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The introduction of new Air Traffic Management (ATM)
procedures is a necessary condition for achieving safety and
efficiency objectives requested by the increasing air traffic. In
the past, the Air Traffic Controller (ATC) and the pilots had
access to different data, and the responsibility of changes in
procedures and operations were totally delegated to the ATC.
The introduction of the next generation of ATM systems fore-
casts the use of ground and on-board integrated surveillance
systems, which guarantee a cooperation between the ATC
and the pilots. Moreover, new technologies provide broadcast
communication of an aircraft position in the airspace, thus
enabling the possibility of decentralization of decision making
from the ATC to the pilot. These are the enabling technologies
for development of a pletora of applications, such as the Air-
borne Separation Assistance System (ASAS) [1], which aims
to improve efficiency of air traffic management procedures by
a decentralization of responsibility among the ATC and the
pilots. The more advanced ASAS application is the Airborne
Self Separation (ASEP) [2], which aims to a total shift of
responsibility to the pilots flying in a specified airspace. Within
this airspace, the pilots are responsible of maintaining safety
separation with the other aircraft using the on board surveil-
lance system. These new concepts are a potential solution to
the increasing air traffic density expected in the future years,
and forecast an increase of safe air traffic from three to six
times the current air traffic. The main problem is providing
guarantee that the new air traffic procedures are sufficiently
safe. Modeling, simulation and formal analysis and validation
of new ATM procedures is an important and necessary step for
the development of ATM systems. In the context of the iFly
project, our research focuses on development of novel concepts
and technologies for addressing the issues discussed above, in
order to provide automatic tools for the ATM systems under
development and standardization.

However, the dynamical analysis of high-dimensional,
stochastic models poses a number of challenges. When direct
analysis of the model under study is impaired by its sheer
complexity, automatic verification and algorithmic control de-
sign procedures are essential. An approach that is used to cope
with this scalability issue is that of abstraction: a system with
smaller (possibly finite) state space is obtained, which is equiv-
alent to the original system [3]. Equivalence is usually defined
by the notions of language equivalence and bisimulation [4],
[5]. Often though the (exact) notions of language equivalence

and bisimulation are quite restrictive, since they require a
perfect correspondence between the trajectories of the original
system and those of its abstraction. To address this potential
limitation, approximate notions of system equivalence [6], [3],
[7], [8], [9] have been recently developed. According to this
relaxed approach, a proper metric is introduced to quantify
the distance between the trajectories of the original system
and those of the approximate abstraction.

Currently, the research on abstraction techniques for dynam-
ical systems has two general goals. The first objective is that
of proving the existence of a finite abstraction: given a model
within a class of systems (e.g. timed [10] or hybrid automata,
stable linear or non-linear systems), does there always exist an
equivalent finite abstract model, or an approximately equiva-
lent one? The second goal is that of developing abstraction
algorithms: given a model, synthesize an algorithm that ter-
minates in finite time, which constructs a finite (approximate)
abstraction of the model. Algorithms that can be refined as
needed are particularly useful as they allow tuning the level
of approximation.

Abstraction techniques have also been adapted to prob-
abilistic models. For instance, notions of bisimulation for
classical discrete Markov processes have been developed in
[11], [12], [13]. Abstraction techniques have been applied to
discrete-space, continuous-time models [14]. In [15], classes
of continuous-time Markov Processes are studied with time-
abstraction techniques. In [9] a notion of approximate bisim-
ulation has been proposed for jump linear stochastic systems.
Weak approximations of continuous-time probabilistic models
as locally-consistent Markov Chains have been introduced
by [16], and are tailored to hybrid models in [17], [18].
Categorical notions of bisimulation are discussed in [19].
Notice that they are different than the present work in that
they derive no explicit approximation bound.

In this talk we illustrate new results (introduced in [20])
on approximate abstractions of discrete-time stochastic hybrid
systems (DTSHS). This model encompasses a number of other
classes of stochastic hybrid models. We introduce a procedure
to construct an approximate abstraction of a DTSHS. The
procedure involves the partition of the state space and the
approximation of the transition laws of the DTSHS over the
partition sets. The abstraction is interpreted as a Markov set-
Chain (MSC) [21], namely a Markov Chain where the tran-
sition probabilities are compact intervals (rather than just real



values). MSC are useful as they comprise both stochastic and
non-deterministic parts. By posing some continuity assump-
tions on the DTSHS model, we derive explicit and tunable
bounds on the error between the probability distribution of
the abstracted model (the MSC) and that of the original model
(the DTSHS, considered over the partition sets), for each time
instant (and, in particular, in steady-state). The adjustability of
the error bounds allows successive refinements of the abstrac-
tion procedure. Moreover, given proper assumptions on the
ergodicity of the original DTSHS, it is possible to construct in
finite time an approximate abstraction with arbitrary precision.
The precision quantifies the distance between the stationary
distributions. A finite-time algorithm is introduced to achieve
this.

As an application of these concepts, we propose to apply a
methodology (introduced in [22]) for formal reasoning based
on stochastic hybrid systems theory, that provides a powerful
framework to analyze multi-agents stochastic models of ATM
procedures. We propose the use of automatic tools for verify-
ing probabilistic properties of ATM scenarios. In particular, we
propose to use PCTL logic to define probabilistic properties
of interest (we refer to [23] and references therein for a
survey on PCTL). Recently, formal verification of stochastic
models has been transformed from an academically attractive
discipline to a research effort prone to yield industrially rele-
vant applications, and tools for probabilistic model checking
have been developed: we propose the use of PRISM [24],
[25], [26] for automatic verification of PCTL properties on
ATM procedures. Figure 1 illustrates the main phases of the
verification algorithm we propose. In the first block, a detailed
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Fig. 1. Verification algorithm flow.

continuous-time stochastic model of the ATM procedure (e.g.
a stochastic model of the aircraft dynamics) is defined, using
the mathematical framework of continuous time Stochastic
Hybrid Systems (ct-SHS). This model can be discretized with
respect to the time variable, thus obtaining a discrete time
SHS (dt-SHS). We refer to [27] and references therein for
the formal definition of discrete and continuous time SHSs.
In the third block, a Markov Chain abstraction of the model
is obtained using the abstraction procedure proposed in [20].
This abstraction procedure is essentially a partition of the state
space, which depends on a tunable parameter ¢ (the width of
the partition grid). The reason for using this abstraction is
that it provides an approximation of the original system, and
it can be used to perform automatic model checking using the
tool PRISM. The results of the model checking verification
directly apply to the original system, modulo an approximation
error €. This approximation error € can be chosen a-priori,
by modifying the parameter §(¢) of the abstraction procedure
from dt-SHS to Markov Chain.
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