n(n - 1)
ilar arguments to those put forward in the first part of (a ) above (replace g4+ by G,),

Assumptions B ), and Lemmalmply that n(n — 1) Dot D e K;iGir(pg) =

op(1) Specﬁcally, Sln = E[h %% K;jGr(po)] = 0, for all n, since Ele,(W; o) | X] =

1
0. Thus, in terms of Lemma i, = 0. Write Sy, = ﬁ Yoy Zj:i H, (W;, Wj),
n(n — =

where )
H, (W1, W3) = SHE {3, K12G(Wa; @) + €9, Ko1Gr(Wi; ) }

and

E || Hy (W1, Wa)||?

IN

B |8, KusC (Was )|

= B [I8 ] KRG (W 0) ]

= LB [I6 Vi) P (07 00] [ 15 @ du+o(1)}
- O™ =0 (n/ (nhk)) = o(n)

because £ [HGT(W; oo)lI? crr(X)f(X)] = O(1), by Assumption and (1) More

precisely,

SB[ K |G (Wai w2 = B [IG(0W:00) P err(X)7(X)] 4 0(1)

A (B1G Wi e (Ble(x)1) " + o)
= o)

by Lemma [2] equation (2), with [|G(W;p0)|* = 2(W), |ex(W;g,)[* = m(W), and
s = 4. Thus, by Lemma Sin 0.

1 o
= (= DR Dol Dt e K;jFj;(¢). Assumptions -‘ and
imply

E [sgp nln —1) YRV ZZEWKWFJT

i=1 j#i

IN

Szn = Op(1)
Write Ss, ()




so that n(n—ll)hk D1 Dt 9 KijFjr (™) = O,(1) by Markov’s Inequality.
By Lemma equation , we have E sup,, [|S3n(0)[| = O(1), since u(X) = E[|e-(W;p0)| | X] €
L? by Assumption (we need the Lipschitz condition) and by Assumption
E[P?(W)|X] < o0

. Topy : write

. ) 1, . ()N~
Eir—e0 = gir(00) (= 00) + (@ — 9o) Gir(P™) (@ — )

A~

= gir(0) (¢ = o) + vec(Gir) (¢ = #0) ® (2 = ¢0))

where (") is a “mean value” such that

21— 24| < 16 = woll = Op(n~1/2h4/4), and
Gir = Gir (™). Substituting this expression into T, yields

Tonr = & n(n — 1)hk Zzg““ 00)Kijgir(p0) ¢ &+ R, say
1=1 j#i

(2) €St = E [1dr(X; 90 €l” F(X)] + 0p(1).

. 1 . .
Write Sy, = m S Z#i 9ir(¢0)Kijgir(¢p)’, and consider a typical ele-

1
Doim1 2 jri Hn (Wi, W), where

ment Sipps = —————
n(n—1)

Hy (W1, W2) = b g, (W1; 00) K120r:(Was )/, t,s=1,...,p,

and which is symmetric in 4 and j. Note that (i) E[H, (W1, W)] = E[f(X)d(X; 00)drs(X; 00) |+
o(1), by Lemma 2] equation (2)), which follows from Assumption (2{ii) - the moment
bound is slightly stronger than actually required here - and (ii).E |H, (W1, Wy)|* =
o(n), by Lemma [2| equation (2)), which follows from Assumption (f[(iv). Thus, by
Lemma (1, Si, = E[f(X)d,(X;¢g)dr(X;¢0)"] + 0p(1) and the result follows since
En =&+ 0p(1) = Op(1).
(b) Ra=0,(1).
We can express R,, as

Rn = (‘)b - 900>/ n - 1 hk Z Zgw’ 900 Kljvec(éiT)l (gn ® gn)

i=1 j#i
4 hk-/2 (€, ®&,) hk Z Zvec ir) ]vec(Gw)' (& ®&,)
i=1 j#i

and, since nh*/2 — oo, (¢ — @g) = 0p(1) and &,, = Op(1), all need to show is that
Ry, = 0p(1) and Ry, = o0p(1). This is done by Markov’s Inequality. Consider first
a typical row of Ri,, denoted Rin¢, so that by Assumption (i) (with |jvec(A4)| =



IIA[])

1Bl < o= S0 b (W) Ky et (175 2

i=1 j#i
hk ZZLQM Wi v |KZ]M( )

=1 j#i

Second, again by Assumption (3(ii),
| Ron | < o D ZZM DK M(W;)
i=1 j#i
1

Markov’s Inquahty ensures that both nln = DhF Doy 2o |9rt(Wis )| Ky M (W)

and i 1)hk Doy 2 M(Wi) K M(Wj) are Op(1), byAssumptlons 1111 11
n(n —

BB g, (W3 00)| K1sM(Wa)] = E[E[|gn(W; )| XIA(X) £(X)] + o(1)
< AVEUE(gn(W;00) IXIPIER(X)] + o(1) = O(1)

by Assumptions (iii) and since E[A\?(X)] < oo (we just need the moment bolund
here), and

E[h™*"M(W1)K12M(Wa)] = E[E(M*(W)|X) f(X)] + o(1)
by Assumption AMX) = E[M(W)|X] € L? and an application of Lemma
equation .
Thus, Tur = B [[dp(X;0) '€ F(X)] + 0p(1).
Finally, the Assumptions ensure that u(py) = F [Hd(X; ©o)EII* f (X)} = O(1), and continu-

ous in ¢, so that lim, . p(@g) = po exists. Finally, by , nh®2T, (o) 1/t LN N(0,1)
and due to the local alternatives note that lim,, o, ¢'Qot = Xo. The result then follows, noting

that 372, [dr (X5 00) €1 = [|d(X; o) €]l m

3 Technical lemmata

Lemma 1 (Powell, Stock and Stoker, 1989) Let U, = n(%—l) Doy 2y Hu (Wi, W) be a
U-statistic with H,(W;,W;) = H, (WJ,VVZ) and W; being independently and identically dis-
tributed. Assume E |H,(W;, W;)||* exists for each n, but which may depend upon n, and
define [i,(Wi) = B Hn(Wi, W)IWil, pp, = Efi,(Wi)] = E[Hn(Wi, W))] and Un = i, +
Un = Un+op(n'/?)
UTL = Mn+0p(1)-

Remark 1 The above shows that \/n(Uy, — U,) = 0p(1), so that /n(Uy, — pi,) = /(U — piy,) +
Op(l)a where \/ﬁ(Un - /Ln) = % Z?:l [ﬁn(W’L) - lun] :

We thus have the following Corollary:

10



Corollary 1 If Uy, i,,(W;) and p,, are as in Lemmal[i], and E ||, (W;)|* = E || E [Hy (Wi, W) |Wi||* =

O(1), then /n(Up—p,) = Op(1), withy/n(U,—p,,) LA N(0,V),V =4limy_o0 var (,(W;) — iy,) -
Proof. First,and by Chebyshev’s Inequality, provided E ||fi,,(W;) — p,||> = O(1), then /n(Uy, —
L) = Op(1). Note that

= B, (W)|* = lmall?
— o)

since E ||i, (W;)|> = O(1), by assumption, and E||f,(W:)||> > u2, by Jensen’s Inequality.
(Note, also by Jensen’s Inequality, that since E(||H,(W;, VVj)||2 |Wi) > |[E[Hp (W3, Wj)|W7;]||2,

o(n) = E | Ho(Wi, W)|* = E | E(| Ha(Wi, W))II* IW3)| = E ||, (W3)|*

so that, in fact, E H]ﬁfn(VVz,Wj)H2 = o(n) is insufficient for E ||, (Wi)||* = O(1), and we there-
fore need the extra condition.) With this condition, var (f,(W;) —p,) = O(1) and the iid
assumption ensures that the limit exists. m

Here we state and prove a fundamental Lemma. This exploits Lemma [3| which immediately
follows it.

Lemma 2 Let m(W) and z(W) be scalar random variables, and define for any r > 1
Qu(W1, Wa) = b= m(W1) Kp2(Wa).
In addition to Assumption A, assume the following conditions hold, where s > 1 :
1. f(x) € L, implying that sup, f(x) < A < oo.

2. n(X) = E[m(W)|X] € L*. (The condition of n(X) € L*® is not only important becasue of
bounded moments, it also gives the required local Lipschitz (in x) condition on n(x).)

3. FE [|Z(W)|s/(s_1)} < 0o or z(W) is bounded if s =1 (note that s/(s —1) > 1).
Under Assumption A and Assumptions 1-8 abowve,

EQuWi W) = EL(Wn()F(X0) [ K @duto()=0(1) ()
= E{V(X)W(X)f(X)}/KT (u) du+o(1) = O(1)
where (X ) = E[z(W)|X], which exists a.s. since E |z(W)| < oo. In fact, the proof of this

indicates that a slightly weaker condition is that E |y(X)|*/ ™Y < co. Sincev = s/(s—1) >
1, Jensen’s Inequality implies that

EllzW)"] = EXE[lz(W)[" [X]} = EXE[z(W)[|X]}" = E{|E[z(W)[X][}" = E|y(X)["

so that E|z(W)|S/(S_1) <00 = E\W(X)IS/(S_U < 0.

Remark 2 If m(W) = z(W), then set s = 2 and will require just n(X) = E[m(W)|X] €
L2
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4. Suppose T7(X) = Eim?*(W)|X] € L* and v(X) = E[z(W)|X] € L?¥/(~1),
Define q,(W1) = E[Qn(W1,Wa)|W1], then under Assumption A and Assumptions 1-4
above, ,
Blaa (W) = E (102200 200) { [ K7 wau +o(0), ®)

Actually, for the above, all we need is E|7(X)|® < co and v(X) € L?*/(5=1
We need, though, both 7(X) = E[m?(W)|X] € L* and v(X) € L**/=1) for the following:
Define P, (W1, Ws) = E [Qn(W3, W1)Qn (W3, Wa)|W1, Wa], the under Assumption A and

Assumptions 1-4 above
B (Pu(W1,Wa)] = E [r(X)/3(X) f2(X //K )K" (u— v)dudv + (1), (4)

5. And we need both 7(X) = E[m?*(W)|X] € L?» (= 7(X) = E[m*(W)|X] € L*) and
MX)=E[22(W)|X] € L*/(=1) for the following:
If P,(W1,W3) = E [Qn(Ws3, W1)Q, (W3, Wa)|W1, Wa], as above then under Assumption A

and Assumptions 1-5 above
2
B | Py (Wh, W) = E [P(X)N2(X) ()] / {/K (u) K™ (0 — v)du} dv + o(1). (5)

6. Let m, (W) and z.(W) be scalar random variables, r = 1,2, satisfying 7,s(X) = Elm,(W)ms(W)|X] €
L% and \s(X) = E [2,(W)z,(W)|X] € L/(s=1),
Define P, (W1, W2) = E [Q1n(W3, W1)Q2n (W3, Wa)|[W1, Wa] , where

Qn (W1, Wa) = h™Fmy (W1) K{yz1 (W2)

and
Qon(W1, Wa) = h™Fma (W) KTy2e(Wa),

then under Assumption A and Assumptions 1-6 above

2
hEE | Py (Wi, Wa)|? = E [135(X) A1 (X)Aa2(X) £3(X) /{/K (u) KT(u—v)du} dv+o(1).
(6)

Proof. To prove (@, we can write (by independence)
E[Qu(W1,Wa)] = h"E[m(W1)Kiyz(W2)]
h™FE {z(Wa) K{yE [m(W1)| X1, Wa]}

h™FE {2(Wa) KT, E [m(Wh)| X1]}
h™F B {2(W2) K{pn(X1)}
h™FE {2(Wa) E [K{yn(X1)[Wa}
(Wa)
)

1)
= K PE{z(W2)E [K{yn(X1)|Xo]}

- weafon (s (452)] o)

h
Now, n(X) = Em(W)|X] € L%, s > 1, implies [|n(x)|f(z)dz < co. Furthermore, for all
z € RP

sup |1(z +d)f(x +d) —n(x)f(z)|/|d]
lldll<é

= sup [(n(z +d) —n(z)) f(z +d) + (f(x+d) = f(z))n(x)] / ||d]

lld]|<é

< sup |77(f1»‘+d)—77(~”U)|f($+d)Jr sup |f(@+d) — f(2)] ()|
ldfj<é ]| |d|| <6 lld]l

< BL(z) + Bn(z)|

12



|f(z+d) — f(w)l]

where B = max [supm f(:L'),sup”d”S(; . Thus, by an application of LemmaH

]l
we have
K r—X\" B ., "
'h /{K<h>}n() x)dz /K ) d
< SB{L(X)+ [n(X)[} : ”<5/h!K(U)\ du
+ sup [ul|” |K (u /\77 ) f(@)dz + [n(X)] f(X) K (w)]" du.
[lul[>d/h lul|>6/h

Thus, since

\E @u(W3, W)~ B {0000} [ K7 ()

- [efonn [ {x(5)

plaovnt [{x (255)} a2 00 K 0 du

b o (we — w0000 [ K7 (w)au]

IN

= el [{x (55} s - o [ K e

we obtain

\E @u(IW1, Wa)) = B LW n(X)F ()} [ K7 )

< SBE{|z(W)| L(X) + |z2(W)n(X)][} | ”<5/h\K(U)!Tdu

b sup [ull K (u)| S B 12(W))) Eln(X0)]
lul|>6/h

+E{z(W)n(X)] f(X)} K (w)]" du.

llull>6/h

Now, E [|[z(W)]] < oo and E[|n(X)|] < oo by Assumptions 2 & 3, and E [|z(W)n(X)|], E[|z(W)| L(X)]
and E[|z(W)n(X)| f(X)] are all bounded, by Hélder’s Inequality. For example, by Assumptions
1-3,

E{:WmX)| F(X)} < B x E|:(Wn(X)
s—1)/s
B x (Bw) ) @ o) = o).

VAN

Therefore, by iterative expectations,
E[Qn(W1,W2)] = E{Z(W)U(X)f(X)}/KT (u) du + o(1)
— EOEONOFO0} [ K (@) dut o)

This, therefore, also establishes the existence of q,(W1) = E [Qn (W71, W2)|W1], a.s
The proof of (@ follows in a straightforward way. As notes, Assumptions 1-3 establish the

13



existence of ¢n(W1) = E [Qn(W1, Wa)|W1], almost surely, and

E[Qu(Wi, W) Wi] = m(W1)E [h™ Kjyz(Wa) Wi
- m(Wl)E kKT 2)\X1}
= mW)E W Ky {B [2(W)| X1, Xa]} 1 X:
= mW)E [h Ky (B [(W2)| X} X1
= m(Wl)E PRy (X2)| Xy

}
o (o
o [ (559

x, for x, yields

X —
Substituting u = .

ffﬂ/{K<X;”v}rw@fumx _ /AﬁwMLK—umﬂx>wmmu

= /KT Ydu + tn( say.

where |t (X)|, by Lemmal[d, is linear in L(X), v(X) and v(X)f(X). Specifically,

st - e (55|

< OB{L(X) + [y(X)[} K ()| du
ul[<6/h

o1
+ sup |Jull” |[K (w)]" 5 E [[v(X)]]
ul|>8/h g

v(z) f(z)dx — v /\K )" du

+ ()] £(X) / K (w)|" du.

lull>d/h
Thus,

2
2OV) = {m(W)'V(X)f(X) / KT(u)dwm(W)tn(X)}

mwnx)sC0R{ [ KT(u)du}Q

2 (W) (Xt (X) F(X)| { / K%u)du} T Im(W ) ()2

B [m(W)y(X) £(X)? { / K?‘(u)du}z To(1)
2
= E[r(X)7¥*(X)fA(X)] {/K"(u)du} +0(1)

provided E [m*(W)L*(X)], E [m*(W)*(X)], E [m*(W)y(X)L(X)] are all bounded, since
f(X) is bounded. By Hélder’s Inequality, and Assumption 4,

IN

so that

E |gu(W)|”

B [ (W) (0L0x)] < {8 m2on)[}* {Eheozeop 0} <o

14



since E |m?*(W)|” = E Im(W)|* < 0o, Ev(X)L(X)|**™Y < 0o by Cauchy-Schwartz, and

E [m*(W)y*(X)]

IN

(B 2w} (B R <o

B NAX)] < {B w2} {Bireope T <o

IN

This suffices.
To prove , we have

P,(W1,Wa) = E[Qn(W3, W1)Qn(Ws, Wa)|W1, Wy
= K2 (Wh)2(Wa)E [m?(W3) K5 Kiy| X1, Xo

so that
E[P,(W1,W2)] = h**E [W(X) (Xz) [7(X3) K31 K35 X1, Xo]]
= W*EX, Xo)E|[r (X3)K31K32\X1 Xo] | X1]]
v [ ) v
- e f frmsrane s (57 (£5)
Thus, by an application of Lemmal[3, part 2, we have
E[P,(W1,Wa)] = E [/*(X)7(X) f2(X) /{/K YK (u—v du} dv + o(1

provided E [v*(X)7(X)] < oo, which it is by Holder’s Inequality:

E[72(X)T(X)] < {E ’T(X)‘S}l/s {E ‘,Y(X)‘Qs/(s—l)}(s_l)/s < o,

To prove (@), we have

P,(Wi,W3) = E[Qn(W3, W1)Qn(Ws, Wa)|Wi, W]
= W2 (Wh)2(Wa)E [m?(W3) K5 K55| X1, Xo]

so that
WE|P,(Wi, Wa)? = h*E A(Xl)/\(Xz){E[T(X:-’,)K:)Tle)fz|X1,)52]}2}

= h3*E :A(Xl)E (A(X2) {E [7(X3) K3, K| X1, X2]}? ‘Xlﬂ

= pE _)\(Xl)/A(z) {/ {K <°"” _hX1> K (x - Z) }TT(x)f(x)d:n}Qf(z)dz]
— pp _)\(X)/)\(z)f(z) {/T(x)f(m) {K <$ ;LX> K (x - Z> }Tdaz}2dz] .

Thus, by an application of Lemmal3, part 2, we have

2
WP W) = B D020 P] [{ [ K @K - vdn) oo
provided E [)\Q(X)TQ(X)] < 00, which it is by Holder’s Inequality :
ED2(X)72(X)] < {E|T(X)|2s}1/s {E\)\(X)|2s/(571)}(871)/5 < .
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The result in (@ s a straightforward extension of the previous result. We have

Po(W1i,Wa) = E[Qua(Wa, W1)Qon(Wa, Wa) W1, We]
= B2 (W) 20 (Wa) E [ma (Ws)ma(W3) K3y Kio| X1, Xo]

so that
WE|P, (W, Wa)|? = h™*E A1(Xl)A2(Xz){E[712(X:a)K§1K§2|X17Xz]}Z]

= R | (X0) B (Ma(Xa) LB [r12(Xa) Ky Kl X1, o]} |X1 ) |

— pp _Al(Xl)/)\g(z) {/ {K (95 th> K <"’C - Z) }Tng(a:)f(x)dat}Qf(z)dz]

— pp )q(X)/)\z(z)f(z) {/Tlg(a:)f(a:) {K <$ 2){) K (”““ - Z) }rdm}de]

Thus, by an application of Lemmal[3, part 2, we have

2
BB IR W = B M (X00(0700200] [ { [ 570 57— vaul} o+ o)

provided E [A1(X)A2(X)73,(X)] < oo, which it is by Holder’s Inequality :

EM(X) A (X)mH(X)] < {E\m(X)FS}l/S {E\Al(X)AQ(X)‘S/(S—l)}(5_1)/8 c

1/2
and, by Cauchy-Schwartz, E |A1(X) (X)) < {E])q(X)|28/(5_1)E\)\2(X)]2S/(5_1)} <

oo. N1

Lemma 3 Define the class of functions S to be s(.) : RF — R such that for all x € RF,
sup||q<s [s(z +d) —s(@)| /[|d]| < S < oo, for some 6 > 0. Note that, since this Lipschitz
condition holds for all x € RP, this implies [|s(z)|dz < oo, and that that s(x) is bounded:
sup, |s(z)| < B < 0.

1. If g€ S, then, for all v > 1,

Bk / {K <$ th> }Tg(x)dx = g(z0) /K (u) du + o(1),

where K"(u) = {K(u)}"; or, more precisely, for any h >0 and § > 0

'h‘k/ {K (‘””' _hxo) }Tg(:n)d.r _ g(mo)/KT (u) du

< 05 K (u)]" du
Jull<s/n

o1
+osup Jull? 1K (@) = / l9(2) de
[ul|>6/h 4

+lg(o)l K (u)]" du.
Jull>8/n

2. If botha € S and g € S, then for all r > 1

h2p/a(z) / {K <$ _h””“> K <"” - Z) }Tg(x)dxdz

= a(mo)g(a:g)//Kr (u) K" (u — v)dudv + o(1).

h3p/a(z) {/ {K (”““ _}LIO) K (x - ’") }Tg(a:)da:}zdz

_ a(xo)g2(x0)/{/m (u) K?"(u—v)du}QdHou).
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Proof.

1. Making the substitution v = (z — x¢)/h we have

L (z0) = h~* / {K (”” _}fo) }rg(x)dx _ /Kr(u)g(azo + uh)du

so that

L (20) — g(0) / K (u) du

_ ‘ / K" (u)(g(wo + uh) — g(xo))du

< [ 1K@ btz + )~ gfeo)] du
= [ K@ lgta +uh) - o)l du
lul|<6/h

+ / K ()| g + uh) — g(z)| du
lul[>d/h
= Tip+To,, say.

We show that Tj, = o(1), j = 1,2. Now,

r lg(xo +uh) —g(x
[ul|<8/h [[uhl]
l9(zo + uh) — g(o)| ,
< ) Jubl] K (w)]" du
|[uhl|<8 [[uh] ul <8/
< 45 |K (u)|" du
lul|<d/h

which is bounded for any § > 0 and h > 0. Turning now to Ts,, we have

Ty < / K (@)[" g0 + uh)] du + g(xo)| K (u)|" du
lull>5/h lull>6/h
r | g(zo + uh ,
= [l i | S g K ()] du
ull>5/h [l ul|>6 /R
- xg + uh -
< s [lull K (u) / 9z T Uh)| p 4 g K ()" du
ul|>8/h ful>s/m | Il l[ull>6 /A
T‘hk ™
< sup |jull’|K (u) k/ |9(x0 + uh)| du + |g(z0)] |K (u)]" du
lul|>6/h 8" Jyuli>s/n ull>8/h
T ]' T
= sup |ul|’|K (u) k/ lg(x)| dz + |g(z0)| |K (u)|" du
ul|>5/h 6" Jl|z—ao|>6 ul|>8/h
' 1 T
< sup |ull’ |K (u)] k/lg(l’)ldmﬂg(l‘o)l |K (u)]" du
ul|>8/h 0 ul|>8/h

where the third inequality follows since, for p > 1, 1/ ||[u||P < h¥/6¥, the second equality
follows by making the substitution r = xg + uh, and the last inequality because

)| dx < x)| dx.
/””0||>59< )| dz < / l9()|
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Putting all of this together, we have for any h >0 and § > 0

o e (557)

g(z)dz — g(zo) / K (u)|" du

< 68 K (w)]” du
lull<a/n

» 1
+ osup [l 1K () — / 9(a)| dz
l[ul|>6/h 0

+g(wo)| K (u)[" du.
>3/

Since this is true for any 6 > 0, we now just let h — 0 (as n — o0): the first integral
is bounded by Assumption A2; Sup|,|>s/n |lullP |K (u)]" — 0, by Assumption A3; and,
f\|u||>6/h |K (u)|" du — 0. Then letting 6 — 0, gives the result, noting that [|g(z)|dz and

lg(xo)| are both bounded.

. For the first result, making the substitution uw = (x — x¢)/h and then v = (z — xg) /h we

obtain

Io(zo) = h_k/a(z){h_k/{l((

/ a(z0 + vh) { / K™ ()K" (1 — v)g(z0 + uh)du} .

Writing

/KT(U)KT(U —v)g(zo + uh)du

we obtain

T — X0

h

(55 s

9(z0) /KT(U)KT(U —v)du

T / K7 ()K" (u — ) {g(zo + uh) — g(z0)} du

g(x0)J (v) + Ry(x0,v), say,

I(z0) — a(z0)g(z0) / / K7 (u) K7 (u — v)dudy

IN

IN

‘/a(xo + vh) {g(xz0)J(v) + Rp(zo,v)} dv

—a(xo)g(zo) / J(v)dv

‘g(mo) / {a(zo + vh) — a(xp)} J(v)dv

+ ‘/ a(xo + vh) Ry (xo,v)dv

B/ la(zo + vh) — a(zg)||J (v)] dv

+B/Rn(xo,v)|dv
Tln + T2n

where we have exploited the fact that both g(.) and a(.) are bounded. We now show that

the Tj, = o(1), j =1,2.

Firstly, note that J(v) = [ K"(u)K"(u — v)du satisfies the conditions placed on K(u) in
Assumptions 1-8 so that, since a € S, T1, = o(1) which follows immediately from the proof

of part 1 above.
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Second, we show that sup,, |Ry,(zo,v)| = o(1), which suffices for Ta, = o(1).

Ru(z0,0)| < / K (u)K™(u — )] [g(eo + uh) — g(x0)| du

IN

N / K () |g(zo + uh) — g(ao)| du

which is independent of v and where A = sup, |K(2)|. Again, from part 1,

[T b + k) — gl = o)

so that | Ry (zg,v)| = o(1) uniformly in v.
Similarly, for the second result, making the substitution u = (x — zg)/h we have and then
v = (z —x0) /h we obtain

In(zo) = h~* /a(z) {h_k / {K (m _h"m) K (“’ - Z) }Tg(:p)da:}de

_ /a(:ﬂo +oh) {/ K™ ()K" (1 — v)g(ao + uh)du}2 .

Writing
/Kr(u)KT(u —v)g(xo +uh)du = g(zo) /KT(U)KT(u —v)du

+/KT(U)KT(U —v){g(xo + uh) — g(xo)} du

= g(zo)J(v) + Rp(zg,v), say,

we obtain
L (20) — a(w0)g?(x0) / { / K" (u) K" (u— v)du}2 v
= / a(zo + vh) {g(x0)J (v) + Rn(wo,v)}2 dv — a(x0)g?(w0) / J3(v)dv
< [g0) [ folan +vh) — ala)} S o)do
+ ‘ / alwo + vh) [{9(20)J(v) + Ru(w0, )} = *(w0).T(v) | do
< B/|a(xg+vh) — a(zo)| | (v)[* dv

+8 [ [{90)I(0) + Rufan, )} = ¢(a0) 2 (0)| do
= Tin+Ton
where we have exploited the fact that both g(.) and a(.) are bounded. We now show that
the Tj, = o(1), j =1,2.
Firstly, note that J(v) = [ K"(u)K"(u — v)du satisfies the conditions placed on K(u) in
Assumptions 1-8 so that, since a € S, T1, = o(1) which follows immediately from the proof

of part 1 above.
Second, we have shown that sup,, |Ry(zo,v)| = o(1), which suffices for T, = o(1).

This completes the proof. m
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