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Darwin’s tree
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Phylogenetic tree T = (V , E ) on X
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X={a,b,c,d,e}

i.e.

◮ leaf set is X ,

◮ no vertices of degree 2,

◮ not necessarily binary,

◮ an edge weighting i.e. a map ω : E (T ) → R≥0 that is strictly
positive on all interior edges of T .
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How many tree topologies

Number b(n) of binary non-isomorphic tree topologies (all edges
have weight 1) on n leaves, n ≥ 4:

b(n) = (2n − 5)!! = 1 × 3 × 5 × 7 × . . . × 2n − 5

e.g.
b(10) = 2027025 and b(20) ∼ 2 × 1020

.

So asymptotic equivalence:

b(n) ∼ 1

2
√

2
(
2

e
)nnn−2

Katharina Huber, University of East Anglia, UK Lassoing phylogenetic trees



Edge-weighted phylogenetic tree on X
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Shortest distances between leaves of tree induces distances
between the elements on X e.g.

d(T ;ω)(a, d) = 13.
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If evolution is tree-like, ...
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Extracting distances from sequences, ...
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Existence

d a dissimilarity on X , i.e. d : X × X → R such that d(x , x) = 0
and d(x , y) = d(y , x), for all x , y ∈ X .

When does there exist a phylogenetic tree (T ;ω) with edge-weight
function ω such that:

d(T ;ω)(x , y) = d(x , y),

for all x , y ∈ X?
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Existence: Neighbor-Joining (Saito/Nei 1987)
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BioNJ (Gascuel 1997)
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Uniqueness

d a dissimilarity on X .

If there exists an edge-weighted phylogenetic tree (T ;ω) such that
d(T ;ω)(x , y) = d(x , y), for all x , y ∈ X , when is that edge-weighted
phylogenetic tree unique, that is, up to isomorphism, (T ;ω) is the
only edge-weighted phylogenetic tree that satisfies this property?
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Uniqueness: 4-point condition

d a dissimilarity on X . For all w , x , y , z ∈ X :

d(w , x) + d(y , z) ≤ max{d(w , z) + d(y , x), d(x , z) + d(y ,w)}
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Note: If d satisfies this condition, then the edge-weighted
phylogenetic tree is unique (up to isomorphism). Considered as a
graph, the tight span associated to d is that tree.
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From edge-weighted phylogenetic trees to collections of
weighted quartets
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induces weighted quartets:
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So have a collection of weighted quartets!
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Quartet weight functions

µ : Q(X ) := {quartet with leaf set in X} → R≥0 such that:

(T1) For all a, b, c , d ∈ X , at least two of µ(ab|cd), µ(ac |bd), and
µ(ad |bc) are equal to 0.

(T2) For all x ∈ X − {a, b, c , d}, if µ(ab|cd) > 0, then

µ(ab|cx), µ(ab|dx) > 0 or µ(ax |cd), µ(bx |cd) > 0.

(T3) For all a, b, c , d , e ∈ X , if µ(ab|cd) > µ(ab|ce) > 0, then

µ(ae|cd) = µ(ab|cd) − µ(ab|ce).

(T4) For all a, b, c , d , e ∈ X , if µ(ab|cd) > 0 and µ(bc |de) > 0,
then

µ(ab|de) = µ(ab|cd) + µ(bc |de).
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Theorem (Grünewald, Huber, Moulton, Semple, Journal of
Mathematical Biology (JMB), 2008)

Let µ : Q(X ) → R≥0 be a map. Then µ = µT for some
edge-weighted phylogenetic tree T on X if and only if µ satisfies
conditions (T1)-(T4). Moreover, if such a tree exists, then, up to
isomorphism and the weights of the pendant edges, T is unique.

Note: Similar result for binary edge-weighted phylogenetic trees
Erdös and Dress, Annals of Combinatorics, 2003.
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But what happens if we have missing distances?
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Existence: triangle method
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Uniqueness: Two phenomena (I)

X = {a, b, c , a′, b′, c ′}; L =
({a,b,c}

2

)

∪
({a′,b′

,c′}
2

)

.
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Note: Central interior edge can be any positive real number
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Uniquencess: Two phenomena (II)

X = {1, 2, . . . , n}, n ≥ 4, and L =
(

X

2

)

− {{k + 1, k + 2}}.
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Note: Distance between a and b with ab := {a, b} ∈ L are the
same!
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Regarding phenomenon (I): Edge-weight lasso

T a phylogenetic tree on X and L ⊆
(

X

2

)

with
⋃

A∈L A = X . Then
we say that L is an edge-weight lasso for T if ω = ω′ holds for all
edge weightings ω, ω′ of T with d(T ,ω)|L = d(T ,ω′)|L.

X = {a, b, c , a′, b′, c ′}; L =
(

{a,b,c}
2

)

∪
(

{a′,b′
,c′}

2

)

∪ {aa′, bb′, cc ′}.
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Regarding phenomenon (II): Topological lasso

T a phylogenetic tree on X and L ⊆
(

X

2

)

with
⋃

A∈L A = X . Then
we say that L is a topological lasso for T if T ≃ T ′ holds for any
phylogenetic tree T ′ on X for which there exist edge weightings ω

of T and ω′ of T ′ with d(T ,ω)|L = d(T ′,ω′)|L.

X = {a, b, c , d , e, f , g , h} and L =
(

X

2

)

.
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Not a topological lasso

X = {1, 2, . . . , n}, n ≥ 4, and L =
(

X

2

)

− {{k + 1, k + 2}}.
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Edge-weight lasso 6⇒ Topological lasso

X = {a, b, c , a′, b′, c ′}; L =
({a,b,c}

2

)

∪
({a′,b′

,c′}
2

)

∪ {aa′, bb′, cc ′}.
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L is not a topological lasso for above phylogenetic tree since
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Topological lasso 6⇒ Edge-weight lasso

X = {a, b, c , d} and L = {ab, bc , cd , da}.
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Note: The weight of the pendant edges is not fixed by the given
distances. However the weight of the interior edge is.
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Strong lasso

T a phylogenetic tree on X with
⋃

A∈L A = X . Then we say that
L is a strong lasso of T if (T , ω) ≡ (T ′, ω′) holds (i.e. there exists
a graph isomorphism from T to T ′ that respects X and the
edge-weights), for every given edge weighting ω of T , for any
phylogenetic tree T ′ on X and any edge weighting ω′ of T ′ with
d(T ,ω)|L = d(T ′,ω′)|L.

X = {a, b, . . . , g}; L = {ab, ad , bc , be, cd , cf , de, dg , ef , fg}
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Not a strong lasso

X = {a, b, c , a′, b′, c ′}; L =
({a,b,c}

2

)

∪
({a′,b′

,c′}
2

)

∪ {aa′, bb′, cc ′}.
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Note: Not a topological lasso but an edge-weight lasso
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Theorem (Dress, Huber, Steel, JMB, 2011)

(i) If n ≥ 4 holds and L is a topological lasso for T , then the
graph (X ,L) must be connected.

(ii) If L is an edge-weight lasso for T , then the graph (X ,L)
must be strongly non-bipartite i.e., every connected
component of the graph (X ,L) is not bipartite.

(iii) In particular, the graph (X ,L) must be connected and
non-bipartite if L is a strong lasso for T .
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Covers of binary phylogenetic trees

T a binary phylogenetic tree on X . Then L ⊆
(

X

2

)

is called a

◮ pointed cover if there exists some x ∈ X such that for all
interior vertices v of T the situation indicated in the figure
below (left) holds

◮ triplet cover if for every interior vertex v of T the situation
indicated in the figure below (right) holds

Note: Left: pointed cover, Right: triplet cover.
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An example

X = {a0, a1, . . . , an−2, an−1} , n ≥ 4,

L := {a0ai : i = 1, . . . , n − 1} ∪ {ai−1ai : i = 2, . . . , n − 1}.

Note: L is a pointed cover as well as a triplet cover. – see
Chaiken, Dewdney, Slater, Alg. Disc. Math. 1983, and
Barthelemy, Guenoch, Trees and Proximity Representations, 1991,
for more on this type of triplet cover.
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A combinatorial characterization of triplet covers

Triplet cover L induces a set C(L) ⊆
(

X

3

)

by putting

C (ab, ac , bc) := {a, b, c}, for ab, ac , bc ∈ L.

C ⊆
(

X

3

)

with
⋃

C∈C C = X . Then C is a triplet cover of some
binary phylogenetic tree on X if and only if

|
⋃

C∈C′

C | ≥ |C′| + 2.

for all non-empty subsets C′ ⊆ C. (Dress, Steel, Applied
Mathematics Letters, 2009)
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Theorem (Dress, Huber, Steel, JMB, 2011)

(i) Every triplet cover L of a binary phylogenetic tree T on X
lassos the edge weights for T . Furthermore, (T , ω) ≡ (T ′, ω′)
must hold for every edge weighting ω of T and every pair
(T ′, ω′) that consists of a phylogenetic T ′ on X and an edge
weighting (where interior edges may have weight zero) ω′ of
T ′ such that L is also a triplet cover of T ′ and
d(T ,ω)|L = d(T ′,ω′)|L holds.

(ii) If a subset L of
(

X

2

)

is a pointed cover of a binary
phylogenetic tree T on X , then L is a strong lasso for T .
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Theorem (Dress, Huber, Steel, JMB, 2011)

Given a phylogenetic tree T on X and a bipartition
{A,B := X − A} of X . Then the following assertions are
equivalent:

(i) The subset {ab : a ∈ A and b ∈ B} of
(

X

2

)

is a topological
lasso for T .

(iii) A ∩ c 6= ∅ 6= B ∩ c holds for every 2-subset c of X whose
elements form a cherry in T .
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More to come but many thanks for listening for now!
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