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Abstract

We examine nilpotency amongst blocks of positive defect of the quasisimple
groups for the prime 2. We show that every nilpotent block of a quasisimple
group has abelian defect groups, and prove a conjecture of Puig concerning the
recognition of nilpotent blocks in the case of quasisimple groups. Explicit charac-
terisations of nilpotent blocks are given for the classical, alternating and sporadic
simple groups.

1 Introduction

Let GG be a finite group and k an algebraically closed field of characteristic p. A block B
of kG with defect group D is said to be nilpotent if for each () < D and each block bg
of C¢(Q) with Brauer correspondent B we have that Ng(Q,bg)/Cq(Q) is a p-group,
where Ng(Q, bg) is the stabilizer of by under conjugation in Ng(@Q). In the case of the
principal block By, D is a Sylow p-subgroup of G and Ng(Q,bg) = Ng(Q) for each
@ < D, so that By is nilpotent if and only if G is p-nilpotent (i.e., G has a normal
p-complement).

Nilpotent blocks were in introduced in [10] and their structure fully determined
in [26], where (amongst other things) it is shown that a nilpotent block is isomorphic
to a full matrix algebra over the group algebra of a defect group. It follows that when
B is a nilpotent block, every block by of C(Q) with b = B, where @ is a p-subgroup
of GG has just one isomorphism class of simple modules.

Whilst the structure of nilpotent blocks is well-understood, there does not appear to
be a great diversity of examples known either of nilpotent blocks themselves or of blocks
which are ’almost’ nilpotent. It is even the case that (to the authors’ knowledge) there
are no known examples of non-nilpotent blocks with just one simple module whose
defect groups are involved in non-abelian simple groups. It is also interesting to find
sufficient conditions for nilpotency of a block, as exemplified by the conjecture of Puig
considered in this paper.

In this paper and in [6], which deals with the odd primes, we are concerned with
two problems relating to nilpotent blocks of quasisimple groups. One is to determine
the nilpotent blocks, the other is to establish means of determining when a block is
nilpotent. We regard the second as the source of the main achievement in this paper,
in that we verify a conjecture of Puig for quasisimple groups.

Note that blocks of defect zero are nilpotent, and the determination of the finite
simple groups possessing a nilpotent block was completed in [17]. We therefore consider
only the occurrence of nilpotent blocks of positive defect of the quasisimple groups. We
also note that every block with defect groups of order two is nilpotent, so we are not
concerned with this case either.

Explicit characterizations of nilpotent blocks are obtained for the classical groups,
and these are used to prove:
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Theorem 1.1 Let G be a finite quasisimple group and let B be a nilpotent 2-block of
G. Then B has abelian defect groups.

Results of this type already follow in special cases from, for example, [9], in which
it is shown that the Frobenius category of a block of a symmetric, general linear or
unitary group is equivalent to the Frobenius category of the principal block of a related
group (and it is easy to determine when such a group is p-nilpotent).

In a recent paper of Malle and Navarro [24], it has been shown that if B is a p-
block of a quasisimple group G which is not a faithful block of the double cover of an
alternating group A, for n > 14, and is not a quasi-isolated block of an exceptional
group of Lie type for p a bad prime, and if every irreducible character of height zero
has the same degree, then B has abelian defect groups. In this case it follows that
nilpotent blocks have abelian defect groups.

With regards to the recognition of nilpotent groups, we consider the following con-
jecture of Puig. For a finite dimensional k-algebra A, write [(A) for the number of
isomorphism classes of simple modules.

Conjecture 1.2 (Puig) Let B be a block of a finite group G. Then B is nilpotent if
and only if l(bg) = 1 for each p-subgroup Q) and each block by of Ce(Q) with Brauer
correspondent B.

The necessary condition for nilpotency is well-known. The converse is known for
blocks with abelian defect groups (see [27]), and is also known to be a consequence of
Alperin’s weight conjecture (see [31]).

We prove:

Theorem 1.3 Let G be a finite quasisimple group and let B be a 2-block of G. Then B
is nilpotent if and only if l(bg) = 1 for each 2-subgroup () and each block by of Cx(Q)
with (bQ)G = B.

Our strategy is to show that for the quasisimple groups of Lie type, every 2-block
either has abelian defect groups (in which case the theorem holds by [27]) or I(bg) > 1
for some block bg with b = B, where @ is a p-subgroup of G. For the sporadic simple
groups and the alternating groups (and their covers) each block B is either nilpotent
or [(B) > 1.

The main part of the paper concerns the representation theory of finite groups of
Lie type in non-defining characteristic, and makes use of an examination of subpairs of
blocks of classical groups similar to that given in [14]. For these groups the failure of
nilpotency of blocks with nonabelian defect groups is determined quite explicitly. The
exceptional groups of Lie type are then treated by examination of the centralizer of an
element of the centre of a defect group, and the results for the classical groups applied.

Before continuing we make a justification for the methods used in the paper. There
are very elegant methods for the analysis of blocks of groups of Lie type involving the
reduction to the theory of unipotent blocks (such as are used in [24]). These reductions
respect nilpotency and so may be used to determine the nilpotent blocks of the finite
groups of Lie type in most cases, and to show that nilpotent blocks of such groups
must have abelian defect groups. We are informed that Kessar and Malle are near to
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completing the classification of quasi-isolated blocks, which together with the theory of
unipotent blocks would allow an alternative proof that nilpotent blocks of quasisimple
groups have abelian defect groups. However, to show that Puig’s conjecture holds for
blocks of quasisimple groups, it is necessary to use methods such as those of Fong and
Srinivasan which allow a wider and more detailed analysis. In particular in order to
check Puig’s conjecture it is necessary to consider non-nilpotent blocks and to show
the existence of a subpair with at least two simple modules, information which as far
as we are aware is not yet known to be preserved under the reduction to unipotent and
quasi-isolated blocks.

2 Notation and general results

Let G be a finite group and p a prime. Let k be an algebraically closed field of
characteristic p. Write Blk(G) for the set of blocks of kG and denote by By(G) the
principal block of G.

Let B be a p-block of a finite group G. A B-subgroup is a subpair (Q, bg), where @) is
a p-subgroup of G and b is a block of QCq(Q) with Brauer correspondent (bg)® = B.
The B-subgroups with || maximized are called the Sylow B-subgroups, and they are
the B-subgroups for which @ is a defect group for B. We will usually write D(B) for
a defect group of B when one may be chosen freely.

A useful result, which follows from [1, 4.21], is the following:

Proposition 2.1 Let B be a block of a finite group G. Suppose a defect group D of B
is abelian. Then B is nilpotent if and only if Ng(D,bp) = Ca(D), where (D,bp) is a
Sylow B-subgroup.

We have the following lemma by [22, Proposition 6.5]:

Lemma 2.2 Let N be a normal subgroup of a finite group G such that G/N is a p-
group. Suppose that B is a block of G and that b € BIk(N) is covered by B. Then B
1s nilpotent if and only if b is nilpotent.

Recall that for N <1 G, a block B of G is said to dominate the block B of G/N if
the inflation to G of a simple kG-module in B lies in B.

Let B be a block of G and Z < O,(Z(G)). Let B be the unique block of G = G/Z
dominated by B. If (Q,bg) is a B-subgroup with Z < Q, then Cx(Q)/Cq(Q) is a
p-group, and by [31, Lemma 1] there is a unique B-subgroup (@, bg) corresponding to
(Q,bq) (where by is dominated by the unique block of the preimage in G of Cz(Q)
covering bg), and every B-subgroup may be expressed in this way. It is clear that

I(bq) = l(bg) in each case, so we have:

Lemma 2.3 Let B be a block of G and Z < Oy(Z(G)). Let B be the unique block of
G = G/Z dominated by B. If l(bg) = 1 for each B-subgroup (Q,bq), then l(bg) =1
for each B-subgroup (Q, bg)-



Lemma 2.4 Let B be a 2-block of a finite group K, and let (P,g) < (R,b) be B-
subgroups with P < Z(R) and let Z < Oy(Z(Ck(P))). Let D(g) be a defect group of
g. Suppose y € Ney(py(R,0) \ Ck(R) for some y with |y| = 3. Suppose also that either

(1) D(g) = Zaoe 1 Zs for some integer ¢ > 2 and R = Z(D(g))Qs, or

(i1) D(9)/Z < Daerr and R := (RZ)/Z = Ly X Zs.

Then ((g) > 2

PROOF: Note that since RCk(R) < Ck(P), we may without loss of generality
assume R < D(g).

Suppose that D(g) = Zge 1 Zo, where ¢ > 2, and R = Z(D(g))Qs. We apply [21]
to g. In [21] a set of subgroups Q of D(g) is defined and a system of conjugacy class
representatives given. By [21, Lemma (2.B)] R € Q. We have [Nk (R, b):Ck(R)R] > 3.
Hence R is one of the groups identified in part (ii) of [21, Lemma (2.B)], and so case
(bB) of [21] cannot occur (see [21, p.533]), and by [21, Propositions (7.G), (14.E),
(14.G)], £(g) > 2.

Suppose D(g)/Z < Dyerr and (RZ)/Z = Zy x Ly, so that D(g)/Z is R or is dihedral,
as R < D(g)/Z. Let g and b be the unique blocks of C(P)/Z and Cg(R)/Z such that
g and b are dominated by g and b, respectively, so that D(g) = D(g)/Z and £(g) = £(g).
By [30], £(g) is the number of 2-weights of . If D(g) = R, then § € Nk,z(D(g), b) with
gy = yZ and g has three weights (D(g), ¢;), where each 1); is an extension of the canon-
ical character 6 of b to Ny,7(D(g),b). If D(g) is dihedral, then Ng,z(R,b)/Cr/z(R) is

isomorphic to the symmetric group Sz and g has at least two weights (R, 1), (D (9), ),
where ¢ is the extension of 6 to Ng,z(R,b) with 1(1) = 20( ), and 1) is the canonical

character of the root block bp) of g. Thus ((g) = {(g) > 2. O

The next lemma follows from [31, Lemma 2].

Lemma 2.5 Let Z be a central p-subgroup of a finite group G, B € BlkLG) and B the
block of G := G/Z dominated by B. Then B is nilpotent if and only if B is nilpotent.

Let Z be a central p/-subgroup of a finite group G, and write H = HZ/Z, where
H < G. Let B € Blk(G). There is a unique block B € Blk(G) dominating B. By [25,
Theorem 5.8.8], Irr(B) = Irr(B) and if D is a defect group of B, then DZ/Z = D is a
defect group of B.

If @ is a p-subgroup of G, then Cx (Q) Cq(Q)/Z (since Z is a central p’-subgroup).
Let (Q, bé) be a B-subgroup. Then Q = QZ/Z for a unique p-subgroup Q of G. Since
C=(Q) = Cs(Q)/Z, we may consider the unique subpair (Q, bg) with by dominating
bg, which we call the Brauer pair dominating (Q, bg)-

The next lemma, proved in [6], says that (Q), bg) must be a B-subgroup, and that
dominance of subpairs respects the usual partial order on B-subgroups:

SH

Lemma 2.6 Let Z be a central p'-subgroup of a finite group G, and let (@,b ) an
(P,bp) be B-subgroups, where B is the block of G dominated by B. Suppose (Q,bq) an
(P,bp) are subpairs of G dominating (Q,bg) and (P, bg), respectively. Then (Q, bg)
(P,bp) if and only if (Q,bg) < (P,bp). In particular, (Q,bg) is a B-subgroup.

IN &,

As a consequence (see [6]):



Proposition 2.7 Let G be a finite group, Z < Z(G) and G = G/Z. Suppose B €
BIk(G) and B € BIk(G) dominating B. Then B is nilpotent if and only if B is
nilpotent.

3 The symmetric and alternating groups

Write S, for the double cover of the symmetric group S,,. Then the 2-blocks of S, and
of S, are in one-to-one correspondence under the natural epimorphism, and the block
corresponding to a nilpotent block is nilpotent (by [31, Lemma 2]). Hence it suffices
to consider S, (except for the exceptional cases n = 6,7, which we treat separately).

Proposition 3.1 Let G = S, with n > 2. If D is a non-trivial defect group of a
nilpotent 2-block, then D is generated by a transposition and n = 2+ m(m + 1)/2 for
some positive integer m. Conversely, if n =2+ m(m + 1)/2 for some positive integer
m, then S, possesses precisely one nilpotent 2-block.

Note that this result follows from [9, 2.B.4], which shows that the Frobenius category
of a block of a symmetric group is equivalent to the Frobenius category of the principal
block of a (possibly smaller) symmetric group. We give our own proof here.

PROOF: Let B be a nilpotent block with non-trivial defect group D. Let y € D be
an involution. Suppose that y is a product of ¢ > 1 disjoint transpositions and fixes
every other point. Then Cg, (y) = (Z3 0 S;) X S,_a, and in particular Cg, (y) contains
a normal elementary abelian 2-group R generated by ¢ disjoint transpositions. Then
R < 05(Cs,(y)), and so is contained in every defect group of Cg,(y). Hence by a
well-known property of the Brauer correspondence R is contained in a conjugate of D.
So D contains an elementary subgroup @ of order 4 such that Cs, (Q) = Q X S,_4
and Ng, (Q) = Sy x S,_4. Now every 2-block of Cg (Q) is Ng,(Q)-stable. Since
[Ns, (Q) : Cs,(Q)] = 6, it follows that B cannot be nilpotent. Hence D is generated
by a transposition.

Note that every block with defect groups of order two is nilpotent. The blocks of
S, with defect group D generated by a transposition are in one-to-one correspondence
with the blocks of Ng (D) = D x S, _o with defect group D, and hence in one-to-one
correspondence with the blocks of defect zero of S,,_5. Since a Young diagram for S,,_»
is a 2-core precisely when n — 2 = m(m+ 1)/2 for some positive integer m, and in this
case there is precisely one such diagram, the result follows by Nakayama’s Conjecture.
O

Corollary 3.2 Let G = A, with n > 3. Then G possesses no nilpotent 2-block of
positive defect.

ProOF: This follows immediately from Proposition 3.1 and Lemma 2.2, since the
defect groups of nilpotent blocks of positive defect of .S,, do not lie in A,,. O

Corollary 3.3 Let G be a quasisimple group with G/Z(G) = A,, for some n. Then G
has no nilpotent 2-block with non-central defect groups.
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PRrROOF: The exceptional covers 6.4 and 6.A; follow by observing that every block
with non-central defect groups has at least two irreducible Brauer characters (see [15]).
The result then follows from Corollary 3.2 and Lemma 2.5. O

Proposition 3.4 Let B be a 2-block of a quasisimple group G such that G/Z(G) = A,
for some n. Then B is nilpotent if and only if (bg) = 1 for each B-subgroup (Q,bg).

ProoF: It suffices to show the sufficient condition for nilpotency. Let D be a defect
group for B. The exceptional covers 6.A4¢ and 6. A7 follow by observing that every block
with non-central defect groups has at least two irreducible Brauer characters (see [15]).
Hence we may suppose that G is simple or a double cover of some A,,. By Lemmas 2.3
and 2.5 it suffices to consider the case G = A,,. Let G < E =2 §,,, and let C' be the
unique 2-block of E covering B.

By, for example, [18, 6.2.2], [(C') = p(w), where w is the weight of C' and p(w) is
the number of partitions of w. If |D| = 2, then B is nilpotent. Suppose that |D| > 4,
so C has defect at least two. Then w > 2, and {(C') = p(w) > 2. Hence we must have
[(B) > 1, and the result follows. O

4 Sporadic groups and their covers

In this section we determine the nilpotent blocks with non-central defect groups of
quasisimple groups G where G/Z(G) is one of the 26 sporadic simple groups. Note
that due to Lemma 2.5 it suffices to consider the case Z(G) has odd order.

We show that each 2-block of such a group (where | Z(G)| is odd) with defect greater
than one has at least two irreducible Brauer characters. In most cases this may be seen
using the library in [15]. As a consequence every nilpotent block of any quasisimple
group G with G/Z(G) sporadic has abelian defect groups.

Proposition 4.1 Let G be a quasisimple group such that G/Z(QG) is a sporadic simple
group. Let B be a 2-block of G and let D be a defect group of B. If |D| > 4, then
I(B) > 1.

PRrROOF: It suffices to consider the case |Z(G)| odd. If D is cyclic, then the result
follows from the theory of blocks with cyclic defect groups. In the following table we
list the numbers of irreducible Brauer characters in 2-blocks with non-cyclic defect
groups, along with a reference. A "’ will be used to denote a faithful block in a group
with non-trivial centre. The result then follows from examination of the table.

Note that since |Z(G)] is odd, if @ is a 2-subgroup of G, then

Caz)(QZ(G))/24(G)) = Ca(Q)/Z(G).

We treat each of the cases for which the number of simple kG-modules in each block

is not currently given either in [15] or other references of which we are aware.
Suppose G = Ly. Then G as two blocks of positive defect by [28], the principal

block By and a block B; of defect seven, and k(By) := |Irr(By)| = 25. But G has one
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conjugate class of involutions and one of elements of order 4, and two of order 8, so
k(Bo) = 1(Bg) + I(by) + 1(ba) + 1(b3) + L(by), where b; = By(Cg(z;)) with |z;] = 2¢ and
by = Bo(Cg(z3)) such that 2} is another element of order 8 which is non-conjugate to
z5. Now Ce(z1) = Ay, Calzs) = (40 A7).2, Ca(z3) = 80 Ay and Ci(z4) = 8.4y, s0

I(br) = 1(Bo(An)), 1(ba) =1(Bo(S7)), 1(bs) =1(Bo(As)) and I(b3) = 3.

The Brauer characters of Aj; and Aj are given by [19], and a calculation shows that
[(Bo(A11)) = 7 and {(By(As)) = 3. Since [(By(S7)) is the number of partitions of the
weight 3, it follows that [(by) = 3, and [(By) =25—7—3 -3 —3 =9. Since G has 10
blocks of defect 0 and 27 regular classes, it follows that [(B;) = 27 — 9 — 10 = 8.

G/Z(G) | |D| ¢(B) reference
M, o 3 [15]
My 26 /22 3/3 [15]
Moy o7 /27 /o 7/5% /5" [15]
Mo o7 9 [15]
Moy 210 13 [15]
7 93 5 [15]
T o7 /22 7/3 15]
Js o7 /27 /2T 10/10*/10* [15]
Ji 921 22 B
HS 29 /22 6/3 [15]
McL | 2727/ 8/8* /8" [15]
Suz 213 /23 /913 /913 14/3/14% /14" [15]
Ly 28 /97 9/8 28]
He 210 /23 11/3 [15]
Ru 914 /92 6/3 [15]
O'N | 29/23/29/2° 5/3/5% /5" [15]
Cos 910 /23 10/5 [15]
Cos 218 12 [15]
Coy 921 /23 26/2 [7]
Fig 917 /17 /917 14/11%/11* [15]
Fiys 218 /23 20/2 [15]
Fil, 921 /92 /93 /921 /921 /93 /93 | 33 /3 /3 /29* /22* /3* /3* | [5]
Th 915 18 [29]
HN 214 /9t 17/3 [15]
F,=B |21/ 25/2

Fy=M | 21621 52/3

Table 1: Numbers of irreducible Brauer characters in 2-blocks with non-cyclic, non-
central defect groups of covering groups of sporadic simple groups




Suppose G = Th. Then G has three 2-blocks of defect zero and the principal block
(see [29]). By [12] I(G) = 21, so I(By(G)) = 18.

Suppose G = 3.Fi,,. By [5] there is a unique block of maximal defect and a
unique block with Dg defect groups covering each block of Z(G). Further, there
is a non-faithful block with Klein-four defect groups. The non-faithful blocks have
33 or 3 simple kG-modules. Now (see [23]), if D = Dg is a defect group, then
(DZ(G)/Z(G))Coyney(DZ(G)/Z(G)) = DsxSps(2), s0 DCa(D) = Z(G)x Dx Spy(2)
and the blocks with defect group D have the same number of simple kG-modules, i.e.,
three. By consideration of character degrees in [12], G as no faithful blocks of defect
one. Further, there are 25 simple kG-modules covering each faithful simple kZ(G)-
module. So the faithful blocks of maximal defect each have 22 simple modules.

Suppose G = Fy, the baby monster. It is clear from [12] that G has no 2-blocks
of defect zero. By [23] G has two blocks of positive defect, the principal block By(G)
and another B; with defect group Ds, where [(B;) = 2. Since I[(G) = 27, we have
[(By(G)) = 25.

Suppose G = M, the monster group. By [23] G has two blocks of positive defect:
the principal block By(G) and one B; with semi-dihedral defect groups of order 16.
From [12] we see that G has three 2-blocks of defect zero. By [20] we have {(B;) = 3.
Since [(G) = 58, it follows that [(By(G)) = 52. O

Corollary 4.2 Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group. Then G has no nilpotent block with defect group D such that D/O,(Z(G)) has
of order greater than two. In particular, every nilpotent block of G has abelian defect
groups.

Corollary 4.3 Let G be a quasisimple group such that G/Z(G) is a sporadic simple
group. Then B is nilpotent if and only if I(bg) = 1 for each B-subgroup (Q,bg).

5 Notation for classical groups

Let V be a linear, unitary, non-degenerate orthogonal or symplectic space over the field
F,, where ¢ = r* for some odd prime r. We will follow the notation of [4], [9], [13]
and [14].

If V is orthogonal, then there is a choice of equivalence classes of quadratic forms.
Write (V') for the type of V as defined in [14], so (V) =n =+ or —. Let n(V) = +

if V' is linear and n(V) = — if V is unitary. If V is non-degenerate orthogonal or
symplectic, then denote by I(V') the group of isometries on V' and let Iy(V) = I(V) N
SL(V).

If V' is symplectic, then I(V') = Iy(V) = Sp,,(q).

If V is a (2n + 1)-dimensional orthogonal space, then I(V') = (—1y) x Iy(V) with
Io(V') = SO2n41(q)-

If V is a 2n-dimensional orthogonal space, then I(V) = O"(V) = O (¢q) and

If V is a 2n-dimensional non-degenerate orthogonal or symplectic space, then denote
by Jo(V') the conformal isometries of V' with square determinant. If V' is orthogonal
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of dimensional at least two, then write Dy(V') for the special Clifford group of V' (cf.
[14]).

Denote by GL* (V) the general linear group GL(V) and GL™ (V') the unitary group
Uv).

Let G = GL"(V) or I(V). Write F, = F,(G) for the set of (monic) polynomials
serving as elementary divisors for semisimple elements of G (cf. [4, p.6]). If G =
GL™(V), then partition F, as in [13] by writing:

Fi={A e F,: Airreducible, A # X, A=A},
Fy={AA € F,: A irreducible, A # X, A # A},

where A is the monic irreducible polynomial whose roots are the g-th power of those
of A. If G = I(V), then partition F, as in [14] by writing:

Fo={X+£1},
Fir={A e F,— Fo: Airreducible, I # X, A = A*},
Fo={AA* € F, — Fo: A irreducible, A # X, A # A*},

where A* is the monic irreducible polynomial whose roots are the inverses of those of
A. Let dr be the degree of I' € F,, and define the reduced degree ér as in [4] and [14],
so that op = dr if G = GL"(V) or ' € Fy, and r = %dr‘ ifG=I(V)and ' € FUF>.

For integers ¢, m, we write 2¢||m when 2¢ | m and 2¢! ¢ m, and we let a > 2 be
the integer such that 2¢7!||(¢* — 1). Let ¢ = +1, chosen so that 2% | (¢ — ¢). For each
I' € F,, define ep = 1 when G = GL(V), otherwise define

e of I'eF,
1 aof T'eF.

Let er be the multiplicative order of epg’™ modulo 4. Thus we may write epdr =
e2°rr. for some ar and o with odd df, where e = ex_;.

Given a semisimple element s € G, there is a unique orthogonal decomposition
V=3 rer, Vr(s), with s = []rcz, s(I'), where the Vi(s) are nondegenerate subspaces
of V and s(I') € U(WVr(s)), GL(Vr(s)) or I(Vr(s)) (depending on G) has minimal
polynomial I". This is called the primary decomposition of s. Write mr(s) for the
multiplicity of I' in s(I'). We have Cc(s) = [[pcz, Cr(s), where Cr(s) = I(Vr(s)) or
GL™ (mp(s),q’) as appropriate.

We will also be using the Deligne-Lusztig theory of characters of finite reductive
groups, so we briefly review the relevant notation. An excellent source for this ma-
terial is [11]. Let G be a connected reductive group over F, and let F' : G — G
be the Frobenius automorphism associated to the F,-structure of G. Let (G*, F**) be
dual to (G, F') with respect to a dual pair of F-stable (resp. F*-stable) maximal tori
(T, T*). We consider the finite group G = GF. The irreducible characters Irr(G)
may be partitioned into rational series £(G, (t)) indexed by (G*)f"-conjugacy classes
(t) of semisimple elements of (G*)!". For s a semisimple p/-element of (G*)f", write
&,(G, (s)) for the union of the £(G, (su)) where u is a p-element centralizing s.



6 Blocks of linear and unitary groups

In Section 7 we will state a property which we will show holds for every 2-block of
a classical group. Before doing this we gather some information about nilpotency of
blocks of general linear and unitary groups which will be used repeatedly.

Suppose G = GL!(¢) = GL"(V) and r is an odd prime, and let B be a 2-block of
G. Then B = &(G,(s)) for some semisimple 2'-element s € G. For convenience we
denote GL7(V) by G(V') and SL"(V') by S(V).

We note that [9] already provides the means of showing that every nilpotent block
of GL"(V') has abelian defect groups. In particular by [9, 3.8] the Frobenius category
of a block of GL"(V) is equivalent to the Frobenius category of the principal block of
a direct product of unitary and general linear groups, but every 2-nilpotent unitary or
general linear group has abelian Sylow 2-subgroups. However, for later results we need
to prove something stronger:

Theorem 6.1 Let G = GL"(V) = GL"(n,q). Then the following are equivalent.
(a) B is a nilpotent block of G.
(b) mp(s) <1 foralll' € F,.
(¢) Let (D,bp) be a Sylow B-subgroup and 6 the canonical character of bp. Write

C = Cg(D). Then 0 = £R%(s) with T = Cc(s) a torus of both G and C, and
D = Oy(T). Here R$(s) is the Deligne-Lusztig generalized character.

In particular, if B is nilpotent, then D s abelian.

PROOF: In this proof, to avoid confusion with notation we write S(n) for the

symmetric group on n letters.
Let s = [[p s(I') be a primary decomposition, so that V' = @@ Vi with Vi = Vi(s)
the underlying space of s(I'). Thus

Ca(s) =[] Cr, Cr=GL"(mr,q™) (6.1)
r

with mpr = mr(s) and Cr = Cr(s). We may suppose D € Syl,(Cg(s)), so that

D=]]Dr. DreSylL(Cr). (6.2)
Tr

So D is a direct product of iterated wreath product 2-groups. Write
mp = np + 29T 4.4 2etd (6.3)

where 0 < ¢; < --- < ¢ and np = 0 or 1 according as mr is even or odd.
Let Ur be the underlying space of GL"(dr,q) and Wy = Ur L Ur the underlying
space of GL"(2dr, q). Let

Wr(i)=Wp L+ LWp (2% terms) (6.4)
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for ¢ > 0, and Wr(0) = Ur or Wr(0) = 0 according as npr = 1 or 0.
Let Yr = GLT(2,¢°") be a regular subgroup of G(Wr) = GL"(2dr, q) and Sp €
Syly(Yr). Then

Vi=Wr(0) LWr(1) L+ LWip(t), Dr =Sy [[(SrtXae), (6.5)

i>1

where Sp @ Xoei < (Y1)2" < G(Wr(4)) for @ > 1, and Sy = Oo(GLT(1,¢°T)) or 1
according as nr = 1 or 0, and Xoe; € Syl,(S(2%)).
For i > 1, set E(Sp 1 Xae) = (Sr)?" to be the base subgroup of Sp 1 Xy and let

E(D):=[[E(Dr), E(Dr):= Sy [[E(SrtXae) = Sp x (Sp)™=2 (6.6)

1>1

so that E(D) <1 D and each component is either cyclic or equal to Sr for some I'. Thus
E(D) is abelian if and only if D is abelian if and only if each mr < 1 if and only if
Ce(s) is a maximal torus of G.

Let Hp < Yr such that Hp 2 SL(2,¢°"), so that Spr N Hy € Syl,(Hr) and Sp N Hy
is generalized quaternion. By [3, (1H) (a)], Sr N Hr contains a quaternion subgroup
Qr = Qg such that

NHF(QF)/QF:Z?) or S(S) (67)

according as ¢ = 43 mod 8 or ¢ = 41 mod 8. Note that Qr is unique up to
Yr-conjugacy (see [3, (1G)]).

Let xr € Qr such that |zr| = 4 and xr is primary viewed as an element of G(Wr), so
that zr is uniquely determined up to conjugacy in G(Wr). Let A(Sr) := Z(Sr){xr) <
Sr and Lo(I') = Ceupy(So), so that

L(T) := Cawy)(A(Sr)) = GL (81, ") x GL (01, ¢**™") or GL(dp, ¢™")  (6.8)
and Lo(T") = GL(0}, ¢>™") or G(Ur) according as 4 | (¢°T — er) or 41 (¢°" — er). Let

A(D) == [[A(Dr), A(Dr) := Sy x A(Sp) "=/ < E(Dr).

Then A(D) is abelian and A(D) = D if and only if D is abelian. In addition,

Ca(A(D)) = [ [(Lo(T)™ x L(T)tmemo/2), (6.9)

r

where L(I") is given by (6.8) and Lo(I')"" := 1 when np = 0. Thus Cg(A(D)) is regular
in G, s € Cq(A(D)) and

Cogay(s) = [J(GLT(1,¢°7)™ x GLT(1, goror)tme—nrl/er), (6.10)
r

Let (A(D),b) be a B-subgroup, so that b = &(Cg(A(D)),(s)) and D(b) is a
Sylow 2-subgroup of Ceapy)(s). But Ceyapy)(s) is a maximal torus, so D(b) =
O2(Ceyapy)(s)) is abelian.
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Suppose ma > 2 for some A. By (6.7), there exists ua € Ng,(Qa) with |ua| =3
and three elements xa 1,2a2,2a3 0of Qa such that |xa;| = 4 and ua acts transi-
tively on the set {xa1,2a2,2a3}, Qa is generated by any two distinct elements in

{ra1, a2, 2a3} and [ua, Z(SA)] = 1.
Let ya € G(Va) such that

[Va,ya]l = [Va,Ha] = Wa, and (yA)‘[VAyyA} = ua

and set yr = 1 when I # A. Define AZ(‘SA) = Z(SA)<J}A’Z> < Z(SA)QA, Az(DA) =
S x A(Sp)ma=ma)/2=1 5 A;(SA) < E(D4), and

Ai(D) =[] A(Dr) x Ai(Da), v =[] wr (6.11)
T#A r

Then y € Cg(s), |y| = 3, dety = 1 and y permutes transitively the three abelian
subgroups {A;(D), Ay(D), A3(D)}. Note that Ce(A;(D)) is given by (6.9),

y=1lc,w Xua, [Viyl=Wa, Ai(Sa)<Z(Sa)Qa < Z(Sa)Ha < YA < G(Wa).
Let Q(Da) = (A1(Da), A2(Da)) and Q(D) = (A1(D), A3(D)), so that

QD) =[] A(Dr) x Q(Da), Q(Da) = So x A(Sa)"a7")271 x Z(S5)Qa.
T#A

Thus Cevy)(Q(Da)) = Lo(A)™ x L(A)ma=na)271 s Coway(Z(Sa)Qa),
CG(WA)(Z(SA>QA> = GLE((S/A,QQZM) ® Iy = {1’ o PR NS GLG( ’mquM)}a (6-12)

and

Ce(Q(D)) = H (Lo(T)"™ x L(T)"r=r)/2) x Coyy (Q(Da))- (6.13)
%A

Since A1(D) < Q(D) < D < Cg(s) and since Cg(A;1(D)) N Ce(s) is a torus, it follows
that Ce, () (s) is a torus.

Let (Q(D),bg) be a B-subgroup, so that we may suppose D(bg) < Ceyon))(5).
Thus D(bg) is abelian and D(bg) = O2(Cey gy (s))-

If we identify Coaw,)(Z(Sa)Qa) with GLE (), ¢°*"*), then by (6.12),

(Z(Sa)Qa,ua) < Cowa)(Comwa)(Z(Sa)Qa)) = GLa(q) Z(GL (04, ¢%)),
since GLy(q) ® GL"(da, q) < G(Wa) and GLS (0, ¢****) < G(Ua) = GL"(da, q). Thus
(Q(D),y) < Ca(Ce(Q(D))) (6.14)

and in particular, y centralizes Cg(Q(D)), and so b¢, = bg. Thus if B is nilpotent,
then mr(s) <1 for all T' € F,.

Conversely, if mr(s) < 1 for all ' € F,, then Cr = GL™(1,¢°") and so N¢.(Dr) =
Cern(Dr) = Cr. Thus D is abelian,

NCG(S)(D) = CCG(S)(D) = CG(S).

12



The canonical character of bp is labelled by (s, 1) and is stable in Ng(D,bp). Let z €
Ng(D,bp). Then s* and s are Cg(D)-conjugate elements of the abelian group C¢(D),
and so s* = s. Hence z € Cg(s) < Cg(D), and we have shown Ng(D,bp) = Cg(D).
By Proposition 2.1, B is nilpotent.

The equivalence of (b) and (c) follows by [9]. O

Recall that for integers ¢, m, we write 2¢||m when 2¢ | m and 2!  m, and we let
a > 2 be the integer such that 2°7|(¢* — 1).

Remark 6.2 (a) Suppose G = GL"(2da,q) = G(Wa) = G(V) with 2 | da. Following
the notation in the proof above, let Q'(D) = Qa < S(Wa) N D and Aj(D) = (za;) <
Qa. Then /(D) < S(V),

Ca(Ay(D)) = GL"(da,q) x GL"(da,q) or GL(da,q°) (6.15)

according as 4/(q —n) or 2||(g —n), and Ce(Q' (D)) = GL(da, q) ® L. In addition, if
(Q'(D),bg) is a B-subgroup, then D(bg) is abelian, y centralizes Ce(Q'(D)) and so
bl = bgr.
Q — e

(b) Suppose ma > 2 and follow the notation in the proof above. Then

V=V, LV D=Dyx Dy, (6.16)

where Dy is abelian and each direct component of Dy is a wreath product of the form
Sl"zXQc, ‘/1 = [Dl,V], ‘/2 = [DQ,V] Thus

Q(D) =Dy x Q(D3), Q(D2) = Qo(D2) x Q1(D2), Q1(D3) = Z(Sa)Qa,

where each direct component of Qo(Da) has the form Z(Sr){xr). Let Q = Q(D) or
Z(Q(D)), Q2 = Q(D3) or Z(Q(D2)) and R = QNS(V). Then Cs(R) = Ca(Q) except
when the rank of Q1 (D1) is 2 and Dy N S(Vy) = {1y}, in which case,

Ca(R) = G(V1) x Cgry)(Q2).

In particular, if (R,br) < (Q,9¢) < (Q(D),bg), then D(br) = D(gq) and b%, = bg as
y € S(Va) and y centralizes Cevy)(Q(Ds)).

(¢) Following the notation of (b), let P = Z(Q(D)), so that C(P) is reqular and
ye Ca(PYNS(V). If Zg := O2(Cs(P)) and (P,bp) < (Q(D),bg), then D(bp)/Zc =
Docir with ¢ > a, Zg < Z(Cq(P)), and yZg normalizes (Q(D)Zq)/Zc = Lo X Zs.

Proof of (a) Since 2 | da, it follows that ex = 1 and D = Zga+1+a 1 Zy with 20717 || (g% —
1). Since SL(2,¢***) contains subgroups L yeza 4y, it follows that D < S(V'). The rest
of (a) is clear.

Proofs of (b) and (c) If 4|(¢°" — er), then Sp = Zoe 1 Zy and Z(Sr) = Oo(GLT(1,¢°")),
where ¢ > a > 2. If 4 1 (¢°" — er), then Sr is a semidihedral group SDge+2 and
Z(Sf‘) = {:l:lWr} So CG(VQ)(RQ) = Cg(VQ)(Q2> with RQ = QQ N S(Vé) and the rest of
(b) is clear.
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Let nr = 0 or 2 according as I' 2 A or I' = A. Then P = D; X Qo(Ds) x Z(Sa),

Ca(P) = H(LO(P)"F X L(F)(mF*”F)/Q*nr) x GLE(28y, ¢°2™).
r
Let M(H) = Cy([H, H]) for any H < G. Then M(Sr) = Zge X Zge or Zga+1 according

as 4 | (¢°" — er) or 44 (¢°" — er), and in the former case, M (Sr) is the base subgroup
of Sr. In both cases, Cewyy (M (Sr)) = L(I') and Oz(L(I")) = M(Sr). Thus

03(Ca(P)) = [J(O2(Lo(T)™r) x M(Sp)mr=rm)/27mm) x Z(Sa), (6.17)

D(bp) = O2(Ceg(p)(s)) = [1p(O2(Lo())" x M (Sp) e —r)/2=m) x Sx and Os(Ca(P)) <
Z(Cq(P)). Thus D(bp)/Z¢ = Sa/Z(Sa) = Dae+1r or Daat1. Since y € Ne,(p)(Q(D))
and Zg < Z(Cg(P)), it follows that yZg normalizes (Q(D)Zg)/Za.

7 A condition related to nilpotency

In order to investigate nilpotent blocks of exceptional groups of Lie type using the
classical groups, it is not sufficient just to find the nilpotent blocks of classical groups.
We need in addition to specify how exactly blocks of classical groups with nonabelian
defect groups fail to be nilpotent. To do so we introduce the following condition. In
particular it specifies an element of order three causing the block to be non-nilpotent,
and relates blocks with those of covering groups. We have in mind groups of Lie type
and extensions by diagonal automorphisms.

Property 7.1 Let K be a normal subgroup of a finite group H and p = 2, and let
B € BIk(K) and By € Blk(H) such that By covers B.

(a) There exist B-subgroups (P,g) < (R,b) and an element y € Ny (p)(R) \ Ck(R)
such that P < Z(R), {(g) > 2, D(b) is abelian,

lyl=3 and b =0b.

Moreover, if (R,by) is a By-subgroup with by covering b, then D(by) is abelian
and b4, = by.

(b) Both D(B) and D(By) are abelian.

Proposition 7.2 Suppose one of Property 7.1 (a) or (b) holds for a block B. Then B
is nilpotent if and only if (bg) = 1 for every B-subgroup (Q,bg).

PRrOOF: If (a) holds, then the result is immediate since I(g) > 1. If (b) holds, then
this is [27, Theorem 3]. O

We prove a lemma which will be useful in establishing the given properties. Let H
be a finite group, K< H, Z < Z(H)NK and K := K/Z < H := H/Z. Let B € BIk(K)
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and B € Blk(K) dominating B, and (Q,bg) a B-subgroup. Let v : H — H be the
natural homomorphism and X = ~(X) for any X C H,

If Z is a p/-group, then (Q, BQ) is defined in Section 2 and it is a B-subgroup.
Suppose Z is a p-group. Then 7~(Cx(Q)) < Nk(QZ) and v~ (Cx(Q))/Ck(Q) is
a p-group. Thus 7~ 1(C%(Q)) has a unique block by covering by and we denote by
the block of C%(Q) corresponding to bQ, so that by [31, Lemma 1], (Q,bg) is also a
B-subgroup.

In general, since K = (K/0,(Z))/(Z/0,(Z)) and Z/0,(Z) < Z(K/Oy(Z)), it
follows that (@, bg) is defined and is a B-subgroup.

Lemma 7.3 Let H be a finite group, K < H, Z < Z(H)N K. Define K := K/Z and
H := H/Z. Let B € BIk(K) and B € BIk(K) dominating B. Suppose B-subgroups
(P,g) < (R,b) satisfy Property 7.1 (a). In addition, if Z = Oy(Z), then suppose,
moreover that Cy(P)/Z = Cgz(P) and Cy(R)R/Z = Cg(R). Then the B-subgroups
(P,g) < (R,b) satisfy Property 7.1 (a).

PROOF: Let By € Blk(H) covering B, and By € Blk(H) dominating EH and
x € Irr(B7), so that X covers some v € Irr(B). But Irr(By) C Irr(By) and Irr(B) C
Irr(B), so By covers B.

Let f be the unique block of Z covered by B. Then each character x of Irr(B)
covers a character of Irr(f). Since Irr(B) C Irr(B), it follows that f is principal. Since
(P, g) is a B-subgroup and Z < Z(K) and since B covers f, it follows that g covers f,
and similarly, b covers f.

Since Cx(PZ) = Ck(P), it follows that we may suppose O5(Z) < P. Let y €
New(py(R) \ Ck (R) with y* =1 and b = b.

We may suppose Z is either a 2-group or a 2’-group. Then by [31, Lemma 1 (iii)]
and Lemma 2.6, (P, g) < (R, b) are B-subgroups. If Z is a 2-group, then Cx(R)/Z =
Cw(R). If Z is a 2-group, then Cy(R)/Z = C7(R), v Y(C7z(R)) = Cu(R) and so
7 YC%(R)) = Cx(R). Thus Cx(R)/Z = Cw(R) and D(b)/Z = D(b). So D(b) is
abelian as D(b) is abelian.

Let (R,bs) be a Bz-subgroup with by covering b. There exists a Bpy-subgroup
(R,by) such that by dominates bz. Then by covers b and so by has an abelian defect
group D(by) and hence D(bz) = D(by)Z/Z is abelian.

Since |y| = 3 and y € Ne(p)(R) \ Ck(R), it follows that |y| = 3 and § €
Ne_p J(R)\ Cx(R). Since the canonical character 6 of by is the lift of the canonical
character Oy of by and since 0%, = Oy, it follows that 1_)317{ = by. Similarly, bV = b and
since £(g) = {(g), it follows that ¢(g) > 2. O

8 Classical groups

Proposition 8.1 Let K := SL'(¢) < H < G := GL!(¢) = GL(V), Z < Z(K),
B € BIk(K), By € Blk(H) covering B. Let Bg € BIk(G) be a weakly reqular cover of
By, and R := Q(D(Bg)) N K, except when D(Bg) = Zgat1+a 1 Ly for some o > 0, in
which case R = Q'(D) as defined in Remark 6.2 (a). Then either Property 7.1 (a) holds
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for (Z(R),g) < (R,b) with Cy(Z(R))/Z = Cz(Z(R)/Z) and Cy(R)R/Z = C7(R),
or Property 7.1 (b) holds.

PROOF: Suppose Bg = &(G, (s)). Since By covers B, it follows that D(B) =
D(By) N K for some defect group D(Bp). There exists a defect group D(Bg) such
that D(By) = D(Bg) N H, so

D(B)=D(By)NK = D(Bg)NK and D(By) = D(Bg) N H.

We may suppose D(Bg) € Syly(Ca(s)).

Set Re = Q(D(Bg)) or Q'(D(Bg)) according as D(Bg) # Zga+1+a 1 Ly for all > 0
or D(Bg) = Zga+1+a 1 Zsy for some o > 0. Then R and Cg(Rg) are given by (6.13) or
Remark 6.2 (a) with Q(D) or Q'(D) replaced by Rg.

In the notation of the proof of Theorem 6.1, suppose mr < 1 for all I". Then D(Bg)
is abelian, and both D(B) and D(By) are abelian. So we suppose, moreover mpa > 2
for some A. There exists y € Cg(s) N K such that y € Ng(Rg) \ Ca(Ra), |yl = 3,
ylvr = 1VF for all " # A. Let RH = RgﬂH and R = RgﬂK.

(1). Note that Cg(R) is given in Remark 6.2 (b). Let (R,b) be a B-subgroup,
(R,by) a By-subgroup such that by covers b, and (R, bg) a Bg-subgroup such that
bg coves by. By Remark 6.2 (b) and the proof of Theorem 6.1, D(bg) is abelian, so
both D(b) and D(by) are abelian as we may suppose D(b) = D(by) N Cx(R) and
D(bg) = D(bg) N Cy(R).

Let P = Z(R), (P,g) < (R,b), (P,g9c) < (R,bg) such that gg covers g and y €
Neypy (R, ba) \ Ca(R) given by (6.11). By (6.14), y centralizes Cg(R), so bY = b and
hence y € Ney(p)(R,b) as Cx(R) < Cg(R). Similarly, y € Ne,, (py(R, bg).

Suppose ma = 2 and mp = 0 for all I' # A. Then R = Oy(Z(K))Qs or Qs
according as da is odd or even. Thus G = GL"(2da,q), P = Z(R) < Z(G) and
so Cq(P) = G. Suppose r € G such that for any v € R, 2 'uz = zu for some
z € 02(Z(@)), so that x € Ng(R). Since Out(Qs) = O (2) = GLy(2), it follows that if
v &€ Co(R)R, then z7ly;x = 3 and 27 ypx = 4135 for some y; € R with (y;,y2) = Q.
Now zys = 2~ ypw = 192 and y; = 2 € Z(G), which is impossible. It follows that
r € Cg(R)R and so Cq(R)R/Z = Cq/z(R/Z).

Suppose ma > 3 or ma = 2 but mp > 1 for some I' ## A. A similar proof to
above shows that for any 1 # Z < Z(K), Ca(P)/Z = Cgyz(P/Z) and Cq(R)R/Z =
Cez(R/Z).

(2). Suppose G = GL"(2da,q) and D(Bg) = Zga+1+a ! Zg with o« > 0 for some
A. By Remark 6.2 (a), D(B) = D(Bg), R = Qs, P < Z(K) and ¢ = B. But
Q(D(B)) = Z(D(B))Qs and y € Ng(Q(D), bg), so by Lemma 2.4, ¢{(B) > 2.

Suppose D(Bg) % Zgati+a U Zg, so that R = Q(D(Bg)). Let Po = Z(Rg),
ZG = OQ(CG(PG)) and ZK = ZG N K. By Remark 6.2 (C), ZG S Z(Og(Pg>> and
D(g9¢)/Z¢ = Dae+r with ¢ > a. Since R < D(g) = D(g9s) N K, it follows that
R:=R/Zx < D(9)/Zk < Daer1. By Lemma 2.4, {(g) > 2 and Property 7.1 (a) holds.
O

Let V' be a non-degenerate orthogonal or symplectic space, G = Iy(V) and let G*
be the dual group of G. Then
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If B is a 2-block of Iy(V), then B = & (Iy(V), (s)) for a semisimple 2'-element s €
Iy(V)*. Let (D,bp) be a Sylow B-subgroup. By [2, (5.1)], V and D have decomposi-
tions

V=V, LV.,, D=Dyx Dy, (8.1)

where Dy < Iy(Vp) is an elementary abelian 2-subgroup and D, < I4(Vy). Let Gg :=
Io(Vo), G4 = Io(V4), Cy := Cryvy)(D4) and let V* be the underlying space of Io(V')*.

Let z € D be a primitive element. Then z is given by [2, Remark 2.2.9 (2)], so
|z| =4 and [V,D; ]| =[V,z] = V.. Thus

z=2z%X2y, L:=Cg(z)=LyxLy, Ly=Gy Ly:=GL(m,q), (8.2)

where zg = 1y, 24 < Dy and dimV} = 2m. Then L is a regular subgroup of G' and
we may suppose s € L* < G*. In particular,

V*=Uy LU, and s=spX sy, (8.3)

where Uy = V', so € L = Iy(Up), Uy is the underlying space of L% and s; € L% <
Iy(Uy).
Let C’I(U+)(s+) = [ Cr and let Ur be the underlying vector space of Cr, so that

Cr = GL™ (mp(s4),¢") or I(Ur) (8.4)
accordingas ' # X +1lor'= X £ 1.

Proposition 8.2 Let K = QJ (¢) == Q1(V) < H < Jo(V), Bx € BIk(K) and
By € BIk(H) covering Bi. FEither Property 7.1 (a) holds for some Bg-subgroups
(Z(R),9) < (R,b) with Cy(Z(R))/Z = Cnyz(Z(R)/Z) and Cy(R)R/Z = Chyz(R/Z)
for any Z < Z(K), or Property 7.1 (b) holds.

PROOF: Let G := SO3 (q) := SO(V) and B € Blk(G) covering Bg. Then D(Bg) =
D N K for some defect group D := D(B). Since G is self dual, we have V = V* U, =
Vo, Up = V4 in (8.3).

(1). We may suppose D € Syl,(Cg(s)) and so D(Bg) € Syl,(Ck(s)). In particu-
lar, D is abelian if and only if mr(s) <1 if and only if Cg(s) is a maximal torus with

D = 05(Cq(s)), if and only if D(Bk) is abelian.

Suppose ma(s) > 2 for some A, so that ma(sy) > 2. In the notation given in (8.1),
(8.2) and (8.3), we have Dy € Syly(Cg,(s0)) and Dy € Syly(Cg, (s4+)). In general,
2z ¢ K and we modify z as follows. Since L, = GL(m,¢) and D € Syl,(Cyr, (s4)), it
follows that if we view s, as an element of L., we still have mr(sy) > 2 for some T,
and so by Remark 6.2 (b), Dy = D; x Dy given by (6.16). Thus z;, = z; X 25 for some
21 € Dy and 2z € Dy. Let 2/, :=1p, X zp and 2 = 29 x 2/_. Then 2}, € D, 2’ € K and
7 e D =DNK € SYIQ(CK(S))

For simplicity of notation, we write z = 2/, so V. =V L Vi with Vj = Cy(2),
Vi =[V,z], 2 = 20 X 24, $ = 5o X s with sg € Ky and sy € K\, D = Dy x D,
with Dy € Syly(Cg,(s0)) and Dy € Syly(Cq, (s4)), where Ky = Q(Vg), Ky = Q(V,),
Go = SO(Vp) and G, = SO(V,). In particular, if I' # X + 1, then mr(sy) is even and
if '= X £1, then 4 | mp(sy) (cf. the decomposition of (6.16)), and ma(s;) > 2. In
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addition, L = Cg(2) = Lo x Ly, Ly = Gy and L, = GL(m, ¢) with m even, and hence
n(Vy)=+and 4 | dimV,.

Let (z, B,) be a Bg-element and (z, By,) a B-element such that By, covers B,. Then
By = By, x By, where By, € Blk(Lo) and By, € Blk(L,). Thus By, = &(Lo, (s0))
and BL+ = 52(L+, (8+>>. Let RG = DO X Q//(D+>, R = RGHK, Ro = D(] ﬂQ(Vg) and
Ry = Q"(Ds+)NSLY(m,q) < QVy), where Q"(D) = Q' (D(Byg,)) or Q(D(BL,)) as
in Proposition 8.1. So z € R,

Ck(R) < Ca(R) = CLy(Ro) X Cp (Ry) < L.
Let (R,b) be a B,-subgroup and (R, bg) a Br-subgroup such that bg covering b. Then
b = by % b+, by € Blk(CLO (Ro)), b+ € Blk(CL+(R+)),

and so (Ry,by) is a By -subgroup. It follows by Proposition 8.1 that Cx(Z(R))/Z =
Ck/z(Z(R)/Z) and Cx(R)R/Z = Cz(R/Z) for any Z < Z(K). By Proposition 8.1
again, D(by) is abelian, and there exists y € SL(m, ¢) < L such that y € Nz, (R;) \
Cr,(R4), ly| = 3 and bf = by. In particular, b = bg. Note that Cc, (r,)(s+)
is a torus of both L, and Iy(V), D(by) = 02(00L+(R+)($+)), and CCL+(R+)(3+) =
Cog, (ry)(S+)-

Since [Cq(R):Ck(R)] < 2 and |y| = 3, it follows that b = b and D(b) = D(bg) N
Ck(R) is abelian. Let P = Z(R), (P,g) < (R,b) and (P,gc) < (R,bg) such that
gg covers g. Then g = go X g+ with g9 = by and (Z(R4),9+) < (Ry,by). Thus
D(g+) = Zsat+1+a 1 Zy or D(gi)/Zc = Dact1, where Zg = O5(Cq(R)) < Z(Ce(R)). If
D(g+) = Zsgat1+a 1 Ly, then D(g;) < SLY(m,q) < D(b) and D(g)/Zx = D(g+) and
Zk = Ry < Z(Ck(P)). By Lemma 2.4, ((g) > 2.

(2). Let (R, by) be a Bg-subgroup such that by covers b. Since Cy(R)/Ck(R)Z(H)
is a 2-group, it follows that 0%, = by. In order to show that D(bgy) is abelian and
Cu(Z(R))/Z = Cuyz(Z(R)/Z) and Cy(R)R/Z = Cpyz(R/Z) for Z = Z(K) we sup-
pose H = Jo(V). It follows by [14, (1A)] that

CH(R) = <CL0(R0) X OL+(R+),T>, T .= To X T4,

where 7 € CJO(VO)(RD) and 7, € OJO(V+)(R+) with Jo(V) = <G,7’>. Thus NH(R) =
(Na(R), 7). If 2Z € Cyyz(R/Z) for some x € H, then € Ny(R) and 2 tux = tu
for any u € R. We may suppose © = xg X 24 € Cry/z,(Ro/Zo) X Cr, /7, (Ry/Z) with
Zy = Z(Ky) and Z; = Z(K). By Proposition 8.1, z; € Cp, (R;) and so z € Cy(R).
Similarly, Cy(Z(R))/Z = Cu/z(Z(R)/Z).

Since Cc, (v, (Ro)(50) is a maximal torus of Cly,v;)(Ro) and C’CJO(VH(R”(SJF) is a
torus of Cy,v,)(Ry), it follows that Ce,(r)(s) is a torus of Cy(R). But D(by) €
Syly(Cep(ry(8)), so D(by) is abelian. This proves Property 7.1 (a).

(3). Suppose mr(s) < 1, so that C(s) is a maximal torus of G and D = Oy(Cg(s))
is abelian. By [14, (1B)], C¢(s) is a maximal torus of G if and only if Cj,)(s) is a
maximal torus of Jy(V'). To show that D(Bpg) is abelian we may suppose H = Jy(V'),
so that D(Bpg) € Syly(Cyv)(s)) and hence D(By) is abelian. O
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Remark 8.3 In the notation of proof (1) above let Ay (i) = A;(Dy) < Ry or Aj(Dy) <
Ry according as Ry = Q(D4)NSLE(m,q) or Q' (D), A(i) := Ry x A (7) for1 <i <3,
where A;(Dy) is defined in (6.11) and A}(D) is given by (6.15). Then A(i) < R, R =
(A(1), A(2)) andy acts transitively on {A(1), A(2), A(3)}. If (AL (9),ba, i) < (R4, b4),
then ba, ) = E(Ca, (A1), (s4)), Ceyp, (arqy(s+) is a mazimal torus of both L. and
G, and D(bAJr ) = OQ(CCL+ (4, (54)). Note also that Cq (Ry) = Cr (Ry) <
Cr,(Ay(4)), SO"(2,q) = GL"(1,q), and we have that

Ceaan(s) = H(GLEF(LQ )" x GLeT(1, gerr)(mr=nr)/er) (8.5)

T

a(

is a mazimal torus of G, where mp = mr(s) and np = 1 or 0 according as mr is odd
or even.

Proposition 8.4 Let K := Qq,11(q) := Q(V) or K := Spy,,(q¢) = Sp(V), and

Bk € BIk(K) and By € BIk(H) covering Bi, where H = SO(V) when K =
Q(V). Either Property 7.1 (a) holds for some Bg-subgroups (Z(R),g) < (R,b) with
Cu(Z(R))/Z = Cuyz(Z(R)/Z) and Cu(R)R/Z = Cuyz(R/Z) for any Z < Z(K), or
Property 7.1 (b) holds.

PROOF: Let s* be a dual element of s in Io(V') given by [3, (4A)]. Replacing G by H
and s by s* € Ip(V) in the proof (1) of Proposition 8.2 with some obvious modification,
we have that Property 7.1 (a) holds for some Bg-subgroup (R,b). A proof similar to
the proof (3) of Proposition 8.2 with s replaced by s* € Io(V') shows that Property 7.1
(b) holds. 0

Theorem 8.5 Let G = Iy(V), B € BIk(G), and (D,bp) a Sylow B-subgroup. Follow
the notation in (8.1),(8.2) and (8.3). Then B is nilpotent if and only if Cr v+ (s) is a
mazximal torus T* of Io(V*) and D = Oo(T), where T' < 1y(V) is a dual of T*.

PRrROOF: Note that Cg«(s) is regular and B = &(G,(s)). By [3, (5A)], we may
suppose D € Syl,(Cs(s*)), where s* is a dual element of s in G defined in [3, (4A)].
If B is nilpotent, then by Propositions 8.2 and 8.4, D is abelian and so Cg(s*) is a
maximal torus of G.

Conversely, suppose T' := Cg(s*) is a maximal torus of G and 6 is the canonical
character of bp. Then D = O5(T), Ceypy(s*) = T, and 0 = :thG(D)(s). Thus
Ng(D,0) =T and B = &(G, (s)) is nilpotent. O

Proposition 8.6 Let K := Spin" (V') < H such that H/K is abelian, Cy(K) < Z(H)
and H/Z(H) < Jo(V)/Z(Jo(V)). Let B € BIk(K), By € BIk(H) covering B, and Z <
Z(K) such that K, .= K/Z = Q"(V), so that |Z| = ged(2,q —n). Either Property 7.1
(a) holds for some B-subgroups (Z(R), g) < (R,b) with Cy(Z(R))/Z = Cuyz(Z(R)/Z)
and Cy(R)R/Z = Chiz(R/Z) for any Z < Z(K), or Property 7.1 (b) holds.
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PROOF: We prove the proposition for K = Spin] (q) = Spin”(V'). A similar proof
with some modifications works for K = Spinj, . (q).

Let D := D(B), G := SO"(V) and Z, < Z(Dy(V)) such that G = Dy(V)/Z, so
that Z = Z, N K and Z; = Z, . Identity G with G*.

Note that B dominates a unique block B, € Blk(K.) and B, is covered by a unique
block Bg € BIk(G). Thus Bg = &(G, (s)) for some semisimple 2'-element s € G
and D¢ = D(Bg) € Syly(Ca(s)). Since G/K. = Zo, it follows that s € K. and
we may suppose s € K, that is, we identify s € G = G* < Jo(V*) with its dual
s* € K < Jo(V*)* = Dy(V). Note that since s is a 2'-element, it follows that Cy,+)(s)
is a regular subgroup and so Cj,y+)(s5)* = Cpyv(s*) for a (unique) semisimple 2'-
element s* € K < Dy(V), so that it is possible to identify s with s*.

Since Bg covers B, it follows that D/Z € Syl,(Ck.(s)) and by [14, (2E) (2)],
D € Syl,(Ck(s)). Thus Dg is abelian if and only if mr(s) < 1 for I' # X — 1 and
mx_1(s) < 2. This happens if and only if Cs(s) is a maximal torus of G. By [14, (2E)
(2)] again, this happens if and only if Ck(s) is a maximal torus of K. In particular,
D¢ is abelian if and only if D is abelian.

(1). Suppose ma(s) > 2 for some A. Let z. be a primary element of D¢ with
the modification given by the proof (1) of Proposition 8.2, so that z. € Dg N K, and
V =V, x Vi with Vo = Cy(z.) and Vy = [V, z.]. Let z. = z9 X 2y, Dg = Dy X Dy,
s = sg X s and L = Cg(z.) = Lo x Ly be the decompositions corresponding to
V =V, L Vi, sothat 2o = 1y, Lo = In(Vy), Ly = Cq,(24) = GL(m, q) with G =
In(G4). Let Rg = Do xQ(D4) or DyxQ'(D4) and Ag (i) := Ai(Dg) = Doy x A; (D) or
Dy x Al(Dy) according as Dy 2 Zgat1+a 1 Zs for all & > 0 or Dy = Zgat1+a 1 Zs for some
a > 0, where A;(D,) and A}(D,) are given by (6.11) and (6.15), respectively. Then
Ag<l) < Rg, z. € Ag(l), Rg = <A0(1),A0(2)>, Cg(Ag<Z)) is regular, s € Cg<Ag<Z>)
and T (i) := Cogaga)) (s) is a maximal torus given by (8.5).

Let A.(i) = Ag(i) N K¢, R = Rg N K., and let (Ac(7),ba.)) < (Re,b) be B
subgroups, and (A.(7), bas ) < (R, bg) Bg-subgroups such that ba, ) covers by, ;) and
be covers b, so that z, € A.(1) and R, = (Ac(1), Ac(2)). Thus T (i) = Cegaue)(s),
Ca(Re)NCg(s) = Ca(Ra)NCal(s), bagn) = E2(Ca(Ac(t)), (5)), D(bag) = O2(Ta(i)),
D(bg) = O5(Ta(1) NCa(Re)), D(ba.) = Ox(Te(i)) and D(be) = Ox(Te(1) N Cr. (Re)),
where T.(i) = T(1) N K.. Let P. = Z(R.) and (P., g.) < (Re,b.). As shown in the
proof (1) of Proposition 8.2, £(g.) > 2 and there exists y € Ney_(p,)(Re, ba) \ Ca(R.)
such that |y| = 3 and y € Ng,_(p.)(Re, be).

Let T'(7) be maximal torus of K such that 7'(¢)/Z = T.(i), and let A(i) = Ox(T(1))
and R = (A(1), A(2)). Then A(i)/Z = A.(i), R/Z = R. and RY = R. If ba(¢) is the
block of Cx(A(¢)) dominating ba, ), then ba(i) = E2(Ck (A(7)), (s)) and so (A(i), ba(7))
is a B-subgroup as B = & (K, (s)) (note we identify s with s*). Similarly, if b is the
block of Cx(R) dominating b., then b = & (Ck(R),(s)) and (R,b) is a B-subgroup.
But 0¥ = b, so by the uniqueness, b = b. Since D(b)/Z = D(b.) and D(b.) < T.(1), it
follows that D(b) < T'(1) and hence D(b) is abelian. Let P < Z(R) such that P/Z = P,
and g = &(Ck(P),(s)). Then g dominates g. and so ¢(g) = (g.) > 2.

It follows by Proposition 8.2 that Cy(R)R/Z(K) = Cuzx)(R/Z(K)), and so
Cu(R)R/Z' = Cyz(R/Z") for any Z' < Z(K). Similarly, Cy(P)/Z" = Cuz/(P/Z').

Let (R,by) be a By-subgroup such that by covering b. Since H/KZ(H) is a 2-
group, it follows that by is the unique block covering b, so that b, = by. To show that
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D(by) is abelian we may suppose H/Z(H)K = Jo(V)/K.Z(Jy(V')) = Outdiag(K).

By (8.5), Te = Te(1) = [[p((TE)™ x (Tr)™r), where T} = GLT(1,¢°), Ty =
GLT(1,¢°r) and m{. = (mr — nr)/er. Let Upr and Wr be orthogonal spaces over
F, such that dimUr = dp,n(Ur) = er, and dim Wr = epdr and n(Wr) = €. Let
J = J()(V), BJ = 52(J, (S)) and TJ = CJ(TG) By [14, <1B)], TJ = <TG7T> such that
7 = [ (7 x m) and |7, T¢] = [, T¢] = 1, where 7. € Jo(Ur) and 7 € Jo(Wr) such
that Jo(Ur) = (lo(Ur), ) and Jo(Wr) = (Io(Wr), 7r). Thus for any t. € Outdiag(K)
there exists an element h € T); such that h induces the same automorphism ¢. on K.

Since H/Z(H) = J/Z(J), it follows that we may suppose V = Ur or Wr, so that
Ca(s) = T} = GLT(1,¢°) or GL (er, ¢°F). If 2||(¢°T — er), then er = 2, Cq(s) = T}
or GLT(2,¢°"). If 4 | (¢ — er), then er = 1 and Cg(s) = Tg = GLT(1,¢°).
Suppose there exists a primary element 2’ € Cg(s) with |2/| = 4. Then 2 € Z(G),
Ce(?') = GL(m, q) with dimV = 2m and so Ck(2’) and Cinndgiag(k)(2') are given by
[16, Tables 4.5.1 and 4.5.2]. If z € Cg(2’) with |z| odd, then 2 € Ck_(2'). If x = ¢, Z for
some t, € K with odd order, then 2 = t, and t, € Cx(2'). Conversely, if t, € Cg(2')
with odd order, then z := t,Z € Ck,(2'). Since F, has the odd characteristic r, it
follows that O"' (C(2")) = O™ (Ck(2'))Z/Z and in particular, O"' (Ck(2')) = SL¢(m, q).
Since T; = T or Tt which is a maximal torus of Cg(2'), it follows that 2’ € Tz and
Te < Cq(2). But Ty = (T, 1), so by [14, (1B)], we may suppose C;(z') = Cq(2')T; =
Ca() o (r). Note that Ny (Ca(=)) = Ny () = (Ca(),w) and N,(()) <
Cy (2 )Ny ((#')), where w € Ce(2') such that w induces the graph automorphism on
O™ (Cg(7"), and w € G when n(V) = + and m is even. So the elements of C;(z')
induce inner-diagonal automorphisms on L := O™ (C(2')). In addition, since [, 2] = 1
for any x € C(2') with odd order, it follows that 7 centralizes L.

Suppose 2z’ € K., so that z. = 2/, Let z € K such that zZ = z.. Thus Ck(z) =
Ck(?), Cu(z)/Z < Cy(2') and so elements of Cy(z) induce inner-diagonal automor-
phisms on L. Now Ck(z) is regular, s € Ck(z) and so B, = & (Ck(z),(s)) is a block
with a defect group D(B,) = Os(Ck(zs)) = Oo(T(1)). Let By, be a block of Cy(z)
such that By, covers B, and bgH(z) = By, so that D(by) < D(Bp,). Since Cy(2)
induces inner-diagonal automorphisms on L, it follows by Proposition 8.1 that D(Bp,)
is abelian and so is D(by).

Suppose 2’ € K., so that 4[[(¢°T — er), 4]|(¢ — €) and Cg(s) = GLT(1,¢°") with
03(Cg(s)) = Zy. Thus D(b.) = O9(K.) < Z(G) = Zs. Note that D(b.) is also equal
to O2(K.) when Cg(s) has no primary element 2’ of order 4.

If D(b.) =1, then D(b) = Z(K) = Zo, Outdiag(K.) = Zs, |D(by)| < 4 and D(bg)
is abelian. Suppose D(b.) = O3(K.) = Zy. Then D(b) = Oo(K) = Zy X Zy or Zy
according as G = SO*(4k,q) or G = SO°(4k + 2,q). In the former case, Cg(s) =
GL(1,¢*) and Oy(Cg(s)) = (2”) with |2”| = 2° > 8, and hence 2’ = 2" € K., which
is impossible.

Thus G = SO“(2m, q) with m = 2k + 1 and 4||(¢ — €). Suppose t € D(bg) \ D(b)
induces an element of order 4 in Outgiag(K’). Then there exists x; € J such that z;
induces the same action as t on K./Z. Since J/G = Z,_., it follows by [16, Table 4.5.2]
that we may suppose z; € J \ G such that z} € Z(G), 22 € GZ(J) and Ck(z?) =
Ck(t*) = (SL(m, q) 0 Zy—.).(ged(m, ¢ — €)). Thus Cg(z,) = Cg(x?) = GL(m, q) and
z; centralizes elements of odd order in Ck(x?). In particular, [z, L] = [t, L] = 1 with
L = 0" (Cg(t?)) = SL*(m,q). By [16, Table 4.5.1], elements of Cryndiag(r)(t?) induce
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inner-diagonal automorphism on L. Let B, = &(Ck(t?),(s)) and By, € Blk(Cy(t?))
such that By, covers B; and ble(tZ) = Bp,, so that D(B;) = O(Cey2)(s)) = Z(K).
By Proposition 8.1, D(By,) is abelian and so is D(by). If D(by)/D(b) = Zs, then as
shown above D(by) = (Z(K),t?) is abelian.

(2). Suppose D is abelian, so that D¢ is abelian, Ck(s) is a maximal torus of
K and by [14, (2E)], Cpyv)(s) is a maximal torus of Dy(V'). To show that D(Bpy)
is abelian we may suppose H/KZ(H) = Jo(V)/K.Z(Jo(V)) = Outdiag(K). So the
proof is given in (1) above, and Property 7.1 (b) holds. O

Theorem 8.7 Let K be a finite quasi-simple group of classical type over a field F, and
B € BIk(K), and let K < H such that H/K is abelian, Cy(K) < Z(H), H induces
inner-diagonal automorphisms on K and By € BIk(H) covering B. If q is even, then
either D(B) = D(Bpy) is cyclic or £(B) > 2. Suppose q is odd. Then either Property
7.1 (a) or (b) holds.

Proor: We will follow the notation of [16]. In particular, K, denotes the universal
group with the same type as K and K = K,,/Z for some Z < Z(K,). If ¢ is even and
D(B) is noncyclic, then D(B) is a Sylow subgroup of K and ¢(B) = ¢(By) with principal
By = By(K) € Blk(K). But By dominates the principal block B of K/Z(K) = K,
and ¢(B) + 1 is the number of 2-conjugacy classes of K,, so £(By) > E(B) > 2.

Suppose ¢ is odd. If K = A"(q), then take K = K, = SL” ala) < H < GL" ni1(9)
such that H = H/Z.

If K = B(q) = Ko = Qan41(q), then set K = Qp,41(q) < H < 8O3041(g) such that
H=H/Z If K = B,(q) = K, = Spiny,,,(q) = Spin(V'), then take K = K < H = H
such that H/Z(K) < SO(V).

If K = C,(q), then we may take K = Sp,,(q) = Sp(V) <
H=H/Z.

Suppose K = D'(q) with (n,n) = (2k + 1, £) or (2k, —). If
then K = K <H = H < Jy(V). If K = PQl (q) =
Q5,(q) < H< Jo(V) such that H = }AI/Z If K = Spin] ( )
K = K < H = H such that H/Z(K) < Jo(V).

Suppose K = Dy (q), so that Z(K,) = {1,222} and K,/(z) = Qi (q). If
K=Q}(q) = Q(V) then take K = K < H < Jo(V). If K = PQf (q) = PQ(V), then
take K = Q(V) < H < Jo(V) such that H/Z = H with Z = (2). If K = Spinf(q)/Z’
for Z' = (z,) or {z.), then we may take K = Spin, (q) = Spin(V) < H < Dy(V) such
that H = }AI/Z’. If K = Spin}, (¢) = Spin(V), then take K=K and H=H.

Let B € Blk([/(\') dominating B and EH € Blk(ﬁ) dominating By, so that B\H
covers B. By Propositions 8.1, 8.2, 8.4 and 8.6, one of Properties 7.1 (a) and (b) holds
for B.

If Property 7.1 (a) holds for B, then there exist B-subgroups (P g) < (R b) sat-
isfying Property 7.1 (a), where P< Z(R). By Lemma 7.3, Property 7.1 (a) holds for
some B-subgroups (P, g) < (R,b).

If Property 7.1 (b) holds for B, then D(A) and D(By) are both abelian. Since
7 < Z(H)N K, it follows that D(B) = D(B)Z/Z and D(By) = D(By)Z/Z, and so

< Jo(V) such that

= 2,(q) = V),
V), then take K =
Spin(V'), then take

I AN )
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D(B) and D(By) are both abelian. O

9 Exceptional groups
We will follow the notation of [16].

Theorem 9.1 Let K be a finite quasi-simple group of exceptional type over a field
F,,B € BIk(K), and let K < H such that Cy(K) < Z(H), H/K is cyclic, and H
induces inner-diagonal automorphisms on K. If q is even, then either D(B) = D(Bp)
is cyclic or ((B) > 2. If q is odd, then either Property 7.1 (a) or (b) holds.

PROOF: If g is even, then a proof similar to that of Theorem 8.7 shows that either
D(B) = D(Bpy) is cyclic or {(B) > 2.

Suppose ¢ is odd. Let K, be the universal group, so that K = K, /Z for some
Z < Z(K,). Since Z(K,) is cyclic of order 1, 2 or 3, it follows that H centralizes
Z(K,).

Let D := D(B). If Z(K) # Q1(Z(D)), then take an involution z € Z(D) \ Z(K).
If Z(K) = (Z(D)), then take z € D such that |z| =4 and 2Z(K) € Z(D/Z(K)).
Let (z,B,) be a B-subsection, and in the case z € Z(D) we take B, to have defect
group D by [1, 4.15]. Write C' := Cg(z).

By [16, Theorem 4.2.2] C'= O™ (C)T, where O™ (C) is a central product

!

O"(C)=LioLyo---0L,

with each L; € Lie(r), and T is an abelian r’-group inducing inner-diagonal automor-
phisms on each L;. In general, it may be the case that z ¢ O™ (C). We introduce some
more notation as follows to allow for this inconvenience: If Z(C') < O™ (C), then define

s:=/(and L:= 0" (0). If Z(C) £ O"(C), then define s = ¢+ 1, L, = Z(C) and
L:=LiolLyo---0lL,. (9.1)

In all cases C'= LT, z € L and L <1 C. Let By, be a block of L covered by B.. There
are uniquely defined blocks B; € Blk(L;) such that if x € Irr(By) with y = x30---0 x4
for some x; € Irr(L;), then y; € Irr(B;). We write

By, =BjoByo---0B,.

Case 1. Suppose that H = K := 2G5(3%*™), Go(q), 3D4(q), Fi(q) or Eg“(q) with
g=¢ (mod 3), and B € BIk(K). Then either Property 7.1 (a) or (b) holds.

Since z induces an inner automorphism on K, it follows that each L; is a classical
group (with possibly Lg abelian).

If £ =1, then L, is a classical group given by [16, Table 4.5.1]. Thus Theorem 9.1
follows by Theorem 8.7.

Suppose ¢ > 2, so that by [16, Table 4.5.1], ¢ = 2, Z(C) < Ly o Ly, s = ¢,
L = L; o Ly and the possible (K, C) are given in Table 2, where n = — or +. Here
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Table 2: Possible (K, C) with s > 2

C = (Ly o Ly).(2:2) means that C' = (L, o Lo, x) such that z induces inner-diagonal
automorphism of order 2 on each L;.

Write L1 = SLQ((]) S H1 = <L1,I1> S G1 = GLg(q), L2 = SLQ(qg),SLQ(q),
Spe(q) or SLg“(q) and Hy = (Lo, xs), where ¢ is the sign such that 2||(¢ — 01) and
x = x1 X 1 € C'\ L such that z; induces outer-diagonal automorphism of order 2
on L;. Then C << H := Hy o Hy. If By € BIk(H) covers B,, then By covers By,
By = By, o By, for some By, € Blk(H;) covering B;, D(By) = D(Bpy,) o D(Bpg,) and
D(B.) = D(By) N C. Each B; satisfies Property 7.1 (a) or (b).

If both B; and B, satisfy (b), then B, satisfies (b).

Suppose both B; and B, satisfy Property 7.1 (a), for (P{,¢}) < (R},b}) and
(P, g2) < (Rg,by), respectively. Then R} is non-abelian in L; = Sly(g) and so b}
is principal. Thus P] = Z(L;) and g is principal. Let @); € Syl,(H;) containing R}, so
that Q1 = SDgar2. Writing S; = Cg, ([@1,Q1]) and P, = Sy N Ly, we have S; = Zga+1,
P1 = Zga, CGl(P1> = Zq2,1 and CLl(P1> = Zq+5. Set P = P1 o PQ, R = P1 o RQ,
g1 = b1 = By(CL, (1)) and y = y1 Xy, where y; = Land y» € NCLQ(PQ)(RQ, b2)\Cl, (R2)
with |y = 3.

Suppose one of the B; satisfies Property 7.1 (a) and the other (b). Say B; satisfies
Property 7.1 (a) for (P,g1) < (R1,b1), and By satisfies Property 7.1 (b). Then let
(P, 92) = (R2,bs) be a Sylow Bsy-subgroup, and define P and R as above, and y =
y1 X yo with y1 € Ney (p)(Ra,01) \ Cr, () such that [y| = 3 and yp = 1.

In either case (P, g10g2) < (R, b 0by) are By-subgroups. Let (P, g) < (R,b) be B,-
subgroups such that g and b cover g; 0 go and by o by, respectively. Let (P, gg) < (R, bg)
be By-subgroups such that gy and by cover g and b, respectively. Then gy = gp, 0 9m,
for some gy, € Blk(Cpy,(P;)) covering g;, and by = by, oby, for some by, € Blk(Cy, (R;))
covering b;. By Propositions 8.1 and 8.4, each D(by;,) is abelian and by, = by,. So
D(b) = (D(by,) o D(by,)) N Ce(R) is abelian and b%, = by. Since by covers b and
[C(R):Cc(R)] < 2 and since |y| = 3, it follows that oY = b.

By consideration of the Lie rank of L;, we have that D(g;) 2 Zga+a ! Zy for any
a > 1. It follows that D(g)/O2(Cc(P)) is Zg X Zg or a dihedral group. By Lemma
2.4, {(g) > 2 and Property 7.1 (a) holds for (P, g) < (R,b).

Case 2. Suppose 3 | (¢ —¢€), and let K = K, := 3.E{(q) < J = 3.E§(q).3,
B € BIk(K) and Bj € Blk(J) covering B. Then either Property 7.1 (a) or (b) holds.

Write m* := ged(m,q — €) and let z € Z(D) with |z| = 2. By [16, Table 4.5.2],
C := Ck(z) = (Spinj,(¢)o(g—e),t) or is given in Table 2, where t = 4*:1. By [16, Table
4.5.1], C;(2z) = (Spinjy(q) o (¢ — €),ts) or (SLa(q) o SL§(q), xs), where t; = 4*:3 and
xy;=2:6. Asin Case 1 ¢ < 2, and if £ = 1, then we are done by Theorem 8.7. If / = 2,
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then define L;, B;, H; and By, analogously to Case 1. Property 7.1 (a) or (b) holds for
each B;, and if (a) holds for one or both of By and B, then a proof similar to that of
Case 1 shows that either Property 7.1 (a) holds for some B-subgroups (P, g) < (R, b)
or Property 7.1 (b) holds for B.

Suppose Property 7.1 (b) holds for By and By, and suppose D; N K = D for some
D; = D(By), so that D(Bp,) is abelian and so is D(B,) = D(By) N C. Now B, is
major and so D = D(B,) = D is abelian. Thus Property 7.1 (b) holds for B.

Case 3. Let K = 2.F;(q) < J := 2.E;(q).2, B € BIk(K) and B; € Blk(J)
covering B, where ¢ is odd. Then either Property 7.1 (a) holds for some B-subgroups
(P,g) < (R,b) with C;(P)/Z = Cj/z(P/Z) and C;(R)R/Z = Cj/7(R/Z), or Property
7.1 (b) holds for B, where Z = Z(K).

Again write m* := ged(m, g — €). Since z induces an inner automorphism on K, it
follows by [16, Table 4.5.2] that

Ck(z) = (SL2(q) o Spinyy(q),¢) with ¢ =2:2,

((SLg(q)/2) o 4, z) with x = (8*/4):1 or (E§(q)y © (¢ — €),w) with w = 3*:1, where the
sign € = £ is chosen so that 4 | (¢ — ¢).

Using Propositions 8.1 and 8.6 or Case 2, and applying a proof similar to that of
Case 1, we have that if Property 7.1 (a) holds for some B;-subgroups (P, g;) < (R, b;),
then the first part of Property 7.1 (a) holds for some B,-subgroup (P, g) < (R, b).

Let (R,by) be a Bj-subgroup such that b; covers b. By [16, Tables 4.5.1 and 4.5.2],

C(z) = (SLa(q) o Spinyy(q), t, t;), with =22 t; =12,

((SLg(q)/2) o 4,x5) with x; = (8*/2):1 or (E§(q)u © (¢ — €).2,w) with w given above.
Thus R < Cy(z), Cy(2) = LA for some abelian A and A induces inner-diagonal
automorphism on each L;. A proof similar to that of Case 1 shows that D(b,) is abelian.
If y € Noywp)(R,b) \ Ck(R) such that |y| = 3, then b = b; since |C;(R):Ck(R)| < 2
and by is the unique cover of b.

Suppose z € D is such that |z| =4, 2> € Z and 2Z € Z(D/Z). Then 4 | (¢ — ¢)
and

CJ/Z(ZZ) = <SL§((]>/402,EJ,3_3> with Ty= (8*/2)1, f:"}/

or (3*.E§(q) o (¢ — €),w,v) with w = 3*:1 and v = v:i. Here v and ¢ are graph and
inverse automorphisms, respectively. Since D < K and D/Z < Cj/z(2Z), it follows
that D/Z < Cy(z)/Z, z € Z(D) and so (z, B,) is major.

If L = SLg(q)/2 or E§(q)u, then by Proposition 8.1 or Case 2, C;(P)/Z = Cj/2(P/Z)
and C;(R)R/Z = Cj/z(R/Z). Suppose L = SLy(q) o Spin,(q). By [16, Table 4.5.1],

CJ/Z(ZZ) = <SL2(Q) © (Spin12(Q)/2)> t tJ)

where ¢ and t; are given above. Thus C;(2)/Z = Cj/z(2Z) and by Propositions 8.1
and 86, CJ(P)/Z = OJ/Z(P/Z) and CJ(R)R/Z = CJ/Z(R/Z)

Suppose D(B;) and D(Bpg,) are both abelian. Then D = D(B,) is abelian. Let
By cover B and Dy = D(By). If there exists k € Z(Dy;) \ D, then k € Cy(D) \ K
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and so D; = (D, k) is abelian. If Z(D;) < D, then we may choose z € Z(D) and so
D; < Cy(z) = LA. A proof similar to that of Case 1 with R replaced by D; shows
that D is abelian and Property 7.1 (b) holds.

Case 4. Suppose K := Ex(q), so that (z, B,) is a major subsection of B. Either L;
is classical, or L; is exceptional and given in Cases 1, 2 or 3. If L; is classical, then apply
Theorem 8.7. If L; is exceptional, then apply the results in Cases 1, 2 or 3. A proof
similar to that of Case 1 shows that either Property 7.1 (a) holds for B or each D(B;)
is abelian. In the latter case, each D(By,) is abelian, and so D = D(B,) = D(By)NC
is abelian. O

Lemma 9.2 Let G be a quasisimple group such that G/Z(G) is alternating or of Lie
type, and G is an exceptional cover. Then every 2-block of G with nonabelian defect
groups has at least two irreducible Brauer characters.

PROOF: It suffices to consider the cases where |Z(G)| is odd. We must consider
the cases G/Z(G) = A7, PSLy(9), PSU4(3) and O7(3). In each case we may use [15]
to confirm the result. O

10 Proofs of the main theorems

We may finally prove that nilpotent 2-blocks of quasisimple groups have abelian defect
groups:

Proof of Theorem 1.1. If G/Z(G) is an alternating group, then the result follows by
Corollary 3.3. For G/Z(G) sporadic see Corollary 4.2. If G/Z(G) is a classical group
and G is a non-exceptional cover, see Propositions 8.1, 8.2, 8.4 and 8.6. For G/Z(G)
an exceptional group of Lie type and G is a non-exceptional cover, see Theorem 9.1.
For the exceptional covers, see Lemma 9.2.

We complete the proof of Puig’s conjecture for quasisimple groups for the prime 2:

Proof of Theorem 1.3. The necessary condition for nilpotency follows from [10,
1.2]. By Propositions 7.2, 8.1, 8.2, 8.4 and 8.6 the result holds for the classical groups.
By Theorem 9.1 it holds for the exceptional groups of Lie type. The result holds for
the double covers of the alternating groups by Proposition 3.4, and when G/Z(G) is
sporadic by Corollary 4.3. For the exceptional covers of the alternating groups and of
the finite simple groups of Lie type, see Lemma 9.2.
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