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Nilpotent blocks of quasisimple groups for odd primes !

Jianbei An and Charles W. Eaton

Abstract

We investigate the nilpotent blocks of positive defect of the quasisimple groups
for odd primes. In particular, it is shown that every nilpotent block of a qua-
sisimple group has abelian defect groups. A conjecture of Puig concerning the
recognition of nilpotent blocks is also shown for these groups.

1 Introduction

Let G be a finite group and k an algebraically closed field of odd characteristic p. A
block B of kG with defect group D is said to be nilpotent if for each ) < D and each
block by of Ci(Q) with Brauer correspondent B we have that Ng(Q, bg)/Ca(Q) is a
p-group, where Ng(Q, bg) is the stabilizer of by under conjugation in Ng(Q). In the
case of the principal block By, D is a Sylow p-subgroup of G and N¢g(Q,bg) = Na(Q)
for each @) < D, so that By is nilpotent if and only if G is p-nilpotent (i.e., G has a
normal p-complement). Note that every block of defect zero must be nilpotent, and
the classification of blocks of defect zero for finite simple groups has been the subject
of a separate program of research, culminating in [21]. Hence we give attention here
only to blocks with non-central defect groups.

Explicit characterizations of nilpotent blocks are obtained for classical groups, and
these are used to prove:

Theorem 1.1. Let G be a finite quasisimple group and let B be a nilpotent p-block of
G with p odd. Then B has abelian defect groups.

The second main result concerns the conjecture of Puig which states that a block
B of G is nilpotent if and only if I(bg) = 1 for each p-subgroup @) and each block bg of
Ce(Q) with Brauer correspondent B (where [(bg) is the number of irreducible Brauer
characters in bg). The necessary condition for nilpotency is well-known. The converse
is known for blocks with abelian defect groups (see [30]), and is also known to be a
consequence of Alperin’s weight conjecture (see [33]). We prove that:

Theorem 1.2. Let G be a finite quasisimple group and let B be a p-block of G with p
odd. Then B is nilpotent if and only if l(bg) = 1 for each p-subgroup @ and each block
bQ Of Cg(Q) with (bQ)G = B.

The main part of the paper concerns the representation theory of finite groups of
Lie type in non-defining characteristic, and makes use of the examination of subpairs
of blocks of classical groups given in [17]. The exceptional groups of Lie type are then
treated by examination of the centralizer of an element of the centre of a defect group,
and the results for the classical groups applied.

In Section 2 we review the basic notation regarding blocks, give some general results
concerning nilpotent blocks, particularly with regard to block domination, and also
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prove some technical lemmas which will be useful later on. In Section 3 we consider
the alternating groups and their covering groups. Here we have able to give a rather
complete description of the nilpotent blocks. The covering groups of the sporadic
simple groups are treated in Section 4. We give some basic notation used for the
classical groups in Section 5. In Section 6 we give a treatment of the general linear and
unitary groups, where again we are able to give a full characterization of the nilpotent
blocks. In Section 7 we state the set of properties which are central to the study of
the nilpotent blocks of the groups of Lie type. These are rather technical conditions,
none of which can be satisfied by a nilpotent block with non-abelian defect groups,
which amongst other things allow us to use inductive argument when studying the
exceptional groups. That these conditions hold for the classical groups is the content
of Section 8, and for the exceptional groups is the content of Section 9.

2 Notation and general results

Let G be a finite group and p a prime. Although the classification concerns only blocks
with respect to a field of characteristic p, we use methods from ordinary character
theory, for example canonical characters, and so must use a p-modular system. Let
O be a local discrete valuation ring, complete with respect to the p-adic valuation,
with field of fractions K of characteristic zero and algebraically closed residue field
k= O/J(O) of characteristic p. We assume that O contains a primitive |G|th root of
unity. Write Blk(G) for the set of blocks of OG and denote by By(G) the principal
block of G.

Let N be a normal subgroup of G and write Irr(G) the set of irreducible K-
characters of G. For 6 € Irr(N), we denote by Irr(G | €) the subset of Irr(G) con-
sisting of characters covering 6. We denote by Irr(B) the set of irreducible characters
belonging to B, k(B) = |Irr(B)|, and combine with the above notation freely.

Let B be a p-block of a finite group G. A B-subgroup is a subpair (Q, bg), where
@ is a p-subgroup of G and bg is a block of QCs(Q) with Brauer correspondent
(bg)¢ = B. The B-subgroups with |@Q| maximized are called the Sylow B-subgroups,
and they are the B-subgroups for which @) is a defect group for B. Recall that the
canonical character of bg is the unique irreducible character in bg with @ in its kernel.
This will be a valuable tool when comparing subpairs of a group with those of a normal
subgroup.

A useful, and well-known, result is the following:

Proposition 2.1. Let B be a block of a finite group GG. Suppose a defect group D of
B is abelian. Then B is nilpotent if and only if Ng(D,bp) = Cq(D), where (D,bp) is
a Sylow B-subgroup.

In general, we cannot say very much about the relationship between nilpotency of
blocks and nilpotency of covered blocks, and this is a main reason behind the difficulty
of the classification of nilpotent blocks of groups of Lie type.

However, we do have the following lemma by [24, Proposition 6.5].



Lemma 2.2. Let N be a normal subgroup of a finite group G such that G/N is a
p-group. Suppose that B is a block of G and that b € BIk(N) is covered by B. Then B
1s nilpotent if and only if b is nilpotent.

We note that the analogous result does not hold if G/N is not a p-group. There
are many examples of non-nilpotent blocks covering nilpotent blocks, but there are
also examples of nilpotent blocks covering non-nilpotent blocks, such as the following
(which came to light during a conversation with Radha Kessar):

Example 2.3. Let G = PGL(3,7), N = PSL(3,7) and p = 2, so that |G:N]| = 3.
Then N has a unique block b with defect group D = Zy X Zo and b is not nilpotent.
Moreover, b is covered by a nilpotent block B of G.

Note that Cy(D) = Zg x Zy. Let Irt°(Cyn (D)) be the subset of Irr(Cy (D)) con-
sisting of characters of Oy (D) whose kernel contains D. Then [Iir(Cy(D))| = 3. In
addition, Cx(D) has a unique character (the trivial character) ¢ € Irr(Cn(D)) such
that Ny () () = Ny(D), and two characters & € Irr’(Cn (D)) such that Ny (p)(€) =
Cn(D).3. It follows that N has exactly one block b with a defect group D and b is
non-nilpotent, as Ny (D, bp) = Cn(D).3 for a Sylow b-subgroup (D, bp).

Moreover, Cq(D) = Zg x Zs, Ng(D)/Cq(D) = Sy and |Irt?(Cg(D))| = 9. In
addition, Cz(D) has a unique character (the trivial character) ¢ € Irr’(Cg(D)) such
that Ny, (p)(€) = Ng(D), and eight characters ¢ € Irt’(Cg(D)) such that Ny, p)(§) =
Cq(D). It follows that G has exactly one block B with a defect group D and B is
nilpotent, as Ng(D,bp) = Cg(D) for a Sylow b-subgroup (D, bp). Since b is covered
by a block of G with a defect group D, it follows that b is covered by B.

Recall that for N < G, a block B of G is said to dominate the block B of G/N if
the inflation to G of an irreducible character in B lies in B.
The following lemma follows by [33, Lemma 2].

Lemma 2.4. Let Z be a central p-subgroup of a finite group G, B € BlkLG) and B the
block of G := G/Z dominated by B. Then B is nilpotent if and only if B is nilpotent.

Let Z be a central p/-subgroup of a finite group G, and write H = HZ/Z, where
H < G. Let B € BIk(G). There is a unique block B € Blk(G) dominating B. By [25,
Theorem 5.8.8], Irr(B) = Irr(B) and if D is a defect group of B, then DZ/Z = D is a
defect group of B.

If Q is a p-subgroup of G, then Cz(Q) = C5(Q)/Z (since Z is a central p’-subgroup).
Let (Q, bg) be a B-subgroup. Then Q = QZ/Z for a unique p-subgroup @ of G. Since
Cx(Q) = Cs(Q)/Z, we may consider the unique subpair (Q, bg) with by dominating
bg, which we call the Brauer pair dominating (Q, bg)-

We show that (Q,bg) must be a B-subgroup, and that dominance of subpairs
respects the usual partial order on B-subgroups:

S

Lemma 2.5. Let Z be a central p'-subgroup of a finite group G, and let (Q, bg) an
(P,bp) be B-subgroups, where B is the block of G dominated by B. Suppose (Q,bg) an
(P,bp) are subpairs of G dominating (Q),bg) and (P, bp), respectively. Then (Q,bg) <
(P,bp) if and only if (Q,bg) < (P,bp). In particular, (Q,bg) is a B-subgroup.
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Proof. Let F be a splitting field of characteristic p of G, and pyz the map from FG
to FG defined by pz(3,cq ) = > ,cq @, where T = py(z). For H < G, let
Cl(G | H) be the H-orbits of G under conjugation. Then {[C]: C € C/(G | H)} forms
a F-basis of the fixed point set (FG)", where [C] := > - z.

If H is a p-subgroup, then (FG)? = FCq(H) ® I (FG) as vector spaces, where
I'"(FG) = Yy y(FG), is an ideal of (FG)! and {[C] : C € CUG | H), |C| # 1}
forms an F-basis of I (FG). Thus Brg([C]) := [C NCg(H)] gives the natural algebra
homomorphism from (FG)* onto FCq(H) with kernel I (FG). Similarly,

(FG)" = F(Ca(H)/Z) & I" (FG)
and puy : I (FG) — I"(FQ) is an isomorphism of algebras. Now
Brg: (FG)?! — F(Ca(H)/Z)

and py : FCq(H) — F(Cg(H)/Z), so piz o Bryg = Brg o uz.

Suppose (Q, bg) < (P,bp), so that Q <t P. Since Q = QZ/Z and P = PZ/Z for
p-subgroups ), P of G and since () is the only Sylow p-subgroup of QQZ, it follows
that () < P. Since PZ = P X Z and bg is P-invariant, it follows that for any y € P
bg? is a block of Cg(Q) dominating by, so that by the uniqueness, byQ = bg and bg is

P-invariant. Now
pz(Brp(bg)bp) = pz(Bre(bg))bs = Bre(iz(be))bs = Bre(bg)bs = by # 0,

so that Brp(bg)bp # 0 and Brp(bg)bp = bp. It follows that (Q,bg) < (P, bp). Using
induction we have that (Q,bq) < (P,bp) if (Q,bg) < (P,bp).

Suppose (Q,bg) <1 (P,bp), so that Q <t P and Q <1 P. Since bg is P-invariant, it
follows that bz is P-invariant. Since Brp(bg)bp = bp, it follows that

Brp(bg)bp = pz(Brp(bo)br) = pz(bp) = bp,

so that (Q, bg) < (P,bp). Similarly, if (Q,bg) < (P,bp), then (Q, bg) < (P,bp). O
We obtain as a consequence:

Proposition 2.6. Let G be a finite group, Z < Z(G) and G = G/Z. Suppose B €
Blk(G) and B € BIk(G) dominating B. Then B is nilpotent if and only if B is
nilpotent.

Proof. Write Z, = Oy(2), Zy = Oyp(Z), Gi = G/Zy and let B; € Blk(Gy) be the
unique block of Gy dominated by B. Then Irr(B;) = Irr(B), and By dominates B.
By Lemma 2.4, B is nilpotent if and only if B; is nilpotent. Hence we suppose

B =DBjand Z = Z,.

Let (D, bg) be a Sylow B-subgroup and (D, bp) the unique B-subgroup dominating
(D, bg). Note that (D,bp) is a Sylow B-subgroup.

Suppose (Q, bg) is a B-subgroup and (@, bg) is the B-subgroup dominating (Q, bg)-
If T € Ng(Q,bg), then T = xZ for some x € G, and 2Z C Ng(Q). Since z(bg) = by
and puz(bg) = b% = bg, it follows that bg and b, both are blocks of C(Q) dominating
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bg and bg = b by uniqueness. Thus = € Ng(Q,bg) and N5(Q, bg) = Na(Q,bq)/Z.
Since Z < C¢(Q) and Cx(Q) = Cu(Q)/Z, it follows that

N&(Q,b5)/C5(Q)Q = Na(Q,be) /Ca(Q)Q-

Suppose B is not nilpotent, so that there is some B-subgroup (Q, bg) such that

(Q,bé)/C (Q)Q is not a p-group. Thus Ng(Q,bg)/Ca(Q)Q is not a p-group and
B is not nilpotent.

Suppose B is not nilpotent, so that Ng(Q,bg)/Cq(Q)Q is not a p-group for some
B-subgroup (@, bg). We may suppose (Q,bq) < (D,bp). Thus Q=QZ/Z < D, and
(Q, bg) < (D, bg) for a unique B-subgroup (Q, bg)- Let (Q,by) be a B-subgroup dom-
inating (Q, bg). By Lemma 2.5 (Q,b,,) < (D,bp), so that by the uniqueness (Q,b,) =

(Q.bg). Thus Ng(Q,bg)/Ca(Q)Q = Na(Q,bg)/Ca(Q)Q, and Nz(Q, by)/Ca(Q ) is
not a p-group. It follows that B is not nilpotent. O]

When considering groups of Lie type, we will often examine the centralisers of p-
elements, which may be written as central products of groups. By a central product
G107 Go of Gy and Gy over Z < Z(G1)NZ(G3), we mean that Gy oz Gy = G1Go, where
G and Gy are subgroups of Gy oz Go with G1 NGy = Z and [G1, G3] = 1. When it is
clear what Z is, we write G10Gy = G0, G5. Note that G1oGy = (G x Gy) /{(z,271) -
z € Z}. For x; € Irr(G;) such that y; and x, both cover the same irreducible character
of Z, we may define x; o xo € Irr(G 0 Gs) so that xixs2 € Irr(G7 x G3) is the inflation
of x1 0 xo. We refer to x1 o x2 as the central product of y; and y».

We will need the following technical lemma in certain cases in relation to Property
7.1 (a) in Section 7 holds.

Lemma 2.7. For 1 = 1,2, let G; be a finite group, G1 o Gy a central product of G,
and Gy over Z < Z(G1) N Z(Gs) and N; a normal subgroup of G; such that G;/N;
is abelian, and let N := Ny x Ny < G < Gy o Gy such that m;(G) = G;/Z, where
i« (G10Gy) — G;/Z is the canonical projection. Let 0; € Irr(N;) such that 65 has an
extension Oy to Go, and let 0 = 60, x 0y and e € Irr(G | 0).

(i) There exist ¢y € Trr(G1) and A € Irr(Go/N3) covering the same irreducible
character of Z, such that the restriction (y o (020))|g of 11 o (B2N) is equal to ¢
Moreover, if 1 € Irr(G1 0 Gy | @), then ¥lg = ¢

(13) If further Z N Ny = 1, then X in (i) may be chosen with Z No/Njy in its kernel,
so that it may be regarded as a character of Go/NoZ

(17i) Suppose that Z N Ny = 1. If we have y € Aut(Gy o Gg) such that y centralizes
G4, stabilizes G, Gy and 0y, and g5 € goNoZ for any go € Ga, then y stabilizes ¢.

Proof. (i) We first claim that we may suppose Z < G. For since Z < Z(G o Gy),
we have that GZ is a central product over G N Z. Now ¢|gnz = ¢(1)a for some
a € Irr(GN Z). Since Z is abelian, there exists & € Irr(Z) extending «. Then ¢ = pd&
is an extension of ¢ covering 0. If ¢y € Irr(G;) and A € Irr(Go/N3) such that ¢, and A
cover the same irreducible character of Z and (¢ o é2>\)|GZ = ¢, then (¢ o(§gx\)|G =,
and similarly for the final statement, proving the claim.

Similarly, (N7 x N3)Z = (N1Z) o (N2Z) and ¢ covers an irreducible character
¢ € Iir((N12) o (NoZ) | 0) with & = & o & for some & € Irr(V;Z | ;) covering



the same irreducible character of Z. Note that §2| N,z 1S also an extension of 5 to
N>Z. By Gallagher’s theorem, (9~2|N2Z)62 = & for some By € Irr(NoZ/Ns). Since
Go/N, is abelian, it follows that [, can be viewed as the restriction of a character
B € Irr(Gy/Ny), 50 Ea = (033)|nyz. Write € = Bof3, s0 & is an extension of & to G

Let M; be a subgroup of GG; such that & has an extension £~1 to My and M is
maximal with this property, that is, either M; = G or & has no extension to H; for
any M; < Hy < (G1. Since G1/(N1Z) is abelian, it follows that the inertia subgroup
Ig, (51) equals M.

Let M = (M oGy)NG < G, My := Gy and v € Irr(M; o My | £). Then
G/M = G1/M; and 7y = v, o vy, for some v; € Irr(M; | ). Since & has an extension él
to M;, it follows that v; = &\, for some \; € Irr(M;/N; Z), so that 7|y is an extension
of £ to M. Note that M < I5(£) and ¢ also covers an extension of £ to M. Replacing
vi by via; for some «; € Irr(M;/N;Z) if necessary, we may suppose ¢ € Irr(G | v|u).

Since v |n,z = & and Gy stabilizes & (and G1/N1Z is abelian), it follows that
Ie,(71) = My, Ig(y) = M and Igeq,(v) = M; o Go. Let ¢ = Ind§} (v1), so that

¢ = 1h1 0792 = Ind§1 2% (71 0 72).

But ¢ = Ind$,(v|ar), so

(Clae)a = (Clar vlae)n-
Since M and M; o GGy are both normal in G; o Gy, and M < M; o G, it follows
that (M; o Go)\(G1 0 Ga)/M = (Gy o Gy)/(M; o Go) = G1/M; = G /M. Note also
(MyoGy)'N M = M for any t € G/M. Hence the Mackey decomposition gives us

(=D ((memw))= > (1))

teG/M teG/M

and so (C|ar, Y|ar ) = 1. Since (1) = ¢(1) = [G:M]7(1), it follows that (|g = ¢.

Note that Ig,0¢,(¢) = G1 o Go and ¢ has an extension ( to Gy o Gy. If ¢ €
Irr(Gy o Gy | ¢), then by Gallagher’s theorem, ¢ = (n for some n € Irr((Gy o Gs)/G)
and so Y| = .

(ii) First note that ZNy = Z x Ny and (N; x N3)Z = (Nyo Z) x Ny. If € €
Irr((Ny X No)Z | 6), then & = (61 on) x O, for some n € Irr(Z). Thus we may suppose
& = (bhomn) € Irr(N1Z) and & = (03 x 1z) € Irr(NoZ), and take £y = 0 as an
extension of & to G,. As shown in the proof of part (i) ¢ = (11 o (A2\))|¢ for some
Yy € Irr(Gy) and A € Irr(Gy/No Z).

(iii) Since y centralizes the factor group Ga/Z Ns, it follows that y stabilizes A, so
does G,\. But y centralizes Gy, so y stabilizes 1) o (0~2/\) and hence y stabilizes . [

3 The alternating groups

To handle the case p = 3 we will need the following. The first lemma will be used in
determining non-faithful nilpotent blocks of the double covers of alternating groups.
Recall that a partition is self-associate if its Young diagram is symmetric.

Lemma 3.1. Let n be a positive integer. There is a self-associate 3-core partition A\ - n
if and only if there is a positive integer m such that n = 3m? + 2m or n = 3m? — 2m.
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Proof. We claim that the self-associate 3-cores, i.e., those Young diagrams which are
symmetric about the leading diagonal and have no 3-hooks, are those which arise from
partitions of the form

(3m,3m —2,3m —4,...,3m —2(m —1),m? (m —1)%...,2% 1%

and
(3m —2,3m —4,3m —6,...,3m — 2m, (m — 1)%, (m — 2)*,...,2%,1%)

for integers m > 1.

This may be seen directly from methodical construction of the possible Young
diagrams. However, we give a formal proof here using [19]. For a fixed ¢, Garson, Kim
and Stanton give a bijection ¢ between the set of t-cores and {ng,ny,...,n_1 € Z':
no+ -+ +mn_1 = 0}, defined as follows. We of course only need to consider the case
t = 3. Let A be a 3-core. We take the 3-residue diagram, i.e., in the (i, 7)th cell of the
Young diagram we put the residue of 7 —i modulo 3 (see [23, p.84]). We also include the
Oth column (with infinitely many entries), calling this the extended 3-residue diagram.
Divide this into regions labelled by the integers as follows: the (i, j)th cell lies in the
region 7 if 3(r — 1) < j —i < 3r. Say that a cell is exposed if it lies at the end of a row.
Define n; to be the maximal r such that an exposed cell with value ¢ lies in the region
r (the inclusion of the 0th row ensures the existence of such an r).

It is verified in [19] that ¢ does indeed give a bijection. It is also shown that A is self-
associate if and only if ¢p(\) = (ng, n1,n2) = (—ng, —n1, —nyg), i.e., if p(A) = (m, 0, —m)
for some m € Z.

Suppose first that m > 0. Then the end cell on the first row is labelled 0, so the
first row has length A\; = 3(m — 1) + 1 = 3m — 2. Since regions 0 and —m lie below
the leading diagonal, the end cells lying above the diagonal are all labelled 0. Since
A is a 3-core, the difference between adjacent row lengths is at most 2, hence the row
lengths decrease in steps of two until the mth row (which has end cell on the leading
diagonal). Since A, is self adjoint, this determines the whole Young diagram and we
are done in this case.

Suppose that m < 0. Then the end cell of the first row is labelled 2, so the first row
has length A\; = 3m, and by a similar argument to the above the difference between
adjacent row lengths is 2 until the (m + 1)th row (which has end cell below the leading
diagonal). Again this determines A\, and we are done. ]

We now consider the analogue of the above lemma which will be used for faithful
blocks. We write A = n for a bar partition of n (i.e., a partition with distinct parts).
Recall that a bar partition A > n is odd or even according as n — r is odd or even,
where r is the number of parts in the partition. We refer to [26] for definitions of bars
and p-cores.

Lemma 3.2. Let n be a positive integer. There is an even 3-core bar partition A = n if
and only if there is a positive integer my with my = 0,1 mod 4 and n = (3m? —my)/2
or a positive integer my with my = 0,3 mod 4 and n = (3m3 + my)/2.

Proof. Determining the 3-core partitions is a little more straight-forward than deter-
mining 3-core partitions, and the reader can easily verify that the 3-core bar partitions



are precisely those of the form
A, =0Bm—2,3m—5,...,3m—2—3i,...,4,1)

or
A oi=Bm—-1,3m—4,...,3m—1-3i,...,5,2).

Note that A, > (3r2 —m)/2 and X, > (3m? +m)/2. Also note that \,, is even if and
only if m = 0,1 mod 4; X} is even if and only if m = 0,3 mod 4. O

Theorem 3.3. Let n be an integer with n > 5 and G = A,,, the double cover of
A,. Let p be an odd prime. If p # 3, then G does not possess a nilpotent p-block of
positive defect. If p = 3, then G possesses a non-faithful nilpotent block of positive
defect if and only if n = 3m? +2m + 3 or n = 3m? — 2m + 3 for some positive integer
m. Also if p = 3, then G possesses a faithful nilpotent block of positive defect if and
only if n = (3m? — my + 6)/2 for a positive integer my with my = 0,1 mod 4 or
n = (3m3+my+6)/2 for a positive integer my with mo = 0,3 mod 4. In each case the
nilpotent blocks have defect groups of order 3 generated by (the preimage of ) a 3-cycle.

Proof. The properties of A,, used here are described in [29, 5.2]. We consider A, < S'n,
the double cover of the symmetric group. Write Z = Z(5,) and X = XZ/Z whenever

X < Sn For convenience of notation we. write Sn =S, ind fln = A,,. Since we are
taking p odd, for every p-subgroup @ < 5, we have Cs, (Q) = Cg (Q) and Ng, (Q) =

Ng (Q). Suppose that B is a nilpotent p-block of A,, with non-trivial defect group D.
Choose y € D of order p. Then yZ is a product of say ¢ disjoint p-cycles, fixing the
other n—pt points. Then Cg, (yZ) = (Z,1S;) X Sp—pi, and so C;4 (y) contains a normal
elementary abelian p-group R such that R is generated by ¢ disjoint p-cycles. Now R is
contained in a conjugate of D, and so in particular D contains an element x for which
xZ is a p-cycle. Write Q = (r). We have C4,(Q) = Q x A,_,. By [20, 5.2.6] we have
C AH(Q) Q) x An_p (the point here being that the central extension of A,_, does not

split). We have Ng, (Q) = Ng, (Q) X Sp—p and Ny, (Q) = (Na,(Q) x A,—,)(@) where
@® = 1. Note that [N; (Q): C; (Q)]=p—1.

The p-blocks of C; (Q) are in 1-1 correspondence with the p-blocks of An_p and
the action of N; (Q) on these blocks is determined by the action of S,_, on the blocks
of A,_,. Hence for each block bg of C;.(Q) we have [N; (Q,bq) : C; (Q)] = (p—1)/2
or p— 1.

If p > 3, then this shows that N; (Q,bq)/C; (Q) is not a p-group, contradicting
our choice of B nilpotent.

Now suppose that p = 3. We first show that D is generated by a 3-cycle. Suppose
that D is not cyclic. Then D contains an elementary abelian subgroup of order 9, and
in particular contains distinct elements x and y for which xZ and yZ is the product of
s and t disjoint 3-cycles respectively (briefly, consider the centralizer of gh, for which
ghZ is the product of all the disjoint 3-cycles in ¢Z and hZ. This has an elementary
abelian subgroup contained in a conjugate of D and containing elements whose images
in S, are all the 3-cycles making up ghZ). Then Cg, (2Z) = (Z, 1 Ss) X S,_ps and
Cs, (yZ) = (Zy 1 St) X Sp—pt. Hence D contains elements g and h for which ¢Z and
hZ are each a 3-cycle and these 3-cycles are disjoint. Write R = (g, h) < D. We have
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Cs,(R) =2 Rx S, _¢and C’An(}_%) = R An6. Now [Ng (R): Cg (R)] = 8, and arguing
as above we see that [N; (R,br) : C; (R)] is even for every block bg of C; (R), a
contradiction.

Hence D is cyclic. Suppose that |[D| > 3. Then D possesses an element y of order
9. By an argument similar to above we may assume yZ is a 9-cycle. But then 3®Z is
a product of three distinct 3-cycles, which as we have seen cannot happen.

Hence D has order three and is generated by an element x where xZ is a single
3-cycle. We have C'; (D) = D x A, _5. The blocks of C 4, (D) with defect group D are

in 1-1 correspondence with the blocks of defect zero of A,_s, and the action of N i, (D)

on these blocks is given by the action of gn_g on the blocks of defect zero of An_3.
Hence the nilpotent blocks of A,, with defect group D are in 1-1 correspondence with
orbits of length two of blocks of defect zero of A, under the action of S,_s.

Now blocks of defect zero of A, 5 are covered by blocks of defect zero of S, .
We consider faithful and non-faithful blocks separately. Note that B is faithful if and
only if the B-subpairs have kernel intersecting trivially with Z (i.e., if and only if they
correspond to faithful blocks of An_g).

Suppose that B is non-faithful. Blocks of defect zero correspond to 3-core parti-
tions of n — 3. By [23, 2.5.7] irreducible characters of S,,_3 remain irreducible when
restricted to A,,_3 if and only if the corresponding partition is not self-associate. Hence
[N4i (D,bp) : C; (D)] = 1if and only if the block of defect zero of A, _3 corresponding
to bp is labelled by a self-associate partition, and so the result follows in this case from
Lemma 3.1.

Suppose that B is faithful. Blocks of defect zero correspond to 3-core bar partitions
of n — 3. By [27, p.212] faithful irreducible characters of S,_3 remain irreducible
when restricted to A, if and only if the corresponding bar partition is odd. Hence
(N4 (D,bp) : C; (D)] = 1if and only if the block of defect zero of A, _3 corresponding
to bp is labelled by an even 3-core bar partition, and so the result follows in this case
from Lemma 3.2. O]

We have not yet considered all the perfect central extensions of Ag and A;. However,
by the above theorem, neither yields a nilpotent 3-block with non-central defect group,
and further it is easy to check that there are no nilpotent blocks of positive defect for
the other odd primes.

It is appropriate here to extend our study to the double covers of the symmetric
groups.

Proposition 3.4. Let G = S, be the double cover of the symmetric group S, for
n > 5 and let p be an odd prime. If p > 5, then G does not possess a nilpotent
p-block of positive defect. If p = 3, then every nilpotent block of positive defect is
faithful. These have defect one, and occur if and only if there is a positive integer my
with m; = 2,3 mod 4 and n = (3m? — my + 6)/2 or a positive integer my such that
my = 1,2 mod 4 and n = (3m3 + may + 6)/2.

Proof. Suppose first that B is a non-faithful block of positive defect. By, for exam-
ple, [23,6.2.2] I(B) = > p(wy) - - - p(wpy—1), where the sum runs over improper partitions
(wy,...,wp_1) of the weight w of B and p(z) is the number of partitions of x. But
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p—1>2and (w,0,...,0) and (0,w,0,...,0) are improper partitions of w, so I(B) > 1
and B cannot be nilpotent.

Now suppose that B is faithful of positive defect. Then by [28, 13.17] I(B) is at
least k((p—1)/2,w), the number of (p—1)/2-tuples of (possibly empty) partitions with
sum w (see [28, 3.11]), where again w is the weight of B. If w < 2, then ((w),0,...,0)
and ((1*),0,...,0) are such (p — 1)/2-tuples of partitions, so [(B) > 1 and B cannot
be nilpotent. Now suppose that w = 1. If p > 5, then (1,0,...,0) and (0,1,0,...,0)
are such (p — 1)/2-tuples, and again B cannot be nilpotent. We are left with the case
w=1and p=3. By [28, 13.17] I(B) = 2 if the 3-core u of B is even (in the sense
that n — 3 — r is even, where r is the number of parts in u), and {(B) = 1 if p is odd.
Note that since B has cyclic defect groups, B is nilpotent if and only if I(B) = 1, and
so the result follows from Lemma 3.2. O

We now turn our attention to Puig’s conjecture.

Lemma 3.5. Let G = S, be the double cover of S,, and let B be a block of G with
defect group D. If |D| > p?, then I(B) > 3.

Proof. Suppose first that B is a non-faithful block. As above,

(B) =) plw) - plwp1),

where the sum runs over improper partitions (wy, ..., w,_1) of the weight w of D. If
|D| > p?, then w > 2. But (w,0,...,0), (0,w,0,...,0) and (w—1,1,0,...,0) are three
such improper partitions, so {(B) > 3.

If B is faithful, then by [28, 13.17] I(B) is at least k((p — 1)/2,w), the number of
(p—1)/2-tuples of (possibly empty) partitions with sum w, where again w is the weight
of B. We have w > 2. Here ((w),0,...,0), ((1*),0,...,0) and ((w —1,1),1,0,...,0)
are three such tuples, so [(B) > 3. O

Corollary 3.6. Let B a p-block of G for p odd, where G is quasisimple with G/Z(G) =
A, for some n. Then B is nilpotent if and only if (bg) = 1 for every B-subgroup

(Qa bQ)

Proof. If B has abelian defect group D, then this is [30]. So we may assume |D| > p%.
Suppose G < H, where H = S, and let By € Blk(H) covering B. Then By has
defect group D, and by Lemma 3.5 [(By) > 3. But I(B) > {(Bg)/2 > 1, so B is
not nilpotent, and of course we can take the B-subgroup (1, B) to show the proposed
equivalent condition is also not satisfied.

It remains to consider the exceptional covers, but in these cases it is easy to check
that every block with non-central defect groups has more than one irreducible Brauer
character. O]

4 Sporadic groups

In this section we determine the nilpotent blocks with non-central defect groups of
quasisimple groups G where G/Z(G) is one of the 26 sporadic simple groups. Note
that due to Lemma 2.4 it suffices to consider the case Z(G) is a p'-group.
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In order to provide a reasonably unified treatment of the classification of nilpotent
blocks of the sporadic groups, we work from [20, Table 5.3]. However, in all cases the
number of irreducible Brauer characters in the blocks are known, which would lead to
a shorter but less illuminating proof. To avoid an overly long proof we do use these
results in showing that Puig’s conjecture holds.

We use [20, Table 5.3] and apply the following simple results to demonstrate the
non-existence of such blocks in many cases:

Lemma 4.1. Suppose that D is a defect group for a nilpotent block of a finite group
G. Let x € D have order p and write Q = (x) and R = O,(Cx(Q)). Then
(1) there is no p-reqular g € Ng(Q) — Ca(Q) which fizes every block of Ca(Q);
(12) there is no p-reqular g € Ng(R) — Co(R) which fizes every block of Ca(R).

Proof. Note that R is contained in every defect group of every block of C¢(Q). Hence
R < D. The result then follows from the definition of a nilpotent block. O]

Lemma 4.2. Let Q be a p-subgroup of G. If |[Na(Q)/Cq(Q)| is prime to p and, for
every m, is strictly greater than the number of p-blocks of Co(Q) of dimension n (or
1s greater than or equal to n in the case n is the dimension of the principal block of
Ce(Q)), then Q cannot be a subgroup of a defect group of a nilpotent block of G.

Proof. In this case every p-block of Cg(Q) must be fixed by a p-regular element of
Ne(Q) — Ce(Q), and we apply Lemma 4.1. O

Lemma 4.3. Let B be a nilpotent block with defect group D, and let 1 # Q < Z(D).
Then Cq(Q)/Q possesses a nilpotent block with defect group D/Q.

Proof. Let bp € BIk(DCq(D)) with b% = B. Now DCq(D) < Cs(Q), and b = pS¢@
is nilpotent. D is the unique defect group of bp and b% = B, so D is a defect group of b.
There is a one-to-one correspondence between the blocks of Cq(Q) with defect group
D and the blocks of C(Q)/Q with defect group D/Q. Let b be the correspondent of
b. By Lemma 2.4 b is nilpotent. [

Write Z = Z(G) and G = G/Z. Note that when Z is a p'-group, for every p-

subgroup @) of G' we have Cg(Q) = Cz(Q) and Ng(Q) = Ng(Q).
Throughout our notation for the conjugacy classes of G follows that of [20].

Proposition 4.4. Let G be a quasisimple group such that G is a sporadic simple group,
with |G|, = p. Let B be a p-block of mazimal defect of G. Then B is not nilpotent.

Proof. Let D € Syl (G). Note that D is abelian. If C(D) < D, then Cg(D) < DZ
and every p-block of C(D) is Ng(D)-stable. But p does not divide [Ng(D) : DCq(D)],
whilst by Burnside’s transfer theorem we cannot have Ng (D) = Cg(D), so a block with
defect group D cannot be nilpotent. Hence, using [20, Table 5.3], we may rule out all
but the following cases: p = 3 and G = Ji; p = 5 and G = Moy, J1,J5,Js; p = 7 and
G = Msy,Jy,Cos, Cos, Suz, Ly, Ru, Fisy, Fiyy, HN; p =11 and G = Cos, Coy, Ly,
Figy, Figs, Fiby,, HN, Fy; p = 13 and G = Coy, Ru, Fiys, Fib,, Th, Fy; p = 17 and
G=F,F;p=19and G =F, Fi;p=23and G = I, F}; p =29 and G = F};
p=31and G = F}.
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Applying Lemma 4.2 with ) = D to these cases eliminates all but the case p = 3
and G = J;. Here Cg(D) = D x Djy and Ng(D) = S5 x Dyg, and it is clear that
N¢(D) fixes every block of C(D). O

Theorem 4.5. Let B be a nilpotent p-block with non-central defect group D of a
quasisimple group G such that G is a sporadic simple group. Then |D| = 3 and G
1s one of Mas, Jy, Ly. In each of these cases G does indeed possess a nilpotent block
with defect group D.

Proof. We need only consider the case p? divides |G].
Suppose that D is a non-central defect group of a nilpotent p-block B. We assume

that Z is a p’-group. Choose z € D of order p, and write ) = (z). In each case Ng(Q)
is given by [20, Table 5.3], and Cx(Q) may be deduced using [14].

Let P = 0,(Ng(Q)). Then P < D.

We eliminate each possibility for the conjugacy class containing x in turn using a
succession of methods until we are left with the three cases listed. For each of these
we then verify the existence of a nilpotent block with defect group Q).

Suppose that Nz(Q) = H; x Hy and Cx(Q) = Q x H, for some Hy, Hy such that
Q< Hy, and H;/Q not a p-group. Then every p-block of C(Q) is fixed by Ng(Q) and
Ne(Q)/Cq(Q) is not a p-group, so B cannot be nilpotent. In this way we eliminate the
following pairs (G, C), where C' is the conjugacy class in G containing zZ: (Mi;,3A),
(Mlg, 3B), (M24, 3B), (JQ, 3B), (J27 5), (OOg, 30), (003, 5B), (0027 SB), (COQ, 5B)7
(Coy,3D), (HS,3A), (HS,5B), (He,3B), (He,7A), (He,7B), (Ru,5B), (Fis,3A),
(Flige, 5A), (Flia3, 3A), (Fligs, bA), (Fiy,, TA), (F,3A), (Fp,5A), (Fi,3C).

Suppose that Cz(P) is a p-group and Ng(P)/Cq(P) is not a p-group. Then every
p-block of C(P) is Ng(P)-stable, and B cannot be nilpotent. In this way we may elim-
inate the pairs (M, 3A), (J3,3B), (J4, 11), (Cos,3A), (Cos,3B), (Cos,5A), (Coq,3A),
(Coy,5A), (Coy,3C), (Coy,5C), (HS,5A), (HS,5C), (McL,3), (McL,5), (Suz,3B),
(He,7C), (He,7D), (He,7E), (Ly,3B), (Ly,5), (Ru,5A), (O'N,7), (Figx,3B), (Fiss, 3C),
(Fige,3D), (Figs, 3B), (Figg, 3C), (F'iy,, 3B) [since in this case no involution in G cen-
tralizes a subgroup of the form 3+1°] (Fil,, 3C) [since in this case no involution in G
centralizes a subgroup of the form C}|, (Fi,,,7B), (HN,3B), (HN,5B), (HN,5C),
(HN,5D), (HN,5E), (Th,3B), (Th,3C), (Th,5A), (F»,3B) [since no involution in
G centralizes a subgroup of the form 3'*8], (Fy,5B), (Fy,3B), (F\,5B), (Fy,7B),
(F1,13B).

Suppose that Nz(Q) = (H, x Hy)n, where n is an integer, and Cz(Q) < H; x H,
for some H; and H, such that @Q is a proper normal self-centralizing Sylow p-subgroup
of H;. Then H; < Ng(Q) fixes every p-block of Cx(Q) and Ng(Q)/Cq(Q) is not a
p-group. It follows that B cannot be nilpotent. In this way we may eliminate the pairs
(Co1,54), (Coy,5B), (Coy,7), (Suz,3C), (Suz,b), (He,5A), (O'N,3A), (Fiy,,3E),
(Fiby,5A), (HN,5A), (Th,7A), (F3,TA), (F1,5A), (F1,7A), (F1,11A), (F1,13A).

Suppose that Ng(Q) = (H; x Hs)n for some Hy and Hs, where n is an integer which
is not a power of p, Q < Hy, and H;n (with the appropriate action) fixes every p-block
of H; for i = 1,2. Then N¢(Q) fixes every p-block of C¢(Q) and Ng(Q)/Cq(Q) is not a
p-group. It follows that B cannot be nilpotent. In this way we may eliminate the pairs
(Mag,3A), (May,3A), (Jo,3A), (J3,3A), (Co1,3A), (Coy,3B), (Suz,3A), (He,3A),
(Ru, 3A), (Fi,,, 34), (HN,3A), (Th,3A), (Fy,3A4).
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The only cases left unaccounted for are Fliss and Fi,,, where in each case xZ
belongs to the class labelled 3D. Suppose G = Fliys or Fi), and xZ € 3D. In this
case Z = 1 (since p = 3). We have already seen that a nilpotent 3-block of G' cannot
contain elements of order three outside of 3D. Note that x is conjugate to z~! (to
see this consider the orders of the centralizers). Irreducible characters in such a block
must vanish on 3A, 3B and 3C'. This happens for only one irreducible character, and
this lies in a block of defect zero.

If G = Mysz and p = 3, then Z = 1 and Ng(Q) = (Z3x A5)-2, Cc(Q) = Zzx As. Note
that M3 possesses just one 3-block of maximal defect, which cannot then be nilpotent.
Hence we may assume D = @, and so if bg is a block of C(Q) with bg = B, then bg
has defect group Q. Now Cg(Q) has two blocks with defect group @. The action of
N¢(Q) on the blocks of C(Q) is given by the action of S5 on the blocks of As, so the
two blocks with defect group @ are fused by Ng(Q). Hence [Ng(Q,bg) : Ca(Q)] =1,
and bg is nilpotent.

If G =J,and p =3, then Z =1 and Ng(Q) = (6Ma,) - 2 and Cu(Q) = (6Mys).
By [14] 2M3s possesses precisely two 3-blocks of defect zero fused by 2May2 (the rest
are fixed). These correspond to two 3-blocks of Cg(Q) with defect group @ fused
by Ng(Q). Hence G possesses a nilpotent block with defect group @ (the Brauer
correspondent of the above blocks of C(Q)).

If G = Ly and = € 34, then Z = 1 and G possesses a nilpotent block with defect
group @, since Ng(Q) = (3McL) - 2, Ca(Q) = 3McL, and McL possesses precisely
two 3-blocks of defect zero which are fused in MecL - 2 (all other 3-blocks of McL are
fixed by McL - 2). These correspond to two 3-blocks of Cg(Q) with defect group @
fused by N¢(Q). Hence G possesses a nilpotent block with defect group @ (the Brauer
correspondent of the above blocks of C(Q)).

Note that we have shown in particular that whenever p divides the Schur multiplier
of a sporadic simple group, there is no nilpotent block of positive defect of the quotient
group (by the Sylow p-subgroup of the centre). O

We conclude:

Proposition 4.6. Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group and let p be an odd prime. If B is a nilpotent block of G, then B has defect groups
of order at most three.

We now address Puig’s conjecture.

Proposition 4.7. Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group and let p be an odd prime. Let B be a p-block of G. If B has positive defect, then
I(B) > 1. In particular, B is nilpotent if and only if l(bg) = 1 for every B-subgroup
(@, bq)-

Proof. We may assume that Z(G) is a p/-group. Let D be a defect group of B. If D is
cyclic, then the result follows from the theory of blocks with cyclic defect groups. In the
following table we list all the numbers of irreducible Brauer characters in blocks with
non-cyclic defect groups, along with a reference. A *’ will be used to denote a faithful
block in a group with non-trivial centre. The result then follows from examination of
the table.
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G/Z(G) | |D| [(B) reference
M, 3 7 18]
Mo 33 /33 8/8* 18]
Moy 32/32/3? 5/5* /5% 18]
Mg 3 7 18]
Moy 3° 7 [18]
T 3% /33 /52 /52 8/8* /66" 18]
Js 3 8 18]
Jy 33/33/3%/113 9/9/5/40 8]/[10]
HS 32/32 /32 /53 /58 7/7/5%/10/10* 18]
McL | 3%/53/53 10/12/12 18]
Suz | 37/32/37 13/5/10° 18]
Ly 3756 21/35
He 3832 /52 /73 7/7/14/10 18]
Ru 33 /33 /53 /53 9/9*/18/18* 18]
ON | 34/32/73/7% 14/5/19/19° 18]
Coy 37/53 20/18 18]
Cos 36 /53 23/16 18]
Co, 39 /33 /32 /54 /52 /72 29/7/5/29/12/21 7]
Fin | 3°/39/52/52/52 5 22/18*/16/16" /16* /16* 18]
Fiss | 313/52/52 32/16/16 5]
Fil, | 3%/3%/52/52/52/52 /52 25/4/16/16/14/16° /16" 4]
52/52 )73 /73 )73 14* /14* /22,227 /22" 4]
Th 310 /53 /72 10/30/24
HN | 36/32/56 20/7/16 6]
Fy= B | 313/32/32/32/313 71/7/7/5/31* 9]
56 /5252 /58 )72 )72 /72 /7 | B1/16/16/33*/24/24/21/24* | [9]
Fi= M | 3%0/3%/59/52 /76 /72 /112 /13% | 83/7/91/16/70/24/45/52 | [18]

Table 1: Numbers of irreducible Brauer characters in blocks with non-cyclic, non-
central defect groups of sporadic groups

If G = Ly and p = 3, then by [14] G has thirty 3-regular conjugacy classes. By [31],
aside from the principal block, G has five 3-blocks of defect zero and two 3-blocks of
defect one. Since we have shown that neither of these blocks of defect one is nilpotent,
it follows that they each have two irreducible Brauer characters. Hence the principal
block has 21 irreducible Brauer characters for p = 3. A similar computation for p =5
shows that the principal 5-block of Ly has 35 irreducible Brauer characters (and this
is the unique 5-block with non-cyclic defect groups).

If G = Th and p = 3, then by [14] G has sixteen 3-regular conjugacy classes. By [32]
G has four 3-blocks of defect zero and one 3-block of defect one (which we have seen
cannot be nilpotent, so has two irreducible Brauer characters. Hence the principal
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3-block possesses ten irreducible Brauer characters. A similar computation for p = 5
shows that the principal 5-block of T'h has 30 irreducible Brauer characters (and this
is the unique 5-block with non-cyclic defect groups). For p = 7, by [32] G has fourteen
blocks of defect zero, a block of defect one (with six irreducible Brauer characters, by
consideration of the inertial quotient) and the principal block, which must then have
24 irreducible Brauer characters.

If G/Z(G) = Fi),, then the result may be found in [4, 4.2] when p = 3, and when
p = 5 or 7 for non-faithful blocks in the case |Z(G)| = 3. Suppose |Z(G)| = 3, and
consider faithful blocks B with a defect group D covering a block, say ¢ of Z(G).
Suppose first p = 5. We have D = 5% and from [4, p.141] k(B) = 20. Note that G has
only one conjugacy class of elements of order 5. If x € D\ {1} and b € Blk(Cg(x))
with ¢ = B, then Cg(z) = 3 x 5 x Ag and b = ¢ x By(5) x V' for some b’ € Blk(Ay)
with D(V') = 5. As shown in [4, p.114] Ag has three such blocks b = By(Ay), b}, b
and [(by) = I(b)) = 4, I(by) = 2. The canonical characters of the root blocks of ¥,
and 0} are linear and degree 3 characters of Cu,(5) = 5 x Ay, respectively. Since
Na(D) = 3.(5%4A4 x A4).2 and a Sylow 3-subgroup of Ng(D) is isomorphic to 312,
it follows that ¢ x By(5) x by and ¢ x By(5) x b, induce the same block B of G and
so [(B) = 20 —4 —2 = 14. Also ¢ x By(5) x b} induces another block B of G
and I(B) = 20 —4 = 16. If p = 7, then by [4, p.141], k(B) = k(Bo(F'i},)) and
Ca(r) =3 x Opy, (v) for any x € D\ {1}. Thus [(B) = [(Bo(Fis)) = 22. O

5 Notation for classical groups and their blocks

Let V' be a linear, unitary, non-degenerate orthogonal or symplectic space over the field
F,, where ¢ = r* for some prime r # p. We will follow the notation of [3], [11], [16]
and [17].

If V is orthogonal (and ¢ is odd), then there is a choice of equivalence classes of
quadratic forms. Write (V) for the type of V as defined in [17, p.124], son(V) =n = +
or —. Write n(V') = +if V is linear and n(V') = — if V' is unitary. If V' is non-degenerate
orthogonal or symplectic, then denote by (V') the group of isometries on V' and let
Iy(V)=1(V)NSL(V).

If V' is symplectic, then I(V') = I(V') = Sp,y,(q).

If Vis a (2n + 1)-dimensional orthogonal space, then I(V') = (—1y) x Iy(V) with
Io(V) = SO241(q)-

If V is a 2n-dimensional orthogonal space, then I(V) = O"(V) = OJ (q) and
Io(V) = SO, (q).

If V is a 2n-dimensional non-degenerate orthogonal or symplectic space, then denote
by Jo(V') the conformal isometries of V' with square determinant. If V' is orthogonal
of dimensional at least two, then write Dy(V') for the special Clifford group of V' (cf.
17)).

Denote by GL* (V) the general linear group GL(V) and GL™ (V') the unitary group
U(v).

Let G = GL(V) or I(V). Write F, = F,(G) for the set of polynomials (with
coeflicients in IF,) serving as elementary divisors for semisimple elements of G (cf. [3,
p.6]). For I' € F,(G), let dr be the degree of I', and dr be the reduced degree defined
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as in [3], [16] and [17]. So 6 = dr or dr = idr according as dr is even or odd (note
that if V' is symplectic or orthogonal, I' must have even degree unless I' = X £ 1).

If G = GL(V), then let er = 1. Otherwise er is given by [3, p.6]. Let er be the
multiplicative order of erg’™ modulo p. Thus we may write erdr = ep®r &} for some ar
and of with p 1 df, where e = ex_;.

Given a semisimple element s € G, there is a unique orthogonal decomposition
V=2 rer, Vr(s), with s =[]z, s(I'), where the Vr(s) are nondegenerate subspaces
of V and s(I') € GL(Vr(s)), U(Vr(s)) or I(Vr(s)) (depending on G) has minimal
polynomial I". This is called the primary decomposition of s. Write mr(s) for the
multiplicity of I' in s(I'). We have Cc(s) = [[rcz, Cr(s), where Cr(s) = I(Vi(s)) or
GLT (mr(s),¢’) as appropriate.

6 Blocks of linear and unitary groups

Suppose G = GL(¢) = GL"(V') and p is odd and distinct to r, and let B be a p-block
of G with a defect group D and label (s, k). Then we may write

V:‘/E]J_V+, .D:.DO><.D+7 S =89 X S4, (61)

where Vo = Cy (D), Vi = [D,V], sp € Gy = GL"(Vp) and s, € G4 := GL"(V,). For
convenience we denote GL7(V) by G(V') and SL"(V') by S(V).

Theorem 6.1. Let G = GL"(V) = GL"(n,q) and suppose p is odd with p { q. Then
the following are equivalent.

(a) B is a nilpotent block of G.

(b) mp(sy) =er =1 for all T € F, which are elementary divisors of s..

(¢) kr is a ep-core of mp(s) whenever e { or, and mr(s) < 1 whenever e | or, where
kr = 0 is viewed as an ep-core of 0 = mp(s).

(d) Let (D,bp) be a Sylow B-subgroup and 6 the canonical character of bp. Then
Ca(D) = Gy x Cy and § = by x 04, where Cy = Cq,(Dy) is reqular in G4, 0y is
an irreducible character of defect 0 of Gy labelled by (so, k) and 04 = j:R%”(st) with
T, = Cq,(s4) a torus of both G4 and Cy, and Dy = O,(Ty). Here jo(&r) is the
Deligne-Lusztig generalized character.

In particular, if B is nilpotent, then D is abelian.

Proof. Let s = [[ s(I') be a primary decomposition, so that V, = @ Vr with V¢
the underlying space of s(I"). Write mr for mr(s;). Then

Ca, (s+) =[] Cr. (6.2)

where Cr 2 GL (mr, ¢°*). We may suppose D, € Syl (Cq, (s4)), so that

D, =][Dr, Dr €Syl (Cr). (6.3)
r

So D is a direct product of wreath product p-groups.
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Let I be an elementary divisor of s;. Since Cy.(Dr) = 0, it follows that p divides
"™ — ¢p and so er | mp. Hence we may write mr = epwr for some wr. Let A(D)
be the subgroup of D generated by all the abelian normal subgroups of D. By [1,
Theorem 2], A(D) is the base subgroup of D. Write R = A(D). Then

R=Dyx [[(Re)*r, Ca(R)=Gox [[(Kr)*, Kr=GL (6, ¢"")  (64)
r I

where € = ex_; and Rpr = O,(Z(Kr)) is cyclic and (Rp)*" is a diagonal subgroup of
GLT (wr, ¢°rr) < Cr. Thus Cg.((Rr)*r) = (Kt)¥*r, Cq(R) is regular in G,

Ne ((Rr)*") = Kr 1 S(wr),

and we may suppose s € Cg(R), where Gt := G(Vr) and S(m) is the symmetric group
on m letters.
Suppose wa > 2 for some A. Then there is P(Da) < (Ra)™2 such that

Caa(P(Da)) = (Ka)"»72 x GL(20,¢7"%) and  P(Da) = Oy(Ci4 (P(Da)))-
Thus Cc, (P(Da)) = GL®(1,¢°42 )72 x GL(2,¢°2°*) and
Neg, (poa) (Ra)*®) = (Ka)"> 72 x Ka1S(2).

There is an element ya of (No, ((Ra)¥2) NCey(P(Da))) \ Ce,((Ra)™2) which swaps
exactly two factors Ka in Ca, ((Ra)“2), lyal =4, yX € Co, ((Ra)“2) and det(ya) = 1.

Writing yr := 1 when I' # A, define

y:=1ly, x [[ur and P(D):= Dy x [[(Br)" x P(Da). (6.5)
r T#A

Theny € (Neg(p() (R)NC:(s))\Ca(R) and y* € Ci(R). Let (R, br) be a B-subgroup,
so that D(bg) = R and we may suppose bg C &,(Ca(R),(s)). Since y € Cq(s), it
follows that y € Ng(R,br) \ Ce(R), so B is not nilpotent, a contradiction. Thus
mr = er for all " and D is abelian with each Dr cyclic.

For each T,

NGLEF (er,q°T) (DF) = <TF7 C’GLEF (er,q°T) (DF)>7 C’GLGF (er,q°T) (DF) = GLT (17 qu§F)7

where 7 € GL (er, ¢°) has order er modulo GLT (1, ¢eror). If 7 = 1y, x [I; 7, then
T € Ng(D)NCq(s) and so 7 € Ng(D, bp), where bp is the block of Cg(D) labelled by

(s, ).
Since er and p are coprime, it follows that 7 is a p’-element, er = 1 and Cr =
GL (1, ¢°r). In particular, Cg, (s) is a torus and e | dr.

Conversely, if mp(s;) = ep = 1, then Cr = GLT(1,¢°") and so Ng.(Dr) =
Con(Dr) = Cr. Thus D and Cg(D) are abelian, and

Neg(s)(D) = Ceogs)(D) = Ca(s).
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Now the canonical character of bp is labelled by (s,1) and is stable in Ng(D,bp).
Let © € Ng(D,bp). Then s* and s are Cg(D)-conjugate elements of the abelian
group Cg(D), and so s* = s. Hence x € Cg(s) < Cq(D), and we have shown
Na(D,bp) = Ce(D). By Proposition 2.1, B is nilpotent.

Note that ep = 1 if and only if e | ép. Since D is a Sylow p-subgroup of Cg(s),
it follows that Dy is a Sylow p-subgroup of Cg,(so). But mr(s) = mr(sg) + mr(s;),
so mr(sy) = er = 1 if and only if mr(sg) = 0,mp(s) = 1 and e | dr. In addition,
mr(s) # 0 and mp(s;) = 0 if and only if mr(sg) = mr(s) # 0 and e t §r. This happens
by [16, Theorem (5D)] if and only if kr is an ep-core of mp(s) and e { op. Thus (b) and
(c) are equivalent.

Let (D,bp) be a Sylow B-subgroup and 6 the canonical character of bp. If (b)
holds, then C(D) is regular and by [11, Theorem 3.2], (D, bp) is labelled by (D, s, ).
Follow the notation of (d). By [16, p. 135], 6 is an irreducible character of G labelled
by (so, %) and the block by of C'. containing 6, is labelled by (s, —), where — is the
product of the empty ep-cores of mr(s;). Thus by = &,(Cy, (s4)) and 60 is labelled
by (s4,x) for some irreducible unipotent character x of Ce, (s4) = Cg, (s4+) = T
But 6. is canonical in by, so x is the trivial character and hence 0, = iRg:(s+).
Conversely, if (d) holds, then mp(sy) =er =1 as Cg, (s4) is a torus of G

[

For integers ¢ and m, we write p¢|m when p° | m and p*** { m.

Remark 6.2. In the notation of the proof above, we may suppose the element T €
Cc. (s+) has determinant 1 whenever ep > 2 for some I'.

Proof We may suppose ¢ = ¢°7, so that epr = e. Let T be the diagonal maximal
torus of G = GL(F ® V'), o the Frobenius map of G such that Cg(0) = GL (e, q),
where I is the algebraic closure of IF,,.

Choose matrices P;; (with ¢ # j) of G such that P;; acts on T as the permutation
swapping the (i,7) and (j, j) entries of T, the entries of P;; are 1 or —1, det(F;;) =1
and P; is fixed by o. If W is generated by the matrices P, then Ng(T) = TW and
WT/T = S(e).

Note w? = w for each w € W. Let wy € W such that

Cr(owo) = GLA(1, ¢%),

so that wp acts on T as the cycle (1,2,---,e). Now Cr(owp) is conjugate in G to
the Coxeter torus GL¢(1,¢%) of Cg(0) and wy normalizes Cr(owp). Thus there is an
element 5 € SL"(e, ¢) such that § normalizes the torus GL(1,¢°) and ( has order e
modulo GL(1, ¢°). Since Ngre(e,q)(GL(1,¢°))/GL (1, ¢°) = Z, it follows that

Nave(eq) (GLE(1, ¢%)) = (8, GL(1, ¢%))

and we may suppose 7 = [3.
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7 A set of technical conditions

In order to investigate nilpotent blocks of exceptional groups of Lie type it is not
sufficient just to find the nilpotent blocks of classical groups. We need in addition
some somewhat technical properties which we will identify in classical groups and their
extensions by diagonal automorphisms which relate to nilpotency (in particular, they
will be used to examine centralizers of elements of defect groups of nilpotent blocks).

These properties also ensure that Puig’s conjecture holds for the groups under
consideration.

We state these properties in this section, along with some general results which will
be needed in proving that they hold for classical groups.

Let G be a finite group, @ a p-subgroup of G, and B € Blk(G). If p is odd, we
denote by A(Q) the subgroup of @) generated by all the abelian normal subgroups of
Q. Recall that a B-subgroup (R, bg) is called self-centralizing if Z(R) is a defect group
of br € Blk(Cg(R)).

We will prove for some finite groups of Lie type that one of (a)-(d) of the following
holds. A feature of these properties is that none can be satisfied by a nilpotent block
with non-abelian defect groups.

Property 7.1. Let K be a normal subgroup of a finite group H, and let B € Blk(K)
and By € Blk(H) such that By covers B.

(a) There exist B-subgroups (P, g) < (R,b), where R is abelian, with abelian defect
groups D(g) and D(b) respectively such that D(g) = D(b), and an element y €
New(py(R) such that y* = 1, [y,z] & Z(K) for some x € R and y* € Ck(R),
and such that 0¥ = 6, where 0 is the canonical character of b. There exist By-
subgroups (P, gy) < (R,by) where gy covers g, by covers b, such that b%, = by
and D(by) = D(gg) is abelian for defect groups D(by) and D(gg) of by and gy
respectively.

(ax) Property (a) above holds, and there exist subgroups N; <\ M; of H, and characters
0; € Irr(N;) for i =1,2 such that M;/N; is abelian,

Z(K) S Nl X N2 < OK(R) < CH(R) S Ml OMQ,

0 covers 01 x 05, ZoN Ny =1, 05 has a y-stable extension to My and [y,x] =1 or
ly, x| € ZyNy according as x € My or My, where Zy < Z(My) N Z(My) such that
My o My 1s a central product over Z

(b) D(B) =32 1(B) > 2, and either D(By) = D(B) or D(By) = 731 Zs.
(¢) D(B) = 3% I(B) > 2, and either D(By) = D(B) or D(By) = 3}
(d) Both D(B) and D(By) are abelian.
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Remark 7.2. (i) Suppose that (P,g) < (R,b) are B-subgroups with abelian defect
groups D(g) and D(b), and R is abelian. By [15, Lemma 4.1], there exists a By-
subgroup (P, gg) such that gy covers g. Since R < D(b) is abelian and (P, g) < (R,b),
it follows that (R,b) is a g-subgroup and by [15, Lemma 4.1] again, there exists a gp-
subgroup (R,by) such that by covers b. Thus (R, by) is a By-subgroup and (P, gy) <

(73) Note that in the notation of the proof of Theorem 6.1, (R, br) is self-centralizing.

We also observe that there is some redundancy in (a) when (ax) holds:

Remark 7.3. In the notation of Property 7.1 (a) and (ax) suppose N1 x Ny < E <
M, o My such that y normalizes E and suppose ¢ € Irr(E | 01 X 03). Then ¥ = .

Proof. Since ¢ has an extension ¢ to EZ, it follows that we may suppose Z;, < FE.
Let m; : (My o My) — M;/Zy be the canonical projection and let E;/Zy = m;(F) for
some F; < M,;. Then

N1XN2§E§E10E2SM10M2.

Let ¢ be the y-stable extension of A5 to M,, and set 52 = (|g,. Then 9~2 is an extension
of 6 to Fy which is stabilized by y. Since [y, 2] = 1 or NoZ, according as x € M or
x € My, it follows that y centralizes E; and [y, z] € NyZ, for any = € E,. By Lemma
2.7, ¥ = . [

Applying Remark 7.3 to the canonical characters of b and by, we see that in the
notation of (a), #¥ = 0 and bY, = by are automatically satisfied if the other parts of

(ax) hold.
Before stating the key consequence of Property 7.1, we need the following:

Lemma 7.4. Let B be a block of a finite group G and suppose there are B-subgroups
(P,bp) < (R,bg) such that R is abelian, bp has abelian defect groups and there is p-
reqular element y € Neg(py(R) \ Ca(R) such that b, = br. Then there is a B-subgroup
(Q,bg) such that l(bg) > 1.

Proof. For convenience write L = Cg(P). Note first that bp is not nilpotent, since
yCa(R) € NL(R,bg)/Cq(R) is not a p-element and (R, bg) is a bp-subgroup. Hence by
Lemma 2.4 the unique block bp of L := L/P dominated by bp is not nilpotent either.
But bp has abelian defect groups, so by [30, Theorem 3] there is a bp-subgroup (Q, bg);

where Q = Q/P for some @ > P, such that I(bg) > 1.

Note that C7(Q) < C£(Q) and C£(Q)/CL(Q) is a p-group. By [33, Lemma 1] there

is a bp-subgroup (Q, bg) such that bz is the unique block of C%(Q) covering the block

b’a of CL(Q) dominated by bg. Note that I(bg) = l(b’a) =l(bg) > 1. But P < Q, so
(Q,bg) is also a B-subgroup, and we are done. ]

We make the key observation, and see also that the conjecture of Puig is a conse-
quence of any of Properties 7.1 (a)-(d).
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Corollary 7.5. Suppose one of Property 7.1 (a) — (d) holds for a block B. If B has
non-abelian defect groups, then there is a B-subgroup (Q,bg) such that l(bg) > 1, and
hence B is not nilpotent. In particular, B is nilpotent if and only if [(bg) = 1 for every

B-subgroup (Q,bg).

Proof. 1f (a) holds, then the result follows immediately from Lemma 7.4, since B is not
nilpotent and there is a B-subgroup (Q, bg) such that [(bg) > 1. If (b) or (c) holds,
then [(B) > 1, so B is not nilpotent, and we may take (Q,bg) = (1, B). If (d) holds,
then this is [30, Theorem 3]. O

We prove a lemma which will be useful in establishing the given properties. Let H
be a finite group, K<H, Z < Z(H)NK and K := K/Z < H := H/Z. Let B € Blk(K)
and B € Blk(K) dominating B, and (Q,bg) a B-subgroup. Let v : H — H be the
natural homomorphism, and write X = v(X) for any X C H,

If Z is a p/-group, then (Q,bg) is defined in Section 2 and it is a B-subgroup.

Suppose Z is a p-group. Then v '(C%(Q)) < Ng(QZ) and v H(Cx(Q))/Cx(Q) is

~

a p-group. Thus 7 1(Cx(Q)) has a unique block by covering by and we denote by

the block of C#(Q) corresponding to l;Q, so that by [33, Lemma 1], (Q,bg) is also a
B-subgroup. o
In general, since K = (K/0,(Z))/(Z/0O,(Z)) and Z/O,(Z) < Z(K/O,(Z)), it

follows that (Q,bg) is defined and is a B-subgroup.

Lemma 7.6. Let H be a finite group, K <{H, Z < Z(H)N K. Define K := K/Z and
H :=H/Z. Let B € BIk(K) and B € BIk(K) dominating B. Suppose B-subgroups
(P,g) < (R,b) satisfy Property 7.1 (ax), and suppose Z(K) = Z(K)/Z. In addition, if
7 = 0,(Z), then suppose, moreover that Cy(P)/Z = Cx(P) and Cy(R)/Z = Cx(R).

Then the B-subgroups (P,g) < (R,b) satisfies Property 7.1 (ax).
Proof. Let Bz € BIk(H) covering B, and By € Blk(H) dominating B and Y

c
Irr(Bg), so that x covers some 1 € Irr(B). But Irr(Bz) C Irr(By) and Irr(B) C
Irr(B), so By covers B.

Let f be the unique block of Z covered by B. Then each character x in Irr(B)
covers a character in Irr(f). Since Irr(B) C Irr(B), it follows that f is the principal
block. Since (P, g) is a B-subgroup and Z < Z(K') and since B covers f, it follows that
g covers f, and similarly, b covers f. The same applies to By and to By-subgroups.

Since Ck(PZ) = Ck(P), it follows that we may suppose O,(Z) < P. Let y €
Neyo(py(R) such that y* =1, [y, z] & Z(K) for some = € R, y* € Ck(R), and suppose

N; and M, are subgroups of H, and 0; € Irr(N;) for i = 1,2, such that M;/N; is abelian,
Z < Z(K) < N1 X NQ < CK(R) < CH(R) < Ml o MQ,

0 covers 6, x 0y, Zo N Ny = 1, 65 has a y-stable extension 0y to M, and l[y,z] =1 or in
ZoNs according as © € My or My, where Zy < Z(M;) N Z(My) such that M; o My is
the central product over Zy and 6 is the canonical character of b.

It suffices to consider the cases p-group and a p’-group separately. Then by [33,
Lemma 1 (iii)] and Lemma 2.5, (P, §) < (R, b) are B-subgroups. If Z is a p/-group, then
Ck(R)/Z = C%(R). If Z is a p-group, then Cy(R)/Z = C7(R), v Y(Cz(R)) = Cx(R)
and so 7} (Cx(R)) = Cx(R). Thus in either case C(R)/Z = C%(R) and D(b)Z/Z =
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D(b). Similarly, D(g) = D(9)Z/Z, and D(g) = D(b) is abelian as D(g) = D(b) is
abelian.

Let 4 = y(y), so that §* = 1, § € C(P)NN%(R), 4> € C%(R). Since [y,x] € Z(K)
for some z € R and since Z(K) Z(K)/Z, it follows that [y,7] ¢ Z(K) and in
particular, § ¢ Cx(R).

Let N; = v(N;) and M; = v(M;). Then N; <t M; and M;/N; is abelian such that

Z(F) < Nl X NQ < OK(R) < Oﬁ(ﬁ) < Ml OMQ,

where M o M is the central product over Zy = v(Zp).

Since Z < Z(K) < Ny X Ny and 6 is the canonical character of b, it follows that 6 is
the lift of the canonical character 8 of b. Similarly, since @ covers 6; x 5, it follows that
7 < ker(0; x 0) and 0 x 0 is the lift of ) x 0, for some §; € Irr(N;). In particular,
0 € Irr(C(R) | 6, x 6,). If ¢ € Irr(My 0 My | 61 X 65), then by Lemma 2.7 ¢ = 1ho (6,))
for some ¢ € Irr(M; | 61) and A € Irr(My/ZyN3). Since [y, x] € NoZjy for all x € My, it
follows that A = \ and so 0y is y-invariant. But Z < ker(p), so Z N My < ker(ég)\),
and 05\ can be viewed as a character of Irr(M,), which is a g-invariant extension of
to M,. Thus Property 7.1 (ax) holds for B.

Similarly, if (P, gn) < (R, bg) are By-blocks such that D(gy) = D(bgy) is abelian,
and gy and by cover g and b, respectively, then there exist B-subgroups (P, g77) <
(R, bz) such that gz is dominated by gy and bg is dominated by by and D(g7) =
D(g9y)Z/Z and D(bg) = D(by)Z/Z. Thus D(g5 ) D(bg) = D(by)Z/Z is abelian.

Since gy covers g, it follows that the canonical character @5 of gy covers the canon-
ical character 6 of g. But 0y is the lift of the canonical character of gz and 6 is the

lift of the canonical character of g, so gz covers g. Similarly, bz covers b. This proves
that Property 7.1 (a) holds for (P, g) < (R,b). O

8 Classical groups

Suppose p is odd. In this section we demonstrate that every nilpotent block of a
classical group of has abelian defect groups.

Proposition 8.1. Let K := SL(q) < H < G := GL]!(q) = GL(V), Z < Z(K),
B € BIk(K), By € Blk(H) covering B. Let Bg € BIk(G) be a weakly regular cover of
By. Write R := A(D(Bg)) N K. Then Property 7.1 (ax) holds for some B-subgroups
(P,g) < (R,b) with Cy(P)/Z = C(P) and Cy(R)/Z = Cw(R), or Property 7.1 (b)

or (d) holds, where X = XZ/Z for any X < G. Moreover, if Property 7.1 (b) holds,
then n = 3d with ged(6,d) =1 and 3||(¢ — n).

Proof. Suppose Bg is labelled by (s, k). Since By covers B, it follows that D(B) =
D(By) N K for some defect group D(By). There exists a defect group D(Bg) such
that D(By) = D(Bg) N H, so

D(B)=D(By)NK =D(Bg)NK and D(By) = D(Bg) N H.

We may suppose D(Bg) € Syl,(Ca(s)).
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Suppose the decompositions V =V, LV, D(Bg) = Dy X D, and s = s¢ X s, are
given as in (6.1). Set Rg = A(D(Bg)). Then Rg and Ce(R¢) are given by (6.4) with
R replaced by Rg.

In the notation of the proof of Theorem 6.1, suppose each wr < (p — 1). Then
D(Bg) is abelian, and both D(B) and D(Bpg) are abelian. Thus Property 7.1 (d)
holds. So we suppose that wa > p for some A. There exists y € C(s) N K such that
y € NG(RG) \ CG(RG’)’ |y| =4, y|Vo = 1V07 y|Vr = lVr for all T’ 7& A, and Y swaps
exactly two factors Ka of Cg(Rg). Let Ry := RgN H and R= RgN K.

Let P; := P(D(Bg)) be defined by (6.5), so that P < Rg and we may suppose
y € Co(Pg)NK. Let P:= PN K and Py = Po N H. Since wa > p, it follows that
|Q(Pg)| > pP~ L, and P is cyclic if and only if p = 3, wa = 3, wp = 0 for all ' # A
and PG g K.

We claim that Cq(P) # Cq(Pg) if and only if Vj = 0, p = 3 = wa, wr = 0 when
P#A n=c¢ ar=0,ex=1and 3|[(g—¢). In particular, D(B) = 3} in this case.

Indeed, if wa > 3, then P is noncyclic and so C¢(P) = Cg(Pg). Thus wa = 3, and
so p = 3. If wr # 0, then P is also noncyclic and hence Cg(P) = Cg(Pg). Suppose
p =3 = wa and wr = 0, so that [Q(Pg)| = 3% Define ¢ > 1 by 3¢|(¢**"* — ),
and choose 3 € IE‘:ZCS% with |8] = 3°. Note that x5 := 1y, x diag{#2,5,6} € P
and so if ¢ > 2, then Cg(P) = Cq(Pg). Thus 3||(¢°*™* — ¢€) and so ax = 0. Note
that e = 1 or 2 as p = 3. If e = 2, then we may suppose [ € SLa(q), since SLy(q)
contains a maximal torus Z,_.. Thus det(5) = 1, P = Pg and Cg(P) = Ce(Pg), a
contradiction. So e = 1 and 3||(¢ — €¢). But Z(G(W)) x Z(G(Vy)) < Z(Cg(P)), so
n =€ Since 3 | (¢ —n) and 1 = Dy = O3(G(Vp)), it follows that V5 = 0. Similarly,
since Z(G) = Zy—y < Z(Cq(8)) = Zyan ., it follows that ex = 1 and the claim holds.

Suppose Vo =0, p =3 =wa, wr =0 when I' # A, n =¢, an =0, ea = 1 and
3||(g — €). Then

Og(P> = GLE(?)dA, q) = G, Cg(Pg) = GLG(dA, q) X GLG(QdA, q),

so P = 03(Z(G)) = O3(Z(K)) = Z3 and Pg = O3(Z(Cq(Pg))) = Z3. In addition,
Ca(s) =2 GL2(3,¢°) and D(Bg) € Syl;(GL(3,¢%°)). Since aa = 0, it follows that
31(¢% — en), D(Bg) = Z31Z3 and |D(B)| = 3°. But 31" € Syl,(SL(3,¢%*)), so
D(B) = 32,

Write Dg = D(Bg), Dy = D(By) and D = D(B). Since [Dg:D] = 3, it follows
that Dy = D or Dy = Dg. Note that Dg = (Rg, o) for some permutation o of
order 3. So D = (R,0), Ca(Dg) = Cg(D) = GL(da,q), Ca(Ca(D)) = GL(3,q)
and (Dg,y) < Cq(Cg(D)). Thus y centralizes Ci(D) and so y € Nk (D,bp), where
(D,bp) is a Sylow B-subgroup. Since Z(D) < Z(K), it follows that B dominates
a block B € Blk(K/Z(D)), D(B) = D/Z(D) = 3% and § stabilizes the B-subgroup
(D/Z(D),bp) with |j| = 4, where § = yZ(D). In particular, B is non-nilpotent.
But D(B) is abelian, so l(l;@) > 2 for some B-subgroup (Q, 55) If Q = Zs, then
Ckz0)(Q) = Cx(Q)D/Z(D) = (Ck(Q)/Z(D)).3, where Q = (Z(K),w) for some w €
D\Z(D) of order 3. Let Bg be a block of Cx (@)D dominating l_)@ and by € Blk(Ck(Q))
covered by Bg. Then D(bg) = @ and the canonical character 6 of by is the only
irreducible Brauer character of bg. If ¢ is any irreducible Brauer character of Bg, then
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¢ covers Og. But Ck(Q) contains a representative set of the conjugacy 3'-classes of
Ck(Q)D, so I(Bg) = 1. In particular, I(bg) = 1. Similarly, if @ = D/Z(D), then
I(bg) = 1. Thus if I(bg) > 2, then @ = 1 and by = B. It follows that I(B) > I(B) > 2,
and hence Property 7.1 (b) holds.

Since p is odd, it follows that Co(R) = Co(Ru) = Ca(Re). Let @ € G such that
for any u € R, there exists z € Z(G) such that 7 'ur = uz. Then z 'uz = cu for
some ¢ € Op(F;) and so x € Ng(R) = Ng(Rg). If A is an eigenvalue of u in some
algebraic closure of F2 and mx_,(u) is the multiplicity, then cA is also an eigenvalue
of u with the same multiplicity. In particular, mx_1(u) = mx_.(u). It follows that
if we choose u € R such that mx_1(u) # mx_c(u) for any ¢ € F;, then v lur = u.
Since |1 (R)| > pP~!, it follows that € Cg(R) and so Ca(R)/Z = Cg/z(R/Z) for
any Z < Z(G), except when p = 3 = wa, an = 0 and 3||(¢° — €), in which case
D(B) = 3% 1f 31 (¢ — 1), then e = 2 and as shown above R = Rg, in which case
we still have z € Cg(R). If 3| (¢ —n), then 3||(¢ —n), P = Z3 and Cg(P) # Ca(Pg),
which is discussed above.

Similarly, C¢(P)/Z = Cq/z(P/Z) for any Z < Z(G) when Cq(P) = Cg(Fe) (note
in this case that for any u € P, we have mx_,(u) > 2 for some eigenvalue \).

Suppose Cg(P) = Cq(Py) = Cs(Pg) and Cg(R) = Ce(Rg) = Ca(Ry). Thus
Cc(R) is regular in G and s € Cg(R). Let (P, g) and (R, b) be B-subgroups such that
(P, g) < (R,b).

Let (P, gn) < (R,by) be By-subgroups such that gy covers g and by covers b (see
the remark after the definition of Property 7.1), and (P, g¢) < (R, bg) Bg-subgroups
such that go covers gy and bg covers by. By [12, Theorem 3.2], we may suppose
be C E,(C(R), (s)) and so b, = b as y € Ci(s) N K. Now

be = b(0) x [ [ o(D)"r,

where b(0) is a block of Gy labelled by (sg, k) with defect 0, and b(I") = &,(Kr, (ir))
with tr the restriction of s to Kr. Note that if Ur is the underlying space of Kr and
view tr as an element of G(Ur), then we have mr(tr) = ep. Thus for any generator
zr € Rr

T[‘ = CKF(tF) = Cg(UF)(JIFtI‘) = GLEF(L qerép)

is a Coxeter torus of both Kt and G(Ur), and Rr = O,(Tt) is a defect group of b(T').
In particular, R is a defect group of bg. We may suppose D(b) = D(bg) N Ck(R) and
D(bg) = D(bg) N H, so that D(b) = R and D(by) = Rpy.

Since (P, gg) < (R,bg) and D(bg) < Cq(P), it follows that D(gg) = D(bg) = Ra
and so D(g) = D(bg) NCk(P) = D(bg) N K = R is abelian. Similarly, D(gy) = Ry =
D(by).

Let 0,0y and 6 be canonical characters of b, by and bg, respectively. Then 0
covers 0 and Oy covers 8. Now

O =0(0) x 0(+), 0(+):=][o@)r, 6T):=+Ri(tr)

where Irr(b(0)) = {0(0)}. If Hr := Kr N S(Ur), then there exists an element zr € Kp
permutes all the irreducible constituents of the restriction 6(I')|g,.. Since wa > p, it
follows that 6(+) \(ry) is irreducible, where Ry = S(Vi.) N ([T(Rr)*r).

|Cs<v+
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Let Ky = S(Vp) and K = S(V,), so that
CK(R) = <K0 X CK+(R+),UK>, U = Uy X Uy

with ug € Gy \ Ko and uy € Cg, (Ry) \ Ck, (R4). Note that Gy = (Ko, up) and

Co, (Ry) = (Cr, (Ry), uy).
Let 6y and 6, be irreducible constituents of 6|k, and H\Cm (R.), respectively. Then
0 € Irr(Ck(R) | 0y x 0) and b covers 0 x 6. But 0(+)[cy, (ry) is irreducible, so
0 = 0(+)lck, (ry) and 0, has an extension 6(+) to Cg, (R+). Applying Lemma 2.7
to
Ky x Cg,(Ry) < Ck(R) < Cg(R) = Gy x Cq, (R4)

(with Zy = 1), we have that 0|c,(r)y = 6. In particular, O¢|c, (r) is irreducible and so
is Oc|cy (r). But g covers 0y, so Ogloyr) = 0. Thus 0¥ = 6, 6%, = 0y, bY = b and
b}, = by. Note that 0y|c,(r) = 0. Thus Property 7.1 (ax) holds. O

Let V' be a non-degenerate orthogonal or symplectic space, G = Iy(V') and let G*
be the dual group of G. Then

SPo,(@)" = SO2n41(q),  SO2n41(q)" = Spy,(q),  SO3,(q)" = SO3,(q).

If B is a block of I4(V'), then there exists a semisimple p’-element s € I4(V)* such that
B CE(Lh(V),(s)).

Let (D,bp) be a Sylow B-subgroup of Iy(V). Then V and D have corresponding
decompositions
V=VyLlV., D=DyxD,. (8.1)

We have Vo = COy(D), Vi = [V, D], Do = {1y} and Dy < Io(Vy). Let Go := Io(Vo),
Gy = 1o(Vy), Cp := Cryvy)(D4) and let V* be the underlying space of Io(V)*.

Let z € D be a primitive element. Then z € Z(D) with |z| = p (cf. [17, p.176]).
Thus

2 =20 X Z4, L= Cg(Z) = LO X L+, LO = Go, L+ = GLe(m,qe), (82)

where zp = 1y, 24 < Dy and dimV; = 2em. Then L is a regular subgroup of G and
we may suppose s € L* < G*. In particular,

V*=Uy LUy and s=s9Xsy, (8.3)
where Uy = V', sg € L = Iy(Up), Uy is the underlying space of L% and s; € L% <
Iy(Uy).

Let Crw,)(s+) = [ Cr and let Ur be the underlying vector space of Cr, so that

Cr = GL™ (mp(s4),¢") or I(Ur) (8.4)

accordingas ' 2 X £1lor['=X £+ 1.
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Proposition 8.2. Let K = Q3 (q) = QU (V) < H < Jo(V), Bx € BIk(K) and
By € Blk(H) covering Bix. Write R := A(D(Bg)). Then either Property 7.1 (ax)
holds for some By -subgroups (P, g) < (R, b) or Property 7.1 (d) holds, where P is some
subgroup of R.

Proof. Let G := SO3 (q) := SO(V) and B € BIk(G) covering Byg. Then D(Bg) =
D N K for some defect group D := D(B). Since G is self dual, we have V = V* Uy =
Vo, Up =V in (8.3).

(1). Since |G:K| = 2, it follows that D = D(Bk) and D = D(By) N G for some
D(Bpg). In the notation above we have

Cx(2) <L=Lyx L.
Let Ko = Q(Vp), K1 =Q(Vy) and M, := SL(m, ¢°) < Ly N K, so that
My < Ok, (24) < Ly, Ck(z) = (Ko x Ok (24),t0 X ) (8.5)

and [L:Ck, (24)] < 2, where ty € Ly \ Ko and ¢t € L. Let (z,B.) be a major
subsection of Bgx. Then B, covers a block By x By of Ky x Ck, (2z4) with By €
Blk(Ky) and B, € Blk(Ck, (24)) such that D(B.) = D(B, x By) = D. Note since
[L.:Ck, (24)] <2, it follows that D(B,) = D, % 3.*2.

By [15, Lemma 4.1], there exists a B-subgroup (z, By) such that By covers B,.
Thus (z, Br) is a major subsection of B.

Let R := A(D), so that z € R and

R =D x [[(Re)*r, Co(R) =SO(Vo) x | [ (&)™,

where Rp = O,(Kr), mp(s;) = wrer or 2wper according as ' # X £1or I'=X £ 1,
Kr = GL(6f,¢""). Thus R = O,(C(R)), Cq(R) is a regular subgroup of G and we
may suppose s € Cg(R). Set Ry = [[(Rr)"", so that Ry < Ck, (2+) and

KO X CK+(R+) < CK(R) < Cg(R) = Lo X CL+(R+).
Let (Ry,by) be a By-subgroup, so that
(By x b, )KoxCry () — B« B,

and by € Blk(Ck, (Ry)) as Ok, (Ry) < Ck, (24). Now Ky x Ck, (z4) is normal in
Ck(z), R < Ky x Ck,(z4) and B, covers By x By. It follows by [15, Lemma 4.1]
that there exists a B,-subgroup (R,b) such that b covers By x by, so that (R,b) is a
Bg-subgroup.

Similarly, there exists a Bp-subgroup (R,bg) such that bg covers b. Thus bg C
E,(Ce(R),(s)), R= D(bg), and so R = D(b) = D(By x b,).

Since L = Ly x Ly with Ly = Gy = SO(V}), it follows that By, = By, x By, with
By, € Blk(Gy) and By, € Blk(Ly). But By covers B, and B, covers By x By, so
By, covers By and By, covers By. In particular, D, = D(By) = D(By, ). Similarly,
be = bg, X be, with bg, = B, € Blk(Gy) and bg, € Blk(Cyp, (R;)), and bg, covers
b,.
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Suppose D is non-abelian, so that wa > p for some A. Let P := Dy x Py < R and
(P,g) < (R,b), where P, := P(D,) is given by (6.5). By Proposition 8.1, there exists
B, -subgroup (Py,g.) such that (Py,g4) < (Ry,by) and D(g,) = D(by) = R,. By
the remark after Property 7.1, we may choose (P, g) such that g covering By X g, so
D(g) = Do x D(g+) = Dy x D(by) = D(b) = R.

In addition, there exists y € Cf, (s1) N My such that y € Ne,_(p,)(R4) \ Cr. (R4),
lyl =4, y* € Cr (R1), ylv, = 1wy Yl = iy for all T # A and y swaps exactly two
factors Ka of Cq(R). Since y € O, (s4), it follows that (bg, )Y = be, .

Let 65 and 6 be canonical characters of bg and b, respectively. Then 64 covers 6,

GG IGGO X QG+

with Irr(be,) = {0, } and ¢, the canonical character of be, . If Irr(By) = {6y} and 6.,
is the canonical character of b, then 6, covers 6. Since Cx, (R;) = Cex, =) (R4),
it follows by the proof of Proposition 8.1 that 6, = 0. ’CK+( r,) and 07 =0,

Now
Ck(R) = (Ko x Ok, (Ry),uk), Ux =ug X Uy (8.6)
with [Cx(R):Ko x Ck, (R4)] < 2, where ug € Gy and uy € Cp, (Ry). If Cx(R) =
Koy x Cg, (Ry), then 0 = 0y x 0, and 0¥ = 0. If [Ck(R):Ky x Ck, (R;)] = 2, then
Ly = (Ko,up) and Cp, (Ry) = (Ck, (R4),uy). Now 6 € Irr(Ck(R) | 6y x 04) and
0c € Iir(Ce(R) | 0) and 64 has an extension 6g, to Cp, (R), so by Lemma 2.7,
0c|cw(r) = 0 and hence 0¥ = 0 and y € Ng(R,b).

(2). Suppose K < H < Jo(V). Let (P,gn) < (R,byg) be By-subgroups such that
gm covers g and by covering b. Since Jo(V')/Z(Jo(V))K is a 2-group and p is odd, it
follows that D(gy) = O,(Z(H))D(g) = O,(Z(H))D(b) = D(by) and both are abelian,

and the canonical character 8z of by covers 8. Now
Ko x Cr, (Ry) < Ox(R) < Cu(R) < Cryn)(R) < Jo(Vo) X Cypvy)(Ry).

By [17, (1A)], Cyovyy(24) = (L4, 74) with [r4, Ly] =1 and so Cviy(R4) is a central
product Cp, (Ry) o (7). In particular, 6, has an extension 9(;+ to Cyyvy(Ry4), and
QG . 1s also an extension of .. Moreover, y stabilizes HG ., since HG . is a central produce
Oc, o B for some B € Irr({7y)) and 07, = 0g,. Since y € My < K, and y normalizes
K, it follows that [y,z] € Ck, (Ry) = Cr, (Ry) N K4 for any z € Cp, (R;). But
Croviy(Ry) = Cr (Ry) o (), so [y,z] € Ck, (Ry) for all x € Cyyv,)(R). It follows
by Remark 7.3 that y stabilizes 0y and so b%; = by. Thus Property 7.1 (ax) holds.

(3). Suppose wr < p for any I' with mp(s;) # 0. Then D = D(Bk) is abelian,
and so D(By) = DO,(Z(H)) is abelian. Thus Property 7.1 (d) holds. O

Proposition 8.3. Let K := Q9,11(q) = Q(V) or K := Sp,,,(¢) = Sp(V), and

Bk € BIk(K) and By € BIk(H) covering Bk, where H = SO(V) when K = Q(V).
Write R := A(D(Bkg)). Then either Property 7.1 (ax) holds for some By -subgroups
(P,g) < (R,b) or Property 7.1 (d) holds, where P is some subgroup of R.
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Proof. Suppose V' is orthogonal. Replacing G by H in the proof (1) of Proposition 8.2
with some obvious modifications, we have that Property 7.1 (ax) holds for (P, g) <
(R,b). Suppose V is symplectic, so that H/K is cyclic. Applying the proofs (1) and
(2) of Proposition 8.2 with some obvious modifications, we have that Property 7.1 (ax)
holds for (P, g) < (R,b).

If D(Bk) is abelian, then D(Bg) = D(By) N K for some D(By). Since the outer-
diagonal group of K is order 2, it follows that D(By) < KZ(H) and so D(By) =
D(Bk)O,(Z(H)) is abelian. O

Theorem 8.4. Let G = [y(V), B € BIk(G), and (D, bp) a Sylow B-subgroup. Follow
the notation in (8.1),(8.2) and (8.3). Then the following are equivalent:

(a) B is nilpotent.

(b) Cryvy(D) = GoxCryvyy (D) is a regular subgroup of In(V') and s € Cryvy(D)* <
L* satisfies the following conditions.

(1) Suppose Io(V') = Spy,,(q) or SOg,41(q). Then

fO0orl ifT#X=+1andel|dr,
mr(s+) = { 0 otherwise.

1) Suppose Iy(V) = SO (q). Then
2n

mr(sy) =0 or 1 if £ X +1ande|dr,
mx-1(s4+) +mxy1(s1) =0 or 2 if p|(q—e),
mr(sy) =0 otherwise,

where € is the type of the underlying space of (sy)x+1 when mx_1(sy) +
mxi1(sy) = 2.

(c) Cryvy(D) = GoxCryv,y (D) is a regqular subgroup of In(V') and s € Cryvy(D)* <
L* such that T = Cryw,y(s+) is a mazimal torus of Io(Uy). In particular, if
0 = 0y x 0, is the canonical character of bp with 0y € Irr(Go) and 0, € Irr(C),
then 0y has defect zero and 04 = iR%*(sQ, where Cy = Ciyv,)(Dy) and T <
Cy 15 a dual of TT.

Proof. Suppose B is nilpotent. By Propositions 8.2 and 8.3, D is abelian, so mr(s;) =
eror O when I' # X £ 1 and mrp(s;) =2e or O when I' = X £ 1.

Suppose mr(sy) = er > 2 with I' # X £ 1. As shown in the proof of Theorem
6.1 there exists a p’-element 7+ € C}: of order er normalizing Dr := D N C}., so that
there exists a p’-element of order er normalizing the Sylow B-subgroup (D,bp), a
contradiction, so epr < 1 and e | dr.

Suppose I' = X £ 1, so that mr(sy) = 2e or 0 and Cr = I(Ur).

Suppose, moreover that G = SO3 (q), so that G = G*. Let A = X +1 and suppose
ma(sy) = 2e. By [17, (1.14)],

|N1wa)((2a))/Crwa)(2a)| = 2e.
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If e > 2, then there exists ya € Ny, ((2a)) \ Crywa)(2a) of order e, so that ya
normalizes the Sylow subgroup Da of Cpyw,y(2a). Let yr = 1 € Iy(Ur) and y =
Ly, X [ yr. Then

y € (Na(D) N Ceq(s)\ Ca(D)

and y normalizes (D, bp). Since |y| = e # 1, it follows that B is not nilpotent, which
is impossible. Thus e = 1, Io(Ua) = SO(2, q) with e = n(Ua), so p | (g — €).

Similarly, suppose mx_1(s1) = mx11(s;) = 2. Since Q; (¢) = PSLa(¢?), Qf (q) =
SLy(q) o SLa(q) and SOF(q) = Qi(q).2, it follows that there exists an element w €
(Ng(D) N Cq(s)) \ Ca(D) of order 2 such that w € Ng(D,bp), a contradiction.

If G = Sp,,(q) or SO2,11(q), then by [17, (1.14)] again, there exists an element
w € Ng(D)\ Cg(D) of order 2e such that w normalizes (D, bp), which is impossible.
Thus mx41(s+) = 0 and (b) holds.

Suppose (b) holds. Then T7} := Ccx (s4) is a maximal torus of Io(Uy) and so D is
abelian. Since Cg(D) is regular in G, we may suppose s € Cs(D)* and so

b C &,(Ca(D), (5)).

Thus 0, = j:Rg:(er) and 6 = 0 x 04 is the canonical character of bp, where 6y €
Irr(Gy) has defect 0. In particular, Ng(D,0) = Cg(D) and B is nilpotent. O

Proposition 8.5. Let K := Spin"(V') < H such that H/K is abelian, Cy(K) < Z(H)
and H/Z(H) < SO(V) or Jo(V)/Z(Jo(V)) according as dimV is odd or even. Let
B € BIk(K), By € Blk(H) covering B, and Z < Z(K) such that K. .= K/Z = Q"(V),
so that |Z| = ged(2,q —n). Write R := A(D(B)). Then either Property 7.1 (ax) holds
for some Bg-subgroups (P,g) < (R,b) or Property 7.1 (d) holds, where P is some
subgroup of R.

Proof. Let D := D(B), G := SO"(V) and Z; < Z(Dy(V)) such that G = Do(V)/Z,
sothat Z =2, NK and Z, = 7Z,_;.

We may suppose D = DZ/Z < K.. Thus D is of defect type in K., where a
p-subgroup @ of K. is of defect type if @ is a Sylow p-subgroup of a centralizer C,(t)
of a semisimple p’-element t. So D is of defect type of G, and D has a primary
clement z € Z(D) (see [17, Section 5]). Thus we have the corresponding decompositions
V=VLlV,,D=Dyx Dy, z=2x z,Cq(z) = Ly x Ly given by (8.1) and (8.2).
Since K is universal, it follows by [20, Theorem 4.2.2] and [17, (2E)] that

C:=Ck(z) = LcTe, Lo = Ly x SL¢(m,q¢°), Ly = Spin(Vj),

where T is an abelian 7’-group inducing inner-diagonal automorphisms on SL(m, ¢°)
and L;. Here for simplicity, we identify z with its preimage (with the same order) in
K. Since p is odd and D < C, it follows that D, N L; = 1 and so LiLs = Ly X Lo,
where Ly = SL(m,q¢°)D; < Ly. Let L = L1 X Ly < C, so that C' = LT¢. Let
(z, B,) be a major subsection of B, and B, = B; x By a block of L covered by B,,
where By € Blk(L,) and By € Blk(Ly). We may suppose D(By) = Dy N Lo, so that
D(By) = D,.

Suppose B satisfies Property 7.1 (ax). Let Ry := A(Dy) < D(Bs), R := Ry X Ry,
Py := P(Dy) < Ry, P= P, x P, < R and let (P,g;) < (R,b1) be Bp-subgroups,
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where P, = Ry = Dy. So g, = g1 X g2, by, = by X by with g, = by = By, g2L2 = b§2 = By
and D(by) = Ry = D(go). In addition, there exists y € (Np,(R2) NCp,(P2)) \ Cr,(R2)
such that y* =1, y? € Cr,(Rz), and by = by. Thus b = by, and D(b;) = R = D(gz).

(1). For t € T write t = tits such that [t1,t2] = 1 and ¢y induces inner-diagonal
automorphism on Ly. Let J; = (L;,t; : t = t1ty € T¢), so that C < J := J; X Jy and
Ly < Jo < L,. Let By € Blk(J) be a weakly regular cover of B,, (P,g) < (R,b) B.-
subgroups such that g covers g and b covers by, and (P, g;) < (R,b;) Bj-subgroups
such that g; covers g and b; covers b, so that g; covers g;, and b; covers by.

If g5 = g5, X gj, and by = by, X by, for some g; € BIk(Cy,(P;)) and by, €
Blk(C},(R;)), then g, covers go and by, covers by and by Proposition 8.1 and its proof
(1), D(g5,) = D(by,) is abelian 04,|c,, (r,) = 02 and 0%, = 0,,, where 0, and 0; are
canonical characters of by, and b;, respectively. Thus D(g;) = D(b,) is abelian. But
P < R < D(gy) and D(gy) is abelian, so

D(g) = D(95) N Cx(P) = D(g;) N K = D(b;) N K = D(by) N Cx(R) = D(b),

which is also abelian. In addition, as shown in the proof (1) of Proposition 8.1 8, has
an extension to Cr, (Ry).

Let 6; and 0 be canonical characters of b; and b, respectively, so that 8, = 0, x 8,
covers 0, 6% = 0; and 0 € Irr(Ck(R) | 01 x 62). Applying Lemma 2.7 to

L1 X CL2(R2) S OK(R) S Jl X CJQ(RQ)

we have that 0;|c,(r) = 0, so 0¥ =0 and V¥ = b.

(2). If ¢ is even, then the outer-diagonal group of K is trivial, so we may suppose
q is odd. Let (P, gg) < (R,bg) be By-subgroups such that gy covers g and by covers
b. Then by is a block of Cy(R) and R = D(by) N Ck(R) for some D(by). Since H
induces inner-diagonal automorphisms and since the outer-diagonal group of K is a 2-
group, it follows that D(by) < RZ(H) and D(by) = RO,(Z(H)) is abelian. Similarly,
R = D(b) = D(g) = D(gn) N Cx(P) and D(gy) = ROy(Z(H)) = D(bn).

Now z € K < Dy(V), so by [17, (2E)], Cpyv)(2) = Do(Vo) o Ly, Cpyvy(2)/Z+ =
Cq(z) and C = Cp,vy(2) N K, where L, is a central extension of L, by Z,.

To show that by, = by we may suppose H/KZ(H) = Jo(V)/K.Z(Jo(V))
Outdiag(K), so that H/KZ(H) is a 2-group. Let t € Cg(z) \ Ck(z), so that *
Ck(2)Z(H). In the notation of [20, Table 4.5.2], t induces an element of C*
Clnndiag()(2Z(K)) (note here C* is not the dual group of C'). But C*/C°* is a p-
group, so t induce an element of C°* and hence t € Cx(z)Z(H). Thus

0 m o

Cy(2) = (Ck(2),xy,ty), =y =mx1T9, tg=tits
where x1 € Do(Vp) and x5 € E+, and ¢y centralizes [~/+. So
(Cx(2),z5) < (J1,x1) 0 (Jo,25) < Dy(Vi) o L.
Let Hy = (J1,x1,ty) and Hy = (Jo, ), so that

Ll X L2 < OK(Z) < CH(Z) < Hl ¢} HQ.
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It follows that
L1 X OLQ(RQ) S CK(R) S CH(R) S H1 e} OHQ(RQ) (826)

By [20, Table 4.5.2], 3
L+ = (Z X LQ o Zq—€)<$+>

where x, induces outer-diagonal automorphism of order dividing ged(m, g — €) on Ls.
Thus Cp,(Ry) = (Z x Cp,(Ry) 0 Zy_.)(ys) for some 3, € L, inducing outer-diagonal
automorphism on Ly. View 6y as character of Z x Cp,(Rs) with Z < ker(). Now
Cr,(R2) < Cmy(R2)/Z < Cp, (Rz). As shown in the proof (1) of Proposition 8.1 5
has an extension 6, to Cy,(Ry)/Z such that 6§ = 6,. By Remark 7.3 %, = 6y and
bY, = by. Thus the Property 7.1 (ax) holds for (R, b).

Suppose Bs satisfies Property 7.1 (d), so that D(Bs) is abelian. Thus D, and
so D(B) are abelian. Since D(B) = D(Bpy) N K for some D(Bpg), it follows that
D(By) < KZ(H) and D(By) = D(B)O,(Z(H)) which is abelian. O

Theorem 8.6. Let K be a finite quasi-simple group of classical type over a field F, and
B € BIk(K), and let K < H such that H/K is abelian, Cy(K) < Z(H), H induces
inner-diagonal automorphisms on K and By € BIk(H) covering B. If p | q, then
either D(B) = D(Bpy) is cyclic or [(B) > 2. Suppose pt q and p is odd. Then one of
Properties 7.1 (ax), (b), (¢) and (d) holds. In addition, if Property 7.1 (b) or (¢) holds,
then p = 3, K = SL"(3d,q)/Z for some Z < Z(SL"(3d,q)) with gcd(6,d) = 1 and
3|1(g — ).

Proof. We will follow the notation of [20]. In particular, K, denotes the universal group
with the same type as K. If p|¢g and D(B) is noncyclic, then D(B) is a Sylow subgroup
of K and I(B) = I(By) with principal By := By(K) € Blk(K). But By dominates the
principal block B of K/Z(K) = K, and I(B) + 1 is the number of p’-conjugacy classes
of K,, so I(By) > I(B) > 2. Suppose p 1 q.

If K = A%(q), then set K = K, = SLZH( ) < GL! ,(q), so that K = K/Z for
some Z < Z(GL},,(¢q)) N K. We may take H < GL},,(q) such that H = H/Z.

If K =B,(q) = K, = Q2,41(q), then set K= Doni1(q) < H < SO9,41(q ) such that
H=H/Z 1t K = B,(q) = K, = Spiny,,,(¢) = Spin(V), then take K = K <« H = H
such that H/Z(K) < SO(V).

If K = C,(q), then we may take K = Sp,,(q) = Sp(V) < H < Jy (V') such that
H=H/Z.

Suppose K = D'(q) with (n,n) = (2k + 1,+) or (2k,—). If K =Q3,(q9) = QV),
then K = K <H = H < Jo(V). If K = PQI (q) = PQV), then take K =

Q5,(q) < H < Jo(V) such that H = }AI/Z If K = Sping, (q) = Spin(V), then take
K =K < H = H such that H/Z(K) < Jo(V).

Suppose K = D, (q) with g even. Then K = H and we may take K=H-=H.
Suppose K = D, (q ) with ¢ odd, so that Z(K.) = {1,z, 2, 2.} and K,/Z = Q5 (q),
where Z = (z). If K = Qf(q) = Q(V), then take K=KG<HCZ< JO(V). If
K = PO (q) = PQ(V), then take K = Q(V) < H < Jo(V) such that H/Z = H. If
K = Spin},(q)/2' for Z' = (z,) or (z), then we may take K = Spin}; (¢) = Spin(V) <
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o(V) such that H = }AI/Z’. If K = Spin}, (¢) = Spin(V), then take K = K and

) I

<D
=M.
Let B € Blk(K) dominating B and EH € Blk(ﬁ) dominating By, so that EH
covers B. By Propositions 8.1, 8.2, 8.3 and 8.5, one of Properties 7.1 (a%), (b) of (d)
holds for B.

If Property 7.1 (ax) holds for B, then there exist B-subgroups (ﬁ,g) < (}/é, b)
satisfying Property 7.1 (ax). By Lemma 7.6, Property 7.1 (ax) holds for some B-
subgroups (P, g) < (R,b).

Suppose Property 7.1 (b) holds for B. By Proposition 8.1, K = SLY 1 (q), D(B) =
377 and n + 1 = 3d with ged(6,d) = 1 and 3||(¢ — n). In particular, Z(D(E)) =
Og(Z(IA()) and we may suppose D(B) < D(B\)Z/Z. If Og(Z(lA()) < Z, then D(B) =
Z2, D(Bp) = 3% or Z31Zs/O3(Z(K)) = 32 and (c) holds. If Z is a 3'-group, then
D(B) = D(B) and (b) holds.

If Property 7.1 (d) holds for B, then D(A) and D(By) are both abelian. Since
Z < Z(H)N K, it follows that D(B) = D(B)Z/Z and D(By) = D(By)Z/Z, and so
D(B) and D(BH) are both abelian. O

9 Exceptional groups

Suppose p is odd. We will follow the notation of [20]. In this section we demonstrate
that every nilpotent block of an exceptional group of Lie type has abelian defect groups.
We first prove a simple lemma.

Lemma 9.1. Let J; be a finite group and P; a p-subgroup of J; such that Cji/Zi(.PZ'/ZZ'> =
Cy,(P)/Z; fori = 1,2, where Z; = O,(Z(J;)). Let J = J; x Jo, P = P, X P, and
Z <0,(Z(J)). Then

Cy(P)/Z =Cyz(P|Z).

Proof. Let Z, = Zy x Zy = O,(Z(J)). Then

Crz,(P/Z1) = Cryz,(P1/Z0)XC 2, (P1) Z1) = Cp, (P1) /21 < C () [ Zo = C5(P) ] Z..

It is clear that C;(P)/Z < Cjz(P/Z). If 2Z € Cjz(P/Z) for some x € J, then
vZy € Cyz (P/Zy) and so 7, = (x1,%2)Z; for some x; € Cj,(F;). In particular,
x = (x1,x9)z, for some z, € Z,. Since Z; < C,(P), it follows that z € C;(P) and
hence C,4(P/Z) = Cy(P)/Z. O

The lemma will be applied to a central product Jy o Jy as Jy o Jo = (J1 X J3)/Zy
for some Zy < Z(J1) N Z(Jz).

Theorem 9.2. Let K be a finite quasi-simple group of exceptional type over a field
F,, let B € BIk(K), and let K << H such that Cy(K) < Z(H), H/K s cyclic, and H
induces inner-diagonal automorphisms on K. Let By € Blk(H) be a block covering B.
Choose (as we may) defect groups D(B) and D(By) of B and By respectively such
that D(B) = D(By) N K. If plq, then either D(B) = D(Bg) is cyclic or [(B) > 2. If
p1q and p is odd, then one of the Properties 7.1 (a), (b) and (d) holds.
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Proof. Tf p|q, then a proof similar to that of Theorem 8.6 shows that either D(B) =
D(Bpy) is cyclic or [(B) > 2.

Suppose p {1 ¢. Let K, be the universal group, so that K = K,/Z for some
Z < Z(K,). Since Z(K,) is cyclic of order 1, 2 or 3, it follows that H induces the
trivial action on Z(K,).

Before beginning the proof proper we introduce some notation.

Write D := D(B). If Z(K) # Q1(Z(D)), then take z € Z(D) \ Z(K) with |z] = p.
If Z(K) = Q(Z(D)) (so in particular p = 3), then take z € D such that |z| = p? and
2Z(K) € Z(D/Z(K)). Let (z, B,) be a B-subsection, which we choose to be major in
the case z € Z(D) (that such a major subsection exists is [2, 4.15]). In the case that
z € Z(D), we may further choose (z, B,) so that B, (a block of C' := Ck(z)) has defect
group D. By [20, Theorem 4.2.2] C = O™ (C)T, where O™ (C) is a central product

OTI(C>:L10LQO"'OL5

with each L; € Lie(r), and T' is an abelian r’-group inducing inner-diagonal automor-
phisms on each L;. In general, it may be the case that z ¢ O"' (C'). We introduce some
more notation as follows to allow for this inconvenience: If Z(C') < O™ (C), then define
s:={(and L:= 0" (0). If Z(C) £ O"(C), then define s = ¢+ 1, L, = Z(C) and

L:=LjoLyo---0Ls. (9.1)

In all cases C = LT, z € L and L < C. Let By, be a block of L covered by B,. There
are uniquely defined blocks B; € Blk(L;) such that if x € Irr(By) with x = x10---0xs
for some y; € Irr(L;), then x; € Irr(B;). We write

BL:BloBQO"‘OBS.

Each element ¢t € T has the form tity---t,t’, where ¢’ centralizes L and ¢; induces
an inner-diagonal automorphism on L; and [L;,t;] = 1 for i # j. Let TV = (t' : t =
tth"'tSOt/ € T>, and

Ji =Lyt t=tity---tt' €T), and J:=Jy0oJy0---0Js0T" (9.2)

Then LT < J and T” is abelian. Let B be a block of J covering B,, so that B covers
B;. Thus
By=BjoBjo---0Bj 0By,

where B, € Blk(J;) covering B; and By € Blk(T”). Note that if Cj,(L;) < Z(L;) for
all 7, then the central product J is over a subgroup of Z(L).

Case 1. Suppose each B; satisfies Property 7.1 (d). Then each D(B,) is abelian
and so is D(By). Thus D(B,) = D(B;) N C is abelian.

Case 2. Suppose L is a direct product of L;’s, Cy,(L;) < Z(L;) for all i and some
B; satisfies Property 7.1 (ax). Without loss of generality, take j = 1. In addition,
suppose each L; is classical and universal (or Ls = Z(C')). Thus

L=Lx---xL;<C<aJ=J x--xJ,xT. (9.3)
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We now define R;. If L; = SL"(V;), then denote G; = GL"(V;) and let B, € Blk(G;)
be a weakly regular cover of B, and R; := A(D(Bg,)) N L;. If L; is not linear and
unitary, then set R; = A(D(B;)). In addition, let (R;,b;) be a B;-subgroup, and note
that (R;, b;) is a Sylow B;-subgroup when D(B;) is abelian. Let

R:=Ryx---XR; <L, bp:=0b x---Xbg,

so that (R,by) is a Br-subgroup. Since z € O,(Z(L)) and R is abelian, it follows that
z € Rand R < C. By Propositions 8.1, 8.2, 8.3 and 8.5, each defect group D(b;) of
b; is abelian. Let (R,b,) be a B,-subgroup such that b, covers by, and (R,b;) be a
B j-subgroup such that b; covers b,, so that b; covers by, and

bJ:bJ1X"'XbJSXBT/ (94)

where each b, covers b;. By Propositions 8.1, 8.2, 8.3 and 8.5 again, each defect group
D(by,) is abelian, so defect groups D(b;) and D(b,) of b; and b, respectively are both
abelian, since we may suppose D(b,) = D(b;)NC'". Note in the proof above that (R, b,)
can be any B,-subgroup such that b, covers by;. Later we will choose a special such
B.-subgroup.

Suppose further that B; satisfies Property 7.1 (ax) in Propositions 8.1, 8.2, 8.3 or
8.5 for By-subgroups (P, ¢1) < (Ry,bq). Let

L+:ﬁLu R+¢:ﬁRz', P=P xRy, 9L=91X<ﬁbi>7 J+:<ﬁJi>XT,,
1=2

=2 1=2 1=2

so that Cp(R) = Cp,(R1) x Cp, (Ry) < Co(R) < Cj,(Ry) x Cy (Ry), and (P, g1) <
(R,br). Since B, covers By, it follows that there exist B,-subgroups (P,¢.) < (R,b,)
such that g, covers g and b, covers by. Let (P,g;) < (R,b;) be Bj-subgroups such
that g; covers g, and b; covers b,. Thus g; covers g1, by covers by, and g; = g5, X
- X gy, X Bp. In particular, g5, = by, for i > 2, where b, are given in (9.4). By
Propositions 8.1, 8.2, 8.3 and 8.5 again, each D(by,) is abelian and D(g,,) = D(b,,),
and hence D(g;) = D(by) is abelian and D(g,) = D(g;) NC = D(by) NC = D(b,).

Let 6; be the canonical character of b; and 6, = [[.-, #;, so that 6 := 6; x 6, is the
canonical character of b; and the canonical character ., of b, covers 6.

Since (Pr,g1) < (Ry,b1) satisfy Property 7.1 (ax), it follows that there exists y €
Ney, () (R, 01) \ Cr, (Ry) such that y* = 1,4% € Cp, (Ry) and [y, z] ¢ Z(Ly) for some
x € Ry. Moreover, there exist subgroups N; <t M; of J;, and character ¢; € Irr(N;) for
i = 1,2 such that M;/N; is abelian,

Z(Ly) < Ny x Ny <Cp,(Ry) <Cy(Ry) < My o M,

0, covers ¢y X ¢o, Z N Ny = 1, ¢p5 has a y-stable extension gz~52 to My and [y,z] =1 or
in ZN, according as x € M; or My, where Z < Z(M;) N Z(Ms) such that M; o M, is
the central product over 7.

Let Ny = Ny x Cp, (Ry), My := My x Cy, (Ry), and ¢ = ¢1 x 6. Then My/N,
and M) /N} are abelian,

Z(C) S Né X NQ S Cc<R) S CJ(R) S Mé [¢) M27
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¢ has an extension ¢, to My which is y-invariant, [y, 2] = 1 for any = € M}, [y, z] €
Z Ny for any x € My, Myo M) is a central product over Z and 0, € Irr(Ce(R) | ¢ X ).
By Remark 7.3, 0¥ = 6., and so bY = b,. If [y,z] € Z(C) for all x € R, then
ly,z] € Z(C)N Ly = Z(L,) for all « € Ry, which is impossible. Thus [y, z] & Z(C) for
some x € R and Property 7.1 (ax) holds for (P, g,) < (R,b,) (with H := K).

Case 3. Suppose that K := 2B(22%%1) 2Gy(3201) 2 F(229T1), Go(q), 2Dal(q),
Fi(q) or Eg“(q) with ¢ = € mod 3, and B € Blk(K). Then B satisfies one of Property
7.1 (ax), (b) or (d).

In each case K = K, and z induces an inner automorphism on K, so it follows that
each L; is a classical group (or possibly L; is abelian). Hence by the results of Section
8 each B; satisfies one of Property 7.1 (ax), (b), (c) or (d).

Case 3.1. Suppose B; satisfies either Property 7.1 (b) or (c) for some i. Without
loss of generality, take i = 1. By Theorem 8.6, p = 3, Ly = SL®(3dy,q1)/Z for
some Z < Z(SL“(3dy,q1)), ged(6,dy) = 1 and 3||(¢1 — €1). By [20, Table 4.7.3A],
(q1,€1) = (g, €) or (¢*,1) and (K, C) are given in Table 2, where L. := SL5(q).

K C K C

3D4(Q) (Zq2+eq+1 oL).3 Ga(q) | Le

2Fy(22m1) | SU5(2%m ) Fy(q) (Lc o L¢).(3:3)
Es(q) (Le 0 SL3(¢%))-(3:3) | E§(q)u | (Le X Le o Le).(3:3:3)
Er7(q)u (Le 0 SLg(q))-(3:3) | Es(q) | (E§(q)u o Le).(3:3)

Table 2: Possible (K, C') with some B; satisfying Property 7.1 (b) or (c)

Case 3.1.1. If K = Go(q) or ?F4(2°!), then s =1 and L = C and B, = By, =
By(L), so B = By(K) with D(B) = 3. In particular, I[(B) > 2.

Case 3.1.2. Let K = °Dy(q), so that C' = Z1(p,cqs1) X He, where He = (L, x)
with x inducing outer-diagonal automorphism of order 3 on L.. So D(B,) = Z31Z3 €
Syl;(C) and we may suppose D(B,) € Syl;(G,), where G. = GL§(¢) contains H,.. Let
R. = A(D(B,)) = (Z3)? and P. = (Z(L.),diag{1,w,w}) < R, such that |w| = 3 in
Fr. Then Cg, (F) = Zg—e x GL5(q) and C¢ (Re) = (Zy-)®. Thus

Z%(q2+6q+1) X OHE(Re) = Cc(Re) < OC(PE) = Z%(q2+5q+1) X CHS(Pe)‘

As shown in the proof of Proposition 8.1 the B,-subgroups (P.,g) < (R.,b) satisfy
Property 7.1 (ax).

Note that in the notation above Cg (F.)/Z = Cg.z(P./Z) and Cq (R.)/Z =
Ca./z(Re/Z) for any Z < Z(Lc). Let b, € Blk(H.) and B, € Blk(G,) covering b,
so that D(b.) = D(B.) N H. = D(B,). Thus D(b.) € Syl;(Cg.(t)) for some semisimple
3'-element t. In particular, D(b.) is either abelian with |D(b.)| > 9 and D(b.) £ L.
or D(b.) = Z3 1 Zs. In the former case, Cq (D(b.))/Z = Ca./z(D(b:)/Z) for any
7 < Z(LY).
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Case 3.1.3. Suppose K = E;“(q) or Fy(q) and Ly = L., so that C' = (L o Ly, z),
where Ly = L. or SL3(¢?), and & = x125 such that each z; induces outer-diagonal
automorphism of order 3 on L;. Let J; = (L;,x;) and By, € Blk(J2) covering Bs.
Let Ry = R. < Ji, PP = P. < Ry and P, = Ry = A(By,), so that by the remark
of Case 3.1.2 above, Cy,(P)/Z = Cy,/z(P;/Z) and Cj,(R;)/Z = C,,/z(R;/Z) for any
Z < Z(L;). By Lemmas 9.1 and 7.6, we may suppose

L:L1XL2§C<]JZ:J1XJ2

Let R= (Ry X Ro)NC, P= (P, x P,)NC and let (P, g) < (R,b) be B,-subgroups,
so that m(P) = P. and m(R) = R., where m; is the natural projection form J to J;. A
proof similar to that of Case 2 shows that (P, g) < (R, b) satisfy Property 7.1 (ax). If
K = E;“(q) and L; = SL3(¢?), then Ly = L. and a similar proof shows that Property
7.1 (ax) holds for some B-subgroups (P, g) < (R,D).

Note that C;(P)/Z = Cj/z(P/Z) and C;(R)/Z = Cy/z(R/Z) for any Z < O3(Z(L)).

Case 3.2. Suppose that each B; satisfies either Property 7.1 (ax) or (d). By Case
1, we may suppose, moreover that B satisfies Property 7.1 (ax). In particular, a Sylow
p-subgroup of L; is nonabelian.

Case 3.2.1. Suppose p > 5, so that z is of parabolic type. By [20, Theorem
4.2.2 (f)], O™ (C) is a direct product and each L; is universal. In addition, if a Sylow
p-subgroup of L is nonabelian, then ¢ =1 or 2 and each L; is universal.

Suppose ¢ = 1, so that s = 1 or 2. Since Bj satisfies Property 7.1 (ax) and
Ly = Z(C) when s = 2, it follows by Lemma 9.1 that we may suppose L = L; X L,

Suppose ¢ = 2, so that s = 2 or 3. Since L; has a nonabelian Sylow p-subgroup,
it follows that Ly has an abelian Sylow p-subgroup and, moreover L, N O,(Z(C)) = 1.
Since the central product Ly o Ly o Ly is over a subgroup of Z(C), it follows that each
p-subgroup of Ls satisfies the assumption of Lemma 9.1. Since B; satisfies Property
7.1 (ax) and Ly = Z(C) when s = 3, it follows by Lemma 9.1 that we may suppose
L=1yxLsx Lg and Cy,(L;) < Z(L;).

By Case 2, B satisfies Property 7.1 (ax).

Case 3.2.2. Suppose p = 3, so that C is given by [20, Table 4.7.3a]. Thus either
¢ =1or ¢ =2 with C' given by Table 2. In addition, each L; is also universal for

A proof similar to that of Case 3.2.1 shows that we may suppose (9.3) holds and
by Case 2, B satisfies Property 7.1 (a%).

Case 4. Let 3| (q—¢), K = K, = 3.E5(q) < E := 3.E5(q).3, B € BIk(K)
and Bg € BIk(F) covering B. Either Property 7.1 (a*) holds for some B-subgroups
(P,g) < (R,b) with Cp(P)/Z = Cg/z(P/Z) and Cg(R)/Z = Cgz(R/Z) for Z <
O,(K), or Property 7.1 (d) holds for B.

Let D := D(B) and m* := ged(m, q — €).

If some B; satisfies either Property 7.1 (b) or (c), then p = 3 and C' is given by
Table 2. A proof similar to that of Case 3.2.2 shows that Property 7.1 (a*) holds for
some B-subgroups (P, g) < (R,b).

Suppose some B; satisfies Property 7.1 (ax). Since z is parabolic or equal-rank type
and z induces an inner automorphism on K, it follows that each L; is classical. We
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first show that there exist B-subgroups (P,g) < (R,b) and y satisfying the Property
7.1 (ax) with H := K.

If p > 5, then z is parabiloc. A proof similar to that of Case 3.2.1 shows that the
Property 7.1 (ax) holds for B-subgroups (P, g) < (R, g).

Suppose p = 3. By [20, Table 4.7.3A],

Ck(z) = (SL3(q) x SLs(q) 0 SLi(q), 3:3:3),  (SLg(q) 02 (¢ — €)).27,

Sping (q) o2+ ((g — €) x (g — €)).(2* x 2%), Spinjy(q) o (¢ — €).(2* x 27) (when ¢ = €
(mod 9)) with 2F = 1 or 2* according as € = — or +, or (SLa(q) x SL5(q)) o (¢ — €).2*
(when ¢ = e (mod 9)).

Thus ¢ = 1,2 or 3. If / = 1 or 2, then a proof similar to that of Cases 3.2.1 and
3.2.2 shows that the Property 7.1 (ax) holds for B-subgroups (P, g) < (R, g). If £ =3,
then each L; = SL5(q) and Cy,(L;) < Z(L;). A proof similar to that of Cases 3.1.3
shows that we may suppose (9.3) holds and by Case 2, the Property 7.1 (ax*) holds for
B-subgroups (P, g) < (R, g).

If all B; satisfies Property 7.1 (d), then by Case 1, D(B.,) is abelian.

Now we prove the rest of Property 7.1 (ax) with H = E. Suppose (P, gg) < (R,bg)
are Bp-subgroups such that gz covers g and bg covering b.

Case 4.1. If p > 5, then D(b) = D(bg), D(9) = D(gg), and so D(gr) = D(bg)
is abelian. Now Cg(z) = C or (C,z) for some z € E\ K. If Cg(z) = C, then
Cg(R) = Cc(R). Apply the proof of Case 2 we have that

Z(C) < Ny x Ny < Co(R) < Ceyz)(R) < My o M. (9.5)

Suppose Cg(z) = (LT, x) for some x € E \ K, so that x induces inner-diagonal
automorphism on each L;. Thus z = z25---zs2’. Replacing J; by (J;, z;) and T" by
(T",z") in the proof Case 2 with some obvious modifications, we have that (9.5) still
holds. Thus Property 7.1 (a*) holds for B-subgroups (P, g) < (R,b) (with H := E).

Case 4.2. Suppose p = 3. By [20, Table 4.7.3A],
Cgr(z) = (SL5(q) x SL5(q) o SL5(q), 3:3:1,1:3:3),  (SLg(q) o2+ (¢ — €)).(3 x 2%),

Spin (q) o (g —€) X (= €))-(2* x 2 x 3), Spiny(g) o (g — )-(3 x 2* x 2¢) (when g = ¢
(mod 9)) with 2 = 1 or 2* according as € = — or +, or (SLa(q) X SL5(q))o(g—€).(2* % 3)
(when ¢ = € (mod 9)).

Suppose Cg(z) = (SL§(q) x SL5(q) o SL5(q), t, z), so that L = SL5(q) x SL5(q) o
SL5(q), T = (t) < K with ¢ induces 3:3:3 on L, and z € F \ K induces 1:3:3 on
L. Let L; = SL5(q) < G, == GLS(q), t = t1 Xty X t3, x = 21 X 29 X x3 with t;, x;
act on L; and centralizes L; when ¢ # j. In addition, let H; = (L;,t;, x;), so that
H; <G,. Let S = Z;—e xZ,— < SL5(q) be a maximal torus, and S x So3.5 < L. Since
Cary(q)(S) = Zg—e X Lg—e X Ly—c is a maximal torus, it follows that A := Cg(S x So039)
is abelian such that AN K = ZS__ is a maximal torus of K and A/(ANK) = Z3. In
particular, we may suppose ¢,z € A and Cg(z) = LA with abelian A and L < Cg(z).

Similarly, if Cp(2) = (SLg(q) x (¢ — €)).6*, Sping (¢) o2 ((¢ — €) x (¢ — €)).(2" x
6*), Spinjy(q) o (g — €).(6" x 2f) or (SLa(q) x SL(q)) o (¢ — €).6%, then A < Cg(z)
and so Cg(z) = LA with abelian A and L < Cg(z), and A induces inner-diagonal
automorphisms on each L;.
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A proof similar to that of Case 2 with LT replaced by LA and some modifications
shows that D(gg) = D(bg) is abelian, and hence Property 7.1 (a*) holds.

Case 4.3. Supposep = 3and Z = Z(K). If Cp(2)/Z = Cp/z(22), then Cp(P)/Z =
Cg/z(P/Z) and Cg(R)/Z = Cgjz(R/Z). Suppose Cg(2)/Z # Cg/z(2Z). By [20, Ta-
ble 4.7.3A], either L = Ly o Ly with L; = Sping (¢) and Ly = Z(C) = Zy_ X Zy_ or
L=L.xL.oL,<K. In the former case,

CE/Z(ZZ) = <CE(2)/Z, U)Z>,

where w € E such that w = v:w, that is, w acts on L; as a graph automorphism of
order 3 and (hy, hg)® = (ha, (hihy)™") for any (hy, he) € Ly. Now Os(Ly) = O3(Z, ) %
O3(Zy—e) < P and Z(K) = {(z,2z) : * € (03(Zy—e))} < Z(C). Suppose h €
E such that for any u € P we have h™'uh = cu for some ¢ € Z(K) and suppose
h ¢ Cg(z). Then we may suppose h = tw for some t € Cg(z), and so (1,hy)" =
(1, ha)* = (he, 1) for any hy € O3(Zy—c) \ {1}. But (ha, 1) # ¢(1, hy) for any ¢ € Z(K),
which is a contradiction. Thus h € Cg(z) and so Cg(P)/Z = Cg/z(P/Z). Similarly,
CE(R)/Z = CE/Z(R/Z) If L = Le X LEOLE, then L/Z = Le OLE OLE and CE/Z<ZZ) =
(L/Z,tZ,xZ wZ), where t,x are given above and w € E \ K permutes transitively
the three components L. of L. The proof in this case is similar. Suppose h € E
such that for all w € P h™'uh = cu for some ¢ € Z, so that hZ € Cg/z(2Z). Since
Q1 (P)| > 3* and C;(P)/Z = Cyyz(P/Z), it follows that h € Cg(z) = (L,z,t) and
hence Cg(P)/Z = Cj/z(P/Z). Similarly, Cp(R)/Z = Cg/z(R/Z).

Case 4.4. Now we prove the rest of Property 7.1 (d). Suppose Property 7.1 (d)
holds for each B; and suppose Dg N K = D for some Dy = D(Bg), so that D(By,) is
abelian and so is D(B,) = D(B;) N C. If B, is a major subsection, then D = D(B,)
is abelian. If p > 5, then D = D. Suppose p = 3 and there exists x € Z(Dg) \ D.
Then z € E\ K, © € Cg(D) and Dg = (D, x) is abelian. If Z(Dg) < D, then take
z € Z(Dg) with |z] = 3, so that Dg < Cg(z) = LA. A proof similar to that of Case
1.2 with some obvious modifications shows that Dg is abelian.

Suppose z € D with |z| = 9 and 2Z(K) € Z(D/Z(K)). By [20, Table 4.7.3A],
9| (¢ —€) and Cg(z) = Spinj,(q) o (¢ — €).(6* x 2) or (SLa(q) x SL5(q)) o (¢ —
€).6*. In this case, Cg/zx)(2Z(K)) is also given by [20, Table 4.7.3A], and we have
Ckzx)(2Z(K)) = Ck(2)/Z(K). Thus D/Z(K) < Ck(2)/Z(K) and D < Ck(z). In
particular, z € Z(D) and we may suppose (z, B,) is major. Hence D = D(B,) is
abelian. It follows that Property 7.1 (d) holds for B.

Case 5. Let K := E7(q) with ¢ even and B € BIk(K). Then either L; is classical,
or L; is exceptional given in Cases 3 or 4. If L; is classical, then apply Propositions
8.1, 8.2, 8.3 and 8.5. If L; is exceptional, then apply the results given in Cases 3
and 4. Either Property 7.1 (ax) holds for B or Property 7.1 (d) holds for B (with
H = K := E:(q)).

Let ¢ be odd, K = 2.E:(q) < E = 2.E:(q).2, B € Blk(K) and By € Blk(E)
covering B. FEither Property 7.1 (ax) holds for some B-subgroups (P,g) < (R,b) or
Property 7.1 (d) holds for B.

Again let D := D(B) and m* := ged(m, q — €).
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Suppose Property 7.1 (ax) holds for some B;-subgroups (P;, ¢;) < (R;,b;). A proof
similar to that of Case 3.2 with some obvious modifications shows that there exist
B-subgroups (P, g) < (R,b) and y satisfying the first part of Property 7.1 (a*) (with
H = K). Suppose B; satisfies either Property 7.1 (b) or (¢) for some i. Then p = 3
and C' is given by Table 2. A proof similar to that of Case 3.1.3 shows that Property
7.1 (a*) holds for some B-subgroups (P, g) < (R,b). Suppose (P,gr) < (R,bg) are
Bpg-subgroups such that gg covering g and bg covering b. Then D(g) = D(gg) and
D(b) = D(bg) for some D(gg) and D(bg). But D(g) = D(b) is abelian, so D(gg) =
D(bg) is abelian. A proof similar to that of Case 4.1 shows that (9.5) holds and so
Property 7.1 (ax) (with H = E) holds for B-subgroups (P, g) < (R,b).

Since E/K = 2 and p is odd, it follows that D(Bg) is abelian whenever D(B) is
abelian.

Case 6. Suppose K := Fg(q). Either Property 7.1 (a) holds for some B-subgroups
(P,g) < (R,b) or Property 7.1 (d) holds for B.

In this case (z, B,) is a major subsection of B and either L; is classical, or L; is
exceptional given in Cases 3, 4 or 5. If L; is classical, then apply Theorem 8.6. If L; is
exceptional, then apply the results in Cases 3, 4 or 5. Thus if each D(B;) is abelian,
then D(By,) is abelian, and so D = D(B,) = D(B;) N C' is abelian. Suppose D(B;) is
non-abelian for some i, say i = 1.

If p > 7, then By satisfies Property 7.1 (ax), z is of parabolic type and the proof is
similar to that of Case 3.2.1.

Suppose p = 5, so that B; satisfies Property 7.1 (ax) and C is given by [20, Table
4.7.3B]. Thus ¢ = 1 or 2. If z is parabolic, then a proof similar to that of Case 3.2.1
shows that we may suppose (9.3) holds.

If z is equal-rank, then

C = (LyoLy,5:5), L= Ly=SLj(q),

so that L = Ly o Ly. Here € = 1 such that ¢ = ¢ (mod 5). A proof similar to that of
Case 3.1.3 shows that we may suppose L = L; X Lo. By Case 2, B satisfies Property
7.1 (ax).

Suppose p = 3, so that C' is given by [20, Table 4.7.3A] and ¢ =1 or 2.

If some B; satisfies either Property 7.1 (b) or (c), then C' is given by Table 2. In
particular, £ = 2 and D(B;) = 3}*2.

If ¢ =1, then By satisfies Property 7.1 (a*) and we may suppose (9.3) holds. By
Case 2, B satisfies Property 7.1 (ax).

Suppose ¢ = 2, so that L = L. o E4(q), and C = (L, 3:3), where L. = SL§(q) with
g =€ (mod 3).

If Ly = E¢(q), and By satisfies Property 7.1 (ax) for (P, g1) < (Ri,b1). Let
Py = Ry = A(D(Bsy)), and let (R, bs) be a By-subgroup and set (P, g2) = (Ra, by).
By Case 4 and the ramark of Case 3.1.2, C,(R;)/Z; = Cy,/z,(R;/Z;) for i = 1,2. By
Lemma 9.1, we may suppose L = L; X Ly and a similar to that of Case 2 shows that
B satisfies Property 7.1 (ax).

Suppose L; = L. and B, satisfies Property 7.1 (d), so that D(Bs) is abelian. In
this case B satisfies Property 7.1 (b) with D(B;) = 31" or B satisfies Property 7.1
(a*). Note that J = J; o Jy over Z(L) =3 and J; = H, given in Case 3.1.2.
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Let (P.,g9) < (R.,b) be defined in Case 3.1.2. Then there exists y € Cp. (P.) N
Ny (R) \ Cu.(R,) satisfies Property 7.1 (ax).

Let P, = Ry = A(D(By,)) = D(B2) and let (P, by) = (R2,b2) be the Sylow
B,-subgroup. Since H, = Ji, it follows that P. o P, < R.o Ry < J. Set

P=(P.oP)NC, and R=(R.oRy)NC.

Then P < R < D and P, R are abelian. Since Z(L) = 3, it follows that b o by is a
block Cj(R. o Ry) and g o go € Blk(C;(P. o P,)). Since J/C = 3, it follows that b o by
covers a unique block bg of Co(R) and similarly, g o g, covers a unique block gp of
Cc(P). Since By is the unique block covering B,, it follows that (P,bp) < (R,bg) are
B,-subgroups. Since H./L. = 3, it follows that y € L. = L. Now B satisfies Property
7.1 (a) (not (ax)) for B-subgroups (P,bp) < (R,br) (with H = K). O

Lemma 9.3. Let G be a quasisimple group such that G/Z(G) is alternating or of Lie
type and G is an exceptional cover. Let p be an odd prime. Then every p-block of G with
nonabelian defect groups has a subpair with at least two irreducible Brauer characters.

Proof. We must consider the cases G/Z(G) = PSLy(4), PSLy(9), A7z, PSL3(2),
PSL3(4), PSUL(2), PSU4(3), PSUs(2), *Bx(8), O(2), O7(3), O5(2), G2(3), Ga(4),
Fy(2) and ?FEg(2). We may use [18] to confirm all but the cases Fy(2) for p = 3, and
2Fg(2) for p = 3,5, 7 (noting that the three double covers of Og (2) have the same block
structure - see [14]), as in each case the block itself has at least two irreducible Brauer
characters. The result holds for Fy(2) for p = 3 by [22]. Note that 2E4(2) has abelian
Sylow 5- and 7-subgroups, so we are left with p = 3 and G/Z(G) = 2E¢(2). In this case
we do not know the Brauer characters of G, so we are forced into a slightly involved
argument to make use of the current literature. Note that it suffices to consider the
case |Z(G)| = 4. Our group G has three conjugacy classes of elements of order three,
3A, 3B and 3C. For each such z € G, we have Cq(x)/Z(G) = Cgz(c)(xZ(G)). Con-
sider a block B covering the block ¢ of Z(G) containing the irreducible character A,
say. We may assume that c¢ is faithful. By examination of the character table in [14],
only two irreducible characters lying over A vanish on 34, 3B but not 3C' (x1s4 and
X202 in the notation of [14]). Since a 3-block of positive defect must possess at least
three irreducible characters, it follows by a theorem of Green that B must have a de-
fect group D containing elements of 34 or 3B. Suppose x € Z(D) has order three.
Write @ = (z). Note that DCq(D) < Cg(Q), so there is a B-subgroup (Q,bg) with
defect group D. If x € 3A, then Cgzq)(2Z(G)) = Q x PSUs(2). We have seen that
every block with nonabelian defect groups of a double cover of PSUg(2) has at least
two irreducible Brauer characters, so it follows that [(bg) = 1 if D is nonabelian. If
x € 3B, then Cgz(6)(xZ(G)) = Q x O (2).3, and the same argument applies as for
3A. O

We are now in a position to prove our first main theorem.

Theorem 1.1. Let G be a quasisimple group and B a nilpotent p-block of G with defect
group D, where p is odd. Then D 1is abelian.

Proof. If G/Z(G) is an alternating group, then the result follows by Theorem 3.3 and
the remarks following it. For G/Z(G) sporadic see Proposition 4.6. If G/Z(G) is a
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classical group and G is a non-exceptional cover, see Propositions 8.1, 8.2, 8.3 and 8.5.
For G/Z(G) an exceptional group of Lie type and G is a non-exceptional cover, see
Theorem 9.2. For the exceptional covers, see Lemma 9.3. O

10 Puig’s conjecture

We complete the proof of Puig’s conjecture for quasisimple groups for odd primes,
present some general results and deduce some corollaries.

Theorem 1.2. Let G be a finite quasisimple group and let B be a p-block of G with p
odd. Then B is nilpotent if and only if [(bg) = 1 for each p-subgroup @Q and each block
bQ Of Cg(Q) with (bQ)G = B.

Proof. The necessary condition for nilpotency follows from [13, 1.2]. By Corollary 7.5
and Propositions 8.1, 8.2, 8.3 and 8.5 the result holds for the classical groups. By
Theorem 9.2 it holds for the exceptional groups of Lie type. The result holds for the
double covers of the alternating groups by Corollary 3.6, and when G/Z(G) is sporadic
by Proposition 4.7. For the exceptional covers of the alternating groups and of the
finite simple groups of Lie type, see Lemma 9.3. O

Lemma 10.1. Let N < G such that G/N 1is cyclic and of order prime to p, and let
B € BIk(G) cover b € BIk(N). Suppose there are abelian R and P and b-subgroups
(P,bp) < (R,br) such that bp and br have abelian defect groups and there is x €
Cn(P) of order prime to [G:N] such that v € Ny(R,bg) \ Cn(R). Then there are
B-subgroups (P, Bp) < (R, Br) such that Br and Bp have abelian defect groups and
x € Ng(R, Br) \ Ce(R).

Proof. By [15, 4.1] there is Br € Blk(Cg(R)) such that (Bg)® = B and Bp covers
br. We claim that the number of such By divides [G:N]. Now Cg(R)/Cn(R) is cyclic
of order dividing [G:N]. The blocks of Cy(R) and of Cg(R) are in 1-1 correspon-
dence with their canonical characters. Let #r be the canonical character for bg. Since
Ce(R)/Cn(R) is cyclic, 0 extends to an irreducible character of Cg(R), and since
[Ce(R) : Cn(R)] is not divisible by p, the extensions are precisely the canonical char-
acters of the blocks of Cg(R) covering br. By Clifford theory, the group of irreducible
characters of Cg(R)/Cxn(R) acts transitively on the blocks By, ..., B, of Cg(R) cover-
ing by by inflation and multiplication, and also transitively on the set {BY : 1 < i < n}.
Consequently the number of blocks of Ci(R) covering bgr with Brauer correspondent
B divides [Cg(R) : Cy(R)], and the claim follows.

For each i, we have (B*)Y = (BY)* = B* = B, and B overs b% = b;. Hence x
permutes {B; : BY = B}. Since this set has order prime to the order of x, it follows
that  must fix some such B;. Call it Bg. Letting Bp = (Bg)¢")| we are done. [

As an almost immediate corollary we have:

Corollary 10.2. Let G be a finite group such that there is N < G with [G : N| odd
and G/N is a p-regqular cyclic group, where N is quasisimple and p > 3 is a prime. Let
B be a p-block of G. Then B is nilpotent if and only if [(bg) = 1 for every B-subgroup

(@, bq)-
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Proof. Since the alternating and sporadic groups have outer automorphism groups of
order at most two, it follows that it suffices to consider the groups of Lie type. Suppose
first that IV is not an exceptional covering group. Since p > 3, every block of N satisfies
one of Property 7.1 (a) or (d), and the result follows by Lemma 10.1 and Corollary 7.5.

Suppose that N is an exceptional cover. Then the outer automorphism group is
a 2-group except when N/Z(N) = PSL3(4), PSUs(2) or ?Eg(2), in which case it has
order three, and consists of diagonal automorphisms. In each case Z(NV) is a Klein-
four group. However, in each of these cases the non-inner automorphisms transitively
permute the blocks whose kernel does not contain Z(NV), and the result follows in these
cases too, since B is nilpotent if and only if b is, and B-subgroups (@, Bg) covering
b-subgroups (Q, bg) satisfy [(Bg) = l(bg). O
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