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Abstract

In this paper, we present a limiting distribution theory for the break point estimator in a linear
regression model estimated via Two Stage Least Squares under two different scenarios regarding
the magnitude of the parameter change between regimes. First, we consider the case where
the parameter change is of fixed magnitude; in this case the resulting distribution depends on
distribution of the data and is not of much practical use for inference. Second, we consider
the case where the magnitude of the parameter change shrinks with the sample size; in this
case, the resulting distribution can be used to construct approximate large sample confidence
intervals for the break point. The finite sample performance of these intervals are analyzed in a
small simulation study and the intervals are illustrated via an application to the New Keynesian

Phillips curve.

JEL classification: C12, C13
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1 Introduction

Econometric time series models are based on the assumption that the economic relationships, or
“structure”, in question are stable over time. However, with samples covering extended periods,
this assumption is always open to question and this has led to considerable interest in the
development for statistical methods for detecting structural instability.*

In designing such methods, it is necessary to specify how the structure may change over
time and a popular specification is one in which the parameters of the model are subject to
discrete shifts at unknown points in the sample. This scenario can be motivated by the idea of
policy regime changes.? Within this type of setting, the main concern is to estimate economic
relationships in the different regimes and compare them. However, since not all policy changes
may impact the economic relationship of interest, an important precursor to this analysis is the
identification of the points in the sample, if any, at which the parameters change. This raises
the issue of how to perform inference about the location of the so-called “break points”, that is
the points in the sample at which the parameters change, and motivates the interest to obtain
a limiting distribution theory for break point estimators.® It is the latter which is the focus of
this paper.

There is a literature in time series on the limiting distribution of break point estimators
for estimation of changes in mean of process; see Hinckley (1970), Picard (1985), Bhattacharya
(1987), Yao (1987), Bai (1994, 1997b). A limiting distribution theory has also been presented in
the context of linear regression models estimated via Ordinary Least Squares (OLS). Bai (1997b)
considers the case in which there is only one break. He presents two alternative limit theories
for the break point estimator. One assumes the magnitude of change between the regimes is
fixed; this turns out to depend on distribution of data. The other assumes the magnitude of
the parameter change is shrinking with the sample size: this theory approach leads to practical

methods for inference about the location of the break point. Bai and Perron (1998) consider

1See inter alia Andrews and Fair (1988), Ghysels and Hall (1990a,b), Andrews (1993), Andrews and Ploberger

(1994), Sowell (1996), Hall and Sen (1999) as well as the other references below.
2For example, Bai (1997b) explores the impact of changes in monetary policy on the relationship between

the interest rate and the discount factor in the US, and Zhang, Osborn, and Kim (2007) explore the impact of

monetary policy changes on the Phillips curve.
3The term “change point” is also used in the literature to denote the points in the sample at which the

parameter values change.



the case of multiple break points that are estimated simultaneously. They present a limiting
distribution theory for the break point estimators based on the assumption that the parameter
change is shrinking as the sample size increases; this can be used by practitioners to perform
inference about the location of the break points.

One maintained assumption in Bai’s (1997b) and Bai and Perron’s (1998) analyses is that the
regressors are uncorrelated with the errors so that OLS is an appropriate method of estimation.
This is a leading case, of course, but there are also many cases in econometrics where the
regressors are correlated with the errors and so OLS yields inconsistent estimators. It is desirable,
therefore, to develop comparable methods for inference about the break fraction in this more
general setting. Hall, Han, and Boldea (2007) consider the estimation of linear regression models
with multiple breaks via 2SLS. Their framework allows for the regressors to be correlated with
errors and for multiple breaks in the structural equation of interest. Their focus is on developing
methods for inference about the parameters in the structural equation of interest. To establish
these results, they prove the consistency of the break fraction estimators and also find their
rate of convergence under the assumption that the magnitude of the parameter shift is fixed.
However, they do not consider the distribution of the break point estimators.

In this paper, we derive the distribution of the break point estimator in the 2SLS model
under the assumption that the parameter change is of fixed magnitude. This distribution is
shown to be the natural extension of Bai’s (1997b) result for OLS estimators and consequently
shares the property that it depends on distribution of the data. Therefore, we also explore
the distribution of the break point estimator when magnitude of the parameter change shrinks
with the sample size. We establish the rate of convergence of the estimator and also a limiting
distribution theory. Once again, this distribution is shown to be the natural generalization of
the corresponding distribution for OLS estimation. As in the OLS case, this distribution can
be used to perform inferences about the break point. We report results from a small simulation
study that indicates this limiting distribution provides a good approximation to the finite sample
behaviour of the estimated break fraction when the true break fraction is not too large. The use
of these intervals is illustrated via an empirical application to the New Keynesian Phillips curve.

An outline of the paper is as follows. Section 2 lays out the model, estimation framework and
certain preliminary results. Section 3 presents the large sample distribution of the break point

estimator in the case where the change in the parameters across regimes is of fixed magnitude.



Section 4 presents a corresponding theory under the assumption that the magnitude of the
parameter change is shrinking as the sample size increases. This section also reports the results
from our simulation study. Section 5 contains the empirical application and Section 6 concludes.

All proofs are relegated to a mathematical appendix.

2 The model, estimation framework and preliminary re-
sults
Consider the following linear structural equation model

ye = B, + 24,00 i+ w, =12 t=T) +1,.... T} T)=0and 7Y =T (1)

K3

in which the vector @y = (1,x42, -+ ,%¢p,) is correlated with the error term w;, and 21, is a
p2 X 1 vector of explanatory variables that are uncorrelated with u; and includes the intercept.
We define p = p1 +p2 and 9 = (Bm/, Slyi/)’. The error term, u;, is assumed to have a mean of
Zero.

Notice that this equation has a single break point at sample observation t = T;. For the
majority of what follows, it is assumed that the total number of break points is known to be
one, but the location of the break point is not known. However, we consider the extension of
certain results for the one break model to the multiple break model at the end of Section 4.

Suppose that a researcher is interested in estimating the coefficients 80 = (8Y, 3Y"). Tt is
well known that, in view of the correlation between z; and u;, OLS estimation of (1) would yield
inconsistent estimators of the regression parameters. Instead, we consider estimation based on

the Two-Stage Least Squares (2SLS) principle. To implement 2SLS, it is necessary to estimate

the reduced form for z;. In this paper, we assume this reduced form is as follows,

!/ !/ /
xy = 2, Ao + vy (2)
!/ !/ / !/ 3 3 3
where z; = (20,1, 26,2, -5 2t,9) = (214, 224)"s Ao = (61,0,02,05 - -, 0p,,0) With dimension ¢ x p;
and each d;0 for j = 1,...,p; has dimension ¢ x 1. The instrument vector, z;, is assumed to

be uncorrelated with both the error term in the reduced form, v;, and the error term in the

structural equation of interest, u,.



To estimate (3%, the researcher must also estimate the break point. The estimation process
proceeds as follows.
On the first stage of the 2SLS estimation, the reduced form in (2) is estimated via OLS to

obtain,
T T

j; = Zt/AT = Zt/(z ZtZt/)71 Zztxt/ (3)
t=1 t=1
On the second stage of the 2SLS estimation, the regression coefficients are estimated for each

partition of the sample (Ty = 0,71,7> = T') such that T} > g and T — T7 > ¢ via

2 T
B(T) = argmin 3 > (yr — i — zi,tﬂmﬂ
s t=T;_1+1 B=B(T1)
where 8 = (01, 85)". The estimator of the break point is then

2 T;

Tl = arg H%lln Z Z (ye — féﬁm - Zi,tﬂzmy

B=p(T1)

B = B(h) (5)
Hall, Han, and Boldea (2007) focus on inference about the parameters Y in a generalized
version of the above model that allows for m breaks in the sample. Specifically, they derive
the limiting distributions of both B and also various tests for parameter variation. However, to
establish these results, they need to prove certain convergence results regarding the break point
estimators. These results are also relevant to our analysis of the limiting distribution of the break
point estimator, and so we summarize them below in a lemma. Rather than present Hall, Han,
and Boldea’s (2007) results for the m break model, we specialize them to the single break model
being considered here. To present these results, we must state the assumptions under which they
are derived. These assumptions are also imposed in our analysis of the limiting distribution of
the break point estimator.

Let “=" denote weak convergence in the space D[0, 1] under the skorohod metric, and [.]

denote the integer part of the quantity in the brackets.

Assumption 1 Let by = (ug,v;) and F = o — field{..., zt—1,2t, ..., bi—2,b_1}. Assume by is

a martingale difference relative to {F;} and sup, E[||b:||*] < oc.

Assumption 2 rank{ Yo} = p where Yo = (Ao, I), II" = (Ip,, Op, x(q—ps))s Lo denotes the

a X a identity matriz and Ogxp @S the a X b null matriz.



Assumption 3 There ezists an ly > 0 such that for all I > lg, the minimum eigenvalues of

0
i

Ay = (1/1) ZtTi);éJrl 2z and of AY, = (1/1) ZtT:T_Dil 2z’ are bounded away from zero for all

1=1,2.

3

Assumption 4 T = [T\Y], where 0 < A} < 1.

(Tr]

i zz B Qzz(r) uniformly in v € [0,1] where Qzz(r) is positive

Assumption 5 771

definite for any r > 0 and strictly increasing in .

A few comments on these assumptions are in order. Assmption 1 includes the restriction that
E[zus] = 0, and thus, that the instruments, z;, are orthogonal to the structural equation error,
ug. Assumptions 2 and 5 imply the standard rank condition for identification in IV estimation
in the linear model* because Assumptions 1, 2 and 5 together imply that

(Tr]

Tt Z 2 (), zit) = Qzz(r)Yo = Qz,x,z,(r) uniformly in r € [0, 1]
t=1

where Q7 [x,z,)(r) has rank equal to p for any r > 0. Assumption 3 requires that there are
enough observations near the true break points so that they can be identified. Assumption 4 is
a standard requirement to allow the development of an asymptotic theory. It implies that each
segment increases proportionately as the sample size increases. Assumption 5 is standard for
multiple linear regressions. It rules out perfect linear dependencies among z;.

Within this framework, the break point is indexed by the break fraction A{. Let M =Ty /T
be the estimator of A;. Hall, Han, and Boldea (2007)[Theorems 1 & 2] establish the following

properties of this break fraction estimator.

Lemma 1 Let y; be generated by (1), xy be generated by (2), & be generated by (3) and As-
sumptions 1-5 hold, then (i) \y 2 X\); (ii) for everyn > 0, there exists C such that for all large

T, P(T|A — )| > C) <.

Therefore, the break fraction estimator deviates from the true break fractions by a term of

order in probability T1.

4See e.g. Hall(2005)[p.35].



3 Fixed magnitude of shift in the regression parameters

In this section, we present a limiting distribution for the break point estimator within our
single break model under the assumption that the shift in the regression parameters is of fixed
magnitude. To simplify the notation, we now denote the true break point by ko, that is kg = T7,
and denote the break point estimator by I%, that is k = 77.

In the previous section, k is defined via the minimization of the residual sum of squares on
the second stage of the 2SLS estimation. However, for the derivation of the limiting distribution
theory, it is more convenient to redefine k via the maximization involving quasi-Wald statistics
for testing parameter stability in this second stage regression; the prefix “quasi” refers here to
that fact that the statistics in question are proportional to the Wald statistics as is described
below. To present this alternative - but equivalent - definition, it is necessary to introduce a
reparameterization of the regression model in the second stage of the 2SLS.

First consider the case where the true break point is known. In this case, the second stage

regression model is:

g o= wlia + A.00 0+, t=1,-- ko (6)
Yy = TiBYy + 21400 o 4, t=ko+1,---,T (7)
where
Gy = (ve—20)80 +w, t=1,...k

= (xt—it)/ﬁgz + uy, t=ko+1,...T
Equation (7) can be reaparameterized as follows
Y = ftﬂg,l + Zi,tﬁgl,l + @p( 272 - g,l) + 21 4( 21,2 - 21,1) + (8)
Equations (6) and (8) can be then combined to yield
Y =W+ Wot® + T 9)

where Y = (y1,...,yr), W = (w1, wa, ..., wr)', wy = (24,21 )", Wo = (0, ..., 0, wkot1, - - ., wr)’,
00 = B9 — % and U = (@y,...,%r)". A test of parameter stability, i.e. 9 = (9, can be

performed by estimating (9) and then calculating the Wald test for Hy : 6° = 0.



Suppose now that kg is unknown. In this case, a strategy for testing parameter stability is

as follows. For each possible break point, k, estimate the analagous version of (9)
Y = Wpi(k) + Wao(k) + “error”

where Wy = (0,...,0,wk41, ..., wr), and calculate the Wald statistic for the null hypothesis
that 8(k) = 0. For our purposes, it turns out to be more convenient to consider inference based

on the quasi-Wald statistic,?

(k) (W4 My W) (k)

where My = I — W(W/W)=W', 62(k) = Sr(k)/(T — 2p), [Bi(k),0(k)] and Sp(k) is the
residual sum of squares from OLS regression of Y on W and Wj. Inference is then based on

Supke([ﬂT]y[(lfﬂ)T]) §W(k) Where ™ € (O, 05)6

In Section 2, the estimated break point is defined as

k = arg i St(k) (10)

The following proposition establishes two alternative characterizations of k based on {&w (k)}.
Proposition 1 Let y;, x; and & be generated respectively by (1), (2) and (3) then we have:
(Z) IAC = argmaxlgkgTﬁw(k).

(ii) k = argmaxy<p<p Vi (k) where Vi (k) = 0(k) (W4 My W2)0(k).

Part (i) of this proposition states that k is the break point associated with the supj &w (k)
statistic; part (ii) states that k is the choice of break point that maximizes the numerator of the
Wald statistics. The latter is more useful for our subsequent analysis.

It follows trivially from Proposition 1(ii) that

k= argmax(Vr(k) — Vr(ko)), (11)

5The prefix “quasi” refers to that fact that the denominator is calculated using the residuals from the regression
equation on the second step of the 2SLS estimation rather than using the “residuals” form the structural equation

evaluated at the 2SLS estimates.
6Using the Wald statistic, this approach to testing is proposed by Quandt (1960) in the context of linear models

estimated via OLS. Andrews (1993) derives the limiting distribution of this statistic in the case of nonlinear

dynamic models estimated via Generalized Method of Moments.



and it is convenient to work with this definition of k. This leads us to consider Vi (k) — Vi (ko).

It is shown in the appendix that
Vr(k) — Vr(ko) = —lko — k|Gr(k) + Hr(k), for all k& (12)

where G (k) is defined as follows

0% [W§ My Wo — W My Wo (W My Wa) = Wi My Wo]6°
|ko — K|
= 0%, for k = ko (14)

and

Hr(k) = 26 (W] My Wa) (W My Wa) "' WiMy U —
20°" (W My U) 4 U’ My Wa (Wi My, Wy) =" Wi My U

—U' My Wo(W§ My Wo )~ W My, U (15)

Equation (12) is used to deduce the large sample behaviour of Vp(k) — Vi (ko) which in turn
plays a key role in the derivation of the limiting distribution of break point estimator under
the assumption of fixed magnitude of shift in regression parameters. In order to present these

results, we introduce the following notation. Define W as follows

WA = WQ—WOZ(O,"',O,Wk+1,"','(Uko,o,"',o)/ fOI'k<I€0
Wa = —(Wo—Wy)=(0,--+,0,wkys1, " ,wk,0,--+,0) for k> kg
Wa = 0 fork =k

and define = as

= = 1 forky>k
= = —1 forkg<k
Notice that
Wo=Wo+Wa-= (16)

Proposition 2 Under Assumptions 1 - 5, we have:

Vi (k) — Vi (ko) = =0 WA WG + 260 WAT - E + 0,(1) (17)



The limiting distribution of k is determined by the limiting behaviour of the terms on the right
hand side of (17). However, without further restrictions, this limiting distribution is intractable.
A similar problem is encountered by Bai (1997b) in his analysis of the break points in models
estimated by OLS. However, he circumvented this problem by restricting attention to strictly

stationary processes.” We impose the same restriction here.

Assumption 6 The process {z¢, ug, v 52 is strictly stationary.

— 00

To facilitate the presentation of the limiting distribution of i€, we introduce a stochastic process

R*(m) on the set of integers that is defined as follows:

Ri(m) : m<0
R*(m) = 0 : m=0
Ro(m) @ m>0

with

0 0 0
Ri(m) = —90/T6 Z ZtZ£T090+290/T6< Z ZgUy + Z Ztvéﬂ%l)

t=m-+1 t=m-+1 t=m-+1
form=-1,-2,---
Ro(m) = 077 2z Xot” — 207X, (Z SRS ztvmgQ)
t=1 t=1 t=1
form=1,2,---

We note that if (2, us, v¢) is independent over ¢ then the process R*(m) is a two-sided random
walk with stochastic drifts.

It is necessary to impose a restriction on the random variables that drive R*(m).

Assumption 7 —(zT00°)% «+ 20° Y} (z,u; + 2y 39;) has a continuous distribution for i =1,2.

We now present the main result of this section.

Theorem 1 Under Assumptions 1-7, we have

k —ky —q argmax R*(m)

"This approach is also pursued by Bhattacharya (1987), Picard (1985) and Yao (1987).



Remark 1: To derive the probability function of the limiting distribution, it is necessary to know
both 3% and the distribution of (z}, u¢, v}).

Remark 2: Tt is interesting to contrast our Proposition 2 with Bai’s (1997b)[Proposition 2] in
which the limiting distribution of k is presented for the case in which x; and u; are uncorre-
lated and (1) is estimated via OLS. In the latter case, Bai (1997b) shows that k — kg —q

arg max,, W*(m) where W*(m) has the same structure as R*(m) but its behaviour is driven by
by, ur) = Ho/x;xtﬁo + 2z,

In contrast, the limiting distribution in Proposition 2 is driven by b(z{ Yo, u; + v;32 ;). There-
fore the limiting distribution in Proposition 2 is the same as would be obtained from Bai’s

(1997b)[Proposition 2] if y; is regressed on E[x|z] and z; ¢ using OLS.

In view of Remark 1, the limiting distribution in Proposition 2 is not useful for inference in
general because of its dependence on unknowns. To circumvent this problem, we consider an
alternative asymptotic approximation that is derived under the assumption that the magnitude

of the parameter shift is shrinking with the sample size. This is the topic of the next section.

4 Shrinking magnitude of shift in the regression parame-
ters

In this section, we derive the limiting distribution for k under the assumption that the magnitude
of the parameter change shrinks as the sample size increases. Our analysis follows the same
approach as Bai (1997b) used in his derivation of the analogous results for the case where z; and
uy are uncorrelated and the model is estimated via OLS.

The data generation process is the same as in the previous section with the one exception
that the parameter vector in the second regime is now dependent on 7" and so is denoted by BS,T'
We similarly index the magnitude of the change in parameters by T', and write 69, = 63 , — 7.

It is assumed that 9% behaves as follows.
Assumption 8 As T — oo, 09 — 0 and T'/?7%0% — oo for some o € (0,1/2).

Note that under this assumption, 6. converges to zero at slower rate than 7—1/2.

10



Lemma 1 provides the convergence rate of k under the assumption that magnitude of the
parameter change is fixed and so does not apply in our setting here. Therefore, we begin by
deriving the companion result when the magnitude of change is shrinking.

It is once again convenient to work with the definition of & in (11). Note that (12) is still

valid but with the following redefinitions of G (k) and Hr(k),

09 TW! My Wo — W/, My Wa (W2 My Wo )~ YW My W02
Gr(k) = r (WoMwWo 0 W|k02(—k2| w W) 2 Mw Wolo7 for k # ko (18)

Grk) = 60365  for k = ko (19)

and

Hr(k) = 269 (WM Wa)(Wh My W)~ " Wi My U — 269 (W, My U)
+ U’ My Wa (W5 My Wa) " Wi My U

— U My Wo(W§ My Wo) YW My U (20)

To establish the convergence rate, it suffices to consider break points within the set K(C) =
{k : |k — kol > C||6%]|72 and Tnp < k < (1 —n)T} for a small number n > 0. The following

proposition establishes a property of Gr(k) that is useful in our subsequent analysis.

Proposition 3 Under Assumptions 2, 8 and 5, there exists a v > 0 such that for every e > 0
there exists C' < oo such that

inf  Gr(k) > 7|62
Jnf_ Gr(k) > [64]]

with probability at least 1 — €.
We also impose the following assumption.

Assumption 9 For some real number r > 2 and constant A, < oo

J
E Wy Uy
t=i

T

E <A (j—i)? foralll1<i<j<T

>C), for

Assumption 9 facilitates the derivation of a bound on P (sukam k=t HZLl Wity

every ¢ > 0, that plays a crucial role in establishing the following convergence result.

Theorem 2 Under the Assumptions 1-5, 8 and 9, we have: k = ko + O,(]16%]172)

11



Remark 3: Theorem 2 states that the break point estimator converges to the true break point at
a rate equal to the inverse of the square of the rate at which the difference between the regimes
disappears. Note that this is the same rate of convergence as is exhibited by the corresponding
statistic in the case where x; and u; are uncorrelated and the model is estimated by OLS; see

Bai (1997b)[Proposition 1].

We now turn to the issue of characterizing the limiting distribution of k. This distribution is
deduced in three steps. The first step is to identify the functions of the data that determine the
large sample behaviour of Vr (k) — Vr(ko); see Proposition 4 below. The second step is to use
these dominant terms to characterize the limit behaviour of Vp(k) — Vip(ko). The third step is
apply the continuous mapping theorem for the argmax functional to the local weak convergence
limit of Vi (k) — Vir(ko) in order to deduce the limiting distribution of k. The last two steps are
combined in Theorem 3 below.

Since Theorem 2 states that P(|k—ko| > C||6%]|~2) < 7 for every 1 > 0, it suffices to consider
the behaviour of Vi (k) — Vi (ko) only over D(C) = {k : |k — ko| < C||6#%|72}. The following
result identifies the terms that determine the large sample behaviour of Vp(k) — Vr(ko) over

D(C).
Proposition 4 Under Assumptions 1-5, and 8

Vi (k) = Vip(ko) = —6% WAWABY + 209 WAU - Z 4 0,(1)
for all k € D(C).

To derive the limit behaviour of Vp(k) — Vi (ko), we impose the following assumptions on the

second moments of the data.

Assumption 10 {z:} is second-order stationary within each regime such that Eziz; = Q1 for

t < ko and Ezz, = Qo fort > ko.
Assumption 11 For regime i,i = 1,2, the errors {u, v} satisfy

/
Ut g;

Var l2e| = Qi =
vy Vi i

2

where §; is a constant, positive definite matriz. o; is a scalar and X; is p1 X p1 matriz.

12



It is also useful to define Qi/ % and Qi/ % to be the symmetric matrices satisfying 2; = Qi/ 2(23/ 2

and @Q; = Qi/ 2@:/ ®. Notice that Qi/ ? can be decomposed as

’

N

v

N3

0/ =
where Ni' is a1 x (p1 +1) vector and Ni' is p; x (p1 +1), and that, since Q.72 is symmetric, we
have

Ni'N{ Ni'N; ol
Ni'Ni NjNj STRDY
We also assume that a functional central limit theorem applies to relevant functions of the

data.

Assumption 12 k;'/? g’j{’]{(ut, v) Y@z = By (r) and (T—ko) /2 Zf:lr[r(Tfk“)]{(ut, v')}1®
2 = By(r) where B;(r) is a q(p1+1)x1 and Gaussian process fori = 1,2 and E[B;(r)B;(s)'] =
min(r, s)V; where V; is positive definite for i =1,2.

1/2

If we define Vil/ ? to be the symmetric matrix such that Vil/ 2Vi = V; then it follows from

Assumptions 10 and 11 that V; = Q; ® Q; and Vil/2 = 93/2 ® Q3/2 where Q3/2 is the symmetric

matrix such that Q3/2Q3/2 = Q.

It is also convenient to reparameterize the shrinking magnitude of parameter change as follows.

Assumption 13 9% = Ogvr, where vy is a positive number such that vy — 0 and T/ D)=y,

oo for some o € (0,1/2) and 6y # 0.
We now present the limiting distribution of the break point estimator.

Theorem 3 Under Assumptions 1-5 and 9-12

09T O Tn02)2 .
( TO/ O/Ql 0 T0> (k — ko) KA arg max Z(s)
9T T0<I>1T09T s

13



where

é- _ 96T/0Q2T090
T 05Y,Q1 Yol
PR ¢ %5 1)
= 9,3 Tobo
®; = [(N]+N3B2,) @ QP(NT + NIl @ Q%) fori=1,2
Wi(=s) —|s|/2 : s<0
o = | Wz s

VEWa(s) —€s/2 @ s>0
and W;(s), i = 1,2 be two independent Brownian motion processes defined on [0, 00), starting at

the origin when s = 0.

Remark 4: It is interesting to compare Theorem 3 with Bai’s (1997b) Propostion 3 in which
corresponding distribution for the case in which x; and w; are uncorrelated and the model
is estimated by OLS. The two limiting distributions have the same generic structure but the
definitions of &, ¢, and ®; are different as is the scaling factor of k— ko. Inspection reveals that
the result in Theorem 3 is equivalent to what would be obtained from applying Bai’s (1997b)
result to the case in which y; is regressed on E[z|z:] and z1 ; with error u; + vgﬁgﬂ-.

Remark 5: The density of arg max, Z(s) is characterized by Bai (1997b) and he notes that it is
not symmetric if £ # 1 or ¢ # 1. It is possible to identify one special case in which £ = ¢ = 1,
that is where Q) = Qo = Q, Q1 = Q2 = Q and () ; = 37 ,. Notice that this scenario includes the
restriction that the parameters on the endogenous regressors do not change across regimes. The
latter represents an important difference between the 2SLS case and the limiting distribution
theory of the break fraction in the OLS model with exogenous regressors. For in the latter case,
the restrictions for symmetry do not involve the constancy across regimes of any of the regression
parameters.®

Remark 6: Although Theorem 3 is stated and proved for the one break model, it is easily
extended to the multiple break model. Assumption 1 imposes a martingale difference structure
on the errors, which is enough to ensure that the sample segments are asymptotically distinct,
hence allowing for the analysis of the limiting distribution of the break-dates to be similar to the
one break case. Specifically, with appropriate modification of the assumptions to fit the multiple

break model, it can be shown that the distributional result in Theorem 3 holds for the n'" break

8See Bai (1997b)[pp. 554-555].
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point, IAC, only with quantities pertaining to the first and second regimes in the statement of

theorem replaced by the analogous quantities in the n** and (n + 1)** regimes respectively.

The distributional result in Theorem 3 can be used to construct confidence intervals for
ko as follows. To this end, we introduce the following definitions: 6 = A(k), By = B (k),
62 = Bl + é, Ql = k1 Zle 242y, Q2 = (T - /Af)*l ZtT:,;H 22y, Ql = k1 Zle Btl;;, Qz =

(T — k)=t S gy 0ebl, by = [, 9], @ty = ye — wyP, for t < k and @y = y — wjfe, for t > k,

Oy = (2 — A’th), O/? is the symmetric matrix such that Q= Q3/2Q3/2,
gz | M
[ ]\A]g
where Qll/ % is partitioned conformably with Qi/ 2,
PG eN v
40 Trd
5 IThbsTad
Ry
G 71 1A ’ A1/2 1 1A ’ AL/2y/
o = [(Nl +N25m,1) ® &y ][(Nl + N26m,1) ® & ]
By = [(N?+N38,2) @ Qy (N} + N3Bo2) @ Q5"

and TT = [AT, H]
It then follows that
(1%—[0—?]—1,1%—[0—}]+1> (21)
H H
is a 100(1 — «) percent confidence interval for kg where [-] denotes the integer part of the term
in the brackets,
o Tty
01,710
and c; and ¢y are respectively the /2! and (1 — a/2)!" quantiles for arg max, Z(s) which can

be calculated using equations (B.2) and (B.3) in Bai (1997b).

We conclude this section by reporting the results of a small simulation study that is designed
to prove some insight into the accuracy of the limiting distribution in Theorem 3 as an approxi-
mation to the finite sample of the break fraction estimator. We consider designs with one break

and two breaks.
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In the single break case, the data generating process for the structural equation is:

g o= (L)' + fort =1,...,[T/2]
(22)
= (1,28 + u, fort = [T/2]+1,...,T
The reduced form equation for the scalar variable z; is:
xe = (1,20 + vy, fort=1,...,T (23)

where ¢ is ¢ x 1. The errors are generated as follows: (uy, vt)/ ~ IN(02x1, ) where the diagonal
elements of {2 are equal to one and the off-diagonal elements are equal to 0.5. The instrumental
variables, z; are generated via: z; ~ i.i.d N(0(g—1)x1,Iq—1). The specific parameter values are
as follows: (i) T = 60, 120, 240, 480; (i) (8, 39) = ([¢,0.1)’, [—¢c,—0.1]"), for ¢ = 0.3,0.5, 1; (iii)
q—1=2,4,8; (iv) ¢ is chosen to yield the population R? = 0.5 for the regression in (23).° For
each configuration, 1000 simulations are performed.

Tables 1-3 report the empirical coverage of the 90%, 95% and 99% confidence intervals based
on (21). It can be seen that the magnitude of ¢ impacts on the quality of the approximation. If
¢ = 0.3 then the confidence intervals are undersized at all samples sizes, although the empirical
coverage is close to the nominal level at the largest sample for which 7" = 480; if ¢ = 0.5 then the
confidence intervals are undersized for 7' = 60, 120 but close to nominal level for T" = 240, 480;
if ¢ = 1 then the empirical coverage exceeds the nominal level for the 90% and 95% nominal
intervals for T' > 60. For the ¢ = 1 case, closer inspection of the empirical distribution of the
break-point reveals that most of its probability mass is either at the true break-point or one
observation off (only very rarely two or three data points off). Since, by construction, the break-
point confidence intervals contains at least three points, if the break-point estimator is one data
point off its true value, the confidence interval will necessarily contain the true value. Hence,
over-coverage is unavoidable. Finally we note that the number of instruments has no discernable

impact on the empirical coverage.

9For this model, §; = \/R2/[(g — 1)(1 — xR2)], with §; denoting the j** element of &, j = 1,...,q; see Hahn

and Inoue (2002).
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For the two break case, the data generation process for the structural equation is:

v = [1, 28 + g, fort = 1,...,[T/3]
= [0, 2B + uy, fort = [T/3]+1,...,[2T/3]
= [1, 2B + uy, fort = [2T/3]+1,...,T

Three choices for 3° are considered: (37,/9,69) = ([c, 0.1}, [—¢c, —=0.1]’, [¢, 0.1]") where ¢ =
0.3,0.5,1. All other aspects of the design are the same as the one break model.

The results are reported in Tables 4-6. It can be seen that the pattern of results is the same as
in the single break case, although it is important to remember in making a comparison between
the two models that in the two-break model the sub-samples are inevitably smaller. For ¢ = 0.3,
the empirical coverage tends to be too low - but tends towards the nominal level as the sample
size increases, and is very close to the nominal levels at the largest sample size; for ¢ = 0.5,
the empirical coverage is approximately equal to the nominal level at T" > 240; for ¢ = 1, the
empirical coverage exceeds the nominal level for the 90% and 95% intervals. For ¢ = 1, closer
inspection of the empirical distribution of the break point shows similar patterns as for the one
break-case: a heavier mass than the nominal coverage at the true break-point or one observation
off. Since the confidence intervals are again of at least three data points, over-coverage is not
surprising.

Taken together, the two sets of simulation results suggest that the limiting distribution theory
based on a shrinking amount of parameter change can provide a reasonable approximation for
the designs for which the amount of change is smallest but not in the design with the largest
amount of parameter variation. It would be interesting to develop a better understanding of the

scenarios for which these intervals are appropriate but this is left to future research.

5 Empirical application

In this section, we assess the stability of the New Keynesian Phillips curve (NKPC), as formulated
in Zhang, Osborn, and Kim (2007). The data is from the US, quarterly spanning 1981.1-2005.4.
The definitions of the variables are the same as theirs: inf; is the annualized quarterly growth
rate of the GDP deflator, og; is obtained from the estimates of potential GDP published by

the Congressional Budget Office, and in f; e is taken from the Michigan inflation expectations
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survey.'? With this notation, the structural equation of interest is:
3

inft = ¢y + aj'inff+l|t —+ ozbinft,l —+ Qog0Fy —+ ZaiAinft,i =+ uy (24)
1=1

where in f; is inflation in (time) period ¢, in f¢ o denotes expected inflation in period t+1 given
information available in period ¢, og; is the output gap in period ¢, u; is an unobserved error
term and 6 = (co, ay, ap, Qog, @1, a2, @3)’ are unknown parameters. The variables inffH't and
og: are anticipated to be correlated with the error w;, and so (24) is commonly estimated via
IV; e.g. see Zhang, Osborn, and Kim (2007) and the references therein.

Suitable instruments must be both uncorrelated with u; and correlated with in f; e and o0g;.
In this context, the instrument vector z; commonly includes such variables as lagged values of
expected inflation, the output gap, the short-term interest rate, unemployment, money growth

rate and inflation. Hence, the reduced forms are:
infte+1|t = 20 + viy (25)
0gr = 2,02 + vay (26)
where:
2y = [L,infi—1, Ainfi—1, Ninfi_o, Ainfi_s, infﬁtil, OGt—1, Tt—1, bt—1, Ut—1]

with p, m and uy denoting respectively the M2 growth rate, the three-month Treasury Bill rate
and the unemployment rate at time t.

Our sample comprises T = 100 observations.!! Table 7 reports the instability tests for the
structural equation, with a cut-off of € = 0.15'2. The tests indicate evidence of a break at
2000:4, even though the BIC tends to favor the no break model. The parameter estimates for
the structural equation are reported below, with standard errors in parentheses.

for 1981.1-2000.4:

) = —1.84 0.76in f; — 0.48infi_ 0.13 — 0.42Ainfi—1 — 0.36 Ainfi_
infi (0.89) + (0,11)mft+1|t (o.os)mft 1t (o,oo)ogt (0.02) nfi-1 (0.01) infi-a
— 0.36 Ainf;_
(0.01) infi-s

10While Zhang, Osborn, and Kim (2007) consider inflation expectations from different surveys as well, we focus

for brevity on the Michigan survey only.

'We could have used more observations, but there is evidence of instability in the reduced forms before 1981.1

- see Zhang, Osborn, and Kim (2007).

12Different cut-offs yield similar results, indicating that the tests most likely do not suffer from end-of-sample

problems.
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for 2001.1-2005.4:

) = —0. 1.08in ff — 0.68infi— 1 A4 Ninf— A3 AInf—
infi (91.9?) + (o.gg)mft““ (%.gg)mft L 8.0?)0% + (%,15) nfi1 + (%,oéo)) infi-z

0.01 Ainf;_
+(0.04) nfi_s

The 99%, 95% and 90% confidence intervals for the break dates are: [1998.1,2001,4],[1999.1,
2001.2] and [1999.3,2001.2], indicating a break around 1999-2001. These results are in line with
Zhang, Osborn, and Kim’s (2007) findings of a break around 2000—2001. Using a more heuristical
approach for estimating change-points, they find strong evidence for a break at 2000.4, location
that coincides with ours. However, due to small sample issues, the parameter estimates in the

second sub-sample should be interpreted with care.

6 Concluding remarks

In this paper, we present a limiting distribution theory for the break point estimator in a linear
regression model estimated via Two Stage Least Squares under two different scenarios regarding
the magnitude of the parameter change between regimes. First, we consider the case where
the parameter change is of fixed magnitude; in this case the resulting distribution depends on
distribution of the data and is not of much practical use for inference. Second, we consider the
case where the magnitude of the parameter change shrinks with the sample size; in this case, the
resulting distribution can be used to construct approximate large sample confidence intervals for
the break point. These intervals are illustrated via an application to the New Keynesian Phillips
curve.

Our results add to the literature on break point distributions. Previous contributions have
concentrated on level shifts in univariate time series models or on parameter shits in linear
regression models estimated via OLS in which the regressors are uncorrelated with the errors.
Within our framework, the regressors of the linear regression model are allowed to be correlated
with the error.

One limitation of our framework is that the parameters of the reduced form are assumed to
remain constant throughout the sample. While this scenario is viable in block recursive systems
of equations such as triangular systems of linear equations, it would be interesting to extend

our results to the case in which the coeflicients of the reduced form are also allowed to change.
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Hall, Han, and Boldea (2007) consider inference in this more general setting. They propose a
methodology in which the structural stability of the reduced form is assessed and its break points
(if any) estimated first. The estimation of the reduced form then incorporates the information
on the estimated break points. Their results assume the estimated break points in the reduced
form exhibit similar convergence properties to those established here for the break points in
the structural equation of interest. We therefore conjecture that the estimation of the break
points in the reduced form would contaminate the limiting distribution of the break points in
the structural equation. The verification or contradiction of this conjecture is beyond the scope

of the current paper but is a topic of current research.
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Mathematical Appendix
Proof of Proposition 1:

The argument is similar to Bai’s (1997b) derivation of his equation (5). To show part (i),
let S denote the sum of squared residuals by regressing Y on W alone. Then we obtain the

identity!?

S — Sp(k) = O(k) (W4 My Wa)a (k) (27)

The quasi-Wald statistic can be written as

= (552) (5

Because S does not depend on k and the Wald statistic is a strictly decreasing transformation

of St (k), it follows immediately
k = arg min Sr(k) = arg max&w (k) (28)

Part (ii) follows from (28) and (27). o

Derivation of (12):

The LS estimator (k) can be expressed as

0(k) = (WyMwWo) 'WiMwY

= (WyMwWa) " WaMw [W 5 + Wo6° + U]

= (WaMwWo) "Wy My W B + (Wi My Wa) ™ W My Wy 6°
+ (W My Wa) ™" Wi My U

= (Wi My Wa) "W My Wob° + (Wi My W)~ Wi My U

13See Amemiya (1985)[pp.31-33].
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Similarly, we have

O(ko) = (WoMwWo) "WiMwY
= (WoMwWo) ™' WoMw W + Wo° + U]
= (W My Wo) =YW My Wob° + (W My Wo) ™ Wi My U
= 00+ (W My Wo)*Wi My U.

Thus, it follows that

Vr(k) O(k) (W3 My W2)0 (k)

= (W3 My Wo) ™ Wy Mw Wot® + (Wa My Wa) ™ Wi My U] (W My Wo)
X (W My Wa ) ™ Wi My Wo0° + (Wi My Wo) = Wi My U]
= 0% (W My W) (Wi My Wa) ~ (W My, Wa) (W My Wa) = Wi My Wo°
+ 0% (W, My Wa) (W My Wa )~ (W My Wa ) (W4 My Wa) = Wi My, U
+ U’ My Wa (Wy My Wa) ™ (W5 My Wa) (Wy My Wa) ™ Wy My, Wo6°
+ U’ My W (W5 My Wa) ™ (W5 My Wa) (W5 My, Wa) ™ Wy My U
= 0 (W, My W) (W5 My Wa) ™ (W My, Wo )60 + 26° (W, My W) (W5 My, W)

x (WiMwU) + (U’ My Wa) (Wi My Wa) = Wi My U
and

Vp(ko) = 6% (WgMw Wo) (W§ My Wo) ™" (W§ My Wo)6°
+ 20 (W My W) (Wi My Wo) ™ (W My U) + (U My Wo) (Wi My Wo) ™
x WMy U
= 0% (W, My Wo)8° + 260° (WM U) + (U My Wo) (Wi My Wo )~ " W, My U
Therefore, we have

Vir(k) — Vip(ko) = 6 [WE My Wa (Wi My W)~ " Wi My Wo — W My Wo)6°
+ 26° (W My Wa) (W My Wa) ™" Wi My U — 26 (W, My U)
+ U My Wo (Wi My Wa) = Wi My U — U’ My Wo (Wi My Wo) ™
x WMy U

= GT(IC)—FHT(IC) <.
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Proof of Proposition 2:
Before we investigate the convergence of |kg — k|Gr(k), we let = = sgn(ko — k) for notational
simplicity.
ko — k|Gr(k) = 6 [W{Mw Wy — Wi My Wa (W4 My Wa) ™ Wi My Wo6°
= 0% [(Wy — EWA) My (W — EWA) — (W — EWA) My W
x (Wi My Wo) ™ Wi My (Wy — EWA)]6°
= 0" WMy Wy — WiMwWaZS — EWA My Wa + EWA My Wa=
— (Wy My Wo — EWA My Wo)(Wa My Wa ) ™ (W5 My Wo
— WoMwWaZ)]6°
= 0% (W] Mw Wy — WMy WaE — EWA My Wy +EWA My WaE
— WaMy Wy + WiMy WAE + EWA My Wo — EW My Ws
X (WyMwWa) ™ WMy Wal6°
= O [WAMwWa — WA My Wo (W3 My Wa) ™ Wh My Wa)6° (29)
Now, we investigate (29) term by term. It is most convenient to begin with the second term on
the right hand side of (29). Define D(C) = {k : |k — ko| < C'}. From Lemma 1(ii), it is sufficient
to investigate the behaviour of Vr(k) — Vip(ko) over D(C) for the establishment of the limiting
distribution of the break point estimators. Over the set D(C'), WA Mw Wy consists of a sum of
finite terms. Thus, it is clear that
[[WAMwWa|| = ko — k[Op(1) = Op(1).
Since |[WiMw Ws|| = O,(T), the second term on the right hand side of (29) is bounded by
Op(1) - Op(T™1) - Op(1) = 0p(1).
Next, consider the first term on the right hand side of (29). We have
WAMwyWa = WAWa + WAWWW) " 2W' Wa.
Under our assumptions, we have
WAW (W/W) =1 W'Wa = ko= k|0, (1)-Op(T~1)- ko= kIOp(1) = Op(1)-0p(T~1)-05(1) = 0,(1).
Thus, combining these results, it follows from (29) that

ko — k|Gr(k) = 0y WA Wb + 0p(1) (30)
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Next, consider Hp (k). We write

Hr(k) = H (k) + HY (k) (31)
where
HP (k) = 200 (W] My Wa) (Wi My Wa) WMy U — 260° (Wi My U)
HP (k) = U My Wa(WiMyWa) " WiMyw U — U’ My Wo (Wi Mw Wo) WMy U

First consider H;l)(k). We have
HP (k) = 200 (Wy — WAZ) My Wa (Wi My Wa) WMy U — 20° Wi My U
= 20 (WiMy U — EW A My Wa (Wi My Wa) " WMy U) — 26° W, My U
= 20 WMy U — 2260° W My Wa (W5 My W) ™" WMy U — 26° W, My U
= 20" (Wa — Wo) My U — 2260° Wi My Wa (W4 My Wa) ™ "W My U
= E[20° W\ My U — 20°Wh My, Wa (W4 My Wo) ™ Wi My, U) (32)

We now investigate the convergence of each term on the right hand side of (32) in turn. Since

WAW = Op(1) over D(C') and
(W'W)"*W'U = (1/VT) - (W'W/T)*W'U/VT = T~/20,(1),
it follows that
WiMwU = WAU - WAWW'W)'W'U
= WaU —0,(1)-T720,(1)

= WaU +0,(1) over D(C)
Similarly, we observe that

WAMwyWy = WiWa — WAW(W'W)'W'W,
= 0p(1) = 0p(1) - Op(T ™) - Op(T)
= 0,(1) over D(C)
and

(WM Wa) "' WiMwU = Op(T 1) O(T"?) = O,(T~/?)
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Thus, the second term on the right hand side of (32) can be written as
Wi My Wy - (Wh My Wa) 2 Wy My U = O,(1) - Op(T~Y/?) = 0,(1)  over D(C)
Thus, we have
HP (k) = Z[20°Wh My U — 260W 4 My W (W) My W)~ Wi My U]
= 250 WAU 4 0,(1)
Now consider H;Q)(k). We have
HP (k) = U MyWay(WMyWa) "WiMy U — U’ My Wo (W, My Wo) ™ Wi My U
= UMy Wy (Wi My Wo) " *WiMy U — U' My (Wy — WaAE) -

[(Wa — WAE) My (Wa — WAE)] " (Wo — WAE) My U

= M-N (33)
where
= U My Wa(Wy My Wa) ™Y Wi My U
N = U'My(Wy—WaE)[(Wa — WAE) My (W — WaE)] " (Wa = WAE) Mw U

To investigate the limiting behavior of H?)(k) over the set D(C), it turns out to be most
convenient to check the limit behavior of N first. Using the relationship Wy = Wy — WaZ, N

can be written as

N = {U My (Wy—WaE)/VT}(Wa — WAE) My (W — WaAE)/T)~*

x {(Wa = WAE) MwU/VT} (34)
We now consider the limit behaviour of the first term on the right hand side of (34). We have
U' My (Wy — WAE)/NT = U'My Wy /T — U My WaAZE/NT

Since U’'Mw WAZ is the sum of |k — ko| terms and the total number of the added terms is
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bounded over D(C) = {k : |k —

U' My Wa

and so

U MyWa =

ko| < C1, it follows that

U -WWW) 'W)Wa
UWa —

1)/ [k — kol —

Op(1) = Op(T~1/?)

UWW W) "W Wa

Op(T**)0p(T )0y (1) k — kol

Op(1)

over D(C)

U' My Wa/VT + 0,(1).

Similarly, for the second term on the right hand side of (34) we have

(Wa — WAE) My (Wo — WAE)/T

Thus, it follows from (34) that
N =
Therefore,

7P (k) M—N

(U’MWWQ/\/T + op(1)) (W My Wa /T + 0p(1)) " (WQ’MWU/\/T + op(1))

WMy Wa /T — (1/T){Wi My WAE
+ EW/AMWWQ - W/AMI/VWA}

WoMw W /T + 0,(1)

(35)

it follows from (33) and (35) that

0" My W (W4 My Wa) = Wi My U — (0’MWW2/\/T+ op(1))

(WiMw Wa /T + 0,(1)) " (WM U /VT + 0,(1))

X
(0" My Wa VT (Wihtw Wa /T) (WiMw U /VT)

— (O MWW VT + 0,(1)) (WM Wa T+ 0,(1))" (W3Mw U VT +0,(1))

op(1)

Thus, we have

Hr(k) = H{ (k) +HY (k)

226° WAT + 0,(1)
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Finally, it follows from (12), (30) and (36) that

Vi (k) — Vip(ko) = —0" WAWAB® 4+ 2260° WA T + 0,(1) o.

Proof of Theorem 1
First, we consider the case of k < kg. Multiplying out, we obtain

—OWAWAL +20°WAU -2 = —0"WAWaB + 200 WA

k[) k()
= —90/ Z Yf/TZtZéTTHO +290/ Z Tf/TZt’ELt
t=k+1 t=k+1
(37)

where T7 = [Az, II]. By substituting @, = u;+v, 8%, —2][(2'Z)~*2'V]B,, into (37), we obtain

ko ko
0 WAWAD +20°WAT -2 = —0"T5 > 2z Tr® +20° T (Y 2w
t=k+1 t=k+1
ko ko
+ Z ztv£6271)+290/T’T Z 22(Z'2) T2V 3
t=k+1 t=k+1
ko ko
= —90/T6 Z ztzéTOHO—i-ZGO/Tg( Z 2y
t=k+1 t=k+1
ko
+ > wvfly)+op(1)  over D(C) (38)

t=k+1
where the last equality comes from the following convergence result over D(C')

ko
N 2n(Z2'2)71 2V = ko — K[Op(1) - Op(T7) - 0,(TY?) = 0,(T712) = 0,(1).
t=k-+1

From Assumption 6 it follows that {z:, uy, ’Ut}fik+1 and {z, uy, vt}?:k7k0+1 have the same joint
distribution. Therefore, (38) has the same distribution as R (k — ko) over D(C).

Similarly, for k& > kg

—OOWAWA +20°WAT -2 = — 0" WaWa® — 20 WLT
A A A A

[1]
\

k k
= —0"°0h Y anTet — 20070 Dz
t=ko+1 t=ko+1
k
+ Y zuBa) +op(1)

t=ko+1
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which has the same distribution as Ra(k — ko) over D(C).

Thus, Proposition 2 implies that Vi (k) — Vp(ko) converges in distribution to R*(k — ko) over the
bounded set D(C). Let k¢ = arg max|;_go|<c Vr (k) — Vr(ko) and m¢, = arg max,, <c R*(m).
The uniform convergence of Vp (k) — Vp(ko) to R*(k — ko) on any bounded set of integers (i.e.

the difference |k — ko| is bounded) implies that ko — ko —g m¢., and so,

|P(kc — ko = j) — P(m& = 5)| < e, for all large T' and all |j| < C. (39)

To complete the proof, we must show that this convergence in distribution holds for the whole

range and not just the bounded set D(C'). This is established as follows.

From Assumption 7, it follows that the limit distribution R*(m) is continuous. Thus, the process
R*(m) has a unique maximum with probability one because P(R*(m) = R*(m')) = 0 for m #
m’. Now define m* = argmax,, R*(m). Since 6° Yy >y, . 22 To® = Op(m), it dominates
00 XY S 2+ Sy 2B, = Op(mt/?). Similarly 69Ty S 2,2/ To6° = Op(m)
dominates 0% Yh 37, zue + Sopy 2vi B0, = Op(m'/?). Therefore, we have R*(m) — —oo
with probability tending to 1 as |m| — oo. Thus, m* is Op(1). Therefore, we have that for

every € > 0, there exists C'y < oo such that
P(lm*| > C4) <, for all large T. (40)
From Lemma 1(ii), it follows that
P(lk — ko| > C3) < e, for all large T. (41)

Now, if |k — ko| < C where C' = max{C}, Cs}, then k = k¢ and if [m*| < C then m* = m,.
For the next step in the argument, it is convenient to define three events, the union of which
covers the whole sample space: these events are {|k — ko| < C and |m*| < C}, {|k — ko| > C}
and {|m*| > C}. Notice that the first event {|k — ko| < C and |m*| < C} is equivalent to the
event {I; = ke and m* = m¢ } by the definition of ke and m¢. Thus, when this event happens,

we have the equality P(k — ko = j) — P(m* = j) = P(kc — ko = j) — P(m{ = j). Since the
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union of other two events is the complement of the first event, it follows that

|P(k—ko=j)— P(m*=j)| < |P(kc —ko=j)— P(mg =j)|
+ P(lk— ko| > C) + P(Im*| > C)

< 3e

To complete the proof, note that e can be arbitrarily small and C' can be arbitrarily large.

To prove Proposition 3, we need the following lemma.

Lemma A.1 The following two inequalities hold:

Wi My Wo — W My Wa (W3 My Wo) ™ Wi My, Wo

> WAWA(WiWo) "WiW,  for k < ko

Wi My Wo — W My Wo (W4 My Wo) ™ Wi My Wy
> WAWAW'W — WiWo) Y W'W — WiW,)  for k > ko

Proof of Lemma A.1:

Let H = (WjWs)~! — (W'W)~L. First consider the case in which k < kq. Since

WiMw Wy = Wil —WW'W) *W)W,
= WyWe — WWW'W) ' W'W,y = WiWo — WiWo(W'W) ™ Wi,
= WWo(WiWa) ' WyWa — WiWo(W'W) Wi,

= W{Wo[(WaWa)™t — (W'W) " WiWa = WiWoHW3Wo
and

WiMw Wy = Wyl —W(W'W) "W )W,
= WiWo — WW(W'W) W' Wy = WiWe — WoWo(W'W) ™ Wy Wa
= WoWao(WiWa) " WyWy — WaWo(W'W) Wi,

= WiWo[(WaWo) ™t — (WW) " \WaWo = WaWo HWy W,
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it follows that

Wi My Wo (W My Wo) "Wy My Wy = WiWoHWyWo(WiWoHWWo) ™t
x WaWo HW W, (44)
Define A = H'Y/?WjWs,. Since I — A(A’A)~' A’ is a projection matrix, we have [ — A(A’A)~t A’ >
0. Therefore, putting C' = (WiWo)HY/?(I — A(A’A)~ A" HY2(WiWy), we have
C = WWoHWIWy — WiWoHY 2HY 2WyWo (WiWo HY 2 HY 2Wy Wy ) " Wy Wy HY/?
x HY2WW,
= Wi WoHW{Wo — WiWo HWWo(WiWa HWiWy) "L WaWa HW W, (45)

> 0 (46)
Since the second term in (45) is identical to (44), it suffices to show

WMy Wo — WiWoHWWy > WAW A (WyWa) T WiW, (47)
in order to establish (42). In fact, the equality holds in (47) because the left hand side of (47) is

WMy Wo — WoWoHWI Wy = Wi — W(W'W) " W)Wy — WiWoHW{W,
= WiWo — WyW (W'W) " *W'Wo — WiWoHWW,
= W{Wo — WyWo (W' W) Wi Wy — WiWoHW W
= W Wo(WiWo) ' WiWo — WiWo(W'W) 1 WW,
— W{WoHW W,
= WoWo[(WeWo) ™t — (W'W)~! — HIWgW,
= WoWo[(WeWo) ™' — (WyWa) W Wh, (48)
and so, since WoWy = W Wy + WAWA, we have
WMy Wy — WWoHW Wy = (WaWo — WAWA)[(WiWo) ™! — (WyWa) W,
= [WoWa(WoWo) ™" — WoWa(WaWa) ™! — WAWA(WgWo)
+ WAWA(WaWa) ™ W Wo
= (WiWa — WiWo — WAWA) + WAWA (WiW2) ' WiW,

= WAWA(WiWo) "W,
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Now consider the case with k > kq. Define Wy = (w1, wa, -+ ,wg, 0,--+,0)', W§ = (w1, wa, -+ , Wy, 0, -+ -

and N = (W3 Wy)~' — (W'W)~'. Tt then follows that

W My Wo

and

W My Wo

Thus, we have

WiWe — WiW (W'W)~ W' Wy

WaWo — WiWo (W' W)~ Wy Wo

W'W =W Wg — (W'W — W WEHWW) N (W'W — Wi W)

WW — W5 Wg —W'W + W5 Wy + W W — W We(W'W) "Wy wy
W W — W5 Ws (W W)W W

W W (W5 W3) T W3 Wy — W W (W/W) W W

W' W (W5 Ws) ™ — (W'W) = W3 W5

WEWENWE Wy

WoWo — WosW (W'W) W',

WaWo — WaWo(W'W) " Wy Ws

(W'W — W5 Wg) — (W'W — W W)W W) "L (W'W — Wi W)

WW — W5 Ws —W'W + W5 Wy + Wg W — W Wg(W'W)"'Wg' Wy
Wi Wy — Wy Wy (W'W) Wy Wy

W5 W3 (W5 W)™t — (W'W) W5 w3

Wi Wi NW; Wy

Wi My Wo (Wi My Wo) " WMy Wy = Wg WENWE Wi (Wi WiNW W)™t

x Wi Wi NWE Wi

Let B = NY/2W; ' Wy. Using the fact, [—B(B'B)~'B’ > 0, we have that D = (W' W)N'/2(I—
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B(B'B)"'B')N'2(W¢' W) satisfies

D = WIWINWEWE — W WeENYENY2WE Wi (W Wi NYANY2wy wi)—!

x Wy Wi NYVANY2WE we

= WEWINWEWE —WE WENWE Wi (Ws Wi NWE W) "Wy Wi NWE W

Y

0

For the proof of (43), it suffices to show

WMy Wo — W WENWEWE > WAWAW'W — WiW,) ™!

x (W'W — W[ W) (49)

In fact, the equality holds in (49) because the left hand side of (49) is

WMy Wy — WEWENWEWE =

Wi = W(WW) W)Wy — Wi WENWE W

WiWo — WW (W'W) "W Wo — WE WENWE W
WiWo — WiWo(W'W) " WEW, — WEWENWE WS
(W'W = W5 Wg) = (W'W = W5 W) (W)~

x (W'W = W W) — WE WENWE WS

WW — W We — W'W + W W + W W (50)
— WEWE W' W)W WE — W WENWE W

WEWE — WEWEW' W) W W — WE WENWE W
W W (W W)™ = (W'W)~" — NJWg W

Wi W (W' W)™ — (W W)~ W' W (51)
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and so, since Wy Wy = Wg' W§ + WAWa, it follows that

WMy Wo — Wy Wy NWE'Ws = (W5 Wy — WAWA)[(Wg We) ™t — (W3 W)~ Wy Wiy
= Wy Wy (W W) = W W (W W)
— WAWA(Wg Wg) ™t + WAWa (W5 W3) "W Wi
= (W5 W5 — W5 W5 — WAWA) + WAWA (W3 W3)~!
x WE W
= WAWA(W; W3) Wy Wy

= WAWAW'W — WiWo) Y W'W — W) o
Proof of Proposition 3:

Suppose k < ko. First notice that if W) Wa is invertible then the matrix
A(k) = (ko — k) "' WA WA (WWo) "W, W, is symmetric and positive definite because

A(k) = (ko — k) *TWAWA(WAWA + WiWo) ' WiW,
= (ko = k) TTWAWA {(WAWA) HWAWA) ! + (WoWo) ™ H(WgWo) ™~} WgWo

= (ko — k) {(WAWA) ™ + (WeWo) 1]~
From the symmetry of A(k) and Lemma A.1, it follows that
Gr(k) > 07 AR)OT > yr(k)||or||” (52)

where v (k) is the minimum eigenvalue of A(k). Therefore, the desired result can be established
by showing that, with probability tending to one, vy (k) is bounded away from zero as ko — k
increases.

To this end, note that Assumption 3 implies that, for large ko —k, WAWa = Zfik 41 Wwy =
Y’T Zfik 41 22} Y p is positive definite with large probability and so A(k) is invertible with large

probability for large ko — k. Therefore, we can consider A(k)™!. Since
A(R)™ = (WoWo) ™' W3Wa((ko — k) ' WAWA] ™Y,
it follows that
JAK) Y| < [[(WoWo) ™ WaWal| - [[[(ko — k) WAWA] Y|
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Furthermore, we have

[(WeWo) ™ WaWa|| < [[(WoWo) ™ W'W|

IN

|(WeWo)~H || - [[W'W]]

= (Y2220 Yr) || - 1T 2" 27 | (53)
where Zg = (0,---,0, 2Zkg41, .., 27) and Z = (z1, ..., z7)" defined. It follows from (53) and As-
sumptions 2, 3 and 5 that ||(W;Wy) ~WJWs|| is bounded. In addition, the minimum eigenvalue
of (ko — k)'WAWa is bounded away from zero by Assumption 3 with large probability and
so, ||[(ko — k) 'W/AWAa]™!|| is bounded with large probability for all large ko — k. Therefore,
it follows that ||A(k)~!|| is bounded with large probability for all large ko — k and hence that
~vr (k) is bounded away from zero for all large ko — k with large probability.

Suppose now that k > kq. Let
B(k) = (ko— k) "WAWAW'W — WiWo) Y (W'W — WiWp)
= (ko — k)T TWAWA (WS WE) WS

By similar arguments to A(k), it follows that B(k) is symmetric and is positive definite when
WAWa is invertible.

Using Lemma A.1, it follows that
Gr (k) > 09 B(R)) > 77 (k)]0

where ~;.(k) is the minimum eigenvalue of B(k). It remains to establish that, with probability
tending to one, ¥4 (k) is bounded away from zero as kg — k increases.
For large kg — k, WAWa = Zfikﬂ waw, = Th Zfikﬂ 202} T will be positive definite with
large probability by Assumption 3. Also we have,
Bk)™ = (W WE) ™ W5 Wi [(ko — k) WA W] ™!
IBR)TH < [(Wg Wo) ™ W3 Wil - [l[(ko — k)" WAWA] |

and

(W W)~ W Wil < J[(We o)~ W/ W]

IN

(Wg W) =M I W' W]

= (Y725 Z5Tr) |- [1Y72 2T || (54)
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where Z§ = (21, , 2k, 0, -+, 0)’. It follows from (54) and Assumptions 2 and 3 that
||(W' W)~ "Wy W] is bounded. In addition, Assumption 3 implies the minimum eigenvalue
of (ko — k)'WAWa is bounded away from zero with large probability. Therefore, v (k), is

bounded away from zero as kg — k increases with large probability. o

To prove Theorem 2, we need the following lemma.

Lemma A.2 Under Assumption 9, there exists a B < oo such that for every ¢ >0 and m > 0
B
P su Wl || >
<k>£)1k Z tl C) = Cim2

Proof of Lemma A.2: This follows from Serfling (1970)[Theorem 5.1]. This theorem states that

under Assumption 8, for each ¢ > 0 there exists a constant C¢ < co (depending on A, and K,)
such that

P(sup H%H>C>§C<-mr/2 forallm >1

k>m

where C¢ = (A, + KT)(%)””(l _ 2—7«/2)71

Thus,
(sup— ) <Cc-m™/?
k>m
By letting r =4, B = (A, + KT)(1/2)*’”(1 —277/2)71 we get the desired maximal inequality
B
P (:21,; ; ZW > <> < G

Proof of Theorem 2:
By definition, k = arg maxy, Vp (k). Thus, Vy(k) > Vip(ko). Therefore, it suffices to show that

for each € > 0, there exists C' > 0 such that

P( sup Vr(k) = Vr(ko)) <€ (55)
keEK(C)

From (12), it follows that Vp (k) > Vr (ko) is equivalent to

(Hr(k)/|ko — k|) > Gr(k)

and so by Proposition 3, it suffices to prove that

Pl sup
keEK(C)

Hr(k
B ez <. (56)
ko —k
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From (20), Hr(k) can be decomposed into two parts as follows
Hy(k) = Hy () + Hi (k)
where H;l)(k) and Hg)(k) are (re)defined as
HYP (k) = 209 W] My Wy (Wh My Wa) ™ Wi My U — 209 Wi My, U
and
HP (k) = U My Wa(Wh My Wa) " Wi My U — U My Wo (W, My Wo) ™ W, My U

First consider the expression H;l)(k). Recalling the definition Wy = Wy — WA Z from (16),

H;l)(k) can be transformed into
Hy (k) = E[20§ WA Mw U — 200-W 5 My Wa (W3 My Wa) ™ Wi My U] (57)

by similar logic to the derivation of (32) (except with ° replaced by 6%). The first term in the

square brackets in (57) can be written as
WAMwU = WhU - WAWW'W)"'W'U

It is clear that WAW = |ko — k|O,(1) and (W'W)~'W'U = (1/VT)(W'W/T)"*W'U/VT =

T~1/20,(1). Thus, the first term at (57) can be written as

OFWAMyU = 63 WhU —[|6%]] - |ko — k|Op(1) - T~1/20,(1)

= OrWAU — ko — K|T~/2]6%]|0,(1) (58)
Now, we consider each factor in the second term within the square bracket in (57). We have

WAMwWy = WiWa — WAW((W'W)'W'W,

ko — k|Oy(1) = [ko — k[Op(1) - Op(T 1) - Op(T)

ko — k|Op(1)

and

(WeMwWa) "' WiMwU = O,(T™) - Op(TH?) = 0,(T71/?)

Thus, the second term in (57) can be written satisfies
D20 W My Wa (WM Wa) WiMw T = 20169 - ko — KIOp(1) - Op(T-V2Z  (59)
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Therefore, combining the results in (58) and (59) over the set K(C)

HP () = (209WAT = 20ko — KT~ 2|I63110,(1) = 21ko — KIT~/2[|63]]0,(1))

= 209 WAUE + |ko — k|T/2||6%]|0,(1)2 (60)

Now, consider the expression

HP (k) = U MyWa(WyMuyWo) " WMy U — U' My (Wy — WAE)

X [(Wy = WAE) My (Wy — WAE)] " H(Wo — WAE) My U
The first term of Hg)(k) is easily seen to be bounded as

U’ My Wa (Wi My Wo) T WiMw U = O0,(TY?)-0,(T7) - 0,(T'/?)

= 0(1) (61)
The second term of H?)(k) can be expanded further as follows

U' My (Wy — WAE) - [(Wa — WAE) My (Wa — WAE)] " (Wo — WAE) My U
- (0’MWW2 - U’MWWAE) (Wi My Wa — Wi My WAE — EWA My Wa

+ WaMwWa] "t (WiMw O — Wi My UZ) (62)

Investigating the limit behavior of each term on the right hand side of (62) over the set K(C),

we have the following convergence results:

U MyWy = 0,(TY?)
UMyWar = UWa—-UWWW) " 'WWa
= VIko — K- Op(1) = Op(T"?) - Op(T ™) - ko — k|Op(1)
= VIko = klOy(1) = [ko — k|O,(T/?)
= 0,(T?)0,(1) = O,(T)O,(T~/?)
= Op(T'?) = O0p(T"?) = O, (T"?)
WiMwWa = 0y(1) - ko — k| = Oy(T)

WoMw Wy = O,(T)
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and
WAMyWa = WAWaA = WAWW W) "W W
= |ko = k[Op(1) — [ko — k[Op(1) - Op(T™1) - ko — k| Op(1)
= |ko — Kk|Op(1) — |ko — k[?Op(T™)
= 0p(T)0p(1) = Op(T?*)0p(T™H)
= Op(T) = 0p(T) = Op(T)
Thus, the second term of Hg)(k) is
(0W(T1/2) = 0,(T"2)) [0,(T) = Op(T) = O,(T) + Op(T)] ™" (0,(T/2) = 0,(T"/2))
= Op(T?)0,(T™1)0,(T"/?)
= 0,(1) (63)
Finally, combining (31), (60), and (61), we obtain

He(k) = (209WAUZ + (ko — KT~ 2)|63]|0,(1)Z) + (0y(1) + Op(1))

(209 WAT= + ko — KIT~V/2|63]|0,(1)Z) + Op(1)

Thus, over the set K(C), we have

Hr(k) 2
ko — k| [ko — K|

Op(1)
|ko — k|

09 WL UE +T1/2[16%]|0,(1) + (64)

We now show that (56) follows from (64). This is proved by investigating the probability limit
behavior of the supremum of each term in (64) over K (C') and then using the Triangle inequality
to establish (56).

By the symmetry of the argument, it suffices to consider only the case for k < ky. Now consider

each term on the right hand side of (64) in turn.

Consider 90 W, U. We have:
k A

2 ’ ~ 69,112 0
P sup H%W’AU’ Y160711* <p ”Y|| T||
rek(c) | ko —k 3

Using Lemma A.2 with ¢ = 7||6%||/6 and m = C||6%||72, the right-hand side above is

ko—kz Wity

t=k+1

k<ko— C||00 [|—2

bounded by

64 1 1296 €
B . =B —
Y60 CRlR* ~ U AAcE < 3

for large C.
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(ii) Consider T~1/2(|6%|0,(1). We have:

- 0 Zils O, _ 7
P ’T 1/240 1 ’ ol _p p Y

wl ™

because (T%/2|16%|)~* — 0.

(iii) By imposing the restriction k < ko to the set K(C), we get k < ko — C||6%||~2 which
implies
1 1
- < _ 90 2
| = s
Thus, for k& < kg

0()’ G 020()’ Gl
P sup P > < P sup |0
(keK(C) ko — k 3 keK(C)H 7l c 3
0,(1) 0
= pl|=2= ~
(j%>3)
< % for large C.

Combining (i)-(iii), we obtain:

Hr(k 2 , - 69|12
P sup Ll >’ >Al0%2 | <P sup | 0L WHU| > FYH rll
kek(c) | ko —k ke (c) ko —k 3

9 2 69.|)?
(T 1/2”90”0( )’ FYH || >+P sup O;D( )’>FY|| ||
kek(C) | ko —k 3
< f+f ‘= o
3 3 3 '
Proof of Proposition 4:
First consider |ko — k|Gp(k). We have
ko — k|Gr(k) = 6% [W{MyWo — WMy Wa (W5 My W)~ " Wi My, Wo69

= 0% [(Wo — EWA) My (Wy — EWA) — (Wa — EWA) My Wa
X (W My W)~ "Wy My (Wa — EWA)]07
= 09 [WAMwWa — W My Wa (W My Wo) " WyMwWalog  (65)
First, consider the second term on the right hand side of (65). Since [|[WA Mw Wa| = O,(1)|6% 2

and ||(WiMw W2)~t| = O,(T~") over the set D(C), we have under Assumption 8 that

107 Wa M Wa (W3 My Wa) " WoMw Wby < [107]° - Op(1)[|07]I7% - Op(T71) - 0,(1) 107172
= op(1). (66)
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Next, consider the first term on the right hand side of in (65), 6% W My Wa6%. Since
OrWAW (W'W) W' Waby = [|02]7 - Op (V)07 72 - Op(T™1) - Op(1)[|07]] 72 = 0,(1)
under Assumption 8, we have
09 Wa My Wab) = WAWAGY + 0,(1) (67)
From (66)-(67), it follows that
ko — k|Gr(k) = 09 WA WA + 0,(1) (68)
Next, consider Hr (k). We have
Hp(k) = 2609 (W, My Wa)(Wh My Wa) ™ Wi My, U — 209 (W, My U)
+ U My Wa (Wi My Wa) "X Wi My U — U’ My, Wo(W§ My Wo) ™ Wi My U
= HP®) + HY (k) (69)

where Hg)(k) are (re)defined as

HP (k) = 263 (W My Wa) (Wi My Wa) = Wi My T — 269 (Wi My U)
HP (k) = UMy Wy (WMyWa) "WjMy U — U’ My Wo (W, My Wo) ™ Wi My U

In the following derivation, we show that H?)(k) = 0p(1) and so the limit behaviour of
Hyp(k) over D(C) is dominated by the limit behavior of H;l)(k).
First, consider H;l)(k).
HY (k) = 209 (Wo — WAE) My Wa (W3 My W)~ Wi My U — 205 Wi My U
= 205 (WM U — EWh My Wa (Wi My W)~ " WMy U) — 209 W My U
= Z[209 WA Mw U — 209 W My Wa (W My Wa) "W My U] (70)
We now investigate the convergence of each term on the right hand side of (70) in turn. Noticing
that WAW = 0,(1)]|6%]| =2 over D(C) and (W'W)~'W'U = (1/V/T) - (W'W/T)"*W'U /T =
T=1/20,(1), the first term in (70) can be written as
OWAMwU = 09WAU — 09 WAW (W'W)"'W'U
= FWaT — |lbr]l- Op(V)[63] 7 - T71/20,(1)
= BWAT — 0,(1)/(T7 )

= 09WAU + 0,(1) over D(C) (71)
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Now consider the second term on the right hand side of (70). We observe that

WiMyWy = WAWy — WAW(W'W) ™ W' W,

O, (10717 = Op(IOF] 7 - Op(T™1) - Op(T)
= 0,(1)[l67]7* over D(C)

(WaMwWa) "' WoMwU = O,(T 1) - O(T"?) = 0,(T717?)

and so

09 WA My Wa - (W My Wa) ™ Wy My U 16311 - Op (V161172 - Op(T %) (72)

= O0,()/(T?||61))

= o0,(1) over D(C) (73)
Thus, combining (71)-(73), we have
HP (k) = Z[20°Wh My U — 20°W s My, W (W) My Wa) ™ Wi My U]
= 220" WAU + 0,(1) (74)
Next, we prove that H?)(k) = 0,(1). We have
HP (k) = UMy Wy (WMyWa) "WjMy U — U’ My Wo (W, My Wo) ™ Wi My U

= U My Wa (W4 My W) "Wy My U — U’ My (W — WAE)
X [(Wy = WAE) My (Wy — WAE)] Y (Wo — WAE) My U

M —N

where M and N are (re)defined as

U’ My Wo (W4 My Wo) =YWy My, U
N = UMy Wy - WaAZ)[(Wa — WAE) My (Wo — WAE)] " (W — WAE) My U
To investigate the limiting behavior of Hg)(k) over the set D(C), it turns out to be most
convenient to check the limit behavior of N first. Using the relationship Wy = Wy — WaZ, N
can be written as
N = {U My (Wy—WaE)/VT} - [(Wy — WAE) My (Wy — WAE)/T]

x {(Wy — WAE) My U /VT} (75)
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We now investigate the limiting behaviour of the terms on the right hand side of (75). Since

UMy WAZE/NT = WAUE/VT +o0,(1)
Op(WVI0r(172/T + 0p(1)
= 0p(1) +0,(1)

= oy(1) over D(C) = {k: |k —ko| < C|63]| 2},

it follows that

U' My (Wy — WAE)/VT U' My Wy /NT — U' My WAE/NT

= U'MwWa/VT + 0,(1) (76)
Similarly, we have

(Wy — WAE) My (Wy — WAR)/T WMy Wa /T — (1)T){W}My WAE

+ EWAMy Wy — Wh My Wat

WMy Wy /T + op(1) (77)
Thus, combining (75)-(77), we have

N = (0/1\4WW2/\/T4r op(1)) (Wi My Wa/T + 0,(1)) " (14/2/1\4W0/\/T4r op(1))
Therefore, we have

HP k) = M-N (7s)
— U My Wa (W My Wa) " WMy U — (U’MWWQ/\/T+OP(1))
x (W My Wa/T + 0,(1)) " (WZ;MWU/\/TJFOP(U)
= (0" Mw W2/ VT) (WyMwWa/T) " (Wi U /VT)
- (U’MWWQ/\/T—l-op(l)) (Wi My Wa T + 0,(1)) " (WQ’MWU/\/T—l-op(l))

= o0,(1) (79)
It follows from (69), (74) and (79) that

Hr(k) = 2809 WAU + o0,(1) (80)
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Finally, it follows from (12), (68) and (80) that

Vr(k) = Vr(ko) = —lko —k|Gr(k)+ Hr(k)
- (—Q%W’AWAQ% + op(1)) + (259%/W’AU + op(1))

= 09 WAWAGY + 2203 WAU + 0,(1)

which is the desired result. o,

Proof of Theorem 3:

Theorem 2 proved that k = ko + O,([|6%]|~2). Since #% = fyvr under Assumption 13, we
have k = ko + Op(v3?). Therefore, it suffices to derive the limiting process of Vi (k) — Vi (ko)
for k = ko + [svy?] and s € [-C, C].

We first consider s < 0 (that is, k < ko). From Proposition 4,

Vi(k) = Vi(ko) = —60SWAWAOY + 209 WAU - E + 0,(1)
k[) k()

= —0y(vr Z wywy )by + 26 (v Z willy) + 0p(1)
t=k+1 t=k+1
k[) k()

= —0pYo(wr > @) Yobo + 205 h(vr Y ziis) +op(1)  (81)
t=k+1 t=k+1

For the first term in (81) we know that it involves |[su;.?]|(the absolute value of [su;:?]) obser-
vations of z;. Thus, by Assumptions 2, 5 and 10,
ko
vi Y mz = lslQn (82)
t=k+1

The second term in (81) can be further expanded as follows

ko ko ko
. )
vr 5 2y = vp 5 Zyug + vp § 21005 1
t=k+1 t=k+1 t=k+1
ko
/ 4 —1 7/ 0
— ur g 2 [(2'2) 2"V B, 1 (83)
t=k41

We investigate the limit behavior of each term on the right hand side of (83). To this end,

it is useful to introduce the following definitions. Let B;(r) = V/2B;(r) where B;(r) =

(B (), B (r)] is [q x (p1+1)] x 1 standard Brownian motion corresponding to the " regime,
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and Bl-(l)(r) is ¢ x 1 and Bl-(2)(r) is gp1 x 1. Also define B™!(r) is defined as vec{B"*(r)} =

B®(r).

We now consider v Zfik 41 #tut. By Assumption 12,

ko

(—s0p2) V2 Yz = (N @ Q1/?)BY (1)
t=k-+1

Denoting the rescaled version of this standard Brownian motion process by W; = \/fBi(l)(l), we
can rewrite the above convergence result as

ko
vr Y mue = V=s(N! @ Qy/%)Bi(1)

t=k+1
= (M eQ/mi(-s)

Similarly, the limit process of the second term of (83) can be shown to be

v Z ztvt:>Q1/2Wmat( $) Ny
t=k+1

where W4 (—s) = /tB}"*(1). Finally, the last term of (83) behaves as follows,

k[) k()
vr Y ad(Z 27 ZVIE, = TTVpbs (s Y a
t=k+1 t=k+1

x (T7'2'2)"' 72 Z'V]B0

T71/2U;1Op(1) =op(1)
Thus, combining the results on (83), we obtain

0
vr Y min = (N @ QY)W (—s) + @y Wimet(—s)N3 52,
t=k+1

Using vec(A1 A2 Az) = (A5 ® Ar)vec(As), we have

AWt (—s)NJ B9 vee(Qy Wit (—s)N2 32, )
= (87N} © Q) vec(W" (—s))

= (BY,N) © Q)W (—s)
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Therefore, we have

ko
or Y min = [ 0 Q%)+ (BN © Q)| mi(=s)
t=k+1

(VY + 82N ) 0 Q1) Wi ()

(V1 + N3 30,1 @ Q)% Wi (=) (84)

Then 6,Y((vr Zfikﬂ 24@1;) has an asymptotic distribution of (8 Yy®;Yo60)'/>W1(—s) where

Wi(+) is a rescaled Brownian motion process defined on [0, co).

Thus, it follows that for s <0,
VT(IC) — VT(ko) = VT(ICO + [SU%2]) — VT(ko)
= —[sl06 Q1 Tofo + 2656 (N + N3 32,) @ Q12| Wi ()

= —[s|0)THQ1Tobo + 2(05To®1 Tobo) /2 W, (—s)

Similarly, for s > 0
VT(ICO + [SU;2]) - VT(ko)
= —[s1060QTob + 260Th [(NF + N2G,) @ Q4/%| Wa(—s)
= —[s|0)THQ2Tobo + 2(05 Yoo Tobo )/ 2 W (—s)
where Wa(+) is another Brownian motion process on [0, 00). The two processes Wy and W are

independent because they are the limiting processes corresponding to the asymptotically inde-

pendent regimes.

In summary,

VT(ICO + [SU;2]) — VT(ko) - G(S)
— 81050 Q1 Yoo + 2(0 Ty @1 obo) /2Wi(—s) : s<0
— 8|05 TpQ2 Yoo + 2(0 Ty @2 Yob0) /2 Wa(—s) : s>0

Now, we can invoke the continuous mapping theorem to conclude

v (k — ko) —q arg max G(s) (85)
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We now show that (85) implies the desired result. By a change of variable s = bv with

/0 v 20 Y0
(06 Y5Q1T0b0)?
it can be shown that
argmaxG(s) = b-argmaxZ(v) (86)

where Z(v) is defined in equation (64). We now establish (86).

For s <0
G(s) = —[s|0)THQ1Tobo + 2(05To®1Tob0) 2 W, (—s)
= —|bv] - 0LCHQ1Tobo + 2(0, T ®1 Tobo) /2 Wy (—bv)
= —|vb- 65THQ1 Yol + 2(0)To®1 o)/ *Vb - Wi(—v)
0, ToP1 060 (A RN ORE
— || =207 20Y0 v 06, 20"V BT )L/210 -0 _
|U|(96T6Q1T090)2 0 OQI obo + (0 0*110 0) %TéQlTOQO 1( U)
0, TP Y0, 0, Y P10,
0 T6Q1 ol 0 T6Q1 ol
Thus,
0L YD1 Y0, O, Y ®1 Y00
aremaxG(s) = argmax{ —|v|—2-0 0-0 Wi(—v
BIgRGL) o { Tt T T
- |U| 96T0(I)1T090
= abrgmabx{—%| +W1(—v)}
Similarly, for s > 0
G(s) = —s5-05THQaToby + 2(0h YT o)/ *Wa(s)

= —bu- 05 ThQa Yoo + 2(0) Ty Yob0) 2V Ws (v)
0,7} ®1 Yol
= TV~ vz
(QOT()QITOQO)
0, T} ®1 Y00
0,7, Q1 ol

04,7 B, 000
= 007l O0R T gy
%mn%[ §v+2v/oWa(v)|

1/2 (96T6¢1T090)1/2 Q(U)
05 Y5Q1YTobo

1/2
_96T6Q2T090U+2 0y TH Q0 Tabo \ Wa(v)
817,01 Tobo 80,1 Y oo

0, Qa2 ol + 2(6, TH 2 Tobh)

Thus, we have

0,01 o0,

_ gv
arngaXG(s) = argmvax{ 5 + /oWy (v) 57,01 Tofo

= argmélx{—%j + \/5W2(’U)}
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Finally, the statement in Theorem 3 can be established in the following way.

[sv7?]) — Vr(ko) = G(s) and arg max, G(s) = b - arg max, Z(v), we have
b~ "2 (k — ko) —q arg max Z(v).

. Using Assumption 13, we have

p1u2 — (96T6Q1T090)2U2

6, L2100

(vr 05 Qi Tovz 0902
00T d Tou 00 L
Up Up Lo®1loUp Up

(9%T6Q1T09%)2
Q%T{)fl)lTOQ%

and thus, it follows that

03 ToQ1T069)% -
( 7(‘)/ O/Q1 0 7(;) (k — ko) —q argmax Z(s),
07 T4 P1 Y005 s

b~ i (k — ko) =

47
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Table 1: Empirical coverage of break point confidence intervals

one break model with (3Y; 39)=(0.3,0.1,-0.5,-0.1)

Confidence Interval
q—1 T
99 % 95 % 90 %

60 .90 .82 75

120 .95 .89 .85

2 240 97 92 .87
480 .99 94 .89

60 .90 .80 .74

120 93 .86 .80

4 240 .96 .92 .87
480 .98 94 .90

60 91 .80 .74

120 94 .86 .81

8 240 97 .90 .86
480 .98 93 .89

Notes: Here ¢ —1 is the number of instruments (excluding the intercept), and the column headed
100a% gives the percentage of times (in 1000 simulations) the 100a% confidence intervals for the

break points contain the corresponding true values.
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Table 2: Empirical coverage of break point confidence intervals

one break model with (4Y; 39)=(0.5,0.1,-0.5,-0.1)

Confidence Interval
q—1 T
99 % 95 % 90 %

60 .95 .90 .86

120 97 93 .89

2 240 .98 .95 92
480 .99 97 .92

60 94 .88 .83

120 97 93 .87

4 240 99 93 .90
480 .99 .95 91

60 94 .89 .85

120 97 93 .88

8 240 .98 .95 91
480 .99 .96 .92

Notes: For definitions see Table 1.
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Table 3: Empirical coverage of break point confidence intervals

one break model with (8Y; 39)=(1,0.1;-1,-0.1)

Confidence Interval
q—1 T
99 % 95 % 90 %

60 99 97 .96

120 .99 97 .96

2 240 1.00 .98 97
480 1.00 .99 .98

60 99 .98 .96

120 1.00 .98 97

4 240 1.00 .98 .98
480 1.00 .99 .98

60 .99 97 .96

120 .99 .98 .96

8 240 .99 .98 .96
480 .99 .98 .96

Notes: For definitions see Table 1.
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Table 4: Empirical coverage of break point confidence intervals

two break model with (Y; 39, 33)=(0.5,0.1;-0.8,-0.1;0.3;0.1)

Confidence Interval
18¢ break 274 break
k T
99 % 95 % 90 % 99 % 95 % 90 %
60 91 .75 .66 .93 .81 .71
120 .94 .82 .76 .95 .86 .78
2 240 97 .88 .81 97 .92 .86
480 .98 94 .88 .98 93 .88
60 .92 .76 .68 .90 .78 .70
120 .94 .84 .76 94 .86 .78
4 240 .95 .87 .82 97 .88 .82
480 .98 93 .88 .98 93 .88
60 92 .78 .70 .90 .79 .70
120 .95 .83 .75 94 .84 .76
8 240 .96 .88 .81 97 .88 .83
480 97 .92 .86 .98 .92 .88

Notes: For definitions see Table 1.
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Table 5: Empirical coverage of break point confidence intervals

two break model with (8Y; 39, 33)=(0.5,0.1;-0.5,-0.1;0.5;0.1)

Confidence Interval
18¢ break 274 break
q—1 T
99 % 95 % 90 % 99 % 95 % 90 %

60 94 .86 .79 94 .87 .84

120 .96 91 .89 97 92 .88

2 240 .98 .95 91 .98 94 .90
480 .99 .95 92 .99 .96 .92

60 94 .85 .78 94 .87 .82

120 97 91 .86 .98 .92 .87

4 240 .98 94 .90 .99 94 .89
480 .99 .96 92 .99 .95 91

60 .95 .85 .78 .95 .88 .82

120 97 .90 .86 97 91 .86

8 240 .98 93 .89 .98 94 .89
480 .99 .95 92 .99 97 94

Notes: For definitions see Table 1.
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Table 6: Empirical coverage of break point confidence intervals

two break model with (8Y; 39, 33)=(1,0.1;-1,-0.1;1;0.1)

Confidence Interval
18¢ break 274 break
k T
99 % 95 % 90 % 99 % 95 % 90 %
60 .98 .95 94 .98 .96 94
120 .99 .98 .96 .99 .98 97
2 240 1.00 .98 97 1.00 .99 .98
480 1.00 .98 97 .99 .98 97
60 .99 .96 94 .99 .96 94
120 .99 97 .96 .99 97 .96
4 240 .99 97 .96 1.00 .99 .98
480 1.00 .98 .96 .99 97 .96
60 .99 .96 .95 .99 .96 93
120 1.00 .98 .96 .98 97 .96
8 240 1.00 .98 .96 1.00 .98 .96
480 1.00 .98 .98 .99 .98 97

Notes: For definitions see Table 1.
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Table 7: NKPC - stability statistics for structural equation

q-1 gx sup-F | F(k+1:k) BIC
0 - - -0.020
1 13.76 10.29 -0.043
2 11.92 55.45 0.137
3 15.00 42.70 0.252
4 23.38 5.98 0.433
5 18.07 - 0.716

Notes: gx sup-F denotes the statistic for testing Hy : m = 0 vs. H; : m = k, multiplied by g¢;
F(k+1:k) is the statistic for testing Hp : m = k vs. Hy : m = k + 1; BIC is the BIC criterion;
see Hall, Han, and Boldea (2007) for further details. The percentiles for the statistics are for
k =1,2,... respectively: (i) gx sup-F: (10%, 1%) significance level = (19.70, 26.71), (17.67,
21.87), (16.04, 19.42), (14.55, 17.44), (12.59,15.02); (ii) F(k+1:k): (10%, 1%) significance level
=(21.79, 28.36), (22.87, 29.30), (24.06,29.86), (24.68, 30.52).
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