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¶¸·�¹Hº<»/¼p½2º
|	u/f�¾2fhg���f{¾<kzgyR[b¿VXW\s[RHgzc]kzu/v�^%c]kzu¿vmVXgys[c\bdiZc¢iÀV
ijc\v�¾/W]fH`Mn¦VHilk�VXb4qÁfhÂ2fÃ�Äkyc]eHfEW\f{V[gzbdc]b/s�VXW\s[RHgzc]kzudv
n�R[gZW\c\b/f{V[gZ��W¢V[iyijc]Ådf{gyi{Æ/c]k�¾/gyR<q<xd��fÃiSq<fÃ��c¢ijc\R[b�u1T�Ç
¾4f{gz¾/W¢VXbdf{i�^%c]kzu/c\b7izR[v�fÈ��RHbdilk�VXb�k�g�VUkzc\R�RXn	kyu/f
v�VXÉ<c]vmVXW4vmVXgys[c\bMÊ�ËÌbÈkzu/c¢i�¾4VX¾2fhg�^�fZijkzxdq/T�kyu/c¢i
VXW\s[R[gyc]kzu/vÍVXb4q�V�bdfh^ÎeUVXgyc¢VXb�k{Ï�kzu/fÀ¾2fhg���f{¾<kzgyR[b
VXW\s[R[gyc]kzu/v#^%c]kzuÐx/bdfhe[f{bÐv�V[gzsHc]b4ih`>k�VXc\W]RHgzfÃq�n�RHg
q<R<��x/v�fhb�k	�hVUkyfhsHR[gyc\iyVUkyc]RHb�¾/gyR[¡dW]f{v�i�Ñ�cÒÊ fHÊH¾dgzRH¡<Ç
W]f{v�i�^%udfhgyf��hW\VHizizf{i�VXgyf9udc]sHu/W]T�xdb�¡4VXW¢VXbd�hf{q�V[bdq
¾4f{gjn�RHgzvmVXb4��f�q/fh¾2fhbdq/iÓRHb�kzu/fEg�VXb/Ô1c\b/s�R[nt¾dVUkzÇ
kzfhgybdi�ÕÄÊÖ}Áf�q<c¢iy��xdiyi�kzu/f�c\b�kzfhgyf{ijk�RXnZkyu/f{izf�VXW]Ç
s[R[gyc]kzu/vmi�n�gyR[v×V¸kzu/f{R[gyf�kyc\�{VXW�¾2R[c\b�k�RXnme1c]f{^�`
¾/gzRUe1c¢q<f�V�sHfhb/f{gyV[W]c¢izVXkzc\R[bÖRXn�ØSRUe1c\Ô[R[Â	Ù imkyu/fhR[Ç
gzf{vÚn�RHg�x/bdfhe[f{bmvmVXgys[c\bdih`�s[c\e[fSV�s[f{R[v�f�kygzc¢�hV[W]W\T
q<f{iy��gyc]¾/kzc\R[b+RXnAkyu/f{izf�VXW\s[RHgzc]kzudv�i	V[bdq�izu/RU^Ûf�É1Ç
¾4f{gzc\v�fhb�kyV[W]W\TZkyudVUk�¡4R[kzu�VXW\s[RHgzc]kzudv�iMT�c\fhW¢qÀf{Ü�xdV[W
R[g�¡2f�kzkzf{gE¾2fhgzn�R[gyvmVXbd�hf{i�kzudV[bÝijxd¾/¾4RHgjkEe[fÃ�ÄkzRHg
v�VH��u/c\b/f{i{`t^%u/c\W]f�gyf{q<x4��c\b/sÞkygyV[c]bdc]b/sÞkzc\v�f�V[bdq
ij¾dV[gyizc]klT[`pc\bß��W¢V[iyizcJÅ4�{VUkyc]RHb�Ñ¦aÓw1à9w/Õ�V[bdq7q<R<��x/Ç
vEf{b�kZ�hVUkyfhsHR[gyc\iyVUkyc]RHbÞÑ¦Q%f{x<kzf{gyi�Õ�¾/gyR[¡/W\fhvmi{Ê

átâÓã�ä º1»då	æ�çZ½2º/èlå ä
|	udf+izx/¾/¾2R[gzk�eHf{�ÄkyR[gEvmV[��u/c\b/fÁÑÒw1é��ÁÕ�c¢iEV�^�fhW\W�Ô1b/RU^%b
W\f{V[gzbdc]b/sêV[W]sHR[gycJkyu/v n�RHgëW\c]b/fÃVXgë�hW\VHizizc]Ådfhg�iìVXbdqíu4V[i
VH��u/c\fhe[fÃq�ijkyVXkzf%R[n2kyu/fSVXgzktgyf{izx/WJk�i�n�R[g�v�V[b1T���W¢V[iyizcJÅ4�{VUkyc]RHb
¾dgzRH¡/W]f{vmihÊZ��fÃijc¢q<f{iZcJk�iZudc]sHu�¾4f{gjn�RHgzvmV[bd��fH`/kzudfEw1éÓ�îVXW]Ç
sHR[gycJkyu/vìc¢iÓizc\vE¾dW]fEkzR+xdizf�Ñ�cÒÊ fHÊ?n�fh^ï¾4VXg�VXv�f�kyfhg�iZb/f{f{q�kzR
¡2f�kzx/b/fÃq�¾/gyc]RHgSkyRÈkzg�VXc\b/c\b/s�Õ�ÊÓ�dx/gzkzu/f{gzv�R[gyf[`dkzu/fÈðHñ�òÄó?ñ�ôOõ
ö òÄ÷¦ø�ð�¾dgzRUe1c¢q<f{i�VXbEfhW\fhs�VXb�k�V[bdq�fhùÈ��c\fhb�kp^�V_TÀkyRÓq<fÃVXW<^%c]kzu
eHfhgyT�udc]sHu<Çúq/c]v�fhb4ijc\R[bdV[Wdn�fÃVUkyx/gzfÓij¾4V[��fÃi9V[bdq�kyR�c\b�kzgyR1q/xd��f
q/R[vmVXc\b�Ô1b/RU^%W\f{q/s[fÓc]b�kzR�kyu/f�W\f{VXgyb/c\b/s�VXW\s[R[gyc]kzu/v�Ê

|	udf�w1é���V[W]sHR[gycJkyu/vûgyf{Ü�x/c\gyf{i%izR[W\e�c\b/sÈVÈÜ�xdVHq<g�VUkzc¢�Ó¾/gyRXÇ
sHgyV[v�vEc\b/sÓ¾/gyR[¡/W\fhv�kyRÀÅdbdq�kzudf%W]c\b/f{V[gt��W¢V[iyijc]Ådf{g�R[n2vmVXÉ1c]Ç
vmV[WHvmVXgys[c\bMÊA��fÃ�hVXx4ijftsHfhb/f{gyV[W]c¢iyVUkzc\R[bÀf{gzgyR[gA�{VXb�¡2f�xd¾/¾4f{g
¡2R[xdbdq<f{qÞ¡1T+VÈn�x/bd�Äkyc]RHbÞR[npkzu/fEvmVXgys[c\b�RXn�VÈW\c\b/f{V[g���W¢V[ijÇ
izc]ÅdfhgÃ`>Ådbdq/c]b/s�vmVUÉ<c\vmVXWpvmVXgys[c\b¿�hW\VHizizc]Ådfhg�iZc¢i�V�ijf{bdizc]¡/W\f
ijkzg�VUkyfhsHT[Ê�YZRU^9f{e[fhgÃ`?kzudc\i�c\i�q/cJùÈ��xdWJk�kyR�c]v�¾/W\fhv�f{bHk�f�ù�Ç
�hc]f{b�kzW\T�VXbdqM`[v�R[gyf9c\v�¾4RHgjk�VXb�kzW\T[`HRXn�kyfhbEW]fÃV[q/i�kyR�e[fhgyT�W\R[b/s
kygyV[c]bdc]b/sEkyc]v�f{i{Ê
w<x/gz¾dgzc¢ijc\b/sHW]TH`{c]k�u4V[iM¡2fhf{b�izu/RU^%bÀkzudfhR[gyf�kyc\�{VXW\W]T�kzu4VUkAkyu/fhgyf
V[gzf�V[WJkyfhgybdVUkyc]eHf{i�kzR¸Ådb4q<c]bds¸kzu/f�vmVUÉ<c\vmVXW�vmVXgys[c\bÛu1T�Ç
¾2fhgy¾/W¢VXb/f�^%udc\��u�RXn�kyfhb�W\f{V[q�kyRÈVXW\s[R[gyc]kzu/vmi�kzu4VUkZVXgyf�ijc\vEÇ
¾dW]f{gÀkzR�c]v�¾/W\fhv�f{bHkÃ`Mn¦VHilkyfhgÃ`AVXbdqÁ¾/gyRUe1c\q<f�kzc\s[u�kyfhgÀx/¾/¾2fhgzÇ
¡2R[xdbdq/i	R[b�kzu/fÀsHfhb/f{gyV[W]c¢izVXkzc\R[bmf{gzgyR[gÀÑ�fHÊ s4Ê<üÓg�VXf{¾4f{W>f�k%VXWÒÊ
ÑÒ~X�H�/ýÃÕzÕÄÊþ��R�ilk7R[n+kyu/f{izfÛV[WJkyfhgybdVUkyc]eHfÿVXW\s[R[gyc]kzu/vmi7V[gzf
¡4V[izf{q¸R[bÛQ%RHizfhb1¡/W¢VUkzk{Ù imR[gyc]sHc]b4VXWS¾2fhg���f{¾<kzgyR[bÎV[W]sHR[gycJkyu/v
Ñ¦à>��ÕÓÑ¦Q%R�ijf{b1¡/W\VXkjkÀý������HÕ�`HV[b�R[b/ÇÒW\c]bdfZW\f{VXgyb/c\b/s�V[W]sHR[gycJkyu/v
n�RHg%W]c\b/fÃVXgS��W¢V[iyizcJÅdf{gyi{Ê
ËÌb!kzu/c¢iÝ¾4VX¾2fhgÝ^�fÛijkzx4q<T kzu/gyfhfÎR[kzu/f{gÝW\f{V[gzb/c\b/sïV[W]sHRXÇ
gyc]kzu/vmiZn�R[gÓW]c\b/f{V[gÓ�hW\VHizizc]Ådfhg�ihÏ9kzudf�¾2fhg���f{¾<kzgyR[b�V[W]sHR[gycJkyu/v
^%c]kzuÁvmVXgys[c\bdi�Ñ¦à?���ÞÕEÑ¦�Àg�VXx<kyuÞVXb4q����	�ÃVXg�qÐý��
���XÕ�`dkyu/f
��oA��� V[W]sHR[gycJkyu/v ÑªüÓf{bHkyc]W\fÎ~X�H�/ýÃÕÞVXbdq kzu/f¸¾/gyR[¾2RHizf{q
¾2fhg���f{¾<kzgyR[b�V[W]sHR[gycJkyu/v!^%c]kzu�x/b/f{e[f{b�v�V[gzsHc]b4i�Ñ�à>�%aZ�ÞÕ�Ê
|	udf{izf%kzu/gyfhfÓVXW\s[RHgzc]kzu/vmipRHgzc\s[c\bdVXkzf	n�gyR[vÚkzu/f�à?��¡/x<k	V[q/q
VHq/q<c]kzc\R[bdV[W���RHbdijkzg�VXc\bHk�iÀR[bÐkyu/fÈvmVXgys[c\bÐRXn	kzu/f�gzfÃijx/W]kzc\b/s
�hW\VHizizc]ÅdfhgÃÊ¿��i�ijxd��uÝkzu/f{T7��RUeHfhg�kyu/f�ij¾2f{��kzgyx/v�¡4fhkl^9f{fhb
kyu/fÈà>��Ù i�ó��Uõ�
��Uò��X÷�ó¸ø��Xó�� ö ò��U÷�ó ö V[bdq¿kzudf�w1é��7Ù i�
����[÷�õ
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�
��Uò��X÷�óÐø��Xó�� ö ò��U÷�ó ö Ê
|	udfÞà>�%aZ� c\i+VXbÎfhÉ1kzfhb4ijc\R[bÎR[n�kzu/f¿à>� iz¾2f{��c¢VXW\W\TÖq<fhÇ
izc\s[b/fÃqÎkyR¸�hR[¾2fÐ^%cJkyu�kl^�Rÿ��W¢V[iyi�¾dgzRH¡/W]f{vmi�^%udfhgyf¿¾2RHijÇ
c]kzc\e[f¸fhÉ<V[v�¾/W]fÃiÐVXgyfßeHfhgyT�gyV[gzf¸��RHvE¾4VXgyf{q kyR bdfhsHVXkzc\e[f
RHb/f{i{Ê |	u/c¢i�R<�{��x/g�imRXn�kyfhbÎc\bÎ¾/gyR[¡dW]f{v�iÈRXn�c\b<n�R[gyvmVUkzc\R[b
gyf�kygzc\fheUV[Wª`�q<f�kyf{��kzc\R[bM`piz¾4f{f{��u7VXb4q¿n¦V[��f�gzfÃ��R[sHb/c]kzc\R[bM`�f�ky�[Ê



}¿f�R[¡4ijf{gzeHf�fhÉ1¾2fhgyc\vEf{b�kyVXW\W\TmkzudVXk%kzu/f�w<é�� ��W\f{V[gzW\TmR[x<kzÇ
¾2fhgzn�R[gyv�f{q�kzu/f�à>� n�RHgSijx4��u�¾/gyR[¡dW]f{v�i{Êp}¿f�^%c]W\WAq<f{vERHb<Ç
ijkzg�VUkyfmkzu4VUk�kyu/fÈb/f{^!VXW\s[RHgzc]kzu/v R[x<ky¾4f{gjn�RHgzvmi�kzu/f�w1é��
n�RHg%kzudf�kyVHijÔ�RXnpq<R<��x/v�fhb�k��{VUkyfhs[RHgzc¢iyVUkzc\R[bAÊt�/x/gzkzu/f{gzv�RHgzf
^�fÁizu/RU^ kzu4VUk�ØSRUe1c]ÔHRXÂ%Ù imkzudfhR[gyfhv RHbÿkzu/f¿b1x/v�¡2fhg+RXn
xd¾2q/VXkzfÃi%RXn�kzu/f�à>� �{VXb+¡4f�sHfhb/f{gyV[W]c¢ijfÃqmkyR�kyu/f�à>�%aZ��Ê
��f{iz¾/c]kzf�kzu/fÓijc\v�¾/W\c\�hcJklTmR[n>kzu/f�à?��� V[bdq�kyu/fZà>�%aZ�7`�^�f
RH¡dizfhgye[f�f{vE¾dc]gyc\�{VXW\W]TÖkyu/f{izfÁV[W]sHR[gycJkyu/vmiÈT1c]f{W\qÛ��W¢V[iyijc]Ådf{gyi
fÃÜ�xdVXW�R[gÀ¡2f�kzkzfhgÀkyudVXbÁkzudfmw<é�� ��W¢V[iyijc]ÅdfhgÃ`>^%u/c\W]f�gyf{q<x4�ÄÇ
c\b/s�kzg�VXc\b/c]bdsÈkzc\v�fEV[bdqÞiz¾dV[gyizcJklTHÊ��ZW]sHR[gycJkyu/vmi�V[gzf�fheUVXW\x<Ç
VXkzfÃqmR[bmkyu/fÀa�w1à9w�ijkyVXb4q/VXg�qm��W¢V[iyijc]Å4�{VUkzc\R[b�k�V[izÔmVXbdq�kyu/f
QSfhx<kyfhg�i�kzf�É1kZ�{VUkzf{s[RHgzc¢izVXkzc\R[bmk�V[izÔ<ihÊ
ËÌb¸w1f{��kzc\R[bß~Þ^�f�q<fÃiz�hgzc\¡4f�kzu/f+à>�Z�×VXbdq7à?�%a�� V[W]sHRXÇ
gyc]kzu/vmimVXb4qÝ¾/gyf{izfhb�kÈizR[v�f�kyu/fhRHgzfhkzc¢�hV[W%gzfÃijx/W]kyiERHbÝkyu/fhc\g
Ü�xdV[W]c]klTÈ��RHv�¾dVXgyf{qÈkzR�kzudVXk	R[nAkyu/f�w1é���`4V[i�^9f{W]W>VHi%V�sHf�Ç
RHv�f�kzgyc¢�hVXW4c]b�kyfhgy¾/gzfhkyVXkzc\R[bÈR[n>kzu/fÃijfÀVXW\s[RHgzc]kzu/vmi�c]b�e[fhg�izc]RHb
iz¾dVH��f[ÊÖw1f{��kzc\R[bß�Á¾/gyf{izfhb�kyiEizfhe[f{gyV[W9fhÉ<¾4f{gzc\v�fhb�kyV[W	�hR[vEÇ
¾4VXgyc\izR[bditc]b�c]vmVXsHfZ��W¢V[iyizcJÅ4�{VUkyc]RHb�Ñªa�w1à�w/Õ�VXbdqÈq/R1�hx/v�fhb�k
�{VUkyfhs[RHgzc¢iyVUkzc\R[bÁÑ¦Q%f{x<kzf{gyi�ÕÄÊ
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ËÌb kyu/f�n�R[W\W]RU^%c\b/s4` ^�fìV[iyijxdvEf kyudVUkû^�fìVXgyf�s[c\e[fhb
V kygyV[c]bdc]b/s!iyVXv�¾/W\f

z = ((x1, y1) , . . . , (xm, ym)) ∈
(X × {−1,+1})m R[n�izc8�{f

m
kyR[sHf�kzudfhg�^%cJkyu VÝn�f{VXkzx/gyf

vmV[¾/¾/c\b/s
φ : X → K ⊆ R

n
c]b�kyRÝVXb

n9 q<c]v�f{bdijc\R[b4VXWeHf{��kzR[gEij¾4V[��f K Ê;:�x/gEVXc\v�c\i�kzRÁW]fÃVXgybÐkzu/f+¾dV[gyV[vEfhkzf{gyi
w ∈ K VXb4q b ∈ R

RXnpVEW]c\b/fÃVXg%��W¢V[iyijc]Ådf{g

hw,b (x) := sign (fw,b (x)) ,

fw,b (x) := 〈w,x〉+ b ,

^%udfhgyf
x := φ (x)

V[bdq 〈·, ·〉 q<f{b/RXkyf{i�kzu/fEc\b/b/fhgÀ¾/gyR<q<xd��kc\b K Ê
|	udfûilk�VXgzkzc\b/s#¾2R[c\b�kïRXnÎRHx/gïVXb4VXW\T1izc¢i�c\iïkzudfû��W¢V[iyijc]Ç
�{VXW�¾4f{gy�hfh¾<kygzRHb!VXW\s[R[gyc]kzu/v Ñ¦Q%R�ijf{b�¡dW\VXkjk�ý<�
����ÕÄÊþ|	u/c¢i
c¢i�V[bìR[b<ÇúW\c]b/f V[W]sHR[gycJkyu/v ^%udc\��uì¾/gyR<��f{f{q/iÿ¡1T ��u/f{��Ô�Ç
c\b/s ^%u/f�kyu/fhgÿRHg¸b/RXkÖkzu/f��hx/gzgyfhb�kÖkzg�VXc\b/c\b/sÚfhÉ/VXv�¾/W\f{i
(xi, yi) ∈ z

c\iÀ�hR[gygzf{��kzW\T���W¢V[iyijc]ÅdfÃq�¡1T�kzu/fm�hx/gzgyfhb�k���W¢V[ijÇ
izc]Ådfhg�Ñ

yi (〈wt,xi〉+ bt) > 0
ÕSVXb4q�x/¾?q/VUkyc]b/s�kzudf�^�fhc\s[u�k

eHf{��kzR[g
wt

R[kzu/f{gz^%c¢ijfHÊ�ËÌb�kzu/f�x/¾?q/VUkyf�ijkzfh¾A`�kyu/f�^�fhc\s[u�k
eHf{��kzR[g

wt

V[bdq�kyu/f>=l¡dc\VHi�?
bt
VXgyfE��u4VXb/sHf{q�c\b�kzR

wt+1 =
wt+ηyixi

V[bdq
bt+1 = bt+η

Ê�|	udc\i�VXW\s[RHgzc]kzudv c¢i�s[xdV[gyV[b<Ç
kyfhfÃqEkzR���RHb1e[fhgys[f�^%u/f{b/fheHfhg�kzudf%kzg�VXc\b/c\b/s�q/VUk�VÀc\ipW\c\b/f{V[gzW\T
izfh¾4VXg�VX¡/W\f�c]b¿n�f{VXkzx/gyfÈiz¾dV[�hf�Ñ¦ØSRUe1c\Ô[R[ÂÎý��A@�~[Õ�ÊÈ|	u/fÈ��f{b<Ç
kygyV[W�Ü�xdV[b�kzc]klTÐ�hR[b�kzgyR[W\W\c]b/s�kzu/f�ij¾2fhfÃq7R[nZ��R[b1eHfhgys[fhb4��fmRXn
kyu/f�à>��Ñ�cÒÊ fHÊ]`	VXbßx/¾/¾2fhgm¡2R[x/bdqßR[bßkzudf+b1x/v�¡4f{g�RXn�xd¾<Ç
qdVUkzfÃi�x/b�kzc\W?�hR[b1e[f{gzsHfhbd�hfÃÕ�c¢i9kzu/f�
��	�H÷B
��Uô4
��UòC�[÷�ó�RXnMkyu/f
kygyV[c]bdc]b/sSqdVUkyVdÊA|	u/ftvmV[gzsHc]b

γ (w, b, z)
R[n/V%��W¢V[iyijc]Ådfhg

fw,bc¢i%v�c\b/c]vmV[WAgyf{VXW]Çúe_V[W]xdf{q�R[x<ky¾/x<kSR[b+kyu/f�kzg�VXc\b/c\b/smizV[v�¾/W]fH`
kyudVUkSc¢i{`

γ (w, b, z) := min
(xi,yi)∈z

yi (〈w,xi〉+ b)

‖w‖ .
ÑÒ~<Ê\ýÃÕ

ËÌb�VÈb�x/kyizu/fhW\Wª`dkzu/f�W\V[gzsHfhg	kyu/f�vmVUÉ<c\v�V[WMvmVXgys[c\b
γ (z) :=

maxw,b γ (w, b, z)
n�RHg�V�¾dV[gjkyc\�hx/W¢VXgÓkzg�VXc\b/c\b/s+iyVXv�¾/W\f

z
`

kyu/f�W]fÃiziEx/¾?q/VXkzf{iEkyu/f�à>� ¾2fhgzn�R[gyvmiEx/b�kzc\WS��R[b1eHfhgys[fhb4��f[Ê
aZb<n�R[gzkzxdbdVUkyfhW\T[`�b/R�W\RU^9f{g�¡4RHx/bdq/i��hVXbÐ¡2f�sHc]eHfhbÁn�R[g�kyu/f
vmV[gzsHc]b

γ (wt, bt, z)
RXn�kzu/f�à>��Ù iSizR[W\x<kzc\R[b

(wt, bt)
Ê

Ëúk�c\i%^�fhW\WMÔ1b/RU^%b+kzu4VUk%kzudf�w1é���V[W]sHR[gycJkyu/vÍÅdb4q/i�Ñ�xd¾�kzR
V+iy�hVXW\c\b/sÈn¦VH�ÄkzRHg�ÕSkzudfE¾4VXg�VXv�f�kyfhg�i

(wSVM, bSVM)
^%udc\��u

vmVXÉ1c\v�c\izfÁkzu/f¿vmVXgys[c\b
γ (w, b, z)

Ê!��VUÉ<c\v�x/v vmV[gzsHc]b
�hW\VHizizc]Ådfhg�ipf�É<u/c\¡/c]k�fhÉ/��fhW\W\fhb�k�s[f{b/fhg�VXW\c¢izVXkzc\R[b�¾4f{gjn�RHgzvmV[bd��f
c\bmkyfhgyv�i9RXnMv�c¢iz�hW\VHizizc]Å4�hVXkzc\R[bmfhgygyR[gZÑÒw1udV_^�f�ÇÌ|�V_T1W\R[gpf�k	VXWÒÊ
ý<�A�
�/Æ9�9gyc\ijkzc¢VXb/c\b/c	VXbdqßw1udV_^�f�ÇÌ|�V_T1W\R[g�~[�[�[��ÕÄÊÞYZRU^9f{e[f{g{`
kyu/c¢i�vmVUÉ<c]v�c¢izVXkzc\R[b gyf{Ü�x/c\gzfÃi+izR[W\e1c]bds¸VÿÜ�xdVHq<g�VUkzc¢�¿¾/gyRXÇ
sHgyV[v�vEc\b/sE¾/gyR[¡/W\fhv�Ê
� s[f{b/fhg�VXW\c¢izVXkzc\R[b�RXn%kyu/f+à?� ^	V[i�¾/gyf{izfhb�kzfÃq�c]bÖ�ÀgyV[x<kzu
V[bdq������{VXg�q Ñlý��
���[ÕÄÊ |	u/c\iÞVXW\s[R[gyc]kzu/v�`�^%u/c¢��u�c\iÞVXW¢ijR
Ô1b/RU^%b V[i�kzudfEDdñhòzø�ñFD ö ò��XóG�Uô ���UòÄ÷ öIH 
KJp÷ öBH 
��XòC�X÷�óL�Ä`�c¢i
v�RHgzf���RHbdizfhgye_VXkzc\e[f+c]b¸kyu/f�kzfÃilk+��R[b4q<cJkyc]RHbÝn�RHgÈx/¾?q/VUkyf{i{Ê
QZVUkzudfhgEkzudV[bÝb/R[kzc]n�T1c]b/s¿R[bdW]T�v�c¢iz�hW\VHizizcJÅ4f{qÐkygyV[c]b/c\b/s¿f�É1Ç
V[v�¾/W]fÃih`Ókyu/f�à>�Z� x/¾?q/VUkyf{i�xdbHkyc]W

yi (〈wt,xi〉+ bt) >
τ
`�^%u/fhgyf

τ ∈ R
+ c\iÁV¸Å/É<f{q ¾dVXg�VXv�f�kyfhgÞ��udRHizfhb ¡4fhÇ

n�RHgzf W\f{VXgyb/c\b/sdÊ |	udfÛfhÂ2fÃ�ÄkÿRXn
τ
c\iÖkyudVUkÖkzudf xd¾/¾4f{g

¡2R[xdbdq�RHb�kyu/fÐb1x/v�¡2fhg�R[n�x/¾?q/VUkyf{i�x/b�kzc\W��hR[b1e[f{gzsHfhbd�hf
c\bd�hgzfÃV[izf{i�¡1TÝV¿n¦V[��kzRHgmRXn�VX¾/¾/gyR_É<c]vmVXkzfhW\T

τ
¡/x<kÃ`%c]b¸gyf�Ç

kyx/gybM`[kyu/fZvmV[gzsHc]b
γ (wt, bt, z)

�hVXbm¾dgzRUeHfhbEkzR�¡2f�VXk9W\f{VHilk
γ (z) · τ/

(
2τ +R2

) Ê
:�xdgÝVXW\s[RHgzc]kzu/v'q<c]Â2f{gyi7n�gzRHv kzudf�à>�Z�)c\bdizRXn¦V[g7V[i7c]k
kygzfÃVUk�iS¾2RHizcJkyc]eHf�VXb4q�b/fhs�VUkyc]eHf�f�É/VXv�¾/W\f{iÓq<c]Â2f{gzf{bHkyW]THÊ��dR[g
fhÉ/VXv�¾/W\f[`Àc]b q/R1�hx/v�fhb�kÞ�hVXkzf{s[R[gyc¢izVXkzc\R[bÎ¾/gyR[¡dW]f{v�i�cJk�c¢i
v�xd��uÈv�R[gyfSc\v�¾4RHgjk�VXb�ktkzRE��RHgzgyf{��kzW\T���W¢V[iyizcJn�TE¾4R�ijc]kzc\e[f�f�É1Ç
V[v�¾/W]fÃi�kzu4VXb¸kzR7�hR[gygzfÃ�ÄkyW]TÝ�hW\VHizizc]n�TÝb/f{sHVUkyc]eHf�f�É/VXv�¾/W\f{i{`
¾4VXgzkzW\T�¡4fÃ�hV[xdijf�kyu/fhc\g�b1x/v�¡4f{gyi�q<c]Â?fhg�¡1TÁizfheHfhg�VXW�R[g�q<f{gyi
R[nSvmVXs[bdcJkyxdq<f[Ê¿�Sb7fÃV[izTÁ^	V_TÁkzRÞc\bd�hR[gy¾4RHgyVXkzf�kzudc\i�c\q/f{V
c\b�kzR�kyu/f¿à?��� c¢iÈkyRß��RHbdizc\q<f{gmkzudfÞ¾2RHizcJkyc]eHfÁVXb4q¸b/fhs�VUÇ
kyc]eHf%vmVXgys[c\bEizfh¾dV[gyVXkzf{W]THÊ�|	u/fMDL�N�Ä÷ ö ÷BO_ñ�Púó2ñF��� ö ÷BO_ñ.QR
��UòC�[÷�ó
γ±1 (w, b, z)

c\iSq/f�Ådb/fÃq�V[i

γ±1 (w, b, z) := min
(xi,±1)∈z

± (〈w,xi〉+ b)

‖w‖ .
ÑÒ~<Ê ~[Õ

|	udfEgyf{izx/W]kzc\b/s�VXW\s[RHgzc]kzu/vTS ^%udc\��u¿c\i�V�q<c\gyf{�Äk�sHfhb/f{gyV[WJÇ
c¢iyVUkzc\R[b�R[n%kzu/f+à>�Z�USþc¢i��{VXW\W]fÃq#D/ñhòzø�ñ�D ö ò��Uó,�Uô ���UòÄ÷ öIH 

Jp÷ öIH �<ó?ñVOUñhóW
��XòC�[÷�ó���VXbdq+c¢i	s[c\e[f{b�c\b��SW\s[R[gyc]kzu/v#ýHÊ
QSf{��f{b�kzW\T[`XüÓfhb�kzc\W\f�Ñª~[�[�dýÃÕ?udVHiM¾/gyf{izfhb�kyf{q��Zo�����`_VSeUV[gzc¢VUÇ
kyc]RHb�RXn�kzu/f�à?�7^%u/c\��u�V[W\izR%VXc\vmiMVUk>Ådb4q<c]bdsZV	W\V[gzsHf�v�V[gzsHc]b
�hW\VHizizc]ÅdfhgÃÊ�ËÌb�V+b1x<kyizu/fhW\WÒ`AVUn�kyfhg

j
v�c¢ilk�VXÔHf{iÀ�Zo���� xdizf{i

τj ∝ 1/
√
j
V[bdq

ηj ∝ 1/
√
j
c\bdilkyf{VHqÁR[n	V+ÅdÉ1fÃq¿v�V[gzsHc]b

¾4VXg�VXv�f�kyfhg
τ
V[bdq+W]fÃVXgyb/c\b/s�g�VUkyf

η
Ê

X�ñV
��Uòzð
Y�ËÌbERHgyq/fhg�kzR�sHfhb/f{gyV[W]c¢ijf9kzudf{izfSVXW\s[R[gyc]kzu/vmi�kzRÀkyu/f
V[¾/¾/W\c\�{VUkyc]RHbÈRXnMÔHfhgyb/fhW¢ih`Hkzu4VUk9c¢i{`�c\b/b/f{g9¾dgzR<q<xd��k9n�xdbd�Äkyc]RHbdi



Z ¤¦52.d�U8\[{«^]`_Èà>�%aZ� Ñ
τ−1, τ+1

Õ
£�§ba>��8¦�_§�cÓ�ìW]c\b/fÃVXgyW]TÖijf{¾dVXg�VX¡/W\f+kzg�VXc\b/c\b/s�izV[vE¾dW]f

z =
(x,y) ∈ (X × {−1,+1})m

£�§ba>��8¦�_§�cÓ� W]fÃVXgyb/c]bdsEg�VUkyf
η ∈ R+

£�§ba>��8¦�_§�cÓ|A^�R�v�V[gzsHc]b+¾dV[gyV[vEfhkzf{gyi
τ−1, τ+1 ∈ R

+

w0 = 0
Æ
b0 = 0

Æ
t = 0

Æ
R = maxxi∈x ‖xi‖�U§�d�§1-�[

¥Ò.4�
i e 1

kzR
m

µ�.
8ª¥
yi (〈wt,xi〉+ bt) ≤ τyi

[Ã«�§13
wt+1 = wt + ηyixi

bt+1 = bt + ηyiR
2

t← t+ 1§13�µ�8¦¥
§�3�µ�¥ú.d�

��3f[{8¦¤�b/Rmxd¾2q/VXkzfÃi	v�VHq<f�^%c]kzu/c\b+kzu/f�¥ú.4��W\R�RH¾
�U§�[{���_3

(wt, bt)

k (x, x̃) := 〈x, x̃〉 `H^�f%R[¡4ijf{gzeHf9kyudVUk�kzu/fSfÃV[��u�^�fhc\s[u�kte[fÃ�ÄÇkyR[gtv�xdijkt¡4fSfhÉ<¾/gzfÃizizc\¡/W]f%VHi
wt =

∑m
j=1 αjxj

¡2f{�hV[xdizf%c]b
kyu/fmx/¾?q/VUkyfÈilkyfh¾¿kzg�VXc\b/c\b/s�f�É/VXv�¾/W\f{i�V[gzf�RHb/W]T¿V[q/q/f{qÞkzR
kyu/fEc]b/c]kzc¢VXW�^�fhc\s[u�kZeHf{�ÄkyR[g

w0 = 0
ÊÓËÌbdizfhgzkzc\b/sÈkyu/fEW]c\b/f{V[g

fhÉ<¾dVXbdizc\R[bÈc\b�kzR�kzu/fÓc]bdb/fhg	¾/gyR<q<xd�Äk�i 〈w,xi〉
`<^�f�izfhf�kzu4VUk

�ZW]sHR[gycJkyu/vîýÈ�{VXb7V[WJkyfhgybdVUkyc]eHfhW\T�¡4f�^%gzc]kjkyfhb�c\bÐkzfhgyvmi�RXn
kyu/f�f�É<¾dV[bdijc\R[bÁ��R1f�ùÈ��c\fhb�k�i

α ∈ R
m
Ê�|	u/c\i{`>u/RU^�fheHfhgÃ`4c¢i

RHb/W\T���RHvE¾dx<kyVXkzc\R[bdV[W]W\T�V[q/e_V[b�kyVXsHfhRHxdi�c]n
n� m

Ê

g*h _ h Z 3,i0j4[Ã§13lkÃ8¦.23¸.4¥%m�.bnM8\o4.qp�r8k�²�«�§1.d�U§b]
}¿fmVXbdV[W]T<izf�kyu/f�à?�%a�� ¡�T�sHc]e1c\b/s�VXb¿x/¾/¾2fhgÀ¡4RHx/bdqÁR[b
kyu/f�b�xdv�¡2fhg�iAR[n/x/¾2qdVUkzfÃi�VHiA^�fhW\W1V[i�VSW\RU^9f{gA¡2R[x/bdq�R[b�kyu/f
¾2RHizc]kzc\e[f%VXbdq�b/f{sHVUkyc]eHf	v�V[gzsHc]b�RXn2kzu/f%gyf{izx/W]kzc\b/sÀ��W¢V[iyijc]ÅdfhgÃÊ
|	udc\i�kzudfhR[gyfhv c¢i�V[b�fhÉ�kyfhbdizc\R[bÎR[n�ØSRUe1c\Ô[RXÂ%Ù iÈkyu/fhRHgzf{v
ÑªØSRUe1c\Ô[RXÂ7ý<�A@�~[Õ�V[i	^�fhW\WAV[i	R[n�kyu/f�gyf{izx/WJkSR[n��Àg�VXx/kzu�VXbdq
�W�	�{V[gyq¿Ñlý<�A�1�XÕÄÊ
²�«�§1.4�_§b]s_ hRt ñ ö

z = (x,y) ∈ (X × {−1,+1})m u ñ��
�[÷BOUñ�ó ö ò��X÷�ód÷�ób���	�v
0D2ô\ñxwM�Xó�y�ô]ñ ö

R := maxx∈x ‖xi‖
Y

z Y>{q�<DADL�N�hñ öIH ñhòzñ�ñ��H÷|� ö �
(wopt, bopt) ∈ (K × R)

�x�dø H
öBH � ö ‖wopt‖ = 1

w |bopt| ≤ R
�Xó�y

γ (wopt, bopt, z) ≥ Γ .
Ñª~/Ê ��Õ

} H ñ�ó öBH ñ óL��
 u ñ�ò~�.���<D�y
� ö ñx�~
��
y[ñ u	� öBH ñ
�4�����

(τ−1, τ+1)
�Uó

z
÷|� u ���<ó�y[ñ�y uV�

4

((
R

Γ

)2

+
max {τ+1, τ−1}

ηΓ2

)
.

ÑÒ~<Ê ��Õ

� Y!�t÷�����ô]ñ��UòÄód÷�ób��ò�� ö ñ
η ∈ R

+ �Uófy�
��UòC�[÷�ó�DL�Uò��v
mñ�õ
ö ñhò��

τ−1, τ+1 ∈ R
+ Y t ñ ö ψ := ηR2+τ+1

ηR2+τ
−1

�Uófy(�x�<D2õ
D��v��ñ öIH ñhòzñ�ñ��[÷|� ö �

(w̃opt, b̃opt) ∈ (K × R)
�x�dø H�öIH � ö

‖w̃opt‖ = 1
w |̃bopt| ≤ R

�Xó�yvwq�V�Uò
j ∈ {−1,+1} w

γj

(
w̃opt, b̃opt, z

)
≥ Γj ,

ÑÒ~<Ê��[Õ

J H ñhòzñ
Γ−1 ∈ R

+ �Xó�y
Γ+1 := ψ · Γ−1

Y�} H ñ�óLw��V�Uò
öBH ñ��V�Xô�� ö ÷\�Uó

(wt, bt)
��� öIH ñ��4���l�

(τ−1, τ+1)
w5�V�Uò

j ∈ {−1,+1} w�J�ñÓðXó���J

γj (wt, bt, z) > Γj ·
τj√

8 (ηR2 + τj)
.

ÑÒ~<Ê @HÕ

|	udf�¾/gyR1RXnA�{VXb�¡2f�n�R[x/bdq�c\b��S¾d¾4f{bdq<c]É���Êp��c]g�ijk{`MÑª~/Ê �1Õpc¢i
V�q/c]gyf{��kÀsHfhb/f{gyV[W]c¢iyVUkzc\R[bÁRXn%ØSRUe1c\Ô[RXÂ%Ù iÓkzu/f{R[gyfhv ¡4fÃ�hVXx4ijf
izf�kzkzc\b/s

τ+1 = τ−1 = 0
`�^9fmgyf�k�VXc\bÐkzu/f�R[gyc]sHc]bdV[WpgzfÃijxdWJkÃÊ

�dx/gzkzu/f{gzv�R[gyf[`?��u/R1RHizc\b/s
τ+1 = τ−1

gyf{��RUeHfhg�i	kzudf�gyf{izx/W]kyi
R[n��ÀgyV[x<kzu�V[bdq������{VXg�qÐÑlý<�A���[ÕÄÊS��R�ilk�c]b�kzf{gzfÃilkyc]bds[W\T[`d^�f
RH¡dizfhgye[f�kyudVUk

η
q<fhÅdb/fÃi+VÝkzg�V[q/f�ÇúRXÂ�¡4fhkl^9f{fhb Ñ�s[x4VXg�VXb<Ç

kyfhfÃqdÕ��hR[b1e[f{gzsHfhbd�hf�kzc\vEfÀVXb4qÈVX¾/¾dgzR_É<c\v�VXkzc\R[b�^�Ê g{Ê k{Ê�¡4R[kzu
¾2RHizc]kzc\e[f�V[bdq�b/f{sHVUkyc]eHf�vmVXgys[c\bdi{Ï��dR[g

η → 0
kzu/f�à?�%a��

Å4bdq/i%VEijRHW]x<kyc]RHb�^%c]kzu+vmVUÉ<c\v�V[W?v�V[gzsHc]b4iÓÑ¦x/¾�kzRmV�n¦VH�ÄkyR[g
R[n √

1/8
Õ�¡/x<kEkzu/f�V[W]sHR[gycJkyu/v c\iEb/RÁW]RHb/s[f{g�sHxdVXg�VXb�kzf{f{q

kyR���RHb1e[fhgys[fmÑªijf{f�Ñª~/Ê @�Õ%VXbdqÝÑª~<Ê ��ÕzÕÄÊ�:�b�kyu/f�RXkyu/fhg�udVXb4q>`
n�RHg

η → ∞ kyu/fmVXW\s[R[gyc]kzu/vì��RHb1e[fhgys[fÃiSV[iÀÜ�x/c¢��Ô1W]T�V[i�kyu/f
RHgzc\s[c\bdV[W%à?�ë¡/x<k+^9fÞV[gzf�bdR7W]RHb/s[f{gÈVX¡/W\f�kyR7s[xdV[gyV[b�kzfhf
V[b1T�¾4R�ijc]kzc\e[fÐÑ�b/f{sHVXkzc\e[fÃÕ�vmVXgys[c\bÝRXnZkzu/f�gyf{izx/WJkyc]bds¿izR[W\x<Ç
kyc]RHbMÊ���c]b4VXW\W]TH`>b/RXkyf�kyudVUkÓkzu/fm�hR[bdijkyV[bHk�i

4
VXbdq √

1/8
c\b

kyu/f�kl^9R�¡2R[xdbdq/i	�hV[bÈ¡4fZn�x/gzkzu/f{g9RH¾<kzc\v�c\izf{q�¡�TEÅ/É<c\b/s�kyu/f
¡dc\VHi�kzR

0
Ê

g*h|g*h Z�� �U-�d�«�8ª©[-/¤��h¤¦¤¦�^k�[h�U-�[{8ª.43¸.2¥�[{«�§W� Z����
ËÌb�RHgyq/fhg%kyRÈfhb/u4VXbd�hf�kzu/f�x/bdq<f{gyijkyV[bdq<c\b/smRXn�kyu/f�à>�%aZ�7`
^�fÀgzfÃ�hV[W]W2kzu4VUk%n�R[g%f{e[f{gzT�kygyV[c]b/c\b/smiyVXv�¾/W\f

z
`<kyu/fhgyfÀv�xdijk

fhÉ<c\ijk	kzu/f�izRm�hVXW\W\f{q�O_ñhò��Ä÷\�Uó��CDL�[ø�ñ
V (z)

q<fhÅdb/f{q�VHi

V (z) := {(w, b) ∈ (K × R) | γ (w, b, z) ≥ 0} .
ØZRXkyf�kyudVUk

V (z)
c¢i	fhv�¾<klTmc]n

z
c\i�b/R[k	W\c\b/f{V[gzW\TÈijf{¾dVXg�VX¡dW]f

c\b+n�f{VXkzx/gyf�ij¾dVH��fHÊ�|	udfÓeHfhg�ijc\R[b+ij¾4V[��fÀc¢i%V���R[b1eHf�ÉÈgyfhs[c\R[b
¡2f{�{VXxdizfmc]k�c\i�kzu/fÈc\b�kzf{gyizf{��kzc\R[bÐRXn

m
udV[WJn¦iz¾dV[�hf{i{Ê�rteHfhgyT

izR[W\x<kyc]RHbÝRXn�kzu/f�à>�%aZ�
(τ−1, τ+1)

VHi�^�fhW\WSV[i�kyu/f�w1é��
izR[W\x<kyc]RHb7v�xdijk�¡4f�V�¾2R[c\b�kEc\b7kyu/f+izf�k

V (z)
Ê�w<c]bd�hf[`tc\b

sHfhb/f{gyV[Wª`
dim (K) � 1

cJkÓc\iZc]v�¾2RHiyijc\¡/W\f�kyRÈe1c\izxdVXW\c¢ijf�eHfhgzÇ
izc\R[bÁiz¾dVH��f�n�R[gÀgzfÃVXW]ÇÒ^�R[gyW¢q�q/VUk�V[izf�kyi{Ê�YSf{bd��fH`M^�f�¾/gyR��lfÃ�Äk
eHfhg�ijc\R[bÿiz¾dV[�hf�R[b�kyRÝV�¾/W¢VXb/fÁij¾dV[b/b/fÃqÿ¡1TÝkyu/gzf{f�¾2R[c\bHk�i
^%c]kzudc]b�eHfhg�ijc\R[b�iz¾dVH��f[Æ4kzudfEw1éÓ� ijRHW]x/kzc\R[bM`4kzu/f�à>�ÚizR[W\x<Ç
kyc]RHbEV[bdq�kzu/f%à>���

(0.5)
izR[W\x<kyc]RHbMÊAËÌbm��c]sHx/gyf%~/Ê]ý�^�f�u4V_e[f

q/fh¾/c¢�Äkyf{qÐijx4��uÁV�=jizW\c\�hfx?�n�RHg�V�klT1¾/c¢�hV[WpW]fÃVXgyb/c\b/s�¾dgzRH¡/W]f{v
Ñ�n�R[g�q<f�k�VXc\W\iAR[bÀkzudf9q/VXkyV[izf�kÃ`Ãizfhf�w1f{��kzc\R[b��HÕ�Ê���iAfhÉ1¾2f{��kzfÃq>`
c]nt^�f�xdijf�kzu/f�à?� kzu/f�gzfÃijxdWJkyc]b/sÈ�hW\VHizizc]Ådfhg�Ñ =j�dÊ �v?lÕ�c¢iSeHfhgyT
�hW]R�ijfEkyR�kzu/fÈ¡2R[xdbdq<c\b/s�kzg�VXc\b/c\b/s�f�É/VXv�¾/W\f{imÑ�kzu/f�v�V[gzsHc]b
R[n�kzu/c¢i��hW\VHizizc]Ådfhg�c\i�e[fhgyT¸ijvmVXW\W�ÕÄÊ�ËÌbd�hgzfÃV[izc]b/s

τ
c]bÿkyu/f

à>���
(τ)

Ådb4q/i�ijRHW]x<kyc]RHbdi�Ñ�fHÊ s4Ê�?Äý[Ê �N?jÕ�^%udc\��uÖVXgyf�e1c\izc\¡/W]T
�hW]R�ijf9kzRÓkyu/f%ijx/¾d¾4RHgjkpe[fÃ�ÄkyR[gpijRHW]x/kzc\R[bMÊ�YSRU^�fhe[f{g{`Ãkyu/c\i��hVXb
V[W\izR�¡2fÓVH��u/c\fhe[fÃq�^%cJkyu�W\f{iyi9�hR[bdizfhgyeUVUkyc]eHfSx/¾?q/VUkyf{i�R[bmkyu/f



¡f¢�£�¤<¥�¦�§�¨�©�¨bª¬«�­�®�¯�°²±.³
´.µ�¶�·<³�¸N°�´.«�®�µ�¹�«�º�»�¯�°0¼|µ�´�±.³
°²½5°�¶
±.°�´.«F¾
¿�ÀVÁ�Â�Ã ¯x»V±.°�·<µ	´.®�«.»	±.®�µ<¹¬º
´.µ�Ä�­�°�ÅUÆ °x»V´.¹qÆ�ÇÉÈAµ�­�®8Ê�Ë�ÊAµ�±�±.°xÊ;­�®�¹
°�«
¯�µ�´�´.°�«�º�µ�¹bÊ�±.µ�¹�°�·<»	±.®�¸N°VËVº�µ<«�®�±.®�¸N°Ì±�´�»�®�¹�®�¹�·�°�Í
»�ÅÌº�­�°�«�ÇÎÈ�µ<ÅÌ°
«�µ<­�¶
±.®�µ<¹
«�µ�¼ÌÏ�ªÑÐ�Ò

(τ
−1, τ+1)

¼|µ�´�ÊA®�Ó�°�´.°�¹v±
(τ

−1, τ+1)
ºb»V¾

´�»�ÅÌ°�±.°�´.«�ÔÌ»�­�µ<¹
·;Õ�®�±.³¬±.³�°#ÈAÖ�Ò×«�µ<­�¶
±.®�µ�¹qÔR»	´.°#Ê
®�«�º�­�»�Øv°xÊ�Ç
Ïfµ<®�¹v±.«*Õ�³
®�¯�³�³b»x¸N°Ùµ�¹�­�Ø²µ�¹�°Ù¹�¶
Å²Ä�°�´fÕ^°�´.°Ñµ<ÄA±�»�®�¹�°�Ê�ÄvØ0¶�«�®�¹�·
τ
−1 = τ+1

Ç

bdfhsHVXkzc\e[fEf�É/VXv�¾/W\f{imÑ¦RXn	^%u/c¢��uÁkyu/fhgyfmVXgyfmVX¾/¾/gyR_É<c]vmVXkzfhW\T
kyu/gyfhf�kyc]v�f{i�v�R[gyf�kzu4VXbÎ¾2RHizcJkyc]eHfÃÕ�x4ijc\b/sd`	n�RHg�fhÉ/VXv�¾/W\f[`
à>�%a��

(0, 1)
Ê

g*h Ú�h ²�«�§
λ
²��U8¦©<o¸¥ú.d��698¦3�§1-<�U¤�0��h3lkÃ§�d�-<�U-<¨�¤¦§

²9�U-/8¦3�8¦3�5Ý¯A-�]Ûd�¤¦§bk
|	udfhR[gyfhv ý�izu/RU^Si�kzudVXk�kyu/f�à>�%a��#^%c\W]W>ijkzR[¾�VUn�kzf{g�izR[v�f
Å4b/cJkyf7b1x/v�¡2fhgÞRXn�x/¾2qdVUkzfÃi�n�RHgÞVXb1TÎW\c]bdf{VXgyW\TÛizfh¾dV[gyV[¡/W]f
kygyV[c]bdc]b/s�iyVXv�¾/W\f[ÊÈËÌb�RHgyq/fhgÓkzR�q<fÃVXWt^%c]kzuÐkygyV[c]bdc]b/s�iyVXvEÇ
¾dW]fÃiÈ^%u/c¢��u�VXgyf�W\c]b/fÃVXgyW]Tßc]b4ijf{¾dVXg�VX¡/W\f�c\bÿn�f{VXkzx/gyfÞiz¾dV[�hf[`
^�fÀxdizfÀkzu/f�izRXÇÌ�hV[W]W\f{q�=

λ
kzgyc\��Ô
?ÄÊ�ËÌb+kyu/f���x/gygyfhb�k9n�RHgzv�x/W¢VUÇ

kyc]RHbM`2kzu/c¢iÀVXv�R[xdbHk�iSkyR�V[x/s[v�fhb�kyc]b/s�f{VH��u�n�f{VUkyx/gyf�e[fÃ�ÄkyR[g
xi

¡1T�kzudf
m9 q<c\vEf{bdizc]RHbdVXWpx/bdcJk�eHf{��kzR[g

√
λei

`
λ ∈ R

+ `
^%udfhgyf

ei ∈ R
m
udV[i�VXW\W>��R[v�¾2R[b/f{b�kyiÜ�hfhgyR�fhÉ/��fh¾/k9n�RHg9kyu/f

i
kyu+�hR[v�¾4RHb/fhb�k	^%u/c¢��u�fÃÜHx4VXW¢i9RHb/f[Êtw1c\bd�hfÓf{e[f{gzT�kygyV[c]b/c\b/s
fhÉ/VXv�¾/W\f{iAiz¾dV[bdi�VSb/fh^7q<c\v�fhbdizc\R[b�c\b�kyu/f9V[x/s[v�fhb�kyf{qÀn�fÃVUÇ
kyx/gyfEiz¾dV[�hf[`?kyu/fEkzg�VXc\b/c]bds+iyVXv�¾/W\f�c¢iÓb/f{�hf{iyizV[gzc\W\T+W\c\b/f{V[gzW\T
izfh¾4VXg�VX¡/W\f[ÊEËÌb�kzx/c]kzc\e[f{W]TH`Ac]n

αi ∝ ηyi

q<f{b/RXkyf{iÓkzudfÈ��x/v�x<Ç
W¢VUkyf{qÀx/¾?q/VXkzf{i�RXn1kyu/f

i
kzuÀkygyV[c]bdc]b/sZf�É/VXv�¾/W\fpkzudfhb�kyu/ftgyf{VXW]Ç

eUV[W]x/fÃq¿R[x<ky¾/x<k�R[n�kyu/f�V[x/s[v�fhb�kyf{q¿f�É/VXv�¾/W\f
xj

c\i�s[c\e[fhb
¡1T

∑

i6=j

αi 〈xi,xj〉+ αj

(
λ+ ‖xj‖2

)

︸ ︷︷ ︸
>0

.

ØZRU^�`>kzudf�izf{�hR[bdqÞkzf{gzv �hVXb¿q<R[v�c\bdVUkyfEkzu/fÈizx/v#¡1T��lxdijk
VHqN�lxdijkzc\b/s

αj

^%u/c¢��uM`H¡�T�q<f�ÅdbdcJkyc]RHbM`[udVHi�kzudfSizV[vEf%izc]sHbmV[i
yj

Ê�|	u/RHx/s[u¿kzudf�VXx/sHv�fhb�kzfÃqÞkygyV[c]bdc]b/s�iyVXv�¾/W\fÈ¡2f{��RHv�f{i
W\c\b/f{V[gzW\T�ijf{¾dVXg�VX¡dW]fEc]bÁn�f{VXkzx/gyfmij¾4V[��fH`>kzudf�Å4bdVXW��hW\VHizizc]Ådfhg
^%c\W\W1�hR[v�v�cJkpizR[v�ftkygyV[c]b/c\b/sSf{gzgyR[g�iMc\b�kyu/f�RHgzc\s[c\bdV[WXn�f{VXkzx/gyf
iz¾dVH��f[`1kyu/f�b1x/v�¡2fhg%R[n�^%udc\��u+c\iZ��R[b�kygzRHW]W\f{q�¡�T

λ
Ê

X�ñV
��Uòzð
YpËún2^9f%V[gzf�xdizc]b/sÀVÓÔ[f{gzb/f{W
k : X ×X → R

gyVXkzu/f{g
kyudVXb+VXbÈfhÉ<¾/W]c¢��c]k�n�f{VUkyx/gyfZvmVX¾/¾dc]b/s4`�kzu/f

λ
kzgyc\��ÔmVXv�RHx/b�kyi

kyR�V�izc\vE¾dW]fZ��u4VXb/sHfSRXn?kzudfZÔ[f{gzbdfhW/n�xdbd�Äkyc]RHb�q<x/gyc]bds�kzg�VXc\b<Ç
c\b/s4Êt��R[gyfZn�RHgzvmV[W]W\T[`

kλ (x, x̃) := k (x, x̃) + λ · Ix=ex .
|	udc\i�kzgyc\��Ô¸c¢i�q/c\iy��xdiyizf{qÿc\b�sHgzfÃVUkzf{g�q<fhkyVXc\WÓc]b YSfhgy¡/gyc\��u
ÑÒ~X�H�H~[Õ�ÊtËúkSc¢iSÔ1b/RU^%b�kzudVXkSkzu/f

λ
kzgyc\��Ô�n�R[gSW\c\b/f{V[gS��W¢V[iyijc]Å/Ç

�{VUkyc]RHbÞW\f{VXgyb/c\b/s�V[W]sHR[gycJkyu/vmiZ�{VXbÞbdRXkÀR[b/W\T�q<f{V[W�^%cJkyuÞc\b<Ç
izfh¾4VXg�VX¡/W\f�kzg�VXc\b/c]bds�izV[vE¾dW]fÃih`H¡/x<k9V[W\izRÀkzRHW]f{gyVXkzf	b/R[c¢izfSVXbdq
RHx<kzW\c\fhg�ihÊÓYSfhb4��f[`?^�f�fhÉ1¾2f{��k�kyudVUkÓkzudf�à>�%aZ� ��R[v�¡/c\b/f{q
^%c]kzu�kzudf

λ
kzgyc\��ÔÈ�{VXb+udV_e[f�¡4fhkjkzf{gS¾2fhgzn�R[gyv�V[bd��f�fheHfhb�n�R[g

W\c\b/f{V[gzW\Tßizfh¾dV[gyV[¡/W\f�kygyV[c]b/c\b/s7iyVXv�¾/W\f{i{`%V[iÈ�hR[b<Ådgyv�f{qß¡1T
RHx/g%f�É<¾2fhgyc]v�f{bHk�i�Ñ¦izfhf�w1fÃ�Äkzc\R[b���ÕÄÊ

Ý%â²Þ�ß�)Ì$ »dè /à$Aä º1¼Ñ+Rá $ ¹�ç�+Ìº/¹

}¿fÈb/RU^ ¾/gyRUe1c\q<f�fhÉ1¾2fhgyc\vEf{b�kyVXW9��R[v�¾dV[gzc¢izR[bdiÓRXn	kyu/f�VXW]Ç
sHR[gycJkyu/vmi�¾dgzfÃijf{bHkyf{qÈV[¡4RUeHf[Ê�ËÌb�w<f{�Äkyc]RHb��dÊ]ý�^9f�^%c]W\W>fheUVXW]Ç
x4VUkzfZkzu/f�w1éÓ��`/�Zo�����`1à>�ÛV[bdqÈà>���#R[b�V�^�fhW\W4Ô1b/RU^%b
�hW\VHizizc]Å4�hVXkzc\R[b¸¾/gyR[¡/W\fhv�`�kzu/f¿a�w1à�wÿq/VUk�V[izf�kÈ^%u/c¢��uÿc¢i�V
¡2fhb4��u/vmVXgyÔ�n�R[g�RH¾<kzc¢�hV[W���udV[gyVH�Äkzf{g�gzfÃ��RHs[b/c]kzc\R[bÐijT<ijkzf{v�i{Ê
ËÌb+w1f{��kzc\R[bÈ�/Ê ~À^�fSfheUV[W]xdVXkzf%kyu/f�w1éÓ��`�à?���ëV[bdq�à>�%aZ�
RHbEkl^9R�ijkyVXb4q/VXg�q�q/VXkyVHijfhkyi�n�R[g9q<R<��x/v�fhb�k��{VUkzf{s[RHgzc¢izVXkzc\R[bM`
kyu/f�Q%f{x<kzf{gyi%�hR[W\W]fÃ�Äkzc\R[b4ihÊ

Ú�h _ hÙâ ¤ª-�k�kÃ8Iã�©[-�[{8¦.23äi0j4d9§H�U8C]7§13f[�k(å � ¯*��¯^æ
|	udf	aÓw1à9wEq/VXkyV[izf�kp��RHbdizc\ijkyi�RXn2e[fÃ�ÄkzRHgyi���RHgzgyf{iz¾2R[bdq<c\b/sZkzR
c\vmVXsHf{iÓRXn�u4VXbdq1Çú^%gycJkzkzfhbÐq<c\s[c]kyi{`MW¢VX¡2fhW\W]fÃqÞ^%c]kzuÁkzu/fmq<c\s[c]k
kyu/fhTÖgyfh¾/gyf{izfhb�k�Ñ¦�d`]ýH`]Ê\Ê]Ê\` �HÕÄÊ |	u/f{gzf�V[gzf�V¿kyRXkyV[WSRXn��[~��/ý
kygyV[c]bdc]b/s�¾dVUkzkzfhgybdi9VXbdq�~[�[�1�%kyf{ijk9¾dVXkjkyfhgybdihÊ�}¿fZvmV[q/fSb/R
iz¾2f{��c¢VXW�¾/gyfh¾/gyR<��fÃizizc]bdsmRXnpkzudf�c\vmVXs[fÃiZV[bdq�xdizf{q�V+üÀVXxdijÇ
izc¢VXb�Ô[f{gzb/f{WªÏ

k (~xi, ~xj) = exp(−(2σ)−2 ‖~xi − ~xj‖2)
^%c]kzu

σ = 3.5
VHi	c]b�üÓfhb�kyc]W\fmÑª~X�H�/ý_ÕÄÊ

�dR[g%kyu/c¢i%¾/gyR[¡/W\fhv ^9f�VHq<u/fhgyfÓkzR�kyu/f�ijkyVXb4q/VXg�q�V[¾/¾/gyRHVH��u
R[n>W]fÃVXgyb/c]bds�c]b4q<fh¾2fhbdq/fhb�kzW\T�ý{��¡/c\bdV[gzTE��W¢V[iyijc]Ådfhg�iSÑ¦R[b/fZn�R[g
fÃV[��uÞq/c]sHcJkÄÕSRHb�kzu/f�kzg�VXc\b/c\b/s�iyVXv�¾/W\f�V[bdq�kyu/fhbA`?n�R[gÓf{V[��u
¾4VUkjkyfhgyb7c\b�kzu/f�kzfÃilkmizV[v�¾/W]fH`p��u/R1RHizc]b/s�kyu/f���W¢V[iyi�RXn%kyu/f
�hW\VHizizc]Ådfhg�kzudVXkE¾/gyR<q<xd�hf{i�kyu/f+u/c]sHu/f{ijk�RHx<kz¾dx<k{Ê��/RHg�à>��`
à>��� VXbdqÿ��oA����`�^%u/c¢��uÎq<f{¾4f{bdqÿR[b¸kyu/f�RHgyq<f{gzc\b/sÐRXn
kyu/fEkzg�VXc\b/c\b/s+iyVXv�¾/W\f[`>^�f�gzf{¾4fÃVUkÓkzu/f�f{bHkyc]gyfE¾/gzR<�hf{iyiZkyfhb
kyc]v�fÃi�Ñ�¾2fhgyv�x<kyc]b/smg�VXb4q<R[v�W\T�kzu/fÓkzg�VXc\b/c\b/smizV[v�¾/W]fÓfheHfhgyT
kyc]v�f_Õ	VXbdq+^�fÀV_eHfhg�VXsHfZgyf{izx/WJk�i	RUe[f{g�kyu/fÀkzf{b+gyx/bdi{Ê
|�VX¡dW]f�ý�gyfh¾2R[gzkyiÓkzudfm¾4f{gy�hfhb�kyV[s[f�RXn�kzfÃilk�fhÉ<V[v�¾/W]fÃiÀv�c\ijÇ
�hW\VHizizc]Ådf{q�RHb�V_e[fhg�VXsHfmÑ¦V[i�q<f{iy��gyc\¡4fÃq�VX¡2RUe[fÃÕ	n�R[gSkyu/f�à>��`
à>��� Ñ�^%c]kzu

τ
f{Ü�xdV[WMkzR+�/Ê ~mVXb4q��/Ê ��Õ%V[bdq���oA��� Ñ�^%c]kzu

τ
fÃÜHx4VXW�kzR��dÊ ��V[bdqÁ�dÊ ���[Õ�Êmà�f{gjn�RHgzvmV[bd��f�RXn9kzu/f�R[b<ÇúW]c\b/f

V[W]sHR[gycJkyu/vmiÀc\i�iju/RU^%bÐVUn�kyfhgÈýmV[bdqÐ�+kzg�VXc\b/c]bds+f{¾4R<��udi�V[i
^�fhW\WdVHipVUn�kzf{gt��RHb�eHfhgys[f{bd��fÀÑ ≈ 8

f{¾4R<��udi�ÕÄÊ�Q%fÃijx/W]kyipn�R[gpkyu/f
w<é�� VXgyf�k�VXÔ[f{b�n�gyR[v àtW¢VUkzkpf�ktVXWÒÊ9ÑÒ~X�[�H�HÕAVXbdq�n�R[gp�Zo����
n�gyR[v üÓfhb�kzc\W]fÈÑÒ~X�H�/ýÃÕ�Ê
��c\gyijkÈb/R[kzf�kyudVUk�VXn�kzf{gÈR[b/f�f{¾4R<��u¸RXnÀkygyV[c]b/c\b/s7V[W]WZV[W]sHRXÇ
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Ï�ª�Òïî í Ç ¿<ð ñ Ç Ã	ñ ç ñ Ç Â<¿ ç ñ Ç ì<ò<ç
Ï�ª�Òïî í Ç ñvð ó�ô õ�öA÷ óqô8ø
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ªMú�Ò�ª'î í Ç ò ð Á Ç ñ êNç ñ Ç ò í ç û
ªMú�Ò�ª'î í Ç ò Á�ð Á Ç Â�¿ ç ñ Ç ÃNÁ ç û
ÈAÖ�Ò ñ Ç Á�Ã ç

übý
þ	ÿ|¦�©�¨bë^­�»	«�«�®�é�¯x»	±.®�µ�¹�°�ÍAº�°�´.®�ÅÌ°�¹v±.«Ùµ�¹�±.³�°MÐ�È
ÏlÈ>Ê�»	±�»	«�°�±xÇ

gyc]kzu/vmi�T1c\fhW¢q gzfÃV[izR[bdV[¡/W]f¿gyf{izx/WJk�ih`À^%u/c\W\fßw1é�� RHx<kz¾2fhgzÇ
n�RHgzvmi�à>�ÖV[bdq���oA����`UVXbdq�R[b/W\T�ijW\c]sHu�kzW\T�kyu/f�à?����ÊX|	u/c¢i
c¢i�gyfhvmVXgyÔUVX¡/W\f9sHc]eHfhb�kzu/fSizc]v�¾/W\c¢��c]klT�RXn4kzu/f%à>�ÿVXb4q�à>�Z�7`
V[bdqEkzudfSn¦V[��ktkzu4VUk9fÃV[��uEkzg�VXc\b/c\b/s�fhÉ<V[v�¾/W]fZudV[ip¡2fhf{bÈxdizf{q
RHb/W\TÖRHbd��fÞn�R[g+f{VH��uÎ��W¢V[iyihÊ ËÌbÎkyu/c\i+�hVHijfH`%kzudfÞkygyV[c]b/c\b/s
kyc]v�fÈVHi���R[v�¾dV[gzfÃq�kyR�w1é���i�^�VHiÀgzfÃq<xd��fÃqÞ¡1TÞV[bÁRHgyq/fhg
R[n2vmV[s[b/c]kzxdq/f[Ê��%n�kzf{g9�Àf{¾4R<��uditV[W]W4VXW\s[R[gyc]kzu/vmi�c]v�¾/gyRUe[fÃq>`
iz¾2f{��c¢VXW\W\TÈ�ZoA�Þ��`dV[WJkyu/R[x/sHuÈkyu/f�w1é�� ��RHb�kzc\b�xdf{i9kzRER[x<kzÇ
¾2fhgzn�R[gyvûizW]c\s[u�kyW]THÊtØSR[bdf�RXn�kzu/f�V[W]sHR[gycJkyu/vmi%q<gyV[vmVUkzc¢�hV[W]W\T
c\v�¾/gyRUe[f{i?c\bÀ¾4f{gjn�RHgzvmV[bd��fpVUn�kyfhgA�hR[b1e[f{gzsHfhbd�hf[`�¡dx<kAc]kAv�xdijk
¡2ftb/R[kzfÃqÓkzudVXkAfheHfhb�kzxdV[W]W\T%kyu/f�à>�Z� ^%c]kzu

τ = 0.4
izW\c]sHuHkyW]T

RHx<kz¾2fhgzn�R[gyvmi�kzu/f�w<é�� Ñ�b/R[kZilk�VUkyc\ijkzc¢�hV[W]W\TÈijc\s[bdcJÅ4�{VXb�k�Õ�Ê
}¿f�izfhfSn�gzRHvïkyu/f{izfZgyf{izx/W]kyipkyudVUk�à>�Z�#R[Â2f{g9V�sHR1R1qm�hR[vEÇ
¾dgzRHvEc¢izf�¡2f�kl^�fhfhb�kzu/f	ijc\v�¾/W\c\�hcJklT�R[n/à?�¸V[bdqÀkzudf�VH�h��xdgyVH��T
R[n	w1éÓ��i{Ê���f{iz¾/c]kzfm�Zo�����Ù iÀkyu/fhRHgzfhkzc¢�hVXW�v�RXkyc]eUVXkzc\R[bM`Mc]k
q/R�fÃi	b/RXkZizfhf{vÍkzRmc\v�¾/gyRUe[fÓR[b�kzu/f�izc]v�¾/W\f�à>�Z��Ê

Ú�h|g*h�� .M©H�l]7§13f[ â -�[{§152.d�U8\kÃ-�[Ã8¦.23 i�j4d�§��U8\]7§13f[<k
åj£�§1�l[{§��vkNæ

ËÌb7q/R1�hx/v�fhb�k��{VUkzf{s[RHgzc¢izVXkzc\R[b¿^9fmbdfhf{q�kzR�g�VXb/ÔÐV�ijfhk�RXn
q/R1�hx/v�fhb�kyiÈ^%cJkyuÿgzfÃij¾2f{��kmkzRÐkzudfhc\gÈgzf{W]f{eUVXbd�hf�kyR7VÐ¾dVXgzÇ
kyc\�hx/W¢VXg	kzRH¾/c¢�X`/VXb4q�f{e_V[W]x4VUkzf�kzudf�ÜHx4VXW\cJklTmR[nAkzudf�gzfÃijx/W]kzc\b/s
g�VXbdÔ[f{qÈW]c¢ilk%R[n�q<R<��x/v�f{bHk�ihÊp|�R[¾/c¢�hi	V[gzf�b/RXk	v�x<kyxdVXW\W\TÈf�É1Ç
�hW]x4ijc\e[f�VXbdq7kzu/f{c]gÈizc �hfÐÑ�cÒÊ fHÊ�kzu/f�b1x/v�¡2fhg�R[n�q<R<��x/v�f{bHk�i
gyfhW\fheUV[bHk	kyR�V�kyR[¾/c¢�{Õ	�{VXb+e_V[gzT�^%c\q<f{W]THÊ
à�f{gjn�RHgzvmVXb4��f vEfÃV[izx/gyf{ißn�R[gÎq<R<�hx/v�fhb�k��hVXkzfhsHR[gyc\iyVUkyc]RHb
q/cJÂ?fhgÀn�gyR[v#x4ijxdV[WpvmV[��u/c\b/f�W]fÃVXgyb/c\b/s�¾2fhgzn�R[gyvmVXbd�hf�v�fÃVUÇ
izx/gyf{iÓq<x/f�kzR�kzu/f�n¦V[��kÀkzudVXk�kyu/fhgyfEV[gzf�e[f{gzT�n�fh^Ú¾4R�ijc]kzc\e[f
fhÉ/VXv�¾/W\f{i�VXbdqßVÞg�VXbds[fÈR[n�v�c\iy��W¢V[iyizcJÅ4�{VUkyc]RHb7��RHijkyiEb/f{f{q
kyRÞ¡2f��hR[bdizc\q/fhgyf{q>Ê�à�fhgzn�R[gyvmVXbd�hfÈc¢i�R[n�kzfhbÝvEfÃV[izx/gyf{q¿¡1T
izR[v�f�V_eHfhg�VXsHf�n�xdbd�Äkyc]RHbÝRXn%kyu/f�D?òzñ�ø�÷|�Ä÷\�XóÿRXnZVÞ�hW\VHizizc]Ådfhg
v�fÃV[izx/gzfÃq7VUkmq<c]Â2f{gzf{b�k+òzñ�ø��Uô�ôZe_V[W]xdf{i{Ê7�%n�kzf{gEkzg�VXc\b/c]bds¿V
�hW\VHizizc]ÅdfhgÀR[bÐV�¾dV[gjkyc\�hx/W\V[gÓkzR[¾dc\�[`MkzudfmgzfÃijx/W]kzc\b/s+n�x/bd��kzc\R[b
fw,b

�hV[b�¡4f�xdizf{q¿kzRÞR[g�q<fhg�V[b1T¿iyVXv�¾/W\fÈRXnSq<R<�hx/v�fhb�kyi{Ê
|	udfhbM`Hn�R[g�VÀsHc]eHfhbmiyVXv�¾/W\f

z
`HV�sHc]eHfhbm��W¢V[iyijc]Å4�{VUkzc\R[b�n�x/bd��Ç

kyc]RHb
f
VXb4q7VXb1T¿kzu/gyf{izu/RHW\q

θ
RHb�kzudc\i�n�x/bd��kzc\R[bM`t^�f��{VXb

�hR[v�¾/x<kyfÀkzu/f�¾dgzfÃ��c¢ijc\R[b+VXbdq�gzfÃ�hV[W]WMVHihÏ

pz,f (θ) :=
|{(xi, yi) ∈ z | (f (xi) > θ) ∧ (yi = +1)}|

|{(xi, yi) ∈ z | f (xi) > θ}|
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übý
þ	ÿ|¦�§�¨!N4ÍAº�°�´.®�ÅÌ°�¹v±.«Üµ�¹�½Ü°�¶A±.°�´.«F¾ ¿�ÀxÁ<Â�Ã Ê�»V±�»�«�°�±xÇ
O(°0³b»x¸N°
®�¹�Ê
®�¯x»V±.°xÊ�®�¹0Ä�µ<­�Ê0¼|»�¯�°Ù±.³
°l´.°�«�¶
­�±.«4¼ µ�´4±.³�°ÙÏLªÑÐ�Ò ÅÌµ�Ê
°�­�Õ�®�±.³
Ä�°�«F±Rº�°�´�¼|µ	´.Å>»�¹�¯�°�µ	¸<°�´>±.³�°�±�´�»�®�¹
®�¹
·�«.»�ÅÌº
­�°�¶�«�®�¹�· À�í ¾I¼|µ�­8Ê
¯�´.µ<«�«F¾\¸�»�­�®�Ê�»	±.®�µ�¹qÇ

V[bdq

rz,f (θ) :=
|{(xi, yi) ∈ z | (f (xi) > θ) ∧ (yi = +1)}|

|{(xi, yi) ∈ z | yi = +1}| .

��T¿¾/W\RXkjkyc]bds�¾/gzfÃ��c¢ijc\R[bÐe<i{ÊAgyf{�hV[W]Wtn�R[g�V[W]W9e_V[W]xdf{i�R[n
θ
^�f

RH¡<kyV[c]b�kzu/f�izRE�{VXW\W]fÃq�D?òzñ�ø�÷|�Ä÷\�Uó4õÌòzñ�ø��Uô�ô�ø	�<òxO_ñVwdn�gyR[vÍ^%udc\��u
v�R�ilk�¾4f{gjn�RHgzvmV[bd��f¿v�f{V[izx/gyf{i�c]b c\b<n�R[gyvmVUkzc\R[bÛgzfhkzgyc]f{eUVXW
RHgzc\s[c\bdVXkzf[Ê�YZfhgyf[`>^�f�x4ijf�kzu/f�vmV[�hgzR[ÇúV_eHfhg�VXsHf{q�¾/gzfÃ��c¢ijc\R[b
Ñª���Sà�Õ�v�f{V[izx/gyf[`X^%udc\��u�VX¾/¾dgzR_É<c\v�VXkzfÃiAkyu/fSVXgyf{V�x/bdq/fhg�V
¾dgzfÃ��c¢ijc\R[b<Çúgyf{�hV[W]W���x/gye[f�¡1T�V_e[f{gyV[s[c\b/s%kzudf�¾dgzfÃ��c¢ijc\R[b�e_V[W]xdf{i
RH¡<kyV[c]bdf{q+VUkSf{VH��u�¾2RHizcJkyc]eHf�¾4RHc]b�kÃÏ

MAPz,f :=
1

|{(xi,+1) ∈ z}|
∑

{(xi,+1)∈z}

pz,f (f (xi)) .

ËÌb�RHgyq<f{g�kzR�sHV[c]b+V�¡2f�kzkzf{gSc]b4ijc\s[u�k%c]b�kyR�kyu/f�¡2fhudV_e1c\R[x/g	RXn
kyu/fÞV[W]sHR[gycJkyu/vmi�^%c]kzuÿgyf{iz¾2f{�ÄkmkyRÐkzRH¾/c\��izc �hf[`�^�f�gzf{¾4RHgjk
kyu/gyfhf7q<c]Â2f{gzf{b�k�V_eHfhg�VXsHf{i{`Skzudf7V_e[fhg�VXsHfÞRUeHfhg�VXW\WÀkzRH¾/c\�{i
Ñª�Zo�o�ÕÄ`�kzu/f�ýÃ�ÐW\V[gzsHf{ijk�Ñª|0:�àSý{��Õ�VXbdqßkyu/f��[��izvmVXW\W]fÃilk
ÑªoA�Ów<|%�[��ÕÄÊ
}¿fÞ�hR[bdq<x4�ÄkzfÃqÖf�É<¾4f{gzc\v�fhb�kyiÈR[b¸kl^�RÐq/R1�hx/v�fhb�k��hR[W\W]fÃ�ÄÇ
kyc]RHbdi{`[kyu/fZ^�fhW\WdÔ1b/RU^%b�Ù ��R<q1ÇÌ�S¾<kyf[Ù1ij¾/W\c]k9RXn?kyu/f�Q%f{x<kzf{gyijÇ
~/ý<���v�Ý�hR[W\W]fÃ�Äkyc]RHbM`�VXbdq V¸ijx/¡4ijfhk�RXn�kyu/f�b/f{^ Q%f{x<kzf{gyijÇ
épRHWªý���RHW]W\f{��kzc\R[bMÊE|	u/fm��R<q1ÇÌ�S¾<kyf�iyVXv�¾/W\fEudV[i!�A@H�[��VXbdq
��~��
�ÝkygyV[c]bdc]b/sÎV[bdq kzfÃilk¿q<R<��x/v�fhb�k�i�gzfÃij¾2f{��kzc\e[f{W]TH`�VXbdq
�H�7��W¢V[iyizf{iÞÑ¦gyV[b/s[c\b/s�n�gyR[víýÞkzR ≈ ýÃ�[�H�ÁgyfhW\fheUV[bHk�kzg�VXc\b<Çc\b/s�q<R<��x/v�f{bHk�iyÕ�ÊE�dR[gÓkzudfEbdfh^ïQ%f{x<kzf{gyijÇúépR[WÒýE�hR[W\W]fÃ�Äkzc\R[b
^�f���u/RHizf�kzu/fÓn�R[W\W\RU^%c]b/s�iz¾/W]c]k{Ït�ZW]W?kyu/fmýÃ~A�[�1�Àq<R<��x/v�f{bHk�i
c\b�kyu/f�^�fhfhÔ�ijkyVXgzkzc\b/s�kyu/fE~A@!PU�
�!P<ý��A�
@Àn�R[gZkzg�VXc\b/c\b/sd`2VXbdq
V[W]Wpý_~��H�[��q/R1�hx/v�fhb�kyi	R[n�kyu/fÓn�R[W\W]RU^%c\b/s�^�fhfhÔ�n�RHg	kzfÃilkyc]b/s4Ê
}¿fm��RHbdijc¢q<f{gzfÃq�R[b/W\T�kyu/f��A���{VUkyfhs[RHgzc\f{iZn�R[gÀ^%u/c¢��u�kyu/fhgyf
^	V[iZVUk�W\f{VHilk�R[b/f�kygyV[c]bdc]b/sÈq/R1�hx/v�fhb�kÓV[bdq�R[bdf�kzfÃilkÀq<R<�ÄÇ
xdvEf{b�kÓc\b�kyu/f{izf�kl^�R�¾2fhgyc\R1qdihÊ�|	u/fExdizxdVXW�¾/gyfh¾/gyR<��f{iyizc]b/s
R[n�q<R<��x/v�fhb�k�im^�VHiÈ�hV[gzgyc\f{qßR[x<kÈW\f{VHq<c]bdsÐkzR

20 000
n�f{VXÇ

kyx/gyf{iÀÑ�cÒÊ fHÊÝq<c¢ilkyc]b4�Äk	^9RHgyq/i9R[g ö ñ�òx
Î�ÃÕtn�R[g	Q%fhx<kyfhg�ilÇl~<ýN�H���
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übý
þ	ÿ|¦VUv¨!N4ÍAº�°�´.®�ÅÌ°�¹v±.«�µ<¹;±.³�°(½5°�¶
±.°�´.«F¾CÖ�µ<­ À Ê�»	±�»	«�°�±xÇWO(°
³b»x¸N°^®�¹�Ê
®�¯x»	±.°�Ê0®�¹²Ä�µ�­�Ê0¼B»	¯�°^±.³
°l´.°�«�¶
­�±.«f¼ µ�´*±.³�°^Ï�ª�Ð�Ò ÅÌµ�ÊA°�­
Õ�®�±.³�Ä�°�«F±�º�°�´�¼|µ�´.Å>»	¹�¯�°0µV¸N°�´�±.³
°0±�´�»	®�¹�®�¹�·R«.»�ÅÌº
­�°�¶�«�®�¹�· Àxí ¾
¼|µ<­�Ê�¯�´.µ<«�«F¾\¸<»	­�®8Ê
»	±.®�µ<¹LÇ

V[bdq
120 000

n�f{VXkzx/gyf{i�n�R[gmQ%f{x<kzf{gyijÇúépR[WÒý[Ê�épf{��kzRHgyiE^�fhgyf
�hR[bdijkzgyxd��kzf{q�n�gyR[vÚq/R1�hx/v�fhb�kyi�c\b�kzudf%xdijx4VXW<¡dV[sXÇúRXn�Çú^9RHgyq/i
^	V_T�xdizc\b/s ö ��õÌ÷\y��È^�fhc\s[u�kzc\b/sÀVXbdqEb/RHgzvmVXW\c¢ijc\b/sÓe[f{��kzRHgyi{ÊAËÌb
R[kzu/f{gÀ^9RHgyq/i{`2kzu/fmq<R<�hx/v�fhb�k

x
c¢iÀgyfh¾/gyf{izfhb�kzfÃq�V[iÀV[b

n9q/c]v�fhb4ijc\R[bdV[WAeHf{�ÄkyR[g
x
^%u/f{gzf

xi := tf i · log (m/dfi)
`
tf ic¢i%kyu/f�b1x/v�¡4f{gSRXnpkyc]v�fÃi%kzf{gzv

i
VX¾/¾2f{V[gyi%c\b�q<R<��xdvEf{b�k

xV[bdq
df i
c¢ipkyu/fÓb�xdv�¡2fhg�R[nAq<R<��x/v�f{bHk�i�c\bÈ^%u/c¢��umkyu/fSkyfhgyv

i
VX¾d¾4fÃVXg�ihÊ�ØSR[kzfmkyudVUk

df i

VXbdq
n
gyf�n�fhg�kzR�kyu/fÈkygyV[c]b/c\b/s

iyVXv�¾/W\f[Ê
|�VX¡dW]fÞ~Ðgyfh¾2R[gzkyiÈgzfÃijx/W]kyiÈR[bÖkzu/fÁQ%fhx<kyfhg�ilÇl~<ýN�H���Á�hR[W\W]fÃ�ÄÇ
kyc]RHbdiÀn�RHg�kzu/f+w1é�� VXb4q¿kzu/fmà>�%aZ� ^%c]kzu7V�b1x/v�¡4f{g�RXn
(τ−1, τ+1)

izf�kzkzc\b/sHi{Ê���c\gyijkp^9f	b/R[kzf�kzu4VUkpkzudf�à>�ÿ¾dgzRUe1c¢q<f{i
gyf{izx/W]kyiZ^%u/c\��u�V[gzf���W\RHizf�kzRmkyu/RHizf�R[npkzu/f�w<é��YXXÊ4ËÌb4q<fhfÃq>`
^%udfhbÐ��R[b4ijc¢q<fhgyc\b/sÈR[bdW]T�kyu/f�ý{��W\V[gzsHf{ijkSkzRH¾/c\�{i�Ñ¦|0:�àSýÃ�HÕ
kyu/f�à>� c¢iZVHi%s[R1R<q�V[i	kyu/fEw<é���`2VXbdq�c¢i%kl^%c¢��f�VHiZiz¾dVXg�ijf
Ñ¦c]b4q<fhfÃq>`<n�R[g	kyu/f{izfÓkzRH¾/c\�{i%^�fÓRH¡dizfhgye[fSkygyV[c]bdc]b/sEkyc]v�f{i%n�R[g
kyu/ftà>�7RHgyq/fhg�i>RXn<vmVXsHb/cJkyxdq<ftizvmVXW\W]f{g>kzudV[bÀn�R[gAkzu/f9w<é��ÞÕ�Ê
w<f{��RHbdq>`1b/R[kzfSkyudVUk%VXW]kzudR[x/sHu�kzu/fÓà>�Z�#c\bd�hgzfÃV[izf{it¾2fhgzn�R[gzÇ
vmV[bd��fZizW\c]sHuHkyW]TERUe[f{g�kzu/f�à>��`Hkzu/f�¾/gzc¢��fZ¾dVXc¢q�c]bÈiz¾dV[gyizcJklT�Z
V[bdqÓkzg�VXc\b/c\b/s%kyc]v�f9q/R�fÃiAbdRXk�izfhf{vÛkyRS¡2f�^�R[gzkzu1^%u/c\W]fHÊA|	u/f
gyf{V[W[s�VXc\b�c]b�¾4f{gjn�RHgzvmV[bd��ftc¢i�R[¡<k�VXc\b/f{q�^%udfhb�xdb/fheHfhb�vmVXgzÇ
sHc]b4i�V[gzf9xdijfÃq>Ê�|	u/f�à>�%aZ�

(−1, 1)
izxd�{��fhfÃq/i�c]bEV[��u/c\fhe1c\b/s

bdf{VXgzÇlw1é��î¾4f{gjn�RHgzvmVXb4��fE^%cJkyu¿W\RU^ïiz¾dVXg�izcJklT�[�ØSR[kzfEkzu4VUk
bdfhsHVXkzc\e[fmeUVXW\x/fÃi�n�R[g

τ±1
VXW\W]RU^Ún�R[g�vEc¢iy��W¢V[iyijc]Å4�hVXkzc\R[bÐfhgzÇ

gyR[g�i	kyu/R[x/sHu�|	u/fhRHgzf{v ý�gzf{v�V[c]b4i%eUVXW\c\q7Ñ�n�R[gÓijvmVXW\WAvmV[sXÇ
bdcJkyxdq<f{i�ÕÄÊ�ËÌb4q<c\�{VUkyf{q�c\bÞ¡2R[W¢q�c¢i�kzu/fE¾2fhgzn�R[gyv�V[bd��f�RXntkyu/f
à>�%a��

(1, 50)
^%u/c¢��u+VH��u/c\fhe[fÃq�kzudf�¡2f{ijk%¾4f{gjn�RHgzvmVXb4��fZRHb

kyu/f�kzg�VXc\b/c]bdsÁiyVXv�¾/W\f�xdizc]bdsÝý{�XÇªn�RHW\q��hgzR�izijÇúe_V[W]c¢q/VXkzc\R[bÐR[b
\^] µ	±.°�±.³b»V±�¶�¹
°�¸N°�¹;Å>»	´.·�®�¹
«�®�¹,ÈAÖ�Ò�«�µ<¹
­�Ø;­�°x»�Ê;±.µÛ»

¯�³�»�¹�·�°²®�¹�±.³
°�Ä
®�»�«
b
Ç`_Ù³
®�«�Ô�³�µxÕÙ°�¸N°�´xÔqÊ
µv°�«�¹
µ�±�¯�³b»	¹�·�°�±.³�°

Å>»�¯�´.µ	¾�»x¸N°�´�»�·<°�Ê�º
´.°�¯�®�«�®�µ�¹qÇ
a�b ¹>±.³�®�«Ñº�»�º�°�´Vced:fhgickjml n>®�«�Ê
°�é�¹�°xÊR»�«Ù±.³
°M¹�¶�Å�Ä�°�´Ùµ	¼So�°�´.µ

¯�µ<ÅÌº�µ�¹�°�¹v±.«�Ô
αi = 0

Ô*µ	¼Ñ±.³�°Ì¸N°�¯�±.µ�´
α ∈ R

m
µ	¼�°�ÍAºb»	¹�«�®�µ<¹

¯�µv°qpÌ¯�®�°�¹v±.«�Ç

λ = 0 λ = 1���Sà �/Ê @A�
� �/Ê @A�A�
w1¾dV[gyizcJklT �v@ @��

übý
þ	ÿ|¦sr�¨!_Ù³
°²Å>»	¯�´.µ�¾C»x¸N°�´�»	·<°²ºA´.°�¯�®�«�®�µ<¹�»�¹�Ê�«�º�»	´.«�®�±�Ø�´.°�«�¶�­�±.«
µ�¼�±.³
°�Ï�ª µ<¹¬±.³�°#½5°�¶A±.°�´.«F¾ ¿�ÀVÁ�Â�Ã ¯�µ<­�­�°�¯�±.®�µ<¹LÔÎ¼ µ�´�±.³
° Â<Â
­�®�¹
°x»	´.­�Ø «�°�ºb»V´�»�Ä
­�°Û¯�­8»	«�«�°�«�Ô�Õ�®�±.³
µ<¶
±�±.³
°#¹
µ<®�«�°�ºb»V´�»�ÅÌ°�±.°�´
î
λ = 0

ð »�¹bÊ>Õ�®�±.³
λ = 1

Ç

�hW\VHizizf{iA^%cJkyu�VXk�W\f{V[ijk
40
¾2RHizcJkyc]eHf�f�É/V[vE¾dW]fÃi�tXÊ�|	u/c¢i�vER<q<f{W

¾2fhgzn�R[gyvmi�¡4fhkjkzf{g�kzudV[b�kyu/f�w1é�� VXbdq�gzfÃq<xd�hf{qmkyu/fÓkzg�VXc\b<Ç
c\b/sEkzc\v�f�RXn�kzu/f�w<é�� ¡1T�V�n¦V[�ÄkyR[g%R[n�kl^�RdÊ
ØZRXkyfmkzudVXk�¾/gyR[¡dV[¡/W]TÁ¡4fhkjkyfhg�gyf{izx/W]kyiÀ^�R[x/W¢qÐ¡2fmR[¡<k�VXc\b/f{q
¡1T+n�x/gzkzu/f{gZc\bd��gyf{VHijc\b/s

τ+1
VXkZkzudf�¾/gyc¢��f�R[ntW]fÃizi�ij¾dV[gyizc]klT[Ê

|	udc\i	Ü�xdVXb�kycJklTmV[��kyi	V[i�V�kzg�V[q<fhÇÒR[Â+¡2f�kl^�fhf{b�iz¾dVXg�ijc]klT�VXbdq
¾2fhgzn�R[gyvmVXbd�hf[Ê�}ÁfZq/c\qmbdRXk���RHbdq<xd��ktn�x/gzkzu/f{g�fhÉ1¾2fhgyc\vEf{b�kyi
kyR�Ô[fhf{¾+kzu/f�iz¾dVXg�ijc]klT��hR[v�¾dVXg�VX¡dW]fZkzR�kzu4VUkSRXn�kzu/f�w<é���Ê
QSf{izx/WJk�iÀR[bÁkzu/fÈQSfhx<kyfhg�ilÇúépR[WÒýEqdVUkyVHijfhk�VXgyf�¾/gyf{izfhb�kyf{qÁc]b
|�VX¡dW]f��/Ê¸|	u/f�RUe[f{gyV[W]W�¡2fhudV_e1c\R[x/gERXn�kzu/f�V[W]sHR[gycJkyu/vmi�c¢i
izc\vEc\W¢VXgÃÏM�SsHV[c]bÓkyu/f�à>��¾2fhgzn�R[gyvmiAV[iM^9f{W]W�V[i?kyu/ftgyf{ijkARXn/VXW]Ç
sHR[gycJkyu/vmi�n�R[g�kzudf�W¢VXgys[fÃilk�kzRH¾/c¢�hi	Ñ¦|0:�àSýÃ�HÕ�`[VXbdq�kzudfZw1é��
V[bdqÞkzu/fmà>�%aZ� ¾2fhgzn�R[gyv#izc]v�c\W\V[gzW\T�n�R[g�izc\vEc\W¢VXg�iz¾dVXg�ijc]klT
eUV[W]x/fÃihÊ
��c\bdVXW\W\T[`�^9f+fheUVXW\xdVXkzf�f�É<¾2fhgyc]v�fhb�k�VXW\W]TÐkyu/f�f�Â?f{��kÈRXnZkyu/f
bdR[c¢ijf�¾4VXg�VXv�f�kyfhg

λ
b/fhfÃq<f{q�kzR�q<fÃVXW�^%cJkyu�W\c]b/fÃVXgyW]T�c]b4ijf{¾<Ç

V[gyV[¡/W\fÓ¾dgzRH¡/W]f{vmihÊM:�x/kSRXn�kzu/f>�H�EkzRH¾/c\�{i%c\b�kyu/f�Q%f{x<kzf{gyijÇ
~/ý<���v�Ö��R[W\W\f{�Äkyc]RHbM`�VXbdq x4ijc\b/sÖkzu/fßq<R<��x/v�fhb�kÞf{bd��R<q<c\b/s
q/f{iy��gyc]¡2f{q f{V[gzW\c\fhgÃ`Àkzu/f{gzf7V[gzfß�H�ÝkzR[¾dc\�{i�^%cJkyu�W]c\b/fÃVXgyW]T�Ç
izfh¾4VXg�VX¡/W\fÞkygyV[c]bdc]b/s¸iyVXv�¾/W\f{i{Ê :�bÛkzudf{izf7�H�ÐkyR[¾/c¢�hi�^�f
�{VXb7izf�k�kzu/f�b/R[c¢ijf�¾dVXg�VXv�f�kyfhg

λ
kzR¿��VXb4q�R[¡dizfhgye[fmudRU^

¾2fhgzn�R[gyvmVXbd�hf�VXb4q�ij¾4VXg�ijc]klT�c¢iÓVUÂ?f{�Äkyf{q>Æ?^�f�izu/RU^ kzu/fEgyf�Ç
izx/W]kyi�RXn2kzu/c¢i��hR[v�¾dVXgyc¢ijRHb�c\bÈ|�V[¡/W\f��dÊp�/RHgpkzu/c¢ip¾dV[gjkyc\�hx/W¢VXg
¾dgzRH¡/W]f{v�`Z���Sà ¾4f{gjn�RHgzvmV[bd��fÁc]bd�hgzfÃV[izf{q¸¡1Tÿ�/Ê �[���ÐVXbdq
iz¾dV[gyizcJklTÈq/f{��gyf{VHijfÃqÈ^%u/f{b�xdijc\b/s

λ = 1
Ê

uZâwv å ä ½4+zçZ¹1èlå ä ¹

}¿fÞu4V_e[f�izu/RU^%b¸kzudVXk�kyu/fÞ¾2fhg���f{¾<kzgyR[bÿVXW\s[RHgzc]kzudv ^%c]kzu
vmV[gzsHc]bdi�c¢i�VÀeHfhgyT�f�ùÈ�hc]f{bHktW\f{V[gzbdc]b/s�V[W]sHR[gycJkyu/v�n�RHgtW]c\b/fÃVXg
�hW\VHizizc]Ådfhg�ihÊA}Áf%udV_eHf�sHfhb/f{gyV[W]c¢ijfÃq�kyu/c\ipV[W]sHR[gycJkyu/v kzR�VXW\W\RU^
xdb/fheHfhb�vmVXgys[c\bdi{`/¾/gyRUe[f{q+VmsHfhb/f{gyV[W]c¢izVXkzc\R[b+RXntØSRUe1c\Ô[R[Â	Ù i
n�RHg�kzu/c¢i	VXW\s[R[gyc]kzu/v�`<VXbdq�¾/gyRUe�c¢q<fÃqÈV�sHfhRHvEfhkzgyc\�{VXW4¾/c\��kzx/gyf
R[nZkyu/c\iEn¦V[v�c]W\T7RXn�W]c\b/f{V[gmW]fÃVXgyb/c\b/sÁV[W]sHR[gycJkyu/vmihÊÝaZb/fheHfhb
vmV[gzsHc]bdimV[gzf�iz¾2f{��c¢VXW\W\TßVX¾d¾/gzRH¾/gyc\VXkzf�n�R[gÈ¾/gyR[¡dW]f{v�iÈ^9f{gzf
�hW\VHiziEizc8�{f{i�VXgyf�udc]sHu/W]T�xdb�¡4VXW¢VXbd�hf{q>Ê�}¿f�q<fhv�R[b4ilkygyVXkzf{q
kyu/c¢iZRHbÞVÈijkyVXb4q/VXg�q���W¢V[iyijc]Å4�{VUkzc\R[b�¾/gyR[¡dW]f{v V[bdq�VÈq<R<�hx<Ç
v�f{bHk%�hVXkzf{s[R[gyc¢izVXkzc\R[b�¾/gyR[¡/W\fhv�`1^%u/fhgyf�kzu/fÓxdizf�R[nMx/b/fheHfhb
vmV[gzsHc]bdiET1c\fhW¢q/im��W¢V[iyijc]Ådf{gE^%udc\��uÿVXgyf�ij¾dV[gyizfhgmV[bdqÝv�RHgzf
¾2fhgzn�R[gyvmVXb�k	kzudV[b�w<é���i{Ê

x _Ù³�° Ä�°�«F± ºb»V´�»�ÅÌ°�±.°�´.« Õ�³�°�´.° ¯�³
µ<«�°�¹ ¼ ´.µ�Å
τ
−1 ∈ {−1.5,−1,−0.5, 0, 0.1, 0.5, 1.0}

»�¹bÊ
τ+1 ∈

{−1,−0.5, 0, 0.1, 0.5, 1, 2, 5, 10, 50}
ÔA´.°�«�º�°�¯�±.®�¸N°�­�ØvÇ



|	udfhgyf�VXgyfZizfheHfhg�VXW4q/c]gyf{��kzc\R[bdi�kzudVXk9^�fZ^%c\W]W?¾/xdgyizx/fZc\bÈkyu/f
n�x/kzx/gyf[Ê7��c\gyijkzW\T[`tc]kÈijf{fhvmi�c]b�kzxdcJkyc]eHf�kyR¿VHq/VX¾<kEkzudf�vmVXgzÇ
sHc]bÐ¾dV[gyV[v�f�kzf{gyiÓkyR�kzu/f�ijc �hfmR[n�fÃV[��u¿kzRH¾/c\��c\bdq<c\e1c\q/xdVXW\W]THÊ
à�gzRHvEc¢izc]b/s�gzfÃijxdWJk�i9^�fhgyfZRH¡<kyV[c]bdf{qÈc\b�¾dgzf{W]c\v�c]bdV[gzT�fhÉ1¾2fhgzÇ
c\v�fhb�kyiÓ^�fhgyf�^�f�Å/É<f{q

τ−1
kzR�V�izvmVXW\W�bdfhsHVXkzc\e[f�b1x/v�¡4f{g

V[bdq�x4ijfÃq
τ+1 ∝ (1 + exp (−κ · c))−1 ^%cJkyu

c
¡4f{c]bds�kyu/f

n�g�V[��kzc\R[bÁRXn9¾2RHizc]kzc\e[f�f�É/VXv�¾/W\f{iÓc\b¿V�kzRH¾/c¢�XÊmw1f{�hR[bdq<W\T[`Ac]b
kyu/f��hR[b�kzfhÉ�k�RXnpq<R<��x/v�fhb�k��{VUkyfhs[RHgzc¢iyVUkzc\R[bA`<cJk�izfhf{vmi%kzu4VUk
¾2fhgzn�R[gyvmVXbd�hf�v�fÃV[izx/gzfÃi�VXgyf+izR�q<f{�hR[gygzf{W\VXkzf{q�n�gzRHv v�c\ijÇ
�hW\VHizizc]Å4�hVXkzc\R[bÝf{gzgyR[gEkyudVUkÈ¾2fhgzn�R[gyvmVXbd�hf+RHbÖkzu/f�kygyV[c]b/c\b/s
iyVXv�¾/W\f�Ñ�c\bÞkyfhgyv�iÓR[n9���Sà�ÕÀ�hVXbÞ¡4f�xdizf{q�n�R[gÀv�R1q/fhWtizf�Ç
W\f{��kzc\R[bMÊÍw1c\bd��fÁà>�%aZ��Ù i�VXgyf�n¦V[ijk�kyR7kygyV[c]bM`ZR[b/f¿��R[xdW\q
VXÂ2RHgyq�kzREkygzTÈvmV[b�T�e_V[W]xdf{i%R[n

τ+1
V[bdq

τ−1
Ê

¶ß½"y ä å 1 + $ æ%- $l/ $�ä º/¹

}¿f	VXgyfts[g�VUkyf�n�x/WHkzRÓYSx/vmVÓoMR<q<u/c�n�R[g�kzfÃ��u/b/c¢�hV[W�VHizizc\ijkyV[bd��f
V[bdqÁkzu/f�kyu/gyfhf�gzf{e1c]f{^9f{gyi�n�R[gÀkyu/fhc\g�eUVXW\xdV[¡/W]fÈ�hR[v�v�fhb�kyi{Ê
}¿f9kzudV[b/ÔÀ�ZfhgyR_É�Q%f{izf{V[gy��u��9f{bHkygzf�rtx/gyR[¾2f�n�RHg�¾/gyRUe1c\q/c]b/s
kyu/f�f�É<¾2fhgyc]v�f{bHk�VXWMq/VXkyVHijfhk	R[nAkyu/f�b/fh^ Q%f{x<kzf{gyi%�hR[gy¾/xdi{Ê

¶ â²& »då�å�zÈå�z  #"%$ åt» $�/ á
�	ò������VYZ|	udgzRHx/s[u/RHx<kÈkyu/fÁ¾dgzR1RXn�^�fÞ^%c\W\WÓx4ijfÞkzu/fÐijudR[gzkjÇ
u4VXbdq�bdRXkyVXkzc\R[b

x̂ := (x′, R)′
V[bdq

ŵ :=
(
w

′, b
R

)′ kyR�q<fhÇ
bdRXkzf�VXxds[v�fhb�kzfÃq�kygyV[c]b/c\b/s+f�É/VXv�¾/W\f{i�Ñ¦v�V[¾/¾2f{qÁc]b�kzR+n�fÃVUÇ
kyx/gyfÀiz¾dVH��fÃÕ	V[bdq�^9f{c]sHuHk%eHf{�ÄkyR[g�ihÊ

ýHÊS�/gyR[vî�ZW]sHR[gycJkyu/v ý�^�f�Ô�bdRU^!kzu4VUk
ŵt = ŵt−1 +

ηyix̂i

^%u/f{b/fheHfhg
yi (〈ŵt−1, x̂i〉) ≤ τyi

Êt|	u1xdi{`

‖ŵt‖2 = ‖ŵt−1‖2 + 2ηyi 〈ŵt−1, x̂i〉+ η2 ‖x̂i‖2

≤ ‖ŵt−1‖2 + 2ητyi
+ 2η2R2 ,

¡4fÃ�hVXx4ijf ‖x̂i‖2 = ‖xi‖2 + R2 ≤ 2R2 ÊE� gyfh¾2f{VXkzf{q
VX¾/¾/W\c¢�hVUkyc]RHb�R[nAkyu/c\iSc]b/fÃÜ�xdVXW\cJklT�c]v�¾/W\c]fÃi	kzu4VUk

‖ŵt‖2 ≤ 2tη2R2 + 2η (t+1τ+1 + t−1τ−1)
Ñª��Ê\ýÃÕ

≤ 2tη
(
ηR2 + τmax

)
,

Ñª��Ê ~[Õ
^%u/fhgyf

t+1
c\iÖkyu/f b�xdv�¡2fhgÿRXn¿x/¾?q/VUkyf{i¸RXn¿¾4R�ijc]Ç

kzc\e[f fhÉ<V[v�¾/W]fÃih`
t−1 := t − t+1

V[bdq
τmax :=

max {τ+1, τ−1}
Ê�w1c\v�c]W¢VXgyW\T[`1n�gyR[vëÑÒ~<Ê �HÕ�^�fÓu4V_e[f

〈ŵopt, ŵt〉 = 〈ŵopt, ŵt−1〉+ ηyi 〈ŵopt, x̂i〉
≥ 〈ŵopt, ŵt−1〉+ ηΓ ≥ tηΓ . Ñ¦��Ê �HÕ

�9R[v�¡dc]b/c\b/s�Ñª��Ê ~[ÕAVXbdqmÑª��Ê �HÕMV[bdq�xdizc\b/s%kzudf	��VXx4��u�T�Ç
w<��u1^�V[g��Óc]bdf{Ü�xdVXW\c]klTÈs[c\e[fÃi�kyu/f�gyfhW¢VUkzc\R[b

t2 (ηΓ)2 ≤ (〈ŵopt, ŵt〉)2 ≤ ‖ŵopt‖2 ‖ŵt‖2

≤ ‖ŵopt‖2 2tη
(
ηR2 + τmax

)
.

Ñª��Ê ��Õ

w1c]b4��f
bopt ≤ R

¡1TëV[iyizx/v�¾<kzc\R[bM` ‖ŵopt‖2 ≤
‖wopt‖2+1 = 2

^%u/c¢��uM`_c]bdizfhgzkzfÃq�c\bHkyR�Ñ¦��Ê �1ÕÄ`Uc\v�¾/W]c\f{i
kzu/f�gyf{izx/W]k�ÑÒ~<Ê ��Õ�Ê

~/ÊS�9TÈkzu/f�x/¾?q/VXkzf�gyx/W]f
ŵt = ŵt−1 + ηyix̂i

V[bdq¿Ñª~<Ê��[Õ�`
�lxdilkZVHi	c]b+kyu/f�q<fhgyc\e_VXkzc\R[b+RXn	Ñ¦��Ê �HÕ�`/^�f�udV_e[f

〈
̂̃wopt, ŵt

〉
≥ η (t+1Γ+1 + t−1Γ−1)

= ηΓ−1 (ψt+1 + t−1) ,
Ñª��Ê��[Õ

^%u/fhgyf%kzudfZgyfhW¢VUkzc\R[b4iju/c\¾
Γ+1 := ψ ·Γ−1

c¢i�xdizf{qMÊÑ:�b
kzu/f%R[kzu/f{gtudVXb4q>`Xn�gyR[v�kyu/fSc\b/f{Ü�xdV[W]c]klT�Ñª��Ê\ýÃÕ�^�f	udV_e[f

‖ŵt‖2 ≤ 2tη2R2 + 2η (t+1τ+1 + t−1τ−1)

= 2η
[
t+1

(
ηR2 + τ+1

)
+ t−1

(
ηR2 + τ−1

)]

= 2η
[
(ψt+1 + t−1)

(
ηR2 + τ−1

)]
,

Ñª��Ê @HÕ

^%u/fhgyfÓkzu/f�gyfhW¢VUkyc]RHbdijudc]¾
t = t+1 + t−1

V[bdq�kzu/f�q<fhn�Ç
c]b/c]kzc\R[bÁRXn

ψ
VXgyf�xdizf{q>ÊÀ|	u/f�kl^�R�c\b/fÃÜHx4VXW\cJkyc]fÃi�Ñª��Ê��[Õ

VXbdq Ñª��Ê @HÕ���RHv�¡/c\b/f{qÖkyR[sHf�kzudfhg�^%c]kzu�kzu/f7��VXx4��u�T�Ç
w<��u1^�V[g��Óc]bdf{Ü�xdVXW\c]klTÈs[c\e[f�kzu/f�gyfhW¢VUkyc]RHbdi

η2Γ2
−1 (ψt+1 + t−1)

2 ≤
∥∥∥ ̂̃wopt

∥∥∥
2

‖ŵt‖2

≤ 4η
[
(ψt+1 + t−1)

(
ηR2 + τ−1

)]
,

^%u/fhgyf ∥∥∥ ̂̃wopt

∥∥∥
2

≤ ‖w̃opt‖2 + 1 = 2
c¢iÀxdizf{q>Ê�|	u/c\i

c]b/fÃÜ�xdVXW\cJklT�c]v�¾/W\c]fÃi	kzudf�¡4RHx/bdq

ψt+1 + t−1 ≤ 4

(
ηR2 + τ−1

)

ηΓ2
−1

Ñª��ÊO�XÕ

�9T�ijx/¡4ilkycJkyx<kzc\b/s�Ñ¦��Ê �[Õ�c]b�kyR�Ñ¦��Ê @HÕ�`/^�fÓRH¡<kyV[c]b

‖ŵt‖2 ≤ 8

(
ηR2 + τ−1

)2

Γ2
−1

= 8

(
ηR2 + τ+1

)2

Γ2
+1

.

|	u/f�gzfÃijxdWJk�Ñª~/Ê @�Õ�n�R[W\W]RU^Si	¡1T��hR[v�¡dc]b/c\b/sEkzudf�W\VHilk%c\b<Ç
f{Ü�xdVXW\c]klT+^%c]kzuÖÑª~/Ê ~HÕSVXb4q�R[¡4ijf{gze1c\b/s�kzudVXk{`MVXkZkzf{gzv�c]Ç
bdVUkyc]RHbM`

min(xi,±1)∈z
±〈ŵt, x̂i〉 > τ±1

Ê

á $ z $ » $Aä ½ $ ¹
�9gyc\ijkzc¢VXb/c\b/cÒ`2Ø�Ê>VXbdq��4ÊMw1udV_^�f�ÇÌ|�V_T1W\R[g�ÑÒ~X�[�H�HÕ�Êf��ó|{Äó4õ
ö ò���y��dø ö ÷\�Uó ö � {��<DADL�Uò ö~} ñ�ø ö �Uò �W�Hø H ÷�ó2ñV�ÄÊE��VXvEÇ
¡/gyc\q<sHf[`/a���Ï2��VXv�¡/gzc¢q<sHfÓaZb/c]eHfhg�ijc]klTmàtgyf{iyihÊ

üÓfhb�kyc]W\f[`m��ÊEÑÒ~X�[�dýÃÕ�ÊZ� b/f{^ VX¾/¾dgzR_É<c\v�VXkzf�vmVUÉ<c\vmVXW
vmVXgys[c\bÁ��W¢V[iyizcJÅ4�{VUkyc]RHbÞVXW\s[RHgzc]kzu/v�Ê����v�<òÄóf�Uô��.�Î�E�Uõ
ø H ÷�ó2ñ t ñ��XòÄód÷�ób�ÎX�ñx�hñ��Uòzø H � `4~<ýÃ� 9 ~���~/Ê

üÓg�VXfh¾2fhWÒ`�|ÀÊ\`�Q�Ê�YZfhgy¡/gyc\��uM`�V[bdq�Q�ÊÀ��ÊZ}ÿc]W\W]c¢VXvmizR[b
Ñª~[�[�/ý_ÕÄÊ/�dgzRHvûvmVXgys[c\b�kyRÈij¾4VXg�ijc]klT[Ê<ËÌb�|ÀÊd��ÊdoAfhf{bM`
|ÀÊ/üEÊb��c\f�kjkyfhgyc\��uA`/VXbdq�é�Ê<|Agyf{iz¾ÞÑ¦r�q/i{Ê Õ�`��0y�ON�Xó2ø�ñV�
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