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Abstract

In this paper, we make five contributions to the literature on information and entropy in
generalized method of moments (GMM) estimation. First, we introduce the concept of the long run
canonical correlations (LRCCs) between the true score vector and the moment function f(v,, 0y) and
show that they provide a metric for the information contained in the population moment condition
E[f (v, 00)] = 0. Second, we show that the entropy of the limiting distribution of the GMM estimator
can be written in terms of these LRCCs. Third, motivated by the above results, we introduce an
information criterion based on this entropy that can be used as a basis for moment selection. Fourth,
we introduce the concept of nearly redundant moment conditions and use it to explore the
connection between redundancy and weak identification. Fifth, we analyse the behaviour of the
aforementioned entropy-based moment selection method in two scenarios of interest; these scenarios
are: (i) nonlinear dynamic models where the parameter vector is identified by all the combinations of
moment conditions considered; (ii) linear static models where the parameter vector may be weakly
identified for some of the combinations considered. The first of these contributions rests on a
generalized information equality that is proved in the paper, and may be of interest in its own right.
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1. Introduction

Generalized method of moments (GMM) provides a computationally convenient
method for obtaining estimators of the parameters of economic models based on a set of
population moment conditions. The resulting estimators can be shown to be consistent and
asymptotically normal under fairly weak regularity conditions. In most cases of interest,
the researcher is actually faced with a candidate set from which to choose the moment
conditions to be used in the estimation. Intuition suggests that the choice should reflect the
information content of the moment conditions relative to the desired inferences. However,
to date, no metric for information has been proposed in the GMM framework.' In this
paper, we show that the entropy of the limiting distribution of the GMM estimator
provides a metric for information in the moment condition regarding the unknown
parameter vector. In view of this property, we propose an information criterion for
moment selection based on this entropy and analyse its properties. Our analysis rests on a
number of other new results presented here regarding GMM estimators that are of interest
in their own right.

An outline of the paper is as follows. In Section 2, we introduce the concept of the long
run canonical correlations (LRCCs) between the true score vector and a moment function
f(vs,0p) and show the various results pertaining to the GMM estimator based on these
LRCCs. As part of this analysis, we prove a generalized information equality that may be of
independent interest. In Section 3, we discuss the entropy of the limiting distribution of the
GMM estimator, and show that this entropy can be written in terms of these LRCCs. It is
shown that the entropy of the limiting distribution of the GMM estimator provides a metric
for the information contained in the moment condition, E[f(v;,0y)] = 0. Motivated by the
aforementioned results, we introduce in Section 3 an information criterion based on this
entropy that can be used as a basis for moment selection and establish conditions for its
consistency in nonlinear dynamic models. The aforementioned consistency result depends
crucially on the assumption that the parameter vector is identified by all the combinations
of moment conditions considered. This assumption is standard in the GMM literature on
moment selection. However, it is clearly possible that moment selection may involve a
choice set in which the parameter vector is weakly identified by some of the combinations of
moment conditions considered. In the remainder of the paper, we consider exactly this
situation in the context of the linear static model estimated via instrumental variables (IV).
To this end, in Section 4, we introduce the concept of nearly redundant moment conditions
and use it to explore the connection between redundancy and weak identification. Section 5
then establishes conditions for the consistency of our entropy-based method for moment
selection when the parameter vector may be weakly identified for some of the combinations
considered. Section 6 concludes. All proofs are relegated to a mathematical appendix.

2. GMM and a generalized information equality

In this section, we present a generalized information equality and exploit it to show that
certain statistical properties of the GMM estimator can be stated in terms of the LRCCs
between the moment function, f(v;, 6)), and the score function, s,(6).

'We confine our discussion entirely to estimation within the classical paradigm. See Zellner (2003) for a survey
of available results on Bayesian method of moments estimation.
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Throughout our discussion of GMM in its most general form, we consider the case in
which the data satisfy the following condition.

Assumption 1. {v, e ¥",t=1,2,...} is a sequence of strictly stationary and ergodic
random vectors where ¥~ C R’.

We consider the GMM estimator of the unknown p x 1 parameter vector 0, based on
the population moment condition E[f(v;, 0p)] = 0 where f : 7~ x @ — RY where ¢=p. This
estimator is defined to be

0r(f) = argmin g7(0) Wrg(0). (1)

where g,(0) =T _IZZTZI f(vs,0) and W is a positive semi-definite (psd) weighting matrix
which converges in probability to S(f)~! where

S(f) = lim Var[T'g;(00)]. )

Under certain regularity conditions it can be shown that the estimator has the following
asymptotic distribution.’

Assumption 2. T'2[07(f) — 6] 4 N(O, Vo(f)) where Vo(f) = [G(f)S()'G(f)]”" and
G(f) = E[f (u1, 00) /00

Note that a necessary condition for the distributional result in Assumption 2 is that
rank{G(f)} = p; this is commonly termed the condition for local identification.

To present the generalized information equality, we need certain additional definitions
and certain regularity conditions. Let p(v,|V,_1,0y) denote the conditional probability
density function (pdf) of v, given the infinite history of the series V,_; = (v,_1,v,_2,...) and
p(V:10p) denote the joint distribution of V,. We impose the following set of primitive
conditions.

Assumption 3. (i) /' : 7" x @ — RY; (ii) Oy is an interior point of the parameter space O;
(ii1) there is a neighbourhood of 6y, .47, such that, for all 6 € .47, and ¢,
fV(_ l)f(vt, Op(V10)dV,; =0, where ¥ (_ 1s the sample space for V; (iv) f(v;, 0) and

p(V,|0) are continuously differentiable in 6 with probability one; (v) E[|f (v, 00)|I] < oo,
and E[]|(0/00)p(V100)]|"] < oo where {>1,n>1 and 1/{ 4+ 1/n<1; (vi) there are functions
g(-) and {h(-)} such that, for all 0 e .47, and ¢, [0f(v;,0)/00|<g(v,), IOp(V;|0)/
00| <h,(V,), fV(—oo A g()h,(V,)dV,<oo; (vil) {v,} is strong mixing with mixing coefficients

{0} satisfying Z;'iojoc}_l/g_l/" <o0.

It is worth noting that only Assumption 3(ii) and the conditions involving f(-) are
typically imposed to deduce the asymptotic distribution given in Assumption 2. However,
the remaining conditions in Assumption 3 are not particularly restrictive and are likely to
hold in most applications of interest.

Now define 5,(0)) to be the conditional score with respect to 0 evaluated at 6 = 6, that
is, 5:(00) = {0In[p(v,| V-1, 600)]/ 00}|g—p,- The generalized information equality is given in
the following theorem.

See Hansen (1982) or Hall (2005, Chapter 3).
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Theorem 1. (a) If Assumptions 1 and 3(1)—~(v1) hold, and {v;} is strong mixing with mixing

coefficients {o;} satisfying Z] Ooc A ]/"<oo then
G(f) = - 2; ELf (v, 00)s1-(00)') 3)
(b) If Assumpntzons 1 and 3 hold then it follows that
G(f) = - lim cov| T~!/2 if(vt, 00), T~ XT:Sz(Qo) : 4)
=1 =1

Theorem 1 shows that the expected Jacobian of the moment condition is equal to the
negative of the long run covariance between the moment function and the (unknown) true
score function. This theorem generalizes to stationary time series the information equality
presented by Godambe (1960) and Tauchen (1985, Theorem 5) for iid data.

We now exploit this generalized information equality to show that certain statistical
properties of the GMM estimator can be stated in terms of the LRCCs between the moment
function, f (v, 0y), and the score function, s,(6y). To our knowledge, the concept of LRCC is
new to the literature and so we first define what is meant by this term in our context here.

Definition 1. The LRCCs between f(v,,0)) and s,(6y) are the canonical correlations
between T_I/ZZIT:lf(v,, 0y) and T‘l/zzITZ]st(Qo) and are denoted by {p,(f); i=1,2,...,p}.

A more detailed definition of LRCCs is relegated to the Appendix for brevity; further
discussion can be found in Jana (2005).

The following theorem presents alternative representations for both the condition for
local identification and the limiting variance Vy(f) in terms of the LRCCs between f(v;, 6)
and the true score vector.

Theorem 2. If Assumptions 1 and 3 hold then

(1) rank{G(f)} equals the number of non-zero LRCCs between f(v;,0y) and s,(0,).
(i1) The variance of the limiting distribution of the GMM estimator can be decomposed as
Sfollows:

Vo(f) = A(NR(HAY
where R(f) = diag(p,(f), p2(f), . - ., pp(f)) and A(f) is the p x p matrix with ith column
ai(f) where ai(f) is the generalized eigenvector satisfying

[C(HYS() " C(f) — p}(f)Iolai(f) = O where g = E[s:(00)s(00)] and
T T
C(f) = lim cov| T2 ;f(vz,eo), T‘W;swo) .

Now suppose that Assumption 3 is satisfied for moment functions f (v, 0y), j = 1,2, and
let {p(f )} be the population LRCCs between f (v:, 0o) and s,(0o). Define 0r(f ;) to be the
GMM estimators based on E[f (v;,00)] = 0. Assume that the limiting distribution of
Qr(f) is given by Assumption 2 wzthf S

(i) (a) Vo(f1) = Volfy) if and only if pX(f)) = p2(f) for i = 1,2,....ps (0) Volf ) = Vo(f)
is psd if and only if p3(f,)=p(f)) for i=1,2,...,p ana’ the inequality is strict for at
least one value of i.
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Comment 1: Theorem 2(i) provides an interesting perspective on the condition for local
identification. The estimator can only be identified if all the LRCCs between the score and
f(vy,0p) are non-zero.

Comment 2: Theorem 2(i1) has some interesting implications for asymptotic
efficiency. First, notice that if {p?(f)=1;i=1,2,...,p} then Lemma A.l (in the
Appendix) and Theorem 2(ii) imply that Vy(f)=.#,' which is the asymptotic
version of the Cramer—Rao lower bound for estimation of 0y. Second, Theorem 2(ii)
shows that the MLE is asymptotically efficient relative to the GMM estimator
because

Vi'(s00) = V5'(f) =E

Z St(HO)St—n(QO)/] - E[ Z St—n(00)f (vr, 90)/]

n=—0o0 n=—00

00 -1 00
X {E[ > @ 00)f (v 90)’] } E[ > [, 90)Sr—n(90)/]

n=—0o0 n=—0o0

is the population residual covariance matrix of the spectral regression of s,(0y) on f(v;, 0p)
at frequency zero and thus is always psd. This result generalizes to stationary time series
the analogous result derived by Godambe (1960) for iid data.

Comment 3: Theorem 2(iii) indicates that the LRCCs are sufficient statistics for
efficiency comparisons between estimators based on different moment conditions. An
illustration is considered in Comment 4.

Comment 4: Breusch et al. (1999) use the term redundancy to describe the situation in
which the augmentation of the population moment condition has no effect on the
asymptotic variance of the estimator. More specifically, suppose that f(v,,0) =
[f (v, 0), f(v;, 0)'] then E[f, (v, 09)] = 0 is said to be redundant for 6y given E[f(v;, 0y)] =
0 if Vo(f) = Vo(f,). Therefore, if E[f,(v/, 09)] = 0 1s redundant given E[f(v;, 0p)] = O then
it provides no information about 0y beyond that already in E[f(v;, 0p)] = 0. The converse
of redundancy is termed non-redundancy. If E[f,(vs,00)] = 0 is non-redundant given
E[f (v, 00)] = 0 then Vy(f ;) — Vo(f) is psd and so E[f,(v;,00)] = 0 provides additional
information.> Theorem 2(iii) implies that redundancy can be categorized using LRCCs
between the moment function and score. Specifically, it follows from Theorem 2(iii) that
E[f,(vs, 0p)] = 0 is redundant for the estimation of 0y given E[f(v;, 0p)] = 0 if and only if
p3(f) = p(f1), i =1,2,...,p; E[f,(vs,00)] = 0 is not redundant for the estimation of 0,
given E[f (v, 0p)] = 0if and only if p2(f) = p(f), i = 1,2,...,p, and p?(f)>p3(f,) for at
least one i.

Comment 5: While our discussion has been in the context of GMM estimators, it should
be noted that the results in Theorem 2 extend to empirical likelihood estimators (see Owen,
1988, 2001; Qin and Lawless, 1994; Kitamura, 1997), minimum chi-square estimators
(Neyman, 1949) and quadratic inference function estimators (Qu et al., 2000). This follows
because these estimators have the same condition for local identification and limiting
distribution as the GMM estimator.

*Note that the asymptotic variance can never increase as a result of augmenting the population moment
condition.
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3. Information and entropy in GMM estimation

To date, the GMM literature has not yielded a generally accepted metric for the
information content of population moment conditions. Instead, the literature has focused
on the statistical consequences of particular information scenarios that arise in
econometric models. Of these scenarios, three of the most important are: (i) the optimal
choice of moment condition, that is, the choice which yields maximum information
about 0y; (i1)) redundant moment conditions, that is, moment conditions which provide
no incremental information about 0y; (ii1) weak identification, that is, the case where
there is insufficient information to yield a consistent estin}ator of 6y.* In this section,
we consider the entropy of the limiting distribution of Or(f). It is shown that this
entropy can be used to characterize the three information scenarios of interest in GMM
estimation and hence provides a continuous measure of the information about 6, in
E[f (vs, 00)] = 0. This result motivates us to propose an information criterion for moment
selection based on this entropy that is also introduced in this section. It should be noted
that it has long been recognized that entropy can be used as a basis for model selection’;
the unique aspect of our contribution here is the application of this principle to GMM
estimation.

Ahmed and Gokhale (1989) derive the entropy for the normal distribution.® Applying
their result to the limiting distribution of the GMM estimator of 0y based on E[f(v;, 00)] =
0 (given in Assumption 2), it follows that the entropy of this distribution is

entg(f) = 0.5p[1 + In(2m)] — 0.5 In[|G(/Y S(F) ' G()]]- (5)
It follows from Theorem 2(ii) and Lemma A.l (in the Appendix) that

P
enty(f) = 0.5p[1 + In(2m)] — 0.5 " In[p7 (/)] + 0.5 In[|.75"|1. (6)

i=1

Notice that the entropy only depends on the choice of moment condition via {p?(f)}. Given
this structure, it is immediately apparent that Theorem 2 can be used to characterize the
three information scenarios described at the beginning of this section in terms of the
entropy.

Corollary 1. Let {v,} satisfy Assumption 1 and define # = {f(-) such that Assumption 2
holds}.

() Let F C F and f° be the optimal choice of moment condition from F in the sense that
Vo(f) — Vo(f°) is psd for all f € F . Then enty(f°)<enty(f) for all f € F.

(ii) Define f (v, 0) = [f|(v1,0), [ (01, 0) 1. Assume f; € F for i = 1,2. If E[f,(v;,00)] = 0 is
redundant for 0y given E[f (v;,00)] =0 then ento(f) = ento(f ). If E[f(vs,00)] =0 is
non-redundant for 0y given E[f | (v;,00)] = 0 then enty(f) <enty(f ).

(1) If rank{G(f)} <p and so 0y is unidentified by E[f(v;,09)] = 0 then enty(f) = oc.

“For references to these scenarios see: for (i) Hall (2005, Chapter 7); for (ii) Comment 4; for (iii) Hall (2005,
Chapter 8.2).

For example, see the review article by Maasoumi (1993) and the references therein.

®The entropy is defined to be the negative of the expectation of the log of the probability density function of the
distribution.
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Corollary 1 suggests that the entropy of the limiting distribution provides a measure of
the information content of moment conditions in GMM estimation. As such, it would
appear to be a natural basis for selection of moments from a candidate set of moment
conditions that are known to be valid.”

To consider the problem of moment selection, it is necessary to introduce some
additional notation. It is assumed that the candidate set of scalar functions which can form
the basis for the population moment condition is finite. It is convenient to stack these
scalar functions into a single vector f .. (-) whose dimension is denoted by ¢,,,,. Following
Andrews (1999), we use a ¢,,,, x 1 selection vector ¢ to denote which elements of the
candidate set are included in a particular moment condition. We therefore now index f(-)
by c. If ¢; = 1 then the jth element of f,.(-) is included in f(:; ¢), and ¢; = 0 implies this
element is excluded. Note that |c| = ¢’c equals the number of elements in f(-; ¢). The set of
all possible selection vectors is denoted by C, that is,

C={ceRMmx;¢;=0,1, forj=1,2,... ¢ and ¢ = (c1,...cq, ), lc|=p}.

For brevity, statistics of interest are now indexed by ¢ and so 9T(c) denotes the GMM
estimator based on E[f(v,,00;¢)] =0, and Vy(c) denotes the variance of its limiting
distribution given in Assumption 2.

It is assumed that the researcher wishes to base the estimation on the subset of the
available moment conditions which is asymptotically efficient but contains no redundant
moment conditions. Asymptotic efficiency is a standard requirement in statistics, and so,
for brevity, we do not justify its merits here. The exclusion of redundant moment
conditions is a relatively new criterion, and so deserves some justification. Hall and Peixe
(2003) report simulation evidence that the inclusion of redundant moment conditions can
lead to a serious deterioration in the quality of the limiting distribution (in Assumption 2)
as an approximation to finite sample behaviour.” It is these findings that motivate the
inclusion of non-redundancy in the objective of moment selection. For ease of exposition,
we use the term “‘relevant” moment conditions to denote the subset of the available
moment conditions which are asymptotically efficient but contain no redundant moment
conditions. A formal definition of relevance follows.

Definition 2. c; is the selection vector associated with the relevant moment conditions if the
following three properties hold: (i) ¢, € C; (i1) V(14 ) = Vo(cr) where 14 1S a g,y X 1
vector of ones; (111) Vy(er1) — Vio(er) 1s psd for ¢ = ¢ + ¢r2 and ¢y € C.

A few observations about this definition are in order. Part (ii) states that estimation
based on the complete candidate set and the relevant subset yield the same asymptotic
variance for the estimator. Since there is no cost asymptotically to the inclusion of
redundant moment conditions, part (i) implies the asymptotic efficiency of estimation
based on the relevant moment conditions. Note here that asymptotic efficiency is relative
to all possible choices of moment condition from the candidate set. An implication of this
property is that if ¢, #1, . then all remaining elements of the candidate set are redundant
given the relevant subset, that is,Vy(c;) = Vo(cr + ¢;) for cic; = 0 and (¢; + ¢;) € C.

"See below for discussion of the case in which some elements of candidate set may be invalid.

8Note that éT(c) and Vy(c) denote @)T(f) and Vy(f) evaluated at f = f(-; ¢).

Further evidence to this effect is presented below. Earlier studies reported similar findings but, since these
studies predated the Breusch et al. (1999) paper, their conclusions are not couched in terms of “‘redundancy”’; see
Hall (2005, Chapter 6) for further discussion and references.
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To motivate the form of the information criterion proposed below, we note two features
of the entropy in (5). First, p — the dimension of 0 — is constant across all moments
considered and so the only part of enty(f) that changes with the choice of moments is
— ln[lG(f)/S(f)_1 G(f)|] = In[| Vy(f)|]. Second, Corollary 1 implies that we wish to find the
choice of moment condition that minimizes enty(f) and hence In[|V(f)|] across all choices
of f in the candidate set. These considerations lead us to consider the following
information criterion (where we return to indexing moments by c¢):

RMSC(c) = n[| Vo ()] + x(cl, T), (7)

where VQ,T(C) denotes a consistent estimator of Vy(c) and «(|c|, T) is a deterministic
penalty that is, an increasing function of the number of moments, |¢|. A natural choice for
the covariance matrix estimator is

Por(c) = [Gr(Dr(c): o) S7 ()Gr(Dr(c); o),

where Gr(0;¢) = T30 0f (v, 0;¢) /00", S(c)> S(c) and S(c) = limp_ o Var[T1/>
Z,TZI f (v, 00; ¢)]. The acronym RMSC stands for relevant moment selection criterion.

Our proposal is to base estimation on the selection vector that minimizes the criterion
over C, that is, the selected vector is given by

¢r = argmin RMSC(c).
ceC

To analyse the limiting properties of ¢y, we require certain regularity conditions. We first
present these conditions and a consistency result for ¢7, and then present a number of
comments regarding the construction of RMSC(c) and its relationship to other
information criterion in the literature.

To present these regularity conditions, it is necessary to define the set of selection vectors
that are asymptotically efficient relative to the candidate set,

C = {c; Volign,) = Vo), c € C},
and also the subset of ¥ of minimum length,
Cmin = {c; c € €, |c|<|c| for all ¢ € €}.
Using this notation, we impose the following conditions.

Assumption 4. (i) ¢, satisfies Definition 2 and @min = {c¢;}; (i1) E[f (v;, 0o; ¢)] = 0 if and only
if 0 = 0, for all ¢ € C; (i) IA/(;,T(C) = Vy(c) + Op(r}l) where 17 — oo as T — oo; (iv) for
any ¢,¢ € C such that |¢|>|¢|, t7[x(|¢], T) — x(|¢], T)] = +o0 as T — oo, and x(|c|, T) =
o(1) for every c € C.

Assumptions 4(1) and (ii) are the identification conditions for the relevant moment
conditions and the parameters, respectively. When the weighting matrix is the inverse of
the sum of a fixed number of autocovariances, 77 = T"'/2. When the weighting matrix is the
inverse of a heteroscedasticity autocorrelation covariance (HAC) matrix calculated with
bandwidth £ such that €7 — oo as T — oo and {7 = o(T'/?) then 17 = (T /)"
Andrews (1991) provides more primitive conditions for Assumption 4(iii) for this case
(e.g., his Assumptions B and C).

The following theorem shows that ¢7 is consistent for c;.

Theorem 3. Under Assumption 4, it follows that ¢t L Cr.
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We now present certain comments regarding the construction of RMSC(c).

Comment 6: 1t is useful to highlight the differences between RMSC and the moment
selection criterion (MSC) proposed by Andrews (1999). MSC is designed to select which
moments out of the candidate set represent valid information. For a given ¢, MSC(c) is
defined to be the overidentifying restrictions test plus a bonus term that is equal to
—K(|c|, T) (using our notation). The selected moment condition is chosen by minimizing
the criterion over . As pointed out by Hall and Peixe (2003), one weakness of MSC(c) is
that it selects moments only on the basis of their validity and takes no account of their
information content. In practice, it may be desirable to use MSC(¢) and RMSC(c)
sequentially but an exploration of their combined use is beyond the scope of this paper.

Comment 7: A number of information criteria have been proposed for the problem of
order selection in time series; for example see Akaike (1974), Hannan and Quinn (1979)
and Schwarz (1978). However, there are important differences between this problem and
the one of moment selection considered here. For example, consider the use of Schwarz’s
(1978) BIC to select the order of an autoregressive process (AR). BIC involves estimating
an AR process for each possible order and calculating the associated error variance. The
chosen order is the one that minimizes the log of the error variance plus the deterministic
penalty pIn(T)/T where p is the associated AR order. Note two important differences to
our setting here: (i) the sample information in BIC is the error variance of the fitted AR
model whereas the sample information in RMSC is the variance of estimated parameters;
(i1) in BIC, the dimension of the parameter vector changes with the AR order, but in
RMSC the dimension of the parameter vector is constant over all choices of moment
condition.

Comment 8: Assumption 4(iv) places rather general conditions on the deterministic
penalty term and is modelled on Andrews (1999) assumption MSC that underpins his
analysis of MSC. Examples of penalty terms that satisfy this condition are: x(|c|, T) =
(Ic] = p)In(tr)/tr (BIC-type penalty) and «(|c|, T) = (|c| — p)bIn[In(z7)]/T7 where b>2
(HQIC-type penalty)."” Andrews (2000) reports simulation evidence that the BIC-type
penalty works best in his context, and this has been our experience with RMSC. It is
desirable to establish an optimal choice for the penalty term, but this is a non-trivial issue
that is left for future research.

A simulation study was undertaken to investigate the finite sample properties of our
method in this type of setting. We used the following data generating process:

Vv, = 0ox; 4+ uy, )

Xt = TC/Z[ + vy, (9)

where 0p = 0, 7= [7,01x11], O1x11 is @ 1 x 11 vector of zeroes, [u;, v/, 2] ~NID(0, X) and X
is a matrix whose diagonal elements are all equal to one and whose only non-zero off
diagonal elements are the (1,2) and (2, 1) entries which are both equal to 0.5. We use y = 1
and % so that the first stage R? in population are 0.5 and 0.1, respectively. The candidate set
of moment conditions is given by E[z,(y, — x;00)] = 0. Since the only difference between
elements of the candidate set derives from the instrument vector, we index z, by ¢ so that
f(v:,0;¢) = z/(c)(y, — x:0). Notice that within this design the relevant moment condition is
the one involving the first element of z, and so ¢; = (1,0...0)". Within this framework, the

19See Hannan and Quinn (1979).
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Table 1
Median bias of 2SLS estimator

T R?

' gq=1 g=2 q=3 g=4 q=5 g=6 g=T7 g=8 q=9 q=10 g=11 ¢g=12 g=¢q

100 0.5 0.001 0.007 0.011 0.016 0.021 0.026 0.030 0.035 0.039 0.042 0.047 0.051 0.001
100 0.1 0.004 0.047 0.084 0.115 0.143 0.163 0.184 0.203 0.218 0.232 0.245 0.256  0.097
500 0.5 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010 0.011 0.000
500 0.1 0.001 0.010 0.018 0.026 0.034 0.043 0.050 0.057 0.064 0.070 0.077 0.084 0.004

two-stage least squares (2SLS) is asymptotically equivalent to the GMM estimator with
the optimal weighting matrix and so all results reported below are based on the 2SLS
estimator.'!

To compute our MSC, we need a consistent estimator of the asymptotic variance—cov-
ariance matrix. For the 2SLS estimator, we use

-1
T

T T -
CERLCIESREIT) (%;zZ(cmc)/) S SECI (10)

= =1

where &i(c) = (l/T)Zthlitf(c), ulc)=y, — 9T(c)x, and éT(c) is the 2SLS estimator of 6
based on E[z,(c)(y, — x,0¢)] = 0. The moment selection procedure is implemented with the
penalty term associated with the BIC-type criterion, and so

(cc— 1)In(T"/?)
Tl/2

Theorem 3 is premised on the assumption that 0y is identified by all the subsets of
candidate set considered. This would not be the case if RMSC is minimized over C here
because identification rests crucially on z;;, the first element of z,. We therefore consider
the case where RMSC is minimized over the following 12 choices of ¢: ¢ = [17,1,015_,).1]
g=1,2,...,12, and Opy; is the b x 1 null vector.'”> We define ¢ = |¢7|. The number of
Monte Carlo replications is set to 10000, and the sample sizes used are 7" = 100 and 500.

Tables 1 and 2 report the median bias of the 2SLS estimator and the coverage
probabilities of the 90% confidence intervals of the 2SLS estimator, respectively, for all 12
choices of ¢ considered and also ¢7. It can be seen that the median bias and the coverage
probability tend to deteriorate as the number of redundant instruments increases.
However, the use of RMSC leads to a considerable improvement in the quality of the
asymptotic approximation—particularly compared to the brute force case in which all 12
elements of the candidate set are used. Lastly, Table 3 shows the summary statistics of the
selected number of instruments. The results confirm our asymptotic consistency result in
that the number of instruments tends to converge to one as the sample size increases.

As noted above, Theorem 3 is premised on the assumption that 6, is identified by all
subsets of the candidate set considered. This clearly may not be the case. To understand
how the method behaves in such circumstances, it is first useful to explore the connections
between redundancy and weak identification. This is done in the next section, and then,
using the insights gained from this discussion, we examine in Section 5 the limiting

RMSC(c) = In[| V()] +

(11)

Recall 2SLS is the GMM estimator based on E[z,u,] = 0 with weighting matrix W, = (T~'Z'Z)7".
2However, see Sections 5 and 6.
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Table 2
Coverage probabilities of 90% confidence intervals for 2SLS estimator

T R

“ g=1 g=2 q=3 qg=4 q=5 g=6 q=7 qg=8 q=9 ¢g=10 g=11 ¢g=12 g=4q

100 0.5 0.901 0.897 0.896 0.891 0.888 0.881 0.873 0.866 0.858 0.850 0.841 0.832 0.901
100 0.1 0.920 0.899 0.870 0.845 0.814 0.785 0.752 0.721 0.691 0.659 0.626 0.594  0.881
500 0.5 0.900 0.900 0.898 0.896 0.896 0.895 0.894 0.891 0.890 0.889 0.888 - 0.885  0.900
500 0.1 0907 0901 0.895 0.890 0.880 0.872 0.861 0.852 0.838 0.824 0.812 0.796  0.908

Table 3
Summary statistics of ¢
T R} 2SLS

Mean Median Mode Variance
100 0.5 1.000 1.000 1.000 0.000
100 0.1 1.785 1.000 1.000 2.293
500 0.5 1.000 1.000 1.000 0.000
500 0.1 1.052 1.000 1.000 0.090

behaviour of RMSC, the parameter vector may be weakly identified for some or all of the
combinations considered.

4. Redundancy and weak identification

The concepts of redundancy and weak identification were introduced to describe
superficially very different information scenarios. However, both involve situations in
which a set of moments provide marginal information at best, and so in this section we
examine whether there is in fact a closer connection between the two concepts. Since weak
identification involves a Pitman drift and redundancy does not, the concepts are not easily
compared in their original form. Therefore, we introduce a generalization of redundancy
that involves a Pitman drift that we refer to as near-redundancy and explore its properties
as part of the discussion. As it will be seen, this extension enables us to delineate the
circumstances under which moments that are (nearly) redundant in one setting provide
weak identification in another. For expositional brevity, we frame all this discussion in the
context of a linear model estimated via IV."?

In spite of the comments above, it is useful for the purposes of comparison to begin by
briefly describing the condition for redundancy within the linear I'V setting. To this end, we
consider the model

v, = x,00 + uy, (12)
X, =1z, + Iz, + e, (13)

3The concept of near-redundancy is not specific to linear models. However, we restrict attention to this
framework here for conformity with the analysis in the following section that is confined to the linear static model.
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where y, 1s a scalar, x; is p x 1 vector, z;; 1s ¢; x 1 for i = 1,2. In addition, we set z;, =
(z,,,75,) and set ¢ =¢q, +q,. Let Z; be the T x g, matrix whose rth row is zj,,
Z =(Z\,2Z,), and X be the T x p matrix whose rth row is x}, and u be the 7" x 1 vector
with zth element u,. We define v, = (x}, 2}, u;, €))" and assume {v;; t=1,2,...,T}is ani.i.d.
sequence of random vectors. Furthermore, it is assumed that E[u,|z,] = 0 and E[u?|z,] = o3.

Breusch et al. (1999) show that the condition for redundancy of E[z;,u;] = 0 for the

estimation of 0y given E[z; ] = 0 1s
E[z2,x]] — Elz2,2} J(El[z1,2) )" Elz1,x]] = 0. (14)

It can be verified that this condition is equivalent to the restriction that IT, = 0 in (13). For
our purposes here, one particular aspect of this definition is worth noting. The moment
condition in (14) holds for every 7, and this, of course, implies that the sample analogue of
this condition holds in the limit, that is,

T-'Z,X — T\ Z2,Z2(T'Z,z) ' T Z,x 5 0. (15)

However, since redundancy is a statement about limiting behaviour, it is the condition in
(15) that is really important.

To introduce the concept of near-redundancy within the linear model, it is necessary to
modify the data generation process. It is assumed that (12) still holds but the reduced form
is now

Xt :HIZI,Z+H2,TZZ,t+et- (16)

The key difference is that the coefficient on z,, depends on 7. This means that x; and,
consequently, v; depend on 7. However, for simplicity, we suppress this dependence in the
notation except at places where it is needed for emphasis. The distributions of all other
variables are assumed to be independent of 7. Define E[T _IZZ.ZJ-] = Q;;, for i,j = 1,2,
E[T_IZ;X] = Qix7, Qix = limy_ o Q; .7, and finally let

Qi1 Qi
Qg Q)

Ql,x

Q. =
’ Q2,x

2,z —

We impose the following high level assumptions.
L (i) T'2Zu S
N(0,039..); (iv) T‘l/zzf:lz, ® e 4 N(0,2)); (v) T wu> ag; (vi) T_I/ZZ,T:l(e,u, —
Oeut) —d> N(0, 2,) where 7., = E[e;u].

Assumption 5. (i) rank{Q;} =g, for i=1,2; (i) T7'ZZ>Q..;

Within this model, we define near-redundancy as follows.

Definition 3 (Near redundancy). Let the data be generated via (12) and (16) and
Assumption 5 hold. The moment condition E[z,,u,] = 0 is said to be nearly redundant
for the estimation of 0y given E[z; ;] = 0 if

Dt — 21Q1 Q1w =T, (17)

where 7 is a matrix of finite constants.
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Notice that (17) implies Q> — QQ,IQI}QLX = 0; and so (15) holds. Therefore, it would
be anticipated that nearly redundant moment conditions make no contribution to the
limiting variance of the estimator. This intuition is confirmed in the following result.

Theorem 4. Let @T be the 2SLS estimator of 0y based on E[z,u;] = 0. Assume that E[z; u,] =
0 is nearly redundant for 0y given E[z| ,u;] = 0. Let Assumption 5 hold, the data be generated
via (12) and (16), and rank(82; ) = p. The limiting distribution of this GMM estimator is

A d _ _
T'2(07 — 04) = N(O, a(z)[Q/l’lele,x] h.

For the comparison with weak identification, it is useful to establish the parametric
restriction within (12) and (16) that yields near-redundancy of E[z;,u;] = 0. By definition,
we have

Qo — Q1@ Quer = BT~ Z3X] = E[T™' Z,Z BT~ 2, Z1)) " BT Z! X].
(18)
Using (16) and Assumption 5, it follows from (18) that

Dot — Q11101 = (R — 01Q7 [ Q11T 4. (19)

Assumption 5(1) implies (£, — Qz,lQﬁQ],z) is a non-singular matrix of constants and so,
taken together, (17) and (19) imply that E[z, ,u;] = 0 is nearly redundant given E[z; ;u,] = 0
if and only if Il 7 = C>T~'/? for some matrix of constants C,.

We now consider weak identification. For our purposes, it suffices to consider the
“classic’ version of weak identification in the linear model that is analysed by Staiger and
Stock (1997).'* So we assume the data is generated by (12) and (16) with IT; = 0, I, =
T-'2C, and estimation is based on E[z2u,] = 0. In this case, the key derivative matrix is

Qyor =E[T7'Z,X] = T712Q,,C,

and so O, = 0,,x, causing identification to fail.

Since I1, r behaves the same way under near-redundancy and weak identification, it is
natural to wonder whether a set of moment conditions can be nearly redundant when other
moments are included but be associated with weak identification if these other moments
are excluded. To explore this question, we consider the case in which the data are generated
by (12) and (16) with rank{Il,} = p, I[I, 1 = T~'/2C,. If estimation is based on E[z,u ] =0
then E[z5,u,] = 0 is nearly redundant because of the inclusion of E[z; ,u;] = 0. However, if
estimation is based on E[z;,u,] = 0 alone then this set of moments is inevitably the only
source of information about 0,. Does this mean that 0 is weakly identified? The answer is
may be or may be not. To see this, note that within this specification

Qyor = QoI + T7120,,C).

Therefore, 0y is identified provided rank{€Q,II\} = p, but weakly identified if this
condition fails. Or, put another way, 0y is identified provided z,, inherits enough of the
explanatory power of z;, for x, when the latter is omitted. However, notice that if 0 is
weakly identified based on E[z;,u,] = 0 alone then these moments are nearly redundant
once the moment condition is augmented by E[z; ,u,] = 0.

14See Zivot et al. (2003) for a discussion of different scenarios that can lead to weak identification in this model.
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5. Analysis of RMSC when weak identification is a possibility

In this section, we continue our analysis of RMSC. As noted above, the consistency
result in Theorem 3 is derived under certain regularity conditions. One of these conditions
is the requirement that 0y is identified by all the subsets of the candidate set over which the
minimization is performed. It is clear from the discussion in Section 4 that this is a viable
scenario. However, it is also clear that moment conditions that are redundant given the
relevant subset may fail to identify 0y when some or all of that relevant subset are excluded
from the estimation. Therefore, in this section, we consider the limiting behaviour of
RMSC in the presence of weak identification, and then use these results to derive the
limiting behaviour of ¢ when the parameter vector may be weakly identified for some of
the combinations considered.

The analysis is undertaken in the context of the linear model in (12) and (16).
However, this time, we partition x; into (x/l,z’xlz,t), where x;, 1s p; x 1 for i =1,2, and
partition 0y conformably into (0 ;,0;,)". For what follows, it is useful to take account of
this partition in the presentation of the data generation process for x,. Therefore, we
rewrite (16) as

Xiy=Ij 1 rz1,+ o722, + ey fori=1,2, (20)

where I1;; 1 is p; x q;. All other definitions are as above; we also impose Assumption 5 as
before. Once again, let 07 be the 2SLS estimator of 0y based on E[z;u;] = 0. From
Assumption 5, it follows that the variance of the limiting distribution of 2SLS is
Vo= a(z)(Qx,ZQz_Zl QZ,X)*I. Given this structure, the obvious candidate for the covariance
matrix estimétoAr is Vor= ST\ X' Z(r"'22)' 7' ZX]™!, where 63 =T
(y — X07)'(y — X07), and so

Inf|Vorll=pn@2) —In[| T X' Z(T~' 2’ 2)"' T~ Z'X|]. (1)

As remarked above, the aim of this section is to analyse the behaviour of RMSC when 6,
is only weakly identified by some subsets of the candidate set of moment conditions. To
achieve this end, it is useful to consider first the behaviour of In]] IA/@,Tl] for three distinct
scenarios. These are as follows:

® Scenario I (0y is weakly identified): Il; ;7 = T -12¢, j for some matrices of constants C,
i,j = 1,2, and rank{C} = p where

Ciit Cio

Crr Cop

® Scenario II (0y, is identified but 0, is weakly identified): II,;r =1II,; with
rank(Il1 1) = py; o1 = T‘l/zCl,z, for some matrix of constants Cip; Il;r =
T‘l/ngJ for some matrices of constants C,, j = 1,2; rank{[C21, C22]} = p,.

® Scenario III (0y is identified): I, r = II;; + T_l/zC,-,l with rank(Il;;) = p, for i = 1,2;
> = T‘l/zC,-,z for some matrices of constants C;;, i,j = 1, 2.

Two aspects of Scenario III are worthy of comment. First, note the specification for I1;; r
implies that 0y is identified by E[z;,u,] = 0 but allows identification to rest on different
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elements of the moment condition for 0y; and 0y,. Second, some elements of E[z,u,] = 0
are nearly redundant given other elements.'”

The following theorem presents the large sample behaviour of In[|Vy7|] under these
three scenarios.

Theorem 5. Let the data be generated via (12) and (20) and Assumption 5 hold.

(1) Under Scenario I. In[| 179 7] = pIn(T) + Op(1).
(i) Under Scenario II: In|| V() 7|l =p, In(T) + Op(l)
(iii) Under Scenario III. In]| Vg 7] —pll’l[O'O] In[|Q] Lx I%Ql,xl] + op(1) = Op(1).

We now consider the implications of Theorem 5 for moment selection based on RMSC
in which the equation of interest is (12), the candidate set of moments is given by E[z,(y, —
x,00)] = 0 and the relationship between x; and z; is given by (20). Using the notation from
Section 3 and specializing the definition of RMSC to the model in this section, the chosen
selection vector is'®

ér = min{ln[&zT(c)] —In[|T' X' Z(e) T Z(c) Z(c V' T Z(e) X 1] + x(|c|, T)},

where Z(c) is the T x |c| matrix whose tth row is zi(c), aT(c) Ty — X@T(c)]/[y —
XQT(C)] and HT(c) is the 2SLS estimator of 6y based on E[z;(c)u;] = 0.

We now require two additional assumptions that specify respectively a partition of C
and an identification condition.

Assumption 6. C = C; U Cyp U Cyyp where Cj yields models that fit within Scenario I, Cyy
yields models that fit within Scenario II and Cyyy yields models that fit within Scenario III.

To facilitate the presentation of the identification condition, we define }7y(c) to be the variance
of the limiting distribution of the 2SLS estimator based on E[z;(c)u;] = 0. Note that within the
framework here, the minimum value for Vy(c) is V' (1,) where 1, is ¢ x 1 vector of ones.

Assumption 7. There is a ¢, € Cyy that satisfies the properties in Definition 2 with ¢,,,, = ¢
and € min = {c;}.

The following theorem gives the limiting behaviour of RMSC when subsets of the
candidate set provide only weak identification.

Theorem 6. Let the data be generated by (12) and (20) and Assumptions 47 hold, then
Cr 2 Cr.

Theorem 6 indicates that RMSC is consistent for ¢; in this model even when some
subsets of the candidate set provide only weak identification.

To conclude this section, we explore the finite sample behaviour of RMSC in a setting
where weak identification is a possibility. Simulated data are generated from the model in
(12)~(13) with p=1,q, =2 and ¢, = 6. The primitive variables are v} = [u,, ¢;,2}], and
random samples are generated under the assumption that v,~N(0,2,) where the main
diagonal elements of 2, are all set to unity, and the only non-zero off diagonal elements are

15E[zz,,u,] = 0 is nearly redundant given E[z; 4] = 0. Elements of E[z; ,u#,] = 0 may also be nearly redundant
given the remaining elements of this vector depending on the elements of II;; and C;;.
'°Since we consider behaviour over different choices of instrument, we now reinstate the indexing by c.
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cov(uy, e;) = a,e, that is, 2,(1,2) and 2,(2,1). In all experiments, 6y = 0.1, [I, = 0 and the
elements of I1; are given by m;; = 0.6243k and 7, = 0.3660k where k is chosen so that
I, = Ry /(1 — R;) for some fixed value of R?, the multiple correlation coefficient of the
reduced form equation, (13).!” Each experlment consists of a specification of (7, Rf, Oue)
from the following sets: T € {100, 500}; Rf € {0.1,0.5}; g, € {0.1,0.5,0.9}.

Three aspects of this design are worth noting. First, E[z,,u,] = 0 is redundant for 0,
given E[zy,u,] = 0, and so ¢; = (1,1,0;4¢)". Second, 0y is unidentified by E[z,(c)u,] = 0 for
any ¢ = (0,0,7'). Third, previous research suggests that Rf 0.1 may be associated with
weak identification problems in small- to moderate-sized samples.'®

For each replication, the 2SLS estimator is calculated based on E[z(¢)u,] = 0 for all
¢ € C and ¢y is calculated using the BIC-type penalty; see Comment 8. Table 4 reports a
summary statistics associated with the distribution of ¢z and the post-selection estimator
O7(¢r). Since there are 255 possible combinations of instruments, we group these
possibilities into six cases: 1R,2R,1R/I,2R/I*,I and all, where 1R denotes the cases in
which ¢ = (a,0;) for a € {(1,0), (0, 1)}, implying that the selection vector consists of only
one of the relevant instruments; 2R denotes the case in which ¢ = (1, 1,0;)’, indicating that
the selection vector consists of only both relevant instruments; 1R/ denotes the cases in
which ¢ = (&, b") for a given above and b # 04, meaning that the selection vector consists of
one relevant instrument and at least one redundant instrument; 2R/I* denotes the cases in
which ¢ = (1,1,d") and d#0¢ or 14, that is, the selection vector consists of both relevant
and at least one but not all six redundant instruments; / denotes the cases in which
c=(0,0,b") for b given above, implying that the selection vector consists of only
redundant instruments; and finally, a/l denotes the case in which ¢ = 1g, indicating that the
selection vector contains all eight instruments, that is, the two relevant instruments as well
as the six redundant instruments.

Table 4 reports the results for R2 equal to 0.1 and 0.5. With R} = 0.1, it can be seen that
for T =100 RMSC tends to pick comblnatlons that include one or more of the relevant
instruments but also tends to include at least some of the irrelevant instruments as well.
However, by T = 500, the method is clearly doing a better job of identifying the relevant
set. This improvement is also reflected in the coverage probabilities of the 90% confidence
intervals based on the limiting distribution: for 7" = 100, the actual coverage rate is clearly
different from the nominal level, but by 7= 500, it is very close to the nominal value
except when the regressor is highly endogenous. We conjecture that these distortions are a
further manifestation of the problems caused by weak identification.'” With R} =0.5,
everything works much better. RMSC identifies the relevant instruments with high
probability, and the coverage probabilities are close to the nominal level at both sample
sizes regardless of the value of ag,,.

6. Concluding remarks

In this paper, we make five contributions to the literature on information and entropy in
generalized method of moments (GMM) estimation. First, we introduce the concept of the
long run canonical correlations (LRCCs) between the true score vector and the moment

""This design exploits results presented in Hahn and Inoue (2002).
"For example, see Hahn and Inoue (2002).
YFor example, see Nelson and Startz (1990) or Hall et al. (1996).
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Table 4

Properties of RMSC(c)

R%:O.l T =100 T = 500

inst.\oye 0.1 0.5 0.9 0.1 0.5 0.9
Empirical selection probabilities:

IR 0.220 0.196 0.103 0.109 0.152 0.151
2R 0.291 0.220 0.072 0.836 0.690 0.420
1R/I 0.329 0.416 0.571 0.012 0.046 0.216
2R/TI* 0.138 0.136 0.059 0.043 0.113 0.201
I 0.021 0.032 0.194 0.000 0.000 0.012
All 0.000 0.000 0.000 0.000 0.000 0.000
Sampling properties of post-selection estimator:

Med. bias 0.042 0.210 0.477 0.005 0.033 0.084
Cov. rate 0.947 0.804 0.253 0.919 0.897 0.766
R/%:(),S T =100 T =500

inst.\oye 0.1 0.5 0.9 0.1 0.5 0.9
Empirical selection probabilities:

IR 0.290 0.342 0.364 0.001 0.005 0.033
2R 0.709 0.654 0.593 0.999 0.995 0.967
1R/I 0.000 0.002 0.032 0.000 0.000 0.000
2R/TI* 0.000 0.001 0.011 0.000 0.000 0.000
I 0.000 0.000 0.000 0.000 0.000 0.000
All 0.000 0.000 0.000 0.000 0.000 0.000
Sampling properties of post-selection estimator:

Med. bias 0.003 0.017 0.027 0.001 0.001 0.002
Cov. rate 0.906 0.903 0.876 0.903 0.908 0.898

Notes: inst. stands for instrument combination; 1R denotes the cases in which ¢ = (a, 0;)" for a € {(1,0),(0, 1)}, 2R
denotes the case in which ¢ = (1,1,0;), 1R/I denotes the cases in which ¢ = (a’,b")" for a given above and
b#0s, 2R/I* denotes the cases in which ¢ = (1,1,d") and d#04 or 15, I denotes the cases in which ¢ = (0,0,5")
for b given above, and all denotes the case in which ¢ = 1.

function f(v;, 0y) and show that they provide a metric for the information contained in the
population moment condition E[f(v;, 0y)] = 0. Second, we show that the entropy of the
limiting distribution of the GMM estimator can be written in terms of these LRCCs.
Third, motivated by the aforementioned results, we introduce an information criterion
based on this entropy that can be used as a basis for moment selection. Fourth, we
introduce the concept of nearly redundant moment conditions and use it to explore the
connection between redundancy and weak identification. Fifth, we analyse the behaviour
of the aforementioned entropy-based moment selection method in two scenarios of
interest; these scenarios are: (1) nonlinear dynamic models where the parameter vector is
identified by all the combinations of moment conditions considered; (ii) linear static
models where the parameter vector may be weakly identified for some of the combinations
considered.
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Appendix A

A.1. Long run canonical correlations (LRCCs)

Definition A.1. Let x, and z; be px 1 and ¢ x 1 and m = min(p, g). Suppose that
d . . .

T‘l/zzilv,aN(O,Zv) where v, = (x),2)), ZU:hmTﬁooVar[T_l/zth:lv,] is a finite

positive definite matrix and

Zx,x Zx,z

2=y s

using the obvious notation. The population LRCCs between x, and z, are denoted by
{p; i=1,2,...,m}, where by convention p,=>0 for i=1,2,...,m and p,>p;, for
i=1,2,...,m— 1, and have the following properties: (i) {p?} are the m largest solutions to
the determinantal equation |Zx,ZZZ_,ZlZZ,x — pzzx,xl =0; (i1) p; = a;2..b; where a; and b;
satisfy (2,222 — p?Z)a; = 0 and (X, X 2 — p72-)bi =0 for i=1,2,...,m>

Using similar arguments to Rao (1973, p. 583), Jana (2005) shows that the following
properties hold.

Lemma A.1. Let m = p (in Definition A.1) and /A be the p x p matrix w/ith ith column a;.
Then, the following identities hold: X, = A 1471 ZX,ZZZ_’ZI 2.x=A4 “TR2A7: where
R= diag(pDPZa o 7pp)'

Proof of Theorem 1(a). To simplify the presentation, we set f,(0) = f(v;, 0). Assumption
3(iii) implies that

/// £Op(V10)dV, =0 22)

(—00,1)

for 0 € Ay,. Substituting p(V,|0) = p(v,|V,-1,0)p(V,-1,0) into (22) and differentiating
under the integral sign, it follows from the Lebesgue dominated convergence theorem that

of (0 0 Vi1, 0]
o= [ T pwieari [ pon[PHEO oy,
vV _ V_ 0=0,
(—o0) 00, (—o0.) 0
op(V —110)]’
w0 repeare o PN gy, @3)
7 (— 0=0
(—00,0) 0
Since
$40) = [p(0i1 V.1, /0011 (e V.1, 0 (24)

o) . . . . . .
2ORecall that the linear combinations are chosen so as to normalize the variances to one, that is
aﬁZx,xai = b;zz,zb,‘ =1.
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eq. (23) can be rewritten as

op(V -1 |9)] /

0 = G(f) + E[f (00)s.(00)'] + / n 06

7 (—00,0)

Now p(V-1100) = {T 102 1P@r—nl Vi—n-1, 00)}p(V i—n—1105), and so it follows that

0PIV i1, 00) [

v, (25
0=0,

op(V,-110) N 0PVl Vi—n1,0) L ! ]
RNt L = Vi_110
o0 0=06, ,1; o0 0=0, (Vr—nlV i—n—1,00) PV i)
N
op(V,_n_110
T ot Vi, 02N 26)
n=1 0=00
Using (24) and (26) in (25), we obtain
N
0= G()+ > _ Elf(00)si-n(00)]
n=0
N /
op(Vi_n_1|0
# [ e eV o0 P20 gy,
7 (—o0,0) n=0 0=0¢
N
, Olnp(V,_n_10
= G() + > B (00 n00)] + E{f(vz, 90){ s )] } @7)
n=0 0=0

Since the second term in (27) is bounded by O(Zflvzooc,i_l/ i "y = O(1) and the third term is

of order O(oc]lv:rll/ - ") by the mixing inequality, taking the limit as N — oo in (27) gives the

desired result. [
Proof of Theorem 1(b). By definition,

T T
C(f)= Jim T°') > Elf(vr. 00)sk(00)'] (28)

=1 k=1

The conditional score vector, s;(0y) is a martingale difference sequence with respect to
Q,_1, the o-algebra generated by V,_;. Therefore, E[f (v;, 09)si(09)'] = 0 for all k>¢. Using
this result and Assumption 1 in (28), C(f) becomes,

T T N—-1
€ = Jim 7323l (0 b 00)] = Jim 3 (1= ) B (e O0)si-o(00)]

=1 n=t
N—-1
= lim ; E[f (vs, 00)s:-n(60) ],

where the last equality follows from the mixing inequality and the assumption that
Zﬁojoc} “VE — 56, The desired result then follows from Theorem I(a). O

Proof of Theorem 2. Part (i): From the definition of {p;(f); i = 1,2, ..., p} and Theorem 1(b)
it follows that {p,(f); i=1,2,...,p} are the eigenvalues of fgl/zG(f)'S(f)_lGO‘)JO_]/z.
By construction .7, '>G(fY S(f) ' G(f).#,'* is symmetric and rank{.7,'*G(fY S(f)' G(f)
f;l/ 2} = rank(G(f)) because both S(f)~' and f;l/ ? are non-singular. The result then
follows directly.
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Part (i1): Using the martingale difference property of the score vector, it can be shown
that

lim Var
T— o0

T
Tl/zzs,(eo)] = 4.
t=1

From Theorem 1(b), it follows that Vy(f)~' = C(f) S(f)~"' C(f). Therefore, the population
LRCCs between f(v,, 0p) and s,(0p) are the solutions to |V, — p>.#4| = 0. The result then
follows from Lemma A.1.

Part (iii): Part (a) follows trivially from Vy(f|) = Vo(f,) and the definition of the LRCC.
Now consider part (b). From Dhrymes (1984, Proposition 65), Vy(f) — Vo(f,) is psd if
and only if [Vo(/ )l — [Vo(f )" is psd. Set M =[Vo(fo)]" —[Ve(/)]"". From
Assumption 2, it follows that

M = G(f,)'S(f2) " G(f2) — G(f Y S(f 1) G(f ). (29)

Since .y is a symmetric positive definite matrix, there exists non-singular matrix N such
that .4y = NN’'. Given the properties of N it follows that M is psd if and only if
N'M(N7'Y is psd. By definition, {pf(fj);iz 1,2,...,p} are the eigenvalues of
N‘lG(fj)’S(fj)_lG(fj)(N_l)/. Therefore, it follows from Magnus and Neudecker (1991,
Theorem 9, p. 208) that if M is psd then

pi(f)=pi(f) fori=1,2,...,p. (30)

To establish that the inequality is strict for at least one 7, we consider trace(N~'M(N~')).
From the definition of the LRCC, it follows that

V4 V4
tracelN""M(N"Y} = pi(f) =Y pi(f1).
i=1 i=1

If N"'M(N~'Y is psd then trace{N~"'M(N~'Y}>0 and so, using (30) it must follow that
p3(f5) > p3(f,) for at least one i. This proves the “if”’part; the “only if”’ is easily deduced by
reversing the sequence of the logic and so is omitted for brevity. [J

Proof of Theorem 3. We define 47(c,c;) = RMSC(c) — RMSC(c;). From Definition 2(ii),
we have that V(1. ) = Ve(c:) and so it suffices to consider 47(c, ¢;) for two choices of ¢:
(1) ¢ such that Vy(c) = Vy(c,); (ii) ¢ such that Vy(c) — Vy(c;) = M(c) where M(c) is a non-
null psd matrix.

Case (1): ¢ such that Vy(c) = Vy(cy).

In this case, we have

Ar(e, ) = [In|Vor(o) —InVe(Ol] — [In [Vor(er)l — In [ Vo(er)l]
+ k(lc, T) — ke, T). (31)

By Assumption 4(iii), we have tr47(c, ¢;) = Op(1) + t7[x(|c], T) — k(|cc|, T)]. Assumption
4(i) states that |c|>|c¢;| and so it follows from Assumption 4(iv) that limy_ 77
[k(|c], T) — k(|ct|, T)] = +o0. Thus, t747(c, ¢;) 1s positive with probability one in the limit
as T — oo.
Case (i1): ¢ such that Vy(c) — Vy(c;) = M(c) where M(c) is a non-null psd matrix.
From Lemma A.1, it follows that In|Vy(c)|—In|Vy(c)| = m(c,c;); where
m(c,c;) : C x C — [0,400). From Assumptions 4(iii)) and (iv), it follows that:
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In|Vor(c)l —In|Vyr(c)| = m(c,c;) + op(1). Therefore, Ar(c,c;) 1s positive with prob-
ability one in the limit as 77— oo. Taken together, the results in Cases (i) and (i1) yield the
desired result. [

Proof of Theorem 4. From Assumption 5, it follows that 7 2(@T — 00)—d>
N(O, [Q/Z’XQZZIQZ,X]_I). Now consider V = QX,ZQZ_’;QZ,X. Define V| = Q/l,xQz_,leI,x- From
Hall and Peixe (2003, equation (9)), it follows that

V=V,+ GFG, (32)

where F = (22, — QZ,]QI_,%QLZ)_I and G =, — Qz,]Ql_jQ]’x. It follows from (17) that
G = 0 and so V' = V| which gives the desired result. [

Proof of Theorem 5. Part (1): From Staiger and Stock (1997, Theorem 1(b)), it follows that

67 =0p(1). Now consider In[|Ar|]] where Ay = BrDrBy, Br=T7'X'Z, and
Dr = (T 17'Z)~!. Partition By and D7 as follows:
3 Bi1 Bix Dy D (33)
= By B> D>y Dy

where B;; is p; X q;, Dj; is q; x q; for i,j = 1,2 (and the T subscript on B;; and D;; is
suppressed for notational simplicity). Using this partition, it follows that

y Aig Aip (34)
T 14y Az
where
Aij = Bi1D11B;; + Bi1D12B}, + BiaD21B; | + BixD122B; (35)

and we have suppressed the 7" subscript on the submatrices of A7. From Dhrymes (1984,
Proposition 30), it follows that

|[Ar| = [A20]1A411 — A12A5%A21|. (36)

The order of |[47| can therefore be deduced from (36) once the orders of {4;;} are known.
Assumption 5 implies that D;; = Oy(1), and Scenario I implies that B;; = Op(T™ 1/2).
Therefore, 4;; = Op(T~ 1) Define AT = TAr, and A,J = TA;;. Notice that Ar = Op(1) by
construction. We now show that AT is positive deﬁmte with probability one in the limit as
T — co. To this end, we write A7 = BTDTB where Br = TI/ZBT, and consider the
following quadratic form: v/ Arv = {V/ (TI/ZBT)}DT{(TWB o} = v/BTDTBTv for some
non-zero vector v. Since Dy is positive definite by construction, we need to consider
(T'Byyw = Bo.
In order to do this, we express x;, and x», in the matrix form as follows:
Xi=Z\I}, ; + Z>IT;5 r + E; fori=1,2,

where X; and E; are T xp;,, Z; is T x ¢q;, for i=1,2. Now let X =[X; X;] and
=[Z, Z,], then By can be written as

T-'x\z, T7'X'\Z,

T-'X,Z, T 'X,Z,

Bi1 B

Br=T'X'Z=
T By B
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Each block of By can be written as
By =M1 /(T'Z,Z)+ Hinp(T"'Z,Z)) + T'EZ;

for i,j = 1,2. Then each block of Br, Ei’j (suppressing the 7' again), is given by f?,j =
T]/zBiJ' for l,] = 1,2
Using the assumptions of Scenario I, I1;;r = T2 C; j» we can conclude that

CiiQu+ CiaQy CLiQia+ Ciaos | o

~/ d
v+ B v
C2,1QI,1 + Cz,zQzJ Cz,lQl,z + C2,2_(22,2 normal ¥»

Bv—

where Bpomal 1S @ matrix whose elements are normally distributed. Now let

Cii Cia
Co1 Cop

.o~ d ~ . . . .
Then we can write B/Tv—> (CQ..) v+ B;Ormalv. By construction, © is positive definite.

Hence if the matrix C is of full rank (i.e. rank(C) = p), Ay is positive definite with
probability 1.

Returning to A7, if we substitute in (36) for 4;; in terms of A, j then we obtain
|A7r| = TP|Ar| = Op(T™?), where the last equality follows from the properties of Ar
derived above. The desired result then follows from (21).

Part (i1): We first consider In[|47|]. The analysis evolves along similar lines to the proof
of part (1) and uses the partitions defined therein. Once again, Assumption 5 implies that
D;j = Op(1). Scenario II implies that Bj; = Opy(1) and B,; = Op(T_l/z). Therefore, it
follows from (35) that A4;; = Op(1), 4o = Op(T’l/z), Ay = Op(T’l/z) and A4, =
Op(T_l). Define

A A
Ar1 Aap

Ar = , (37)

where /_11’1 = A]}], /11,2 = T1/2A1’2, /]2_,1 = T1/242’1 and /12,2 = TAz,z.

Now we consider the properties of A7. Note A7 = Oy(1) by construction. We now show
that A7 is positive definite with probability one in the limit as 7T — oo. To do this, we
define

By B>

Br = T'2By, T'By,

Then, A7 can be written as
/IT = BTDTB/T
By the same logic as in part (i), we need to consider B v. Each block of Br is

By =0,/(T'Z\Z)+ H1,(T"'Z,Z))+ T7'E| Z,,

By =TIy (T Z,Z)) + TP Hpa 1 (T7' 252 + T-V?EL Z,,
for j = 1,2. Using the assumptions in Scenario II, these can be rewritten as

Biyj=M,(T"'2/2)+ T7'?C\(T"' 2,Z) + T"'E| Z;,
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Byj=Co(T7'Z,Z) + Co(T7' 2,7 + T™'EL Z,,

for j = 1,2. From the expressions above, it can be easily concluded that

B v —>(CQ— v+ Bnormdlv
where
I, 0
Co1 Cap

By the same logic as in part (i), we can conclude that if the matrix C is of full rank (i.e.
rank([Ca,1 Ca2]) = p,), Ar is positive definite with probability 1 and Op(1).

Substituting for 4;; in (36), we obtain |A7| = T 72|Ar| = Op(T772), where the last
equality follows from the properties of A7 derived above.

We now show that 6 UT = Op(1). By definition, we have
T6% = uu—20/X(0r — 00) + (07 — 00) X' X (07 — 0o). (38)
From Assumption 5(v), it follows that u'u = O,(T'), and from Assumptions 5(iii) and (v), it

follows that ' X = Op(T). Therefore, we focus on 0p — 0o. Let HTI be the 2SLS estimator
of 90, Using the notation from the proof of part (i), HT — 6y = (BrDrB})” 'BrDsZ'u,
and so it follows that

H,, Hi
H>,, Hj

071 — 00,1 Bi1 Bis

Byi By

D1y D
D>y Dy

Z\u

Ors — 02

where, from Dhrymes (1984 Proposition 31) Hip = (41, —A12A22A21) , Hip =
—A7. 1A12(A22 —Ar1 A7 %Arz) Hy; = —A22A21(A1 | — A12A22A21) Hyr = (Ap—
A21A11A12) . Using the order statements given above, it can be shown that
Hiy = O0p(1), Hiy = Op(T"?), Hyy = O,(T"?) and H,s = O,(T). Multiplying (39), we
obtain

2 2 2

Oy — 001 => > > Hy;BiDjxZju, (40)
i=1 j=1 k=1

R 2002 2

HT,Q — 00,2 = Z Z Z Hz,iBiJDj,kZ;CLL (41)
i=1 j=1 k=1

Using the order statements given above, it follows from (40)—(41) that 0T1 — 00,1 =
Op(T™ 1/2) and 072 —0pr = p(1) Using these order statements along with the others
above, it follows from (38) that 67 = Op(1). The desired result then follows from (21).
Part (iii): Tt follows from Theorem 4 that 07 — 6y = Oy(T~'/?). Furthermore from
Assumption 5, we have that X'u=O0n(T), X'X =O0,(T) and T 'v/'u = %+ op(1).
Therefore, it follows from (38) that 6'2T—p> o3. Now consider In[|T7'X'Z
(T_IZ’Z)_IT_IZ’XH. Since the In() is a continuous function and |T'X'Z
(T~ IZ’Z)_ T-'Z'X| is a continuous function of the elements of 7T 'X'Z
(T7'z2)y'17'7'x, 1t follows frorn Assumptlon 5, Slutsky’s Theorem and (32) that
In[|T~' X" Z(T~ ‘Z/Z) T 1Z/X|]—>1n[|§2 le], which completes the proof. [
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Proof of Theorem 6. From Theorem 5(i)—(ii), it follows that RMSC(c) - oo as T — o0
with probability 1 for all ¢ € C;U Cyy. From Theorem 5(iii), RMSC(c) = Op(1) for
¢ € Cyyp. Therefore, limy_, o P(¢7 € Cyp) = 1. The rest of the proof follows by the same
argument as in the proof of Theorem 3. [
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