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Abstract

Dynamical systems theory is the mathematical theory of systems that change with
time. Here some of the basic ideas from this theory are introduced and their relationship
to the description of physical systems is described. We shall concentrate on nonlinear
systems; these can show novel kinds of behaviour not found in linear systems, and
require a different set of concepts to analyse them. The description of such systems
in terms of (nonlinear) state spaces is discussed, and how this leads to a geometrical
theory in which the dynamics are represented by trajectories and the sets that they
trace out; (these sets often have a very complex, fractal, structure).

Central to the analysis of signals from such systems is the idea of ‘embedding’. An
embedding is a kind of model of the system made using a time series of measurements.
We can capture many of the important features of the system using such models, even
though the measurements made at any particular time are not enough to specify the
state completely; (for example, an embedding can be used to make a predictor for the
system). Embeddings can also be used to process the signals themselves, for example
to perform noise reduction, signal separation, or control.

Introduction: signals from nonlinear systems

Both dynamical systems theory and the theory of signal processing by now have substan-
tial histories, and there has long been a connection, in that signal processing has drawn
extensively on the theory of linear systems. However, in the past twenty years or so the
two fields have come together in a new way, which centres around nonlinear systems. This
connection has arisen because of recent advances in the understanding of the mathematics
of nonlinear systems, and the desire to extend this understanding to physical and experi-
mental systems. In particular, the realisation that the irregular behaviour known as ‘chaos’
is common in (mathematical) nonlinear systems immediately raises the question of whether
such behaviour can be observed in experimental systems. To answer this necessarily in-
volves some kind of data analysis: our observations provide us with a quantity of data
which we must work with in trying to identify chaotic behaviour. We can compare this
with the situation where we are instead looking for periodic behaviour; in that case there
is a widely studied and used body of techniques (from periodogram analysis onwards) on
which we can call. But those techniques will not help us very much when it comes to chaotic
behaviour; and chaotic behaviour is only one aspect of nonlinear dynamics. Hence we are
led to the following questions: given a nonlinear experimental system, what can we hope



to learn about the system from observations made on it? And how should we process the
experimental data to extract the information?

Once physicists and engineers began to try to answer these questions they began to put
together a set of techniques for processing signals from nonlinear systems. The fact that
they were working with experimental data led them to address issues such as how to deal
with noise, what the effects of filtering are, and so on. These issues are common to all signal
processing, but it turns out that their implications for nonlinear signal processing can be
quite different to the linear case. The techniques for dealing with such signals are much
less well studied than linear processing techniques, and they are still evolving rapidly, with
some initially popular approaches falling into disuse, and new approaches emerging all the
time. The lack of a textbook or monograph literature is indicative of this; despite a huge
growth in the number of texts dealing with nonlinear dynamics, the number dealing with
the signal processing aspects remains very small [1].

The work on analysing signals from nonlinear experimental systems also leads to other
questions. What about signals of unknown origin? Can the techniques be applied to tell us
anything about these? Could we use the techniques not only to learn about systems, but
to control them? Do the signals have special properties that might make them useful in
applications such as communications? All of these have spawned a considerable amount of
research activity, and there are many others as well. At the moment, things are changing
very fast, and it is too early to say how the new fields will take their place beside the
established ones. Below we shall outline the basic ideas of dynamical systems theory, and
draw the connections between them and the corresponding signal processing problems.

Dynamical systems: basic ideas

Dynamical systems theory is the mathematical theory of systems that change with time.
Historically, the moving particles and bodies of classical mechanics led to the abstract idea
of a dynamical system, but the modern theory is not just a mathematical language for New-
tonian mechanics: it can be used to describe many kinds of time evolving systems, including
biological, ecological and economic ones, as well as those from the more conventional areas
of physics and engineering. A dynamical system has two important ingredients: there is a
set of points, or states, and a specification of how states change over time. The states will
often be vectors in IR"; for a system of Newtonian particles, the state consists of the posi-
tions and momenta, of the particles, so is a 6 N dimensional vector if there are N particles;
for an electrical network, the state consists of currents and/or voltages at various points in
the network. The description of how the states change with time takes one of two forms:
it can be a set of differential equations if time is continuous; or it can be a set of difference
equations if time moves in unit steps. Our system of Newtonian particles is described by
differential equations (namely Newton’s laws); an example of a system in which time is dis-
crete is a digital electronic system controlled by a clock. In fact, continuous time systems
can be converted to discrete time systems by sampling at a uniform rate: here the system
is observed not at all times but only at integer times. Dynamical systems theory concerns
both continuous and discrete time systems; mostly, the real interest lies with continuous
time systems because these are usually the kind that describe physical phenomena, but
discrete time systems can be conceptually easier to handle, and so it is often useful first
to convert a continuous time system to a discrete time one (say by sampling), and then to
analyse this.

Mathematically then, a (discrete time) dynamical system consists of two things: a set
M, and a transformation T: M — M mapping M to itself. This is all there is to the basic



structure. M is called the state space and its points are the states. The important point is
that it makes sense to iterate the mapping 7', that is, the composition

T"=ToTo...oT
—_—

n times

is defined. T describes how states change in one time step: € M changes to Txz. By
repeated applications of T' we find that after n time steps the state has changed to T™z; so
for each state £ we can construct a set of points

{IT"z:n=0,1,...}

which is called the trajectory (or orbit) of x. Note that if we say z,, is the n-th point on the
trajectory (starting at n = 0, so x, = T"x), we have z,11 = Tz, for all n, illustrating how
T maps each point one time step forward.

Not surprisingly, we shall not be able to say much of interest if this is all the structure
we have; but usually of course we will know more about M than that it is just a set. The
most common case is where M is IR" or a subset of it called a differential manifold. We need
not go into the details of defining manifolds here: we can think of them as the analogues
in R"™ of the smooth curves and surfaces we meet in advanced calculus. (The simplest kind
of manifold is IR™ itself). The important fact about a manifold is that around each point
is a region which can be given a coordinate system, so locally the manifold looks like IR";
these coordinate systems allow us to generalize the usual ideas of differentiation on IR" to
differentiation on manifolds. Thus we can have differentiable functions between manifolds.
(Differentiable functions are sometimes called smooth). An important class of such functions
is the diffeomorphisms, which are invertible functions where both the function and its inverse
are differentiable. We often think of two manifolds that are related by a diffeomorphism
as being equivalent, because the diffeomorphism is basically a smooth nonlinear change of
coordinates from one to the other. For example, all smooth simple closed curves in the
plane are diffeomorphic to the circle.

So now we can draw a picture of the sort of dynamical system we have in mind, see
figure 1; the box represents IR", of which the manifold M is a subset—a surface in this
picture. The trajectory of the point x is the set of points visited sequentially as we iterate
the mapping 7.

One obvious question we can ask about a dynamical system is what happens to the
images of x, T"z, as n increases? Some points do not move at all when T is applied; such
points satisfy Tz = = and are called fized points: systems in these states do not change
with time. Other points do change, but return to the same state after some number of
time steps; they satisfy 7%z = z for some k and are called periodic points. (Clearly, if a
trajectory returns to a point, it must then repeat the sequence of states it visited after the
point was last encountered, and so return again to the same point, and so on indefinitely.
So the trajectory consists of a finite sequence of points repeated infinitely often.) Although
T usually has some fixed and periodic points, most points are not of this kind: their
trajectories never return exactly to the same place. What happens to these as n gets large?
Typically we find that there are subsets of the state space which many (if not all) points
approach and become confined to as we keep applying the map T. Such sets are known as
attractors. Attractors can be quite varied: a single fixed point can be an attractor (and is



Figure 1: A differentiable dynamical system. M is the state space (a manifold). The first
few points on the trajectory of x are shown.

then called an attracting fized point), or a periodic orbit can be attracting. On the other
hand, the attractor can be a very complicated set with a fractal structure.
To illustrate these ideas consider the map

Tp+1 = axn(l_mn_yn)

Yn+1 = ATnlYn

where a is a constant.

T maps IR? to itself, so here IR? is the state space. Actually we have a family of maps:
one for each value of the parameter a; we will choose different values to show different
behaviours. To begin with, choose a = 2.5. Figure 2 shows the trajectory of a typical point
zo = (0.25,0.04). This trajectory moves around the plane but eventually approaches the
point (0.4,0.2), which is an attracting fixed point. All trajectories starting sufficiently close
to (0.4,0.2) approach it in the long term, but points starting far away may do something
else: they may for instance move away to infinity. (By solving Tz = z we find that (0,0)
is also a fixed point, but it is not attracting because there are points arbitrarily close to it
which move away from it as n increases.)

Now consider the map where ¢ = 3.2. This map has an attracting periodic orbit, shown
in figure 3; the periodic orbit consists of six periodic points. Figure 4 shows the trajectory
from (0.21,0.41), which approaches the periodic orbit. In figure 5 the same trajectory is
shown, but now each point is joined to the one following it with a line: it is clear that the
trajectory spirals out towards the periodic orbit.

Finally let us consider the map obtained by setting a = 3.43. Though this map still
has fixed points and periodic orbits, they are not attracting: instead a typical point is
attracted to the much more complicated set shown in figure 6. This attractor has a fractal
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Figure 2: The trajectory of (0.25,0.04) under the map T given by (1) (with a = 2.5). The
trajectory moves left to right across the lower part of the figure, before moving towards the
top centre, and eventually approaching the fixed point (0.4,0.2).
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Figure 3: A periodic orbit of the map T given by (1) (with a = 3.2). The points are visited
in anticlockwise order.
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Figure 4: The trajectory of (0.21,0.41) under the same map as in figure 3. The trajectory
approaches the periodic orbit shown in the previous figure, which is marked here by +’s.
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Figure 5: The same trajectory as in figure 4. The points on the trajectory have been joined
up to make the path they follow clearer.



structure: if we magnify parts of the set we find more and more of the stranded structure
is revealed at smaller scales. The trajectory represented in figure 6 does not repeat itself:
as n increases the points fill out the set more and more densely. Furthermore, the order in
which different regions of the attractor are visited is quite irregular. This kind of trajectory
is called chaotic.
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Figure 6: A chaotic attractor for the map 7' of equation (1) (with a = 3.43). 10000 points of
the trajectory are plotted, but it is clear that some regions of the attractor are only sparesly
populated: a longer trajectory would fill in the attractor more fully.

Of course, the dynamical systems of interest to us can be much more complicated than
that of equation (1). Usually, the map T will embody the physical (or other) laws that
govern the time evolution of the system. Sometimes, as in the case of classical mechanics,
we know these laws in some detail; in other cases, such as ecological systems, our knowledge
may be much more limited. Dynamical systems theory, however, treats all such systems on
a similar footing, and one of its great appeals is that it allows us to make general statements
relevant to a broad class of scientific phenomena. This broad view makes it attractive as an
approach to signal processing, where we need to deal with many different kinds of signals
from a variety of sources. (The statistical approach to time series has been very valuable
to signal processing for similar reasons.) Corresponding to this broad view of nonlinear
systems, the theory tends not to focus attention on particular trajectories, but to consider
whole sets of them. It concerns itself with questions such as: what sort of attractors can
exist in systems? What are the properties (for example, topological or statistical properties)
of specific sets of trajectories such as those that form a given attractor, or which approach
it? If we consider a collection of systems which are in some sense similar (such as those in
(1), which differ only in the value of a parameter), how can the properties of trajectories
vary among this collection?

Dynamical systems theory thus ranges widely from the abstract to the concrete. Our



main interest here, though, is how we can use it as the basis for an approach to the processing
of signals from nonlinear systems.

Signals from nonlinear dynamical systems

One of the purposes of signal processing is to extract information about a system from
measurements made on it. How do these signals relate to the picture of a dynamical system
described in the last section? Recall that points in M specify the state of the system; in
a physical context the state will be some set of variables such as positions and momenta,
or currents and voltages. Usually when we perform experiments on the system we do not
acquire complete information about the state—we might only measure one of the variables,
or perhaps some single quantity which depends on many of the variables. This suggests we
introduce a real valued function h: M — IR into the theory to represent the experimental
procedure. The number h(z) is the result of the experiment if the system is in state x
when the experiment is performed. h is sometimes called the observation function; different
experiments correspond to different h’s. (Note that we are assuming that the outcome of the
experiment depends only on the state of the system: there are no external influences which
affect the result. This is of course an idealization: experiments will always be disturbed by
noise and other external effects, and we shall say more about this later.)

Given an observation function A (i.e. the specification of an experimental procedure),
each trajectory of the dynamical system gives rise to a sequence of real numbers:

trajectory: T Tz Tz e T'x
observations: h(z) h(Tz) h(T?z) ... h(T"x)

We usually call this a time series. (Note that we are still working with discrete time
here, so that the measurements form a sequence of numbers, but a similar situation occurs in
continuous time systems: there the state varies as a function of continuous time ¢, which we
can write as z(t); the measurements then form the function h(z(t)), a real-valued function
of time.)

Our signal analysis problem is then: how can we get information about the system if we
are presented only with the time series? The most penetrating information would enable
us to analyse the system: can we tell if there is an attractor, or several? Can we say what
kind they are, and what their topological properties are, for example? The fact that we
have access only to the time series, not the trajectory directly, prompts us to ask: is there
information we can get out of the time series which is invariant in the sense that it would
turn out the same whatever observation function we used?

Perhaps less ambitiously, we might be interested in recognizing the system, rather than
actually analysing it. Given two time series, might we be able to tell if they have come from
the same system, perhaps using different observation functions?

And finally, if we can successfully gain information from the time series, could we use
this to process the signal itself, to try to remove noise for example, or to separate signals
from different systems? Does the time series contain the information we might need to
control the system? In what ways could we control it?

As we shall see below, dynamical systems theory offers us some ways of approaching
these questions.



The method of delays and Takens’ theorem

As mentioned above, one of the most important classes of dynamical systems consists of
those in which M is a differential manifold, and the map T is a diffeomorphism; (this is the
case that arises, for instance, when the underlying dynamics are described by differential
equations, and we convert to a discrete time system by sampling). For this case, a strong
connection was established in the early 1980’s between dynamical systems and time series
measured from them. Before we spell out this connection we must say something about one
way that we can treat time series information.

Recall that the observation function h converts a trajectory into a time series of numbers.
Let us write this sequence as hg, h1, ha, ..., where h, = h(T"z) = h(z,) is the n-th number
in the sequence. We can collect consecutive values together to form delay vectors:

hO — (h07h17"'7hd—1)
hl = (h17h27"'7hd)

Obviously, these are vectors in RY. Note that this simple procedure converts the time
series of numbers into a time series of vectors. Note also that not only is A, a function of
Zp, but the whole vector h,, is determined by z,,, because

h, = (hna hn—l—la cee ahn—l—d—l)
(h(2n); M(Znt1); -+ B(Tnta-1))
= (h(zp), M(Txy),...,h(T " z,))

What we have done is to create a vector valued observation function, which we can write
cI)(T,h,): M — ]R.d

defined by
@(1,n)(z) = (h(z), M(Tz), ... ,h(T41g))

The method of delays constructs for us the values of @75,y from the original time series.
(®(1,n) is sometimes called the delay map; for convenience we often shorten ®(r ) to just
®, but remember that it depends on T" and h.)

We are now in a position to describe the connection between systems and time series
mentioned above. The most common expression of this connection is known as Takens’
theorem; roughly speaking this theorem says that, for most mappings T' and observation
functions h, the map @t ) is an embedding, if d is large enough. What the word ‘embedding’
means is this: by assumption M is a differential manifold; we say that a function ®: M — R?
is an embedding if the image ®M C IR? is also a manifold, and if the corresponding map
between manifolds, ®: M — ®M is a diffeomorphism (in particular, it is invertible). The
basic point is that ® M can be considered to be a copy of M, with ® acting essentially as a
(nonlinear) change of coordinates.

This means that there is a one-to-one correspondence between states z of the system
and the delay vectors ®(z) to which they give rise. So the time series of delay vectors
is essentially a copy of the original trajectory; we can use the time series of observations
to create (‘reconstruct’ is the commonly used word) a trajectory in IR¢ which reflects the
original trajectory on which the observations were made. We can draw a picture of this:
see figure 7.



Figure 7: The original dynamical system and its reconstruction in delay space. ®(r ) is the
delay map connecting the two systems.

Not only is ® M a manifold equivalent to the original M, but there is a corresponding
dynamical system on ® M, which is just the original transformation 7' in the new coordi-
nates:

S=®cTod !

(The fact that @ is invertible, recall, is part of its being a diffecomorphism.) Thus the system
S:®M — ®M in delay space is a copy of the original system T: M — M. The difference,
of course, is that we know points in ® M from our measurements, and so we have direct
information about S.

The above description of Takens’ theorem is rather rough. For the mathematically
inclined, a precise statement of the theorem is as follows [2]:

Theorem 1 Let M be a compact manifold of dimension m. For pairs (T,h), with T a
diffeomorphism of M and h a smooth, real-valued function on M, it is a generic property
that ®rpy: M — R® is an embedding, if d > 2m.

Most of the technicalities here do not need to concern us. Perhaps one thing worth
mentioning is what is meant by ‘most’ in the statement that most 7" and h functions make
® (1,5 an embedding. It is clear that the delay map cannot be invertible for every T" and h:
if, for example, h were a constant, then every value of the time series would be the same,
and the images of all z € M under ®(7 ) would be the same point. So we have to rule out
some observation functions (and, it turns out, some 77s) for the method of delays to work.
In non-technical language what Takens’ theorem states is that if, for some given 7" and h,
®(7p) is an embedding, then the delay map will also be an embedding for all 7" and A’
sufficiently close to 7' and h. Furthermore, if for given T" and h, ®(7p,) is not an embedding
then we can find T and A/, arbitrarily close to T and h, such that (7 ) is an embedding.

(Incidentally, the last remark gives a hint about how we can prove this kind of theorem:
the basic approach is to show how, given 7" and h that do not give rise to an embedding, we
can create close by functions that do lead to an embedding. This is done by adding small
functions to T" and h. The details, however, are rather technical. Happily, these details are
unnecessary for actually using the method of delays.)
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We may be able to use the method of delays to reconstruct a dynamical system even
if it does not satisfy the conditions of Takens’ theorem (if, for example, the function 7' is
not invertible). The important thing is whether the delay map D7,y 1s a diffeomorphism;
if it is, the reconstructed system is still a copy of the original in the way described above,
and can be used for extracting information about the original system. (However, without
knowing T" and h we cannot tell in advance if ®(1p,) is a diffeomorphism—we must try to
test this using the observed data.)

Since Takens’ original paper there have been a number of other ‘embedding theorems’
which extend the method to cases not covered by the original theorem [3, 4, 5, 6, 7]. This
work addresses questions such as: can the method of delays still be used if we filter the time
series first? What is the effect of having a random or noisy system instead of the completely
deterministic one we have been considering? However, there are still plenty of unanswered
questions concerning the best way to go about processing time series data to learn about
dynamical systems.

We can give a simple illustration of the method of delays using the dynamical system
given by equation (1) above. For an observation function h we choose the y component of
the points: h(z,y) = y. The trajectory pictured in figure 6 (for example) then gives rise
to a time series as described above—in this case the time series is just the sequence of y
components. Part of this time series is shown in figure 8; we see there is a fairly regular
oscillation (this reflects the period 6 orbit of the system, which is still present, but not
attracting), but the sequence has irregular features typical of chaotic motion.
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Figure 8: A segment of the time series of y components of the trajectory of figure 6.

The time series values can be gathered into delay vectors. How long should these vectors
be? Takens’ theorem tells us that—for maps satisfying the conditions of the theorem—it is
enough to take 2m + 1 delays, where m is the dimension of the state space M. However,
it may not be necessary to use this many, and often we will not know the dimension
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of M in advance anyway. We can proceed by experimenting with different numbers of
delays. In figure 9 we plot the sequence of delay vectors with three delays (that is, we
plot (Yn,Yn+1, Yn+2) for n = 0,1,...). This figure should be compared with figure 6; it is
reasonably clear that the points in the delay plot are confined to a two dimensional surface
(which is ® M in the above notation), and that the trajectory is a nonlinearly (but smoothly)
distorted copy of that in figure 6. The relationship between the trajectories is even clearer
if we just take two delays: see figure 10.

y(n+2)
0.8 -
0.7

Figure 9: Plot of delay vectors constructed from the time series in figure 8. The attractor
is a copy of that in figure 6.

Finding properties of the system from measured data

If the method of delays produces an embedding there is, as we have seen, a strong relation-
ship between the set of delay vectors in R and the original dynamical system (namely, they
are diffeomorphic). This means that many properties of the original system are preserved
in the reconstructed one. The preserved properties are essentially those which are invariant
under coordinate changes, for example, the topology of M and of its attractors (but not,
say, the sizes of the attractors). The pattern of trajectories is preserved: a periodic orbit
in M, for example, gives rise to a periodic orbit in the delay reconstruction, of the same
period. Certain statistical properties such as the various fractal dimensions of attractors
are preserved. And the characteristic numbers of the fixed points and periodic orbits (i.e.
the eigenvalues of the Jacobian of T about these points, which determines their stability to
small perturbations), are also preserved, as are the Lyapunov numbers (which are basically
characteristic numbers for the whole attractor).

Since all these quantities are the same for the system in delay space as for the original
system, we can hope to learn about the original values by estimating them from the time

12
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Figure 10: Delay vectors from the time series of figure 8, now using just 2 delays.

series data. We can easily construct delay vectors from such data and plot them in IR¢;
then we can estimate the manifold in which such data lie and examine its dimension and
topology. We can estimate the map S by fitting the data, because we know where each
of our delay vectors maps to, and we can attempt to find the eigenvalues of its derivative.
And there are various other things we can do.

This possibility has spawned a great industry. Delay reconstructions of all kinds of time
series have been produced and attempts made to calculate invariants from them—including
from some time series for which there is very little reason to believe Takens’ theorem has any
relevance. Many of these studies had to do with the attempt to identify chaotic behaviour
in physical or other systems. Even if Takens’ theorem is applicable however, (meaning, even
if the time series is observed from a system satisfying the conditions of the theorem), the
calculation of invariants may be difficult, requiring large amounts of clean data. Finding
the fractal dimension of an attractor, for example—mnot long ago one of the most common
ways of trying to show a system is chaotic—often requires unreasonably large numbers of
data points. Other invariants, however, may be easier to find.

Processing signals from nonlinear systems

Apart from the analysis of experimental systems, there is another side to delay reconstruc-
tions: since they give us a handle on the systems that generate the time series, we can use
them to process the time series and manipulate the systems themselves. So they can be
useful for various signal processing activities, such as the separation of signals from different
sources which have become mixed together; the extraction of signals from noise or interfer-
ence; the detection of known signals, and so on. Standard techniques of signal processing
are based on quite different assumptions about signals than the ones discussed here, so the
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possibility exists that the special properties of differentiable dynamical systems—in partic-
ular the embedding property—might allow us to achieve our signal processing aims better
than the standard methods, in those cases where the new assumptions apply.

Noise reduction for chaotic time series

As an example of how state space reconstruction can be used to process as well as analyse
signals, we will consider a simple noise reduction problem. Whenever we take measurements
on a system we must expect that the observations will be contaminated with noise. So,
for example, instead of observing the noiseless time series h, from the dynamical system
T: M — M, we might have recorded the sequence z, = hy + 71,, where 7, is some random
noise process. To illustrate the effect of this noise, consider the map of the plane T: R? — IR?

defined by
T\ ([ l1—az’+y
(3)=E) @

2
Tpy1 = 1—azx;, +yn

Yn+1 = bz,

or in iterative form:

where a and b are constants. (This is the ‘Hénon map’, and is one of the most commonly
used examples in applied dynamical systems theory.) For ¢ = 1.4 and b = 0.3 the map has
a chaotic attractor. We create a time series using the observation function h(z,y) = z; a
typical segment of such a time series is shown in figure 11: it shows the irregular behaviour
of chaotic motion. (In fact, the time series plotted here has been normalized for convenience
to have zero mean and unit variance.) Applying the method of delays to this time series
produces figure 12; two delays are sufficient to show the reconstructed attractor quite clearly.

We model the noise by an independent, identically distributed (i.i.d.) gaussian sequence
Tn, whose standard deviation is 0.1 times that of the x,, signal. A typical realization of the
noisy signal z, = z, +n, is shown in figure 13, together with the clean signal from figure 11.

Although the time series does not appear to be greatly affected by the noise, we can
see that the noise does in fact have a major effect by plotting the delay vectors of the z,
sequence: figure 14. Clearly much of the structure of the attractor has been smeared out,
and it is easy to believe that the noisy time series is much less useful for estimating properties
such as fractal dimension or characteristic numbers. Furthermore, conventional filtering is
not very effective at recovering the situation, because removing frequency components of
the signal also tends to distort the attractor.

In delay space, the effect of the noise is to add a random vector to each of the delay
vectors in the reconstructed attractor. So long as the amplitude of the noise is not too high,
the delay vectors will not be moved very far away from their true (noiseless) positions. We
know from Takens’ theorem that the true positions lie on a subset of the delay space which
is the image under the delay map & of the original state space M. In the example here, M
is IR? and so the noiseless delay vectors will lie on a 2 dimensional surface in delay space.
The random perturbations due to noise, however, point in all directions, and so the delay
vectors are moved off the 2-d surface. So long as they are not moved too far, however, it
should still be possible to estimate from the data where this surface lies. And we can then
attempt to remove some of the noise by moving the delay vectors back on to the surface.

In general, the shape of the surface can be quite complicated, so in practice we proceed
as follows. A point is chosen from the delay vectors, and a small ball is constructed, with
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Figure 12: Delay vectors from the Hénon map. 3000 points are shown.
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Figure 13: A segment of the noisy times series created by adding an i.i.d. gaussian sequence
to the time series of figure 11.
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Figure 14: Delay vectors from the noisy z, sequence.
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centre at the chosen point. Since the surface we are looking for is smooth, in a small region
around any of its points it will appear essentially planar; so if we look at all the delay vectors
contained in the ball we should find that they lie approximately in a plane, passing through
or near the centre of the ball. (For this to be true, however, it will be necessary for the
ball to be larger than the perturbations due to noise. On the other hand, the ball cannot
be made too large otherwise the surface will not look planar inside it; hence this approach
cannot be expected to work with high amplitude noise.) The location of the plane can be
estimated from the data in the ball by a technique such as principal components analysis.
Once it is found, we can adjust the position of the chosen point by projecting it on to the
plane (or at least moving it towards the plane.)

The whole procedure can be repeated for each delay vector in turn. The result should
be a new set of delay vectors with less noise than the originals. More noise can possibly be
removed by repeating the process, and in practice we iterate around several times until no
further noise seems to be being removed. This procedure was first proposed by Cawley and
Hsu [9], and by Sauer [8].

To apply the process to our example, we need to choose a ball size, and the dimension of
the delay space in which to work. The radius of the balls is taken to be twice the standard
deviation of the noise. (Often, of course, one will not know this standard deviation, and it
may be necessary to experiment with various ball sizes.) The number of delays is taken to
be 5; thus, within each ball we are looking for the 2 dimensional linear subspace of IR® that
lies closest to the delay vectors. (Higher dimensional delay spaces can be used, and may
lead to more noise reduction, but more data is generally needed to estimate the positions of
the local planes.) The process was iterated 5 times. The resulting delay vectors are plotted
in figure 15. While some noise remains, it is clear that the adjusted points much better
represent the original attractor, and even some of the fractal structure has been recovered.

The local projective method described here is not the only approach to the noise reduc-
tion of chaotic time series: see [1] and [10] for more information. What the approaches have
in common however, is that they work in the reconstructed state space rather than the time
or frequency domains; this enables them to exploit the special properties of deterministic,
but nonlinear, dynamical systems.

Other aspects of nonlinear signal processing

Noise reduction of nonlinear time series is just one of a range of techniques and applications
emerging from the field of nonlinear dynamical systems. One area that has proved partic-
ularly surprising is that of the linear filtering of chaotic signals. It turns out that recursive
(ITR) filtering can significantly alter the properties of such signals, in particular by changing
the characteristics (such as dimension) of their attractors. Although such properties can
in principle be found from data using the method of delays, filtering can make this fail.
(This happens essentially because the filter itself becomes part of the observed system, its
output reflecting not only the system from which the original signal came, but a mixture of
this system and the filter.) Hence when dealing with such signals the choice of filter needs
to take account of considerations beyond the usual ones of desired spectral characteristics.
One application of the interaction between linear filters and nonlinear deterministic system
has been to signal separation [11].

One area where there has been very rapid growth is in the modelling and control of
nonlinear systems using delay space methods. Modelling chaotic systems from data has
exploited a variety of techniques, from global nonlinear ones such as radial basis functions or
neural networks, to local ones including low-order polynomial fitting. Such models have been
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Figure 15: Delay vectors from the Hénon map sequence after noise reduction has been
applied.

used to make predictors for nonlinear systems, which can be applied to noise reduction and
data compression as well as control. The properties of chaotic attractors have themselves
suggested new types of control [12].

Another growth area has been the synchronization (or more generally, coupling) of
nonlinear systems; much of the interest in this field has stemmed from potential applications
in communications. There is now a huge literature on this field: see [13] for a review.

A more fundamental area, in which further progress needs to be made, is that of stochas-
tic dynamical systems. At the moment the treatment of noise in the processing of signals
from nonlinear systems is somewhat ad hoc, and an integrated theory of random dynamical
systems would probably put the techniques on a firmer basis. Stochastic dynamical sys-
tems do not obey Takens’ embedding theorem in the same way as deterministic ones (but
see [5, 6]) and so the methods developed for the latter are not immediately applicable to the
former. In particular, systems with large amplitude noise are not covered by the current
approaches.

However, one kind of random system for which the deterministic theory does not need
much modification is the iterated function system; here the single map 7" in the deterministic
system discussed above is replaced by a finite collection of maps 11,75,...,T,, and at
each time one of these is chosen at random to move the state on one time step. So long
as the number of maps is finite, a version of Takens’ theorem applies. These systems
promise to have a number of applications. One immediate one is to channel equalization
in digital signalling systems [14]. Here, the symbols in the signalling alphabet correspond
to the different maps, and the channel itself is the dynamical system, whose behaviour is
determined by the symbols input to it. Delay methods can be applied to the output of the
channel to determine the sequence of maps (and hence the input sequence) that was applied
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to it.
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