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Abstract

We classify all blocks of finite quasisimple groups with extraspecial defect
groups.

1 Introduction

In the modular representation theory of finite groups, a key theme is the determination
of information about blocks from local information such as the defect groups and
their normalizers. A number of important conjectures, such as those of Alperin, Dade
and Broué, embody this theme. One approach to these conjectures is to use the
classification of finite simple groups, and this is often done with some restriction on
the defect groups. The class of extraspecial p-groups includes the smallest nonabelian
p-groups and as such blocks with extraspecial defect groups are an obvious object of
study. We determine the blocks of quasisimple groups with extraspecial defect groups,
and it is hoped that this may prove useful in the application of the clasification of finite
simple groups.

In work on nilpotent and controlled blocks of finite quasisimple groups in [6] and [4],
we notice that blocks with extraspecial defect groups play a special role. In particular
it turns out that almost all controlled blocks with nonabelian defect groups of a qua-
sisimple group have extraspecial or trivial intersection defect groups. We apply some
techniques developed in the study of nilpotent and controlled blocks of finite groups of
Lie type to the classification of blocks of quasisimple groups whose defect groups are
extraspecial.

In order to use inductive arguments, in treating the groups of Lie type we consider
a broader class of p-groups: those whose derived subgroups have order 1 or p. We call
such groups small derived subgroup groups, or SDS groups. The strategy is to prove
strong results concerning classical groups (and certain related groups) in order to apply
these results to the exceptional groups, whose blocks are not otherwise accessible for
study. Our method for studying the blocks of the exceptional groups of Lie type is to
consider the centralizer of an element in a defect group, which decomposes into classical
groups and exceptional groups of smaller Lie rank.

Note that subgroups of SDS groups are themselves SDS groups, and if P is an SDS
group and Z < Z(P), then P/Z is also an SDS group. The principal examples we have
in mind are extraspecial groups and abelian groups.

Let G be a finite group and p a prime. Although the classification concerns only
blocks with respect to a field of characteristic p, we use methods from ordinary character
theory, for example canonical characters, and so must use a p-modular system. Let
O be a local discrete valuation ring, complete with respect to the p-adic valuation,
with field of fractions K of characteristic zero and algebraically closed residue field
k = QO/J(O) of characteristic p. We assume that O contains a primitive |G|th root of
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unity. Write Blk(G) for the set of blocks of OG and denote by By(G) the principal
block of G.

Let N be a normal subgroup of G and write Irr(G) the set of irreducible C-characters
of G. For § € Irr(N), we denote by Irr(G | €) the subset of Irr(G) consisting of
characters covering . We denote by Irr(B) the set of irreducible characters belonging
to B, k(B) = |Irr(B)|, and combine the above notations freely.

We use the convention [x,y] = zyz~ly~1.

In Section 2 we consider blocks of the symmetric and alternating groups and their
covering groups. In Section 3 we list the extraspecial defect groups of the sporadic
simple groups and their covers. In Section 4 we treat the classical groups. Here we prove
stronger results than are necessary for the classification of their extraspecial defect
groups, in order to provide the information necessary for the case of the exceptional
groups of Lie type, which are considered in Section 5. Section 5 concludes with the
exceptional covers of the alternating groups and groups of Lie type.

2 Symmetric and alternating groups

Let G = S, the double cover of S,, where n > 5, and A, = K < G. Let B be
a p-block of K and Bg a block of G covering B. Suppose that Bg has noncentral
defect group D¢, so that D := Dg N K is a non-central defect group for B. Then D¢
is isomorphic to a Sylow p-subgroup of S,,,, where m is the weight of B (see [13]).
Hence D Z(G)/Z(G) = Dy X --- x Dy, where D; = Z,} - - -1 Z,, each D; is nontrivial
and at most p — 1 of the D; are isomorphic.

If p is odd, then DcZ(G)/Z(G) = Dg = D. It is immediate that D is SDS if and
only if D; = Z, for each i, i.e., if t = m < p. Hence all SDS defect groups are abelian
when p is odd.

Suppose p = 2. Then D Z(G)/Z(G) is SDS if and only if m < 3. Also, DZ(G)/Z(G)
is SDS if and only if m < 3. Note that since [G : K] = 2, B is the unique block of
G covering B. The blocks of G (resp. K) are in 1-1 correspondence with the blocks of
G/Z(G) (resp. K/Z(G)).

Now Bg has an irreducible character y labeled by a non-selfassociate partition, so
by [23, 2.5.7] x covers a G-stable irreducible character of B. Hence B is G-stable, and
[DG : D] = 2.

We treat the cases m =1, m = 2 and m = 3 in turn.

Suppose m = 1. Then DgZ(G)/Z(G) = Zs and |D¢| = 4, so D¢ is abelian.

Suppose m = 2. Then DgZ(G)/Z(G) = Ds. This occurs precisely when n =
(r? +r + 8)/2 for some r. In this case DZ(G)/Z(G) = (Z,)*. Here DcZ(G)/Z(QG),
DZ(G)/Z(G) and D are SDS, but not Dg.

Suppose m = 3. Then DgZ(G)/Z(G) = Dg x Zs. This occurs precisely when
n = (r? +r +12)/2 for some r. Since p = 2 and m is odd, no non-faithful irreducible
character of By is labeled by a selfassociate partition. Hence every non-faithful ir-
reducible character of Bg covers a stable irreducible character of B, and so every
non-faithful irreducible character of B is G-stable. Since there is an irreducible charac-
ter of Bg of non-maximal defect, it follows that there is also a non-faithful irreducible
character of B of non-maximal defect (recall that the defect of an irreducible character



6 of a finite group H is the non-negative integer d such that |H|/6(1), = p%). Since
Brauer’s height zero conjecture holds for the alternating groups (see [28, 4.8]) it fol-
lows that DZ(G)/Z(G) is nonabelian and so isomorphic to Dg. Here Do Z(G)/Z(G),
DZ(G)/Z(G) and D are SDS, but not Dg.

3 Sporadic groups

In Table 3 we list the blocks of quasisimple groups G such that G/Z(G) is a sporadic
simple group, with defect groups D such that D := DZ(G)/Z(G) is extraspecial.
In the table, GG is taken to be a full cover of the simple group. Except in the case
G/Z(G) = Coy, all of the information may be extracted either from the library in [20]
or from other sources which are listed in the table.

G/Z(G) | D (faithful blocks) | D (nonfaithful blocks) | reference
My, none 20]

My 34 34 [20]

My, none none 20]

Mo none 20]

Moy 34 20]

Jp none 20]

Jo 34 34 [20]

J3 none none 20]

J4 3}:-27 3}:-27 113_4—2 [9]

HS 51 5. [20]

McL 51 i [20]

Suz Dy 20]

Ly none 29]

He Dy, 3172, 71 [20]

Ru 3}:-2’ 5}:—2 3_1:-27 5}:—2 [20]

O'N 7 Dg, 712 [20]

Cos 54 [20]

Co, 51 [20]

Co, Dy 34 8] and see below
Fligg none none 20]

Figg Dy 7]

Fib, Dyg, 7112 Dyg, 7412 5]

Th 572 [30]

HN none 20]

F, =B | Dy none [10] and [25]
Fy =M | 3172 131%2 [11] and [25]

Table 1: Extraspecial defect groups of covering groups of sporadic groups



In [8] all of the blocks of Co; are given, as well as the 3-blocks for 2.C'o;. Sup-
pose G = 2.Co;. It remains to check the case p = 5. By [8] there is precisely
one conjugacy class of radical extraspecial 5-subgroups of G/Z(G) and this is self-
centralizing, with normalizer 517 : GLy(5). Let Q@ < G such that @ = 512, Since
Nejzo)(Z(G)Q/Z(G)) = Na(Q)/Z(G) it follows that Ng(Q) is a double cover of
5772 1 GLy(5) and Co(Q) = Z(G) x Z(Q). Write H = Z(G) x Q < Ng(Q). Since
Cq(Q) < H, it follows that each of the two blocks of H are covered by a unique block
of Ng(Q). Since each of the blocks of H is Ng(Q)-stable, they must be covered by
blocks of maximal defect. It follows that Ng(Q) has no block with defect group @,
and so by Brauer’s first main theorem G has no block with defect group ). Hence the
blocks with extraspecial defect groups of GG are as given in the table.

Using [20], [8], [5] and [25] we verify that the only blocks with extraspecial defect
groups for groups with G/Z(G) sporadic simple and 1 # O,(Z(G)) occur for G/Z(G) =
My, HS, J, and Ru for p = 2, in which case |D| = 23, and for G/Z(G) = Sz, O'N
and F'i, for p = 3, in which case |D| = 3.

We now turn to the case that G is a quasisimple group such that G/Z(G) is a
sporadic simple group and O,(G) # 1, and B is a block of G with extraspecial defect
group D. We assume again that G is the full cover of G/Z(G). Using the same
references as in Table 3 we observe the following: when G/Z(G) € {Mz, Jo, Ru, HS},
we have |Z(G)| = 2 and there is a block D with defect group D = Qg; when G/Z(G) =
M, we have |Z(G)| = 12 and there are blocks with defect group D = 3% covering
each block of Z(G); when G/Z(G) = Suz, we have |Z(G)| = 6 and there is a non-
faithful block with defect group D = 31"2; when G/Z(G) = O'N, we have |Z(G)| = 3
and there is a block with defect group D = 3?2 and a block with defect group D = 3?4;
these account for all such blocks.

4 Classical groups

Let V' be a linear, unitary, non-degenerate orthogonal or symplectic space over field
IF,, where ¢ is a power of r for some prime r # p.

If V is orthogonal, then there is a choice of equivalence classes of quadratic forms.
Write n(V') for the type of V' as defined in [19], so n(V) =+ or —. Let n(V) =+ if V'
is linear and n(V') = — if V' is unitary.

If V' is non-degenerate orthogonal or symplectic, then denote by I(V') the group
of isometries on V' and let Iy(V) = I(V) N SL(V). Then I(V) = Io(V) = Spy,(q) if
V' is symplectic, I(V) = (—1y) x Io(V) with I(V) = SOgp41(q) if V is a (2n + 1)-
dimensional orthogonal space and I(V) = O"(V) = O4,.(q) and Io(V) = SO1,(q) if V
is a 2n-dimensional orthogonal space with n(V') =7, where n = + or —.

If V is a non-degenerate orthogonal or symplectic space, then denote by Jo(V') the
conformal isometries of V' with square determinant, and Dy(V') the special Clifford
group of an orthogonal space V' (cf. [19]).

We will follow the notation of [3], [12] and [18]. Let G = GL"(V') or I(V), and let
Fq=F4(G) (resp. F¥') be the set of polynomials serving as elementary divisors for all



semisimple elements (resp. semisimple p’-elements) of G (cf. [3, p.6]). Let dr and or be
the degree and the reduced degree of I' € F,, and let er be the sign given by [3, p.6]), so
that dr = ér when G = GL"(V), er = + when G = GL(V') and er = + or — according
as Jr is odd or even when G = U(V). For I' € F,, let er be the multiplicative order of
erq’™ modulo p or 4 according as p is odd or even, and let mrp(s) be the multiplicity of
['in s. Thus erdr = ep®rdf with p 1 05, where e = ex_;.

Given a semisimple element s € G, there is a unique orthogonal decomposition
V =>rer, Vr(s), with s =[]z, s(I'), where the Vi(s) are nondegenerate subspaces
of V and s(I') € GL(Vr(s)), U(Vr(s)) or I(Vr(s)) (depending on G) has minimal
polynomial I". This is called the primary decomposition of s. Write mr(s) for the
multiplicity of I' in s(I'). We have Cc(s) = [[rcz, Cr(s), where Cr(s) = I(Vi(s)) or
GL™ (mr(s),q’") as appropriate.

Suppose G = GL!(q) = GL"(V'), and let B be a p-block of G with a defect group
D and label (s, k). Then

V:%J_V+7 D:DOXD+, SZSOXS+, (41)

where Vo = Cy(D), Vi = [D,V], sg € Go = GL"(Vp) and s, € G, := GL"(V). So if
p=2,then Vj =Cy(D)=0,V, =V, D= D, and s = s,. We also denote GL"(V)
by G(V) and SL"(V) by S(V).

For integers ¢, m and the prime p, we write p°||m when p¢ | m and p* { m, and we
let p®||(¢* — 1) or 2°%1||(¢*> — 1) according as p is odd or even.

Proposition 4.1 Let K := SL7(V) = SL"(n,q) < G := GL"(V), Z < O,(Z(K)) and
let By € BIk(K) have defect group Dk. Let Bg € BIk(G) be a weakly reqular cover of
Bk and D¢ be a defect group of B, so that Dx = Dg N K. Suppose that Dk /Z is an
SDS group. Then Dg s abelian if and only if Dg is abelian.

(a) If Dk /Z if nonabelian, then one of the following holds.

(1) p=3,7Z =1, 3|[(¢g—n), n =3r with 31 for somel € Fg’/, Da = 732 7
and D /Z = Dy = 3112,

(17) p =2, n =29 with odd § = or for some I" € .7-"5/, D¢g = SDgat2 01 Ziga 1 Lo
according as 2||(q—mn) or2%||(g—n) and a =2 or 3. We have (Z,a) = (1,2)
or (Zs,3). In the former case Dx = Dy /Z = Qs and in the latter case
Dy = Qqe+1, generalized quaternion of order 2°' =16, and Dy /Z = Dy.

(b) If Di/Z is abelian but D¢ is nonabelian, then Z = Z(Dg) and one of the
following holds.

(i) p=3, 3|[(¢g —n), n = 3dr with 3t or for some " € .7-"5/, D¢ = Z3 1 Zs and
Dy = 3172

(1) p=2, n =20 with odd 6 = ér for some " € .7:5/, Dg = SDys. In addition,
Dy = Qs.

Conversely, suppose p =2 or 3 and 3||(¢ —n) when p = 3. If K = SL"(pdr, q) for

some I' € F¥' with p b, then there exists a block By satisfying either (a) or (b).

5



PROOF: Note that if Q < Dy, then Q/(QNZ)=QZ/Z < Dk/Z. So Q/(QNZ)
is SDS.

Let (s, k) be the label of B := B, and V, D, s have the corresponding decomposition
(4.1). Let sy =[] s(I') be a primary decomposition, so that V; = @ Vr with V- the
underlying space of s(I'). Thus

Ca, (sy) HCF, Cr = GL (mp, ¢°7) (4.2)

with mr = mr(s;). We may suppose D, € Syl,(Cg, (s4)), that is, a Sylow subgroup
of Cq, (5+), so that

D, =]]DPr, Dresyl,(Cr). (4.3)
T

So D is a direct product of cyclic groups and wreath product p-groups. Denote by

Xpe a Sylow p-subgroup of the symmetric group Sy, that is, Xpe € Syl (Sy«). Here

X,o = 1if a = 0. Since SL (mr, ¢°r) < CrNS(Vr) and since D = DgN K, it follows

that Dy is abelian if and only if mr(sy) < p for all I if and only if D¢ is abelian.
Suppose Dk /Z is SDS and D¢ is nonabelian. We have that

D, =Dy XDy X+ XDy, (4.4)

with some D; nonabelian, where D; = P! Xpai, P, & Zpe; with ¢; > 1 or P, €
{Zaei, SDaei 1o} with ¢; > 2 according as p > 3 or p = 2. Without loss of generality
take D; to be nonabelian. Let V; be the underlying space of D;, so that X, =
Lyl - 1Ly, < S(V;). Let

M(D;) = ([Ds, Di], Xpei, Op(Z(S(Vi)))), (4.5)

so that M(D;) < S(V;) and hence M(D;) < Dg. Since Dg/Z is SDS and since
Dy, Dk|Z)Z < [Dk/Z, Dk /Z], it follows that [Dk, Dk|Z/Z < Z, and in particular,
[Dg, D] is abelian of rank at most 2. Thus [M(D;), M(D;)|Z;/Z; is cyclic of order 1
or p for some Z; < O,(Z(S(V;))).

Case 1. Suppose p is odd and o; > 1. Then D; = Y; x Xpo:, where Y; = (Zpe; )P
is the base subgroup of D;. Since [Xpei, Xpei]|Z;/Z; = [Xpei, Xpei] is cyclic, it follows
that a; = 1 and Xpe; = Z,. Take 0 € Xpo; such that o acts on Y; = (Z,e; )P as the
permutation (12...p).

Suppose first that p > 5. Let (w,w™',1,...,1) € [D;, D;] with |w| = p, so that

[(w,w™,1,...,1),0] = (www 1,...,1) € [M(D;), M(D)].

Similarly, [(1,w,w 1, 1,...,1),0] = (1,w w?w™,1,...,1) € [M(D;), M(D;)]. Since
[M(D;), M(D;)|Z;/Z; is cyclic of order 1 or p, it follows that

for some z € Z; < O,(Z(S(V;))), where 1 <t < (p — 1), which is impossible.



and
[(w,1,w™),0] = (w2 w,w)

are elements of [M(D;), M(D;)]. But [M(D;), M(D;)|Z;/Z; is cyclic of order 1 or p,
SO ¢; = 1 and Dz = Zg l Zg. In particular, D1 = Z3 l Z37 and so [Dl, Dl] = (Zg)2 and
D, /Z(Dy) = 312

Suppose 3 1 (¢ — 1), so that O3(Z(K)) = 1 and Dk is SDS and nonabelian. In
particular, [Dg, Dg] = Zg. If D; =2 Z3 1 Z3 and z; € Z(D;) \ {1v;}, then Cev;(2:) =
GL(34, ¢*) for some 6 > 1. Since SL(2, q) contains an element of order 3, it follows that
we may suppose w € SL(2,¢) and hence det(w) = 1. Thus D; < S(V;), and D; < Dk.
But then (Z3)? = [D;, D;] < [Dg, D] = Z3, a contradiction. Thus 3 | (¢ — 7). But
then 3% | |Z(D;)|, so a =1 and 3||(¢ — 7).

Suppose m > 2. Since Ds is either cyclic or Dy = Z31Zs3, it follows that there exists
z € D such that det(z) = w™" and 2° = 1, where w € O3(F) with |w| = 3. Thus
det((w,1,1) x z) =1, and

[(w,1,1) x x,0] = (w™',w,1) € [Dg, Dg],

where (w,1,1) € Y; and ¢ € X, < D;. Similarly, [(1,w,1) X z,0] = (1,w™},w) €
[DK,DK]. Let

Q1= ((w,1,1) x z,(1,w,1) x z,(1,1,w) X x,0). (4.6)

Then Q1 = Z31Zs3, Q1 < Dy x (x), so that Q1 < S(Vi+V3) and [Q1, Q1] = [D1, Dy] <
[Dg, Dg].

If m >3 then ZNQ = 1. So (Zs)* = [, Qi|Z/Z = [Z/Z,Z]Z] <
Dk /Z, Dk /Z], contradicting our assumption that Dy /Z is SDS. Hence m = 2.

Suppose D, is nonabelian, so that Dy & Z31 Z3. Take x € Dy with det(x) = w™!
and a similar proof to above shows that there exists a subgroup @2 < (x) x Dy such
that Qo < S(V4 + Vo) and [Q2, Q2] = [D2, D2] < [Dk, Dk]. This is impossible, since
Dk, Dk|Z]Z < Z, and [Ds, Ds] = [Dy, D1] = (Z3)*. It follows that Dy is cyclic of
order Zse with ¢ > a > 1. Since Z < O3(Z(K)) = Zs, it follows that Z = 1 or
O3(Z(K)). If z€ Q1N Z, then z = aly and z = 2y X 25, where z; = aly, € Z(D;) and
2y = aly,. Thus det(z;) = a® = 1 and det(z3) = 1. Now 2z, € (z) and det(z) = w™,
s0 2z = 2" and 1 = det(z2) = det(z)" = w™" and 3 | i. Thus 23 = 1y, and z = 1. In
particular, Q1 = (Q1Z/Z < Dk /Z, which is impossible. Hence we cannot have m > 2
after all.

If m =1, then Dy = Dg N K = 3" (since Dg = Z3 1 Z3 and Dy is a nonabelian
SDS subgroup of Dg). Thus Z = 1 or Z(Dg) according as Dy /Z is nonabelian or
abelian. In the former case (a) (i) holds and in the latter (b) (i).

Case 2. Suppose p = 2. Then D; = Y; x Xy0,, where Y; = (FP;)*" is the base
subgroup of D; with P; = Zge; or SDye;+2,¢; > 2. Since [M(D;), M(D;)] is abelian and
Xoo; < S(V;), it follows that o; < 2.

Suppose a; = 2. Take 0; € X92 = Zy ! Zy = Dg such that oy = (12),05 = (34) and
o3 = (13)(24) acting on Y;. Thus (w,1,w™!,1) € [D;, D;] for any w € P;,

[(w, 1w, 1),00) = (wtw, 1,1) € [M(D;), M(D;)] < [Dk, Dk]
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and [(w, 1,w™ " 1),00] = (1,1, w,w™t) € [M(D;), M(D;)] < [Dg, D]. Thus
(w™hw,1,1) = 2(1,1,w,w™")

for some z € Z(S(V;)). This is impossible, since we can choose w € P; such that
|lw| =4. Thus a; < 1 and so D; = P;1Zs or P,.

Suppose P; = SDye;+2 < G(U;) and «o; = 1, where U; L U; = V;. Then P, N S(U;)
contains a generalized quaternion group Q; and for each w € Q;, (w,w™') € [Dg, Dx].
But [Dg, D] is abelian, so this is a contradiction. Thus o; = 0 and D; = S Dye;+2 = B,
So the generalized quaternion group Qqe;+1 of order 2¢*! is a subgroup of D;NS(V;) and
S0 Qoeit1 < D, Since D; = SDye;11 is a Sylow 2-subgroup of GLT (2, ¢) for some I'
and Z(G(V;)) < GLT(2,¢"), it follows that 2||(¢°" —er) and so 2||(¢—n). In particular,
Og(Z(S(Vl))) = Z2 and [Q26i+l,Q2ci+l] = Z2ci—1 S [DK,DK]. Now [DK,DK]Z/Z S Z2
and ¢; >a>2,s0c;—1=1o0r2and ¢; =2 or 3.

Suppose D; = Zge; 1 7y < G(V;), so that 2%|(¢°" — er) with ¢; > 2. Suppose
dr is odd, so that ¢; = a. Since (¢ —n) | (¢°" — er) and 6 is odd, it follows that
¢ =n" =np=e (modq-—mn), and n —er = (¢ — n)t for some integer . Thus
17 = er except when n = 1,¢ = 3 and e = —1. But if n = 1, then G is general
linear and so ep = 1 for all I'. Thus n = er, 2%||(¢ — 1) and Qg+1 = D; N S(V;) as
Z(G(Vp)) = Lig—y. But 0:(Z(S(Vy))) = Liged(260,g—n) = Loy SO [Qa+1, Qoat1] = Zy or
(Qaa+1, Qaa+1]/Zy = Zs. Tt follows that a = 2 or 3 and ¢; = 2 or 3.

Suppose Or is even, so that ¢; = a+ar > a+1 > 3. Let §f = 0r/2, so that
SL(2,¢°r) < S(U;). Since SL(2,¢°") contains an element w of order 2%, it follows that
det(w) = 1 and D; = Zgei 17 < S(V;). Thus D; < Dy and [D;, D;] = Zge; < [Dg, D).
If 2||(¢ — n), then O2(Z(S(V;))) = Zg and [D;, D;]/Oo(Z(S(V;))) = Zge;—1 # Zo. This
is impossible, since [Dg, D|Z/Z < Zy. 1f 2%||(q — 1), then [D;, D;] = ((w,w™')) < Y]
with |w| = 2% and 05(Z(S(V;))) = ((w*" ", w* ")) < Y;. Since [Dg, Dg|Z/Z < 74
and [Dg, Dg|Z/7Z < Z(Dk/Z), it follows that

-1

(w, w7 = (wHw) =z(w,w)

for some z € O5(Z(S(V;))), where D; = (Y;,0) and o acts on Y; are the 2-cycle (12). If
z = (a,a) € Y;, then w™ = aw and w = acw™, and so w™? = a = w?. Thus w! = 1,
which is impossible as |w| = 2% > 8. Thus dr is not even.

So if D; is nonabelian, then D; = SDga+2 or Zga ! Zy according as 2||(¢ — n) or
2%||(¢ — n), and in addition, a = 2 or 3. Suppose 2%||(¢ — 1) and Dy = Zga ! Zy and
Dy = Zi9a 1 Zy. Then take z; = (w;, 1) € Y; with |w;| = 2% and o; € D; acts as 2-cycle
on the two factors of the base group Y;. Then o; € S(V;), 11 x 25" € S(V1 + Va),

(1 x 251, 01] = [21,01] = (w1, wi') € [Dg, Dg] N S(Vy)
and [27! X 29, 09] = (wo, wy ') € [Dg, D] N S(Va). Thus
H = ((wi,wy ")) x ((wz,wy ")) < [Dr, Dg]. (4.7)

Since Oo(Z(S(Vy + V3))) < Zga, it follows that |H/Ox(Z(S(Vy + Va)))| > 2% But
Dk, Dk|Z/Z < Zs, this is impossible. So each D; is abelian when i > 2.



Suppose 2|/(g —n), and Dy = SDga+2 and Dy = S Dga+2. The proof is similar to the
case when 2%||(q — n). Take z; € D; such that |z;] = 2% and det(z;) = det(z3), and
take o; € D; N .S(V;) such that 27 = 22°~!. Then

H = <[ZL‘1 X 172,0'1]> X <[.CL’1 X ZIZ'Q,UQD < [DK,DK]

and |H| = 2%*. But Oo(Z(S(Vi + V2))) = Zy, so H/Oo(Z(S(Vi + Vz))) has order
22a=1 £ 2. This is impossible, since [Dg, Dx|Z/Z < Zy. Thus each D; is abelian when
1> 2.

Suppose m > 2. A proof similar to that of Case 1 show there exists an element x €
D, and subgroup @ < (D; x (x))NS(V; @ Vy) such that 2% = 1y,, (det(x)) = Qae(Dy),
and @ = Dy, where 2° = |O9(Zy—y)|. Im >3, then QNZ =1, Q =QZ/Z =Q <
Dy /Z, which is impossible. So m = 2.

If 2||(g — n), then Dy = SDga+2. If 1 #£ 2 € QN Z, then z = 21 X 25 := aly, X aly,
for some scalar «, where z; € G(V;). Since z; € O5(Z(G(V;))) = (—1y;) and dim V; is
even, it follows that z; = —1y,, det(z;) = 1, and so det(z3) = 1 and 2z, = —1y,. But
2y € (x), 80 25 = ', 1 = det(z2) = det(z)" and 7 is even. Thus z, = z’ = 1y,, and
Q =QZ/Z < Dg/Z, which is impossible.

Hence m = 1. Then D¢ = Zga 1 Zy or SDaa+2 according as 4||(qg — n) or 2||(g — n).
Thus D = DgNS(V) = Qaa+r. If a =2, then D = Qg and so Z = 1. If a = 3, then
Z 2 7y and Dk /Z = Dg. Thus (a) (ii) holds.

Suppose 2%||(¢ — 1), so that Dy = Zga 1 Zy and |Z] < 2% If z € Q N Z with
|z2| = 28 > 1, then 2 = 2; x 2, := aly, x aly, for some scalar a with |a| = 2F,
where z; € G(V;). Then 1 = det(z) = det(z;)det(z;) and det(z;') = o?™, where
dim Vi = 2n; with odd n;. Since 2y € (x), it follows that 2, = 2’ for some i. But then

a®™ = det(z) ! = det(x) " = w™"

and |w?| = |a®| = |a?| = 2¥7L. Thus |2f] = |w| = 2871, |2 = |2¢| = 2F! and so
|z1] = |22| = |a] = 271, This is a contradiction, since |z| = |a| = 2*. Tt follows that
m =1 and (a), (b) hold.

Conversely, suppose p = 2 or 3 with 3||(¢ — 1) when p = 3. Let K = SL"(pdr, q) =
SL"7(V') for some I' € .7-"5/ with p 1 or and G = GL7(V). Take s € G such that mr(s) = p
and so Cg(s) = GLT(p,¢°r). Let Bg = &,(G, (s)) and By a block of K covered by
Bg. Then D(Bg) and D(Bg) satisfy (a) and (b). O

Let V' be a non-degenerate orthogonal or symplectic space, G = Iy(V) and let G*
be the dual group of GG. Note that

SP2n(@)” = 502041(9),  SO2041(9)" = Spa(9),  503,(¢)" = SO, (q)-
If B is a block of I5(V'), then there exists a semisimple p’-element s € Io(V)* such that
B C & (V). (5)).

Let (D,bp) be a Sylow B-subgroup of [y(V). Then V and D have corresponding
decompositions
V=V, LV, D=DyxD;. (4.8)



If p is odd, then Vo = Cy(D), Vo, = [V, D ], Dy = {1y, } and Dy < [o(V,). If p = 2,
then by [1, (5.1)], Dy < Iy(Vp) is an elementary abelian 2-subgroup and Dy < I(V7,).
Let Gy := Ip(Vo), G+ = In(V4), Ct == Cpyv,)(D4) and let V* be the underlying space
of Iy(V)*.

Let z € D be a primitive element. If p is odd, then z € Z(D) with |z| = p (cf.
[19, p.176]). If p = 2, then z is given by the proof (3) of [1, Remark 2.2.9], so |z| = 4,
ze€ Kand [V,Dy]=[V,z] =V,. Thus

z=z9Xzy, L:=Cqg(z)=Lox Ly, Lo=Gy Ly:=GL(m,q°), (4.9)

where zp = 1y, 24 < Dy and dim V; = 2em. Then L is a regular subgroup of G and
we may suppose s € L* < G*. In particular,

Vi =Uy LU, and s=syXs,, (4.10)

where Uy = V', so € L = Iy(Up), Uy is the underlying space of L% and s; € L% <
In(Uy).

Let p = 2 and let s = [[ s(I') be the primary decomposition of s in Io(V*), and
let Up be the underlying vector space of Cp. Then Cp v+ (s) = [ Cr and

Cr = GL (mp(s),¢") or Iy(Up) (4.11)

according as I' # X — 1 or I' = X — 1. In particular, Cj v+ (s) is a regular subgroup
of G*.

Proposition 4.2 Let K := Q] (¢) := Q" (V) < G = SON(V) < J := J(V), Z <
0,(Z(K)), Bk € BIk(K), Bg € BIk(G) covering Bk and By € Blk(J) covering Bg.
Let Dg, Dk and Dy be defect groups for Bg, Bx and Bj respectively. Then Dy is
abelian if and only if D¢ is abelian if and only if D(By) is abelian.

Suppose Dy /Z is SDS for some Z < Oy(Z(K)) and D¢ is nonabelian. Then p = 2
and (G, D¢, Dk, a,Z, D |Z) is listed in Table 2, where § := dpr = &' or 26" with odd ¢’
for some T € F¥'\ {X — 1}. In the last three cases, By is the principal block By(K)
of K.

Conversely, if G = SO"(V) is given in Table 2 and K = Q"(V) < G, then there
exist blocks Bx € BIk(K) and Bg € BIk(G) covering By with defect groups Dy and
D¢ respectively as given in Table 2.

PRrROOF: Let B = Bg and D = D¢, so that we may suppose Dg = D N K and
D = D;NG. Since G is self-dual, we have V' = V* Uy = V, U, =V, in (4.10) and
UF = Vp in (411)

Write Ko = Q(W), Ky = Q(Vy), Kr = Q(Vr) and M, := SL(m,q¢°) < L, N Ky,
so that

KO X M+ S OK(Z) S LO X L+7 CK(Z) == <K0 X CK+(Z+),t0 X t+>
and [L;:Ck, (24)] <2, where tg € Ly \ Ko and t; € L.

Case 1. Suppose p is odd. Since |G:K| = 2, it follows that D = Dg. Let (z, B,)
be a major subsection of Bx. Then B, covers a block By x B of Ky x Ck, (z4) with
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G D¢ a| Dg Z | Dg/Z

SO" (46", q) | Zoa 1 Zy | 2| Qs o0 Zy 1 | QgoZy
SOT(48',q) | Z2a2Zo |2 | Qso0Zy Dy | Ty X Ty X Lo
SO+(45/, q) ZLiga U 2o 3| Qoatr10Zg | Lo | Dg X Zy

SO (4¢,q) | SDga+e 2 | Qs 1 | Qs

SOt (4d',q) | SDyat2 | 2| Qg Ly | Ty X Lo

SO+ (4(5’, q) SD2a+2 3 Q2a+1 Z2 Dg

SO* (8',q) | Zga+1 1 s | 2 | Qoar2 0Zg | Zo | Dg X Zy
SO+(85/, q) | SDga+z 2 | Qoat2 Zo | Dg

SO~ (4,q) Doei1.2 | 2| Dy 1 | Dg

SO*(4,q) 2442 2 | 24t i
SOT(4,q) | 2}™.2 2 | 2it Ly | Ty X Ty X Ly X Lo

Table 2: Defect 2-groups of QJ (¢) with quotient an SDS group

By € Blk(Ky) and B, € Blk(Ck, (24)) such that D is a defect group for both B, and
BQ X B+.

By [16, Lemma 4.1], there exists a B-subgroup (z, By) such that By covers B,.
Thus (z, By) is a major subsection of B. Since L = L x L, with Ly = Gy = SO(Vj), it
follows that B, = Br, x By, with By, € Blk(Gy) and By, € Blk(L, ). But By, covers
B. and B, covers By x B, so By, covers By and By, covers B, . In particular, D, is
a defect group for By and Br,. Thus D, € Syl,(Cr (s4)). But Z(K) =1 or Z; and
pisodd, so D, Z/Z = D, and by Proposition 4.1, D, cannot be nonabelian and SDS.

By [19, (1A)], Cy(z) = (L, ), where 7 = 79 X 71 with [7., L;] =1 and J = (G, 7).
Since Dg = D = (1y,)x D, with Dy < L., it follows that [r, D] = 1. But D;/D < (7),
it follows that Dy is abelian if and only if D is abelian, if and only if D is abelian.

Since D = D, , it follows that if p is odd, then we cannot have a situation where
Dk /Z is SDS and D¢ is nonabelian.

Case 2. Suppose p = 2, so that B = &(G, (s)) and D € Syl,(Cg(s)). Follow the
notation of (4.11), and let Br = & (Cr, (s(I'))) and Dy := D(Br). Thus D = [[ Dr,
Dr e Sle(Cp) and Dy = DNK.

Note that if Dy is abelian, then mp(s) < 1 for each I' # X — 1 and so Dr is abelian
for I' # X — 1. Hence in order to show that Dy is abelian if and only if D is abelian,
it suffices to consider I' = X — 1.

Write 2nx_1 = dimVx_; and nx_; = n(Vx_1). Thus Cx_; = SO(Vx_;). Let
QX,1 S SYIQ(I(VXfl)), so that Dx_; = QX,1 N Io(VXfl) and

Qx-1=Qo X Q1 X+ XQn, (4.12)

where Qg = 1 or Zy X Zy according as ¢"*-* = nx_; (mod 4) or —nx_1 (mod 4),
and Q; = Daat1 ! Xoa; with Xoa; € Syly(Sses). In addition, Qo N Io(V(0)) = (—1v(o))
and —1ly ) € Q(V(0)) when Qo = Zy X Zy. Thus if Dk is abelian, then mx_q(s) < 2
or 4 according as according as ¢"*-* =nx_; (mod 4) or —nx_; (mod 4). So Dk is
abelian if and only if D is abelian.
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It follows by [19, (1A)] that C;(s) = (Cg(s), 7) with 7 € J\ K and [, Cg(s)] = 1.
Thus D; € Syl,(Cy(s)) and Dy is abelian. Conversely, if D; is abelian, then D and
Dy are abelian, since D = D; NG and D = Dy N K. It follows that D is abelian
if and only if D is abelian if and only if Dg is abelian, proving the first part of the
proposition.

Now suppose that Dk is nonabelian and that Dy /Z is SDS for some Z < Z(K).
Then there exists I' € F such that mp(s) > 2 or 4 according as I' # X — 1 or
I'=X — 1. Since Z =1 or Zy, it follows that Z < Dg. If K # Kr, then ZN Kr =1,
DrN Kr = (DrNKr)Z/Z < Di/Z and in particular Dr N Kr is SDS. If K = K,
then Dk /Z = (DrN Kr)/Z and by assumption, this is SDS. Thus (DrN Kr)/(Z N Kr)
is SDS in any case.

We treat the cases mr(s) > 2 for some I' # X — 1, and mx_1(s) > 4 separately.

Case 2.1 Suppose there is I' # X — 1 with mp(s) > 2. Let
My = SL (mr(s),¢") < Ck.(sr) < Cr = GLT (mr(s), ¢™),

so that ZN Kt < Mr. Since (DrNMr)/(ZNKr) < (DrNKr)/(ZNKr), it follows that
(Dr N Mr)/(Z N Kr) is SDS. Hence by Proposition 4.1 Dr = Zgc 1 Zg or S Dac+2, where
c=2or 3 and 2°M|(¢*r — 1). In addition, [Dr:Dr N Ky| = 2, since [Cr:Ck,.(sr)] =
2. In particular, mr(s) = 2 and n(V¢) = (er)™®) = +1. But dim(Vy) = 4dr, so
(1) 5 = 41 = 5(V;) and by [24, Proposition 2.5.13 (ii)], —1y;. € K-

Now consider A € F with ma(s) < 1. If Da # 1, then Dy = (—1y,) € Syly(Ca)
or DA = Zse for some ¢ > 2. In each case we will find an element ua € Da \ Ka.

Suppose Da = (—1y,) € Syly(Ca). In this case Can = GL(1,¢°), n(Va) = €ea
and 2||(¢°» — ea). If ea = +1, then 2|(¢°» — 1) and so da is odd, 2|(¢ — 1) as
(g—1) | (¢°» — 1) and (¢ + 1) t (¢°» — 1). Thus (—1)@al=D/4 = 1 £ »(V,) and
DANKp = 1. Similarly, if ex = —1, then n(Va) = —1, 2[|(¢°4 +1) and so 4 | (¢°» —1).
Now (—1)Z9al@=1)/4 — 1 if and only if da is odd and 2|/(¢ — 1), which implies that
2|l(¢°» —1). So (—1)@ala=1)/4 = 11 £ n(Va) and Da N Ka = 1. It follows that

_1VA € DA\KA

and we set up = —1y,.

If DA & Zye for some ¢ > 2, then Ca = GL(1,¢°) and 2¢)|(¢°» — €a). In this
case, —ly, € K and there exists ua € Da \ Ka.

Now suppose that in addition we have mx_1(s) > 4. Follow the notation of (4.12).
Let V(i) be the underlying space of Q; and V(+) = @&;51V (i), so that Vx_; = V(0) L
V(+). If zx_1 is a primary element of Qx_1 as given in [1, Remark 2.2.9 (2)], then
|ZX_1| = 4, Zx—-1 € ]O(VX—I)a zx-1 € Dx_1 and

ZX—-1 = 1v(0) XZ+<X—1> CIO(VX,1)<ZX71) = [0(V(0)) XL(+), L(+) = GLE(U}X,M q),

where 2wy _1 = dim(Vx_1) —dim(V(0)) and 2. (X — 1) € L(+) < [h(V(+)). If a = 2,
then zy 1 € Kx_1. If a > 3, then zx_1 € Kx_1 as zx_1 is a square of some 2-element
of Iy(Vx_1) and there exists ux_1 € Dx_1 \ Kx_1.

Recall that Dr & Zge 1 Zy or SDyetz, where ¢ = 2 or 3 and 2¢||(¢°T — er). In each
case we define an element ur of Dr \ Kt as follows.
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If Dr & Zye 1 Zy < Cr = GL7(2,¢°), then take ur = diag{w, 1} € Cr such that
w is an element of order 2¢ in ]F;;F, so that —1y.. & (ur) and ur € Dr \ Kr. If Dr =
SDager> < Cp = GLT(2,¢7), then SDyei> = (z,y|z*" =y = 1,y 'zy = 22°2~") with
det(y) = 1. Thus we take ur = z and so ur € Dr \ Kr.

Suppose Da # 1 for some A # I'. If A # X — 1 and ma(s) > 2, then define
upn € Da \ Ka as for I'. Otherwise, define ua as above. Define

P .= <DF N KF,UF X UA>.

Then P < (Dr x (ua)) NQ(Vr + Va) < Dg. Since [P, P] = [Dr, Dr| < Kr and since
KrnZ =1, it follows that [Dr, Dr| = [P, P|Z/Z < [Dk/Z, Dk /Z]. This is impossible,
since [Dg/Z, Dk /Z] < Zs and [Dr, Dr| = Zge. Thus Da =1 for all A £ T.

Case 2.2 Suppose D = Dr € {Zyc1Zs, SDoc+2} with 3 > ¢ > a > 2 and let § = or,,
so that C' = Cr = GL™(2,¢°) > My = SL(2,¢°). Since K = [G,G], it follows that

Qg1 = DN My < DN K = Dg.

But C/Mr is cyclic and D/Qger1 < C'/Mr, so Dk is the unique subgroup of D such
that Qo1 < Dk and [D:Dg] = 2. Since [C:MrZ(C)] = 2, it follows that Dy €
Syly(MrZ(C)), D = Qge+1 0 Zige or Qge+1 according as D = Zge 1 Zy or S Daerte.

If § = 0" is odd, then ¢ = a and Z = 1 or Z(K). This implies the first 6 cases
in Table 2. Suppose ¢ is even, so that @« := ar > landc=a+4+a > a+1 > 3.
Thus ¢ = 3, « = 1 and § = 2§’ for some odd &'. In particular, 8 = 2¢||¢° — 1. Thus
(D, Dg) = (Zoec 1 Lg, Qgcr1 © Zge) or (S Dacr2, Qoe+1) according as ep = + or —. In this
case Z = Z(G) = Zy and the cases 7 and 8 in Table 2 hold.

Case 2.3 Suppose that mx_1(s) > 4 and that Dr is abelian for all I" ## X — 1 and
Dx 4 is nonabelian. Recall that (Dx_1NKx_1)/(ZNKx_1)is SDSand Dx_1NKx_1
is a Sylow 2-subgroup of Kx_;. Note that wx_1 > 2.

Let M(+) = SLY(wx_1,q) < L(+) = GL(wx_1,q), so that M(+) < Q(V(+)).
Since Z N QV (+)) < Z(M(+)), it follows that Dx_y N M(+)/Z(M(+)) is SDS. By
Proposition 4.1 Dx_1 N L(+) = SDaa+2 or Zga 1 Zy according as 2||(¢ — €) or 2%||(¢ — €).
Since 4 | (¢ — €), it follows Dx_1 N L(+) = Zga ! Zs with a = 2 or 3. In particular,
Wx_1 = 2.

A similar proof to that of Case 2.1 shows that Dpr = 1 for any ' # X — 1 and
Dy = 1. SodimV =4 = mx_1(s) and Kx_; = K = QJ(¢q). If n = —, then
K = Kx_1 = Q5 (q) = PSLy(¢?), so that Dy = Qqar2/Z(SLa(¢*)) = Dyat+1 and Z = 1.
Thus a =2 and Dg/Z = D = Dys and Dg = Dg.2.

If n =+, then K = Kx_; = SLa(q) o SLa(q) and Dk = Qga+1 0 Qgat1. If a > 3,
then Dy /Z(K) is nonabelian and not SDS. Thus a = 2, Dy = 217 Dg = 2172, and
Z=1or Z(K) = Zs.

Conversely, suppose G = SO"(V) is as given in Table 2 and K = Q(V) < G. If
dim V' =4, then let B = By(K), Bg = Bo(G) and so the defect groups D¢ of Bg and
Dy of Bg are as given in Table 2. If dimV > 4, then take a semisimple 2'-element
s € G such that mr(s) = 2 and let Bg = &(G, (s)). Thus C = Cg(s) = GLT(2,¢°)
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and D¢ € Syl,(C) for some Dg = D(Bg). If Bg is the block of K covered by Bg,
then we may suppose D = Dg N K for some Dg = D(Bg). By Case 2.2, the defect
groups Dg and Dy are as given in Table 2. O

Proposition 4.3 Let K := Qo,11(q) := Q(V) or Spy,(¢) = Sp(V), G = SO2,11(q)
= SO(V) orSp,,(q), and J = SO(V') or Jo(V), so that K < G < J. Let Bx € BIk(K),
Be € BIk(G) covering Bg and By € BIk(J) covering Bg. Let Dy, Dg and D be blocks
of Bk, Bg and By respectively. Then Dy is abelian if and only if Dg is abelian if and
only if Dy is abelian.

Suppose D¢ is nonabelian and Dy /Z is SDS for some Z < O,(Z(K)). Then p = 2
and (G, Dg, Dk, a,Z, Dy /Z) is as listed in Table 3, where D = Dg N K and § = dr
for some T € F¥'\ {X — 1} with odd 6.

Conversely, if G = SOq,11(q) or Spy(q) is as given in Table 3 and K = Qo,41(q)
or Spy(q) such that K < G, then there exist blocks By € Blk(K) and Bg € BIk(G)
covering By with defect groups Dk and D¢ as given in Table 3.

G D¢ a | Dk Z | Dg/Z

Sp(2, ) (Qga+1 2 | Qaanr 1| Qs
Sp(2, ) (ga+1 2 | Qaant Lo | Lo X Lo
Sp(2,q) Qe+ 3| Qaan Ly | Ds
80(3, q) D2a+1 3 Dg 1 Dg
SO0 4+1,q9) | Zoa1Zo | 2 | Qrar10Zy | 1 | Qg0 Zy
SO(45 + 1, q) SDgavz | 2 | Qoa+1 1 Qs

Table 3: Defect 2-groups of SO(2n + 1, ¢) and Sp(2n, q) with quotient a SDS group

PROOF: For p odd, the proof is similar to the proof of Case 1 of Proposition 4.2
and for reasons of space we omit it.

Suppose p = 2, so that Bg = &(G, (s)). Let s* be a dual element of s in Iy(V)
given by [3, (4A)]. Then D¢ € Syly(Ca(s*)). A proof similar to the Case 2 of proof
of Proposition 4.2 with s replaced by s* shows that Proposition 4.3 holds. Note that
Q3(q) = PSLy(q) and Z(Q2,41(V)) = 1. O

Proposition 4.4 Let K := Spin"(V') < J such that J/K s abelian, C;(K) < Z(J)
and J/Z(J) < SOV) or Jo(V)/Z(Jo(V)) according as dimV is odd or even. Let
Bg € BIk(K) and let By be a block of J covering By . Let Dy and Dj be defect groups
for By and By respectively, chosen with Dx = K N Dy. Let Z. < Z(K) such that
K.:=K/Z.=Q" V), so that |Z.| = ged(2,q—n). Then Dy is abelian if and only if D
is abelian. In addition, if p = 2 and Dy is abelian and J/KZ(J) = Jo(V)/KZ(Jo(V)),
then D/ Dy is isomorphic to the outer diagonal automorphism group Outdiag(K) of
K.
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Suppose Dy is nonabelian and Dy /Z is SDS for some Z < O,(Z(K)). Then p =2
and Z can be taken to be any subgroup of Z(K). If Z. < Z, then Dg/Z is given by
Tables 2 or 3. If Z. £ Z, then Dg/Z is given by Table 4, where § = or = &' or 2§’
with odd &' for some I' € F¥" and (3 is the integer such that 2°|(¢° — er). Thus 5 =1
ora or a+ 1. In the last two cases of the Table 4, B = By(K).

Conversely, if K = Spin(V') and K or K/Z is as given in one of Tables 2,3 and
4 for some Z < O,(Z(K)), then there exists a block Bk € Blk(K) such that Dk is a
defect group for By and is as given in Tables 2,3 and 4.

K a| Dx Z [ Dx/Z
Spin™(40',q) | 3 | Qgat1 0 Zos X Zo | Zg | Dg X Zyz X Zy
Spin+(85/, q) 2 Q2a+2 o ZQﬁ X Ly | Lo | Dg X ZQﬁ—l X Ly
Spin™ (48, q) 2 | Qg0 Zos X Lo 1 | QsoZys X Zoy
Spin(48' +1,9) | 2 | Qs0Zse x Zs | 1 | Qg 0 Zoa X Zs
Spin™ (4, q) 2 | Qg X Qg Lo | Ty X Ty X Qg
Spin(3,q) 2 | Qs 1| Qs

Table 4: Defect 2-groups of Spin(V') with Z, £ Z and quotient SDS

PrROOF: Write B = Bg and D = Dy, and Z; < Z(Dy(V)) such that G =
Dy(V)/Zy =SO(V),so that Z. = Z, N K and Z; = Z, ;.

Case 1. Suppose pis odd. We may suppose D = DZ./Z. < K.. Thus D is of defect
type in K., where a p-subgroup @) of K. is of defect type if @) is a Sylow p-subgroup of
a centralizer C_(t) of a semisimple p’-element t. So D is of defect type of G, and D
has a primary element z € Z(D) (see [19, Section 5]). Thus we have the corresponding
decompositions V =V, L V., D = Dy X Dy, z = zy X z;,Cq(z) = Ly x Ly given by
(4.8) and (4.9). In particular, Dy = (1y,), 2 € Z(D) and |z| = p. Let t =t x t4
with tg € Lo and t4 € Ly, and let By, = &,(L4, (t+)). Then Dy € Syl,(Cr, (t+)) and
D(Br,) = D..

Suppose first that D is nonabelian and D/Z is SDS for some Z < O,(Z(K)). Then
Z =1and D/Z = D is nonabelian, and so D is SDS. But then by Proposition 4.1 (a)
and (b), D cannot be SDS, and hence D cannot be SDS after all, a contradiction.

Suppose D is abelian. Since D = D; N K for some D; and J/KZ(J) is a 2-group,
it follows that D; < KZ(J) and D; = DO,(Z(J)), which is abelian. Conversely, if
D is abelian, then D is abelian as D = D; N K.

Case 2. Suppose p = 2, so that ¢ is odd. Suppose that D is nonabelian but D/Z
is SDS for some Z < O,(Z(K)).

Now B dominates a unique block B, € Blk(K.) and B, is covered by a unique block
B¢ € BIk(G), where G = SO(V). Thus Bg = &(G, (s)) for some semisimple 2'-element
s of G*. If dim V' = 2n, then identify G with G*. If dim V' = 2n + 1, then identify s
with its dual s* € G. Then a defect group D¢ for Bg satisfies D¢ € Syly(Cg(s)). Since
G : K. =2, it follows that s € K. and we may suppose s € K, that is, we identify
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s € G* < Jo(V*) with its dual s* € K < Jo(V*)* = Do(V). This is possible since s is
a semisimple 2’-element.

Write D, = D/Z., a defect group for B.. Suppose D, is abelian. Then Dg is
abelian and so Cg(s*) is a maximal torus of G. By [19, (2E)], Cpyv)(s*) is a maximal
torus of Dy(V), and so Ck(s*) = K N Cpyv)(s*) is a maximal torus of K. But
D € Syly(Ck(s*)), so D is abelian. In the notation of (4.11), Cg(s*) = [[p Cr, where
Cr = GL™(1,¢°") or In(Vx_1). Since Dg € Syl,(Ce(s*)) and Dg is abelian, it follows
that Io(Vx_1) = 1 or SO"(2,q) = GL"(1,q). We may suppose Cr = GLT(1,¢") <
Io(Vr) for all I'. By [19, (2E)], Cp,v)(s*) is a central product of groups Lr, where Ly
is a central extension of Cr by Z,. If Qr = Oy(Lr), then D is a central product of
QF N KF, where KF = Spln(Vp)

Let 7r induce an outer diagonal automorphism of order 2 on Spin(Vr). The cen-
tralizers Cspin(vp)(7r) and Cogyy(r) are given by [21, Table 4.5.2]. It follows that
Cogv)(r) = SLT(dr,q) o 3(¢ — er) or SLT(r,q) o (¢ — er), and Cspingy(r) =
SLT(0r, q) o (¢ — er) or SL(dp,q) o (¢ — er) x 2 according as dr is odd or even. In
particular,

(Qr N Kr) < Cspinvr) (1)

and hence D is abelian, since D; < (DO,(Z(J)), ), where 7 = [[ 7. In addition,
7 € T;(B) and we may suppose 7 € D, and so D;/D = Outdiag(K).

Suppose D, is nonabelian. Since Z(K) is a 2-group, it follows that Z(K) < Z(D).
But D/Z(K) = (D/Z2)/(Z(K)/Z), so D/Z(K) is SDS. Since D/Z(K) = D./Z(K.)
and since D, is nonabelian if and only if D¢ is nonabelian, it follows by Propositions
4.2 and 4.3 that dimV = 2dr 4+ 1 or 4dr according as dim V' is odd or even for some
I'e .7-"5,. Moreover, D/Z(K) = D./Z(K,.) and D/Z. = D, are given in Tables 2 and 3.

Suppose Z # Z. and Z # Z(K), so that Z is cyclic of order 1 or 2. Suppose
I' = X — 1, so that by Tables 2 and 3, s* = 1y and Bg is the principal block. If dim V'
is odd, then Q3(q) = PSLs(q), K = SLs(q) and so Z =1 and D/Z = D = QQ9a+1 with
a=2.

If dimV =4 and n = —, then Q; (q) = PSLy(¢*), K = SLa(¢*) and D = Qqa+2
with a = 2. In this case Z # 1 and so Z = Z. = Z(K) and D/Z is given by Table 2.

If dimV =4 and n = +, then Q} (¢) = SLy(q) o SLy(¢) and K = SLy(q) x SLy(q),
D = (Qga+1 X Qga+1 and hence a = 2. Since D is not SDS; it follows that Z # 1. Thus
|Z| =2 and Z = Z(SLa(q)), so D/Z = Zy X Zy X Qs.

Suppose I' # X —1 and s0 § := ép = ¢’ or 2§ with odd &', and Cg(s*) = GLT(2, ¢°).
Since Z(GLT(2,¢%)) < K. and [K:K.| = 2, it follows that

Cr.(s*) = SLT(2,¢") Z(GLT(2,¢")).

By [19, (2E)], Cpyv)(s*) is a central extension of Cg(s*) by Z;. If dimV = 2n + 1,
then let ¢ be an element of K inducing the central involution of Z(SLT(2,¢%)). By [21,
Table 4.5.2], C(t) = Sping,, (¢) and so

Cr(s*) = Cg(ts*) = (SLT(2,¢°) o (¢° — er)) x 2.
If dim V' is even, then by [21, Table 4.5.2] again,
Cr(s") = (SLT(2,¢°) o (¢° — er)) x 2.
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It follows that D = Qget1 0 Zos X Zsy, where 2°71{|(¢%° — 1) with ¢ = 2 or 3.

If dimV is odd, then Z = 1 and hence a = 2. If dimV is even, then Z = 1 or
Z = Z(SL7"(2,¢°)) & Z,. In the former case ¢ = a = 2 and in the later case ¢ = 3 and
D)Z = Dg xZg—y X Zy. lf c=3,thena=3=cand § =¢,ora=2and = 24"
Thus Table 4 holds.

Conversely, suppose K = Spin(V') and K or K/Z is given in Tables 2,3 and 4 for
some Z < Z(K). If dimV < 4, then take Bx = By(K). If dimV > 4, then take
a 2-element s € K such that mp(sZ.) = 2 and let B = &(K,(s)). Then Dk and
Dy /Z are as given in Table 2,3 or 4. O

We now specialize to the case of extraspecial groups.

Theorem 4.5 Let K be a finite quasi-simple group of classical type over a field Iy,
B € BIk(K) and n = +. Let D be a defect group for B. If p | q, then D/Z is an
extraspecial group for some Z < O,(Z(K)) if and only if K = K,/Zy and D = p}** €
Syl,(K) and Z = 1, where K,, = SL"(3,p) and Zy is any subgroup of Z(K,).

Suppose p{ q. Then D/Z is an extraspecial group for some Z < O,(Z(K)) if and
only if either (K,a, D, Z) is given by Table 5 or p =2, V is orthogonal, K = Spin(V),
Z. < Z(K) with K/Z. = Q(V), and (K/Z.,a,D/Z.,Z]Z.) is given by Table 5. Here
d=0r =08 withptd orp=2andd = or = 2§ with odd & for some I" € }"g’/. In
addition, if K = QF(48' +1,q), then 2||(¢° — er).

K al|D Z
SL"(30,q) | 1][307]1
SL"(24', ) 21Qs |1
SL"(20', q) 3| Qo | 02(Z(K))
Q7 (40", q) 21Qs |1

O+ (40, q) 2 | Dyg

QO+ (85, q) 2| Qu | Z(K)
QF(4,q) 2 | 24t

QT(4d +1,q9) | 2 | Qs

Table 5: Extraspecial defect groups of classical groups

PROOF: If p1 q, then the result follows by Propositions 4.1, 4.2, 4.3 and 4.4.

Suppose p | ¢, so that D is a Sylow p-subgroup of K. In particular, |D| = p'™27
for some v # 0. Note that Z(K,) is a p/-group, so we may take K = K,/Z for any
7 < Z(K,).

Now blocks of positive defect of SL7(4, q) have non-cyclic derived subgroups and
so are not SDS. Hence SL"(4,q) cannot be a subgroup of K. In particular, the Lie
rank of K is at most 3. A Sylow p-subgroup of SLy(q) is abelian, so K % SLa(q). If
K = 8SL"(3,q), then D is special with derived subgroup isomorphic to [F,. Thus ¢ = p
and D = 3}r+2.
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If K = D7 (q), then by [21, Table 2.2], |D| = ¢~V and so D cannot be extraspe-
cial. If K = C,,(q) or Bn(q), then |D| = ¢" and so m = 3. Since PSps(q) = Q5(q)
(with odd ¢), it follows that we may suppose K = Spg(q) or SO7(q). In both cases the
derived subgroup of D is non-cyclic, and hence D cannot be extraspecial. a

5 Exceptional groups

We will follow the notation of [21].

Theorem 5.1 Let K be a finite quasisimple group of exceptional type over a field I,
and B € BIk(K). Let D be a defect group of B. If p | q, then D is not extraspecial.
Suppose p1q. Then D/Z is extraspecial for some Z < O,(Z(K)) if and only if p = 3
and

(K,a,Z,B, D) = (Ga(q), 2,1, Bo(Ga(q)), 3}"?)
or (2F2(22m+1)7 27 1’ B0(2F2(22m+1))7 31+2)'

PROOF: If p | ¢, then D € Syl (K) and O,(Z(K)) = 1. By [21, Table 2.2], | D| = ¢V
for some even N or N = 63 according as K # Ez(q) or E;(q). In the former case D
cannot be extraspecial. In the latter case, K contains a subgroup SL](¢) and so D
cannot be extraspecial in this case either.

Suppose p 1 q. For the proof we need to consider not only K but certain overgroups
of K. Let K < H such that Cy(K) < Z(H), H/K is cyclic and H induces inner-
diagonal automorphisms on K. Let By be a block of H covering B, and let Dy be a
defect group of By with D = K N Dy.

Let K, be the universal group, so that K = K,/Z, for some Z, < Z(K,). If
Z(K) # Qi (Z(D)), then take z € Z(D) \ Z(K) with |z| = p. If Z(K) = O (Z(D)),
then take z € D such that |z| = p? and 2Z(K) € Z(D/Z(K)). Let (z,B,) be a B-
subsection, and suppose it is major when z € Z(D). In any case, let D, be a defect
group for B, with D, < D. Then B, is a block of C':= Ck(z), and D is a defect group
for B, when (z, B,) is major. By [21, Theorem 4.2.2],

C=0"(C)T, O"(C)=LioLyo---0lL,

where each L; € Lie(r), and T is an abelian r’-group inducing inner-diagonal automor-
phisms on each L;. In general, z ¢ O"' (C), so we perform the following modifications.
If Z(C) < O"(C), thenlet £ = kand L = O"'(C). If Z(C) £ O"'(C), then let k = £+1
and Ly = Z(C'). Thus

C =LT with L:=LiolLyo---0Ly, (5.1)

z € Z(C) < Land L<C. Let By, be a block of L covered by B, and x € Irr(By). Note
that By has defect group Dy = D, N L. Then x = x; 0 --- oy, for some y; € Irr(L;),
so that x; € Irr(B;) for some B; € Blk(L;) and we write B, = By o Byo---0 By.

Since L = (L1 X Ly X - -+ x Ly) /A for a central subgroup A < (L3 X Ly X -+ X Lg),
it follows by [26, Theorems 5.8.8 and 5.8.10] that

Dy = (D(By) x D(B,) x --- x D(By,))A/A
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where D(B;) is some defect group of B; and D(B;) is isomorphic to a subgroup of Dy.
Each element ¢t € T has the form ¢ty - t;t’, where ¢’ centralizes L and ¢; induces
an inner-diagonal automorphism on L; and [L;,t;] =1 for i # j. Let

Ji = <Ll,tz t= tltg B tkt/ € T>

and 7" = (t' : t = tyty---txt’ € T). Then LT QJ := JyoJyo---0JyoT" and T" is
abelian. Let B; be a block of J covering B,, so that B; covers By. Thus

BJ:BJloBJQO"'OBJkOBT’u (52)

where B, € Blk(J;) covering B; and By € BIk(T"). Let D(B},) be a defect group of
By, with D(B;) < D(By,).

Our strategy is as follows. If D is SDS, then so are D, and D(B;) for each i.
We treat the exceptional groups case-by-case, progressing from low Lie rank to high
(for inductive purposes we must consider the inner-diagonal versions of the groups).
In each case we treat the subcases that each D(B;) is abelian, and that some B; has
nonabelian defect groups. When L; is classical, this situation has been fully explored
in Section 4. When L; is exceptional, we may use the previously treated exceptional
groups of lower Lie rank.

Before treating the exceptional groups case-by-case, we gather together some infor-
mation.

Suppose p = 2, £ > 2 and D(B;) is nonabelian for some i. Then by [21, Table
452],0=2,Z(C)< Lyo Ly, k=1{, L =Ljo Ly and the possible (K, C) are given in
Table 6, where n = — or +. Here C' = (L; 0 Ly).(2:2) means that C' = (L, o Ls, z) such
that = induces inner-diagonal automorphism of order 2 on each L;.

C K C

4(q) | (SLa(q) 0 SLa(¢?)).(2:2) | Ga(q) | (SLa(g) o SLa(g)).(2:2)
(q) | (SLa(q) o Sps(q))-(2:2) Eg(q)u | (SLa(q) o SL§(q)).(2:2)
(q)u | (SLa(q) o Spinfy(q)).(2:2) | Es(q) | (SLa(q) o Er(q)u)-(2:2)

w o gl

Table 6: Possible (K,C) with ¢ > 2 and p = 2

Suppose p = 3 and L, is classical. Suppose also that D(Bj) is nonabelian and
SDS. By Propositions 4.1, 4.2, 4.3 and 4.4, Ly = SL(3dy,q1)/Z, and D(B;) = 3?2,
where Z; < Z(SL“(3dy,q1)), ged(6,d;) = 1 and 3||(¢1 — €1). By [21, Table 4.7.3A],
(q1,€1) = (g, ¢€) or (¢*,1) and (K, C) are given in Table 7, where L. := SL§(q).

Case 1. Suppose, moreover that K := 2By(22mT1) 2Gy(32mT1) 2 F, (22T Gy (q),
3D4(q), Fi(q) or Ez(q) with ¢ = ¢ (mod 3). Note that Z(K) =1, so Z = 1, and
that p /|G : H], so Dy = D. Then D is nonabelian and SDS if and only if p =3 and

(K7 a, Z’ B7 D(B)) = (G2(Q)v 2a 1’ BO(GQ(q))7 3}:_2)

or (2P12(22m+1)7 27 1’ B0(2F2(22m+1)), 31++2)‘
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K C K C

3D4(Q) (Zq2+6q+1 oL).3 Ga(q) | Le

2Fy (22T | SUz(22m ) Fi(q) | (Leo Le).(3:3)
Es“(q) (Le 0 SL3(¢%)).(3:3) | E§(q)w (L X Le o Le).(3:3:3)
Er(q)u (Le 0SLg(q))-(3:3) | Es(q) | (Eg(q)u o Le).(3:3)

Table 7: Possible (K, C) with D(B;) SDS

Suppose that D is nonabelian and SDS. Since Z(K) = 1, it follows that z € Z(D)
(so (z,B.) is a major subsection) and z induces an inner automorphism on K. Note
that each L; is a classical group (with possibly Lj abelian).

Suppose each D(B;) is abelian. By Propositions 4.1, 4.2, 4.3 and 4.4, each defect
group D(B},) of each By, is abelian and so is a defect group D(B) of By, since D(B}) is
isomorphic to a quotient group of D(By,) X -+ x D(By) x D(Br/). But D, = D(B;)NC
and (z, B,) is major, so D = D, is abelian.

Suppose that D(B;) is nonabelian for some i. By Propositions 4.1, 4.2, 4.3 and 4.4
again, p = 2 or 3. We treat these two cases in turn.

Case 1.1. Suppose p = 2. Note that K # 2B,(22m1), 2F(2?2™*1), and we may
suppose K # 2G5 (3*™1) since a Sylow 2-subgroup of 2G5 (3*"*1) is elementary abelian
of order 8.

Suppose £ > 2. Then ¢ =2, Z(C) < Lyo Ly, k=, L = Ly o Ly and the possible
(K, C) are given in Table 6.

Let Ly := SLo(q) < Jy == (Ly,z;) < Gy = GL(q), Ly = SLa(¢*), SLa(q), Spe(q) or
SLs“(q), Jo = (La,z5) < Gy with Gy = GL3(¢%), GL5(q), CSpg(q), CLg(q), where §
is the sign such that 2||(¢ — ) and x = 27 X x93 € C'\ L such that z; induces outer-
diagonal automorphism of order 2 on L;. Then C < J := J; o Jy. If B; € Blk(J)
covering B, then B covering By, By = By, o By, for some B, € Blk(J;) covering B;,
D(By) = D(By,) o D(By,) and D, = D(B;)NC.

Let Bg, be a block of G; covering By,. Then Bg, = E(G;, (s;)) for some semisimple
2-element s; € Gf. Identify G; with its dual G} except when G; = CSpg(q), in which
case identify s; with its dual s} € G;. Thus D(Bg,) € Syly(Cg,(s;)) and in particular,
|D(Bg,):D(B;)02(Z(G;))| > 2 and hence |D(By,):D(B;)| = 2 as D(By,) = D(Bg,)NJ;.

Since D is SDS, it follows that each D(B;) is also SDS. We have treated the case
that both D(B;) and D(Bs,) are abelian. We now treat the cases D(Bj) nonabelian
and D(Bs;) nonabelian.

Suppose that D(Bj) is nonabelian. Since |D(By,):D(B;)| = 2 for ¢ = 1 and 2 and
since D, = D(By) N C, it follows that D, contains a subgroup which is isomorphic to
D(By,). So D(By,) is nonabelian and SDS. But by Proposition 4.1 (b), D(Bj,) = SDaa,
a contradiction.

Suppose that D(Bs) is nonabelian. Then by Proposition 4.3, K # Fy(q). A proof
similar to above shows that D, contains a subgroup which is isomorphic to the non-
abelian group D(By,), and by Proposition 4.1, D(B,) is not SDS, a contradiction. It
follows that D cannot be SDS.
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Suppose ¢ = 1. By [21, Table 4.7.1], L; = Sping(q) or Spiny;(q) and C' = L;.2 or
Ly.(ged(4, g+ ¢€)) according as K = Fy(q) or Eg(q). Writing Z; = Q1(Z(L,)), we have
C/Zy = SOg(q) or SO5(q).(ged(4,q + €)/2). By Proposition 4.4, D/Z = D = D, is
not SDS.

Case 1.2. Suppose p = 3 and D(B;) is nonabelian. By the discussion above
L1 = SL% (3d1,ql)/Zl and D(Bl) = 3}~_+2, where Zl S Z(SL61 <3d1,q1>), ng(G,dl) =1
and 3||(¢1 — €1). We have (q1,€1) = (g,¢€) or (¢%,1) and (K, C) are given in Table 7,
where L, := SL5(q).

If K = Gsy(q) or 2Fy(2*™*1) then £ = 1 and L = C and B, = By = By(L), so
B = By(K) with D(B) = 312

Let K =3Dy(q), so that C' = L (g +eqr1) ¥ He, where He = (L, x) with z inducing
outer-diagonal automorphism of order 3 on L.. Thus H, < G, = GL5(q) and D, =
Z31 73 € Syly(G.). Since Z = 1, it follows that D/Z = D, is not SDS.

Suppose K = E;“(q) or Fy(q), so that C' = (L; o Ly, z), where L; = L. or SL3(¢?),
and x = x1 X x5 such that each z; induces outer-diagonal automorphism of order 3 on
L;. Let J; = (L;,x;), J = Jy o Jy and By, € Blk(J;) covering B;. Let G; = GL5(q)
or GL3(¢?) such that J; < G;, and let Bg, be a 3-block of G; covering Bj,. Then
D(By,) = D(Bg,) N J;, and D(Bg,) € Syls(Cg,(s;)) for some semisimple 3'-element s;
of G;. It follows that D(Bg,) # D(B;)O3(Z(G;)) and so D(By,) # D(B;) as D(By,) =
D(Bg,)NJ; € Syl3(Cy.(s;)). If D(B;) is nonabelian, then D(B;) = 31, it follows that
D(By,) 2 Z317Z3 and hence D, = (D(By,) o D(By,)) N C contains a subgroup which is
isomorphic to D(By,), which is impossible.

Case 2. Suppose 3| (¢ —¢€) and K = K, := 3.E§(q) < H := 3.E§(q).3. Then D
cannot be nonabelian and SDS. In addition, D is abelian if and only if Dy s abelian,
and [Dyg:D] = 3 when p = 3.

Write m* := ged(m, g — ¢).

Case 2.1. Suppose p = 2. We have z € Z(D) with |z| = 2. By [21, Table 4.5.2],
C := Ck(z) = (Spinj,y(q) o (¢ —€), t) or given in Table 6, where ¢t = 4*:1. By [21, Table
4.5.1], Cu(z) = (Spinjy(q) o (¢ — €),tm) or (SLa(q) o SL§(q), zx), where ty = 4*:3 and
ry = 2:6. A proof similar to that of Case 1.1 shows that D = D, cannot be both
nonabelian and SDS. Similarly, since D = D,, it follows by the first part of the proof
Case 1 that each D(B;) is abelian if and only if D is abelian if and only if Dy is abelian
(as D = Dpy).

Case 2.2. Suppose p is odd. Since z is parabolic or equal-rank type and z induces
an inner automorphism on K, it follows that each L; is classical.

Suppose, moreover that each D(B;) is abelian. Then as in Case 1, D, is abelian. If
p>5,then Dy = D = D, and so both Dy and D are abelian.

Suppose p = 3. If z € Z(D), then (z, B,) is major and so D = D, is abelian. Let
(z, Bu.) be a Bg-subgroup such that By, covers B,. Then By, is a block of Cy(z).
By [21, Table 4.7.3A],

Cu(2z) = (SL5(q) x SL5(q) o SL5(q), 3:3:1,1:3:3),  (SLg(q) o2« (g —€)).(3 x 27),
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Sping (q) 02+ ((q —€) x (¢ —¢€)).(2" x 2" x 3), Spinjy(q) 0 (¢ —€).(3 x 2* x 2}) (when g = ¢
(mod 9)) with 2 = 1 or 2* according as € = — or +, or (SLa(q) X SL5(q))o(g—€).(2* % 3)
(when ¢ =€ (mod 9)).

Suppose C(z) = (SL5(q) x SL5(q) o SL5(q),t, z), so that L = SL5(q) x SL§(q) o
SL5(q), T = (t) < K with ¢ induces 3:3:3 on L, and # € H \ K induces 1:3:3 on
L. Let L; = SL5(q) < G, = GL5(q), t = titats, © = x1m923 With ¢;, x; act on L;
and centralizes L; when ¢ # j. In addition, let J; = (L;,t;,z;), so that J; < G..
Let S = Zy—e X Zy—e < SL5(¢) be a maximal torus, and S x S o3 S < L. Since
Cars(q)(S) = Zg—e X Lg—e X Ly, is a maximal torus, it follows that A := C;(S x So35)
is abelian such that AN K ~ Z5__is a maximal torus of K and A/(ANK) = Zs. In
particular, we may suppose t,x € A and Cy(z) = LA with abelian A and L <1 Cy(2).

Similarly, if Cpy(z) = (SL§(q) x (¢ — €)).6", Spin{ (q) o2 (g — €) x (¢ — €)).(2" x
6*), Spinjy(q) o (¢ — €).(6* x 2¥) or (SLa(q) x SLi(q)) o (¢ — €).6*, then A < Cy(z)
and so Cy(z) = LA with abelian A and L < Cg(z), and A induces inner-diagonal
automorphisms on each L;.

A proof similar to that in Case 1 with LT replaced by LA and some modifications
shows that if each D(B;) is abelian, then D(By,) is abelian. Moreover, a proof similar
to that of Case 1.2 shows that |D(Bp.):D| = 3. Thus if z € Z(D), then D = D, and
so D(Bp,) = Dy, since |D(By,):D| =3 and H/K = Z;. It follows that if each D(B;)
is abelian and z € Z(D), then Dy is abelian with |Dy:D| = 3. Conversely, if Dy is
abelian, then D = Dy N K is also abelian.

Case 2.3. Suppose p is odd and D(B;) is nonabelian for some i, so that as in Case
1, p =3 and (K, C) is given in Table 7. A proof similar to Case 1.2 shows that D, is
not SDS. Since D, < D, it follows that D is not SDS.

Case 2.4. Suppose p is odd and z € Z(D), so that p =3 and |z| = 9. If D(B;) is
nonabelian, then by Case 2.3, D is not SDS.

We may suppose each D(B;) is abelian, z € D with |z| = 9 and zZ(K) €
Z(D/Z(K)). By [21, Table 4.7.3A], 9 | (¢ —¢€) and Cy(z) = Spinjy(q) o (¢ —€).(6* x 27)
or (SLz2(q) x SL5(q)) o (g—e€).6*. In this case, C/z(x)(2Z(K)) is also given by [21, Table
4.7.3A], and we have Ckz(x)(2Z(K)) = Ck(2)/Z(K). Thus D/Z(K) < Ck(2)/Z(K)
and D < Ck(z). In particular, z € Z(D) and we may suppose (z, B,) is major. Hence
D = D, is abelian. By Case 2.2, Dy is also abelian.

Case 2.5. Suppose D = Z(K) = Zs, so that Dy /D =1 or 3 and Dy is abelian.
We claim that |Dgy:D| = 3. Let 6 be the canonical character of B, so that D < Ker(x)
and so 6 € Irr(K,), where K, = K,/Z(K,). Let K* be the dual group of K, so that
K* = K,.3 = Inndiag(K).

Let x € Irr(K™) covering 6, and let (s, u) be the label of x. Thus s is a semisimple
element of K and p is a unipotent character of C'k(s). So x(1); = |K:Ck(s)|su(1)s.
But x(1) = t0(1) for some t € {1,3} and 0(1)3 = |K,|3, so

3u(1)s = t|Cx(s)]s
and p(1)s = |Ck(s)[s or [Ck(s)|s/3.
If s = 1, then p is a unipotent character of K. By [14, pp480, 481], u(l)s #

|K|3 and |K|3/3. Thus s # 1. The centralizer Ck(s) and its order are given by
[17]. So O"'(Cx(s)) is a central product of classical groups of type A* or Dif (with
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t > 4). It follows by the hook-length formula [18, (1.15)] and [27, (22)] that p(1) =1,
0" (Ck(s)) = 1 and so C'k(s) is a maximal torus of K. In addition, |C'x(s)|s = 3 and so
O3(Ck(s)) = Z(K). Thus |K:Ck(s)|s = |K,|s and 8(1)3 = x(1)s. Since K*/K, = Zs,
it follows that x(1) = 6(1) and hence x|k, = 0. In particular, Ty (0) = Tu(B) =
H. But |Ty(B):Dy| =1 (mod 3) (replacing Dy by a conjugate if necessary), so

Case 3. Suppose that K/Z(K) = E;(q) with q even. Note that there are no outer
diagonal automorphisms of G. If D is SDS, then D 1is abelian.

Suppose that D is SDS. Then p is odd, and since Z(K) = 1 we have z € Z(D)
(and (z, B.) is a major subsection). Each L; is either classical or an exceptional group
treated in Case 1 or 2.

Suppose D(B;) is nonabelian for some 4, and recall that D(B;) is SDS. By Proposi-
tions 4.1, 4.2, 4.3 and 4.4 and Cases 1 and 2, p = 3, D(B;) = 3} and (K, C) is given
in Table 7. A proof similar to Case 1.2 shows that D = D, cannot be SDS after all. It
follows that each D(B;) is abelian. If L; is classical, then apply Propositions 4.1, 4.2,
4.3 and 4.4. If L; is exceptional, then apply the results given in Cases 1 and 2. Thus
D = D, is abelian.

Case 4. Let q be odd, K = K,, = 2.FE7(q) < H := 2.E;(q).2. Then D is abelian if
and only if Dy is abelian, and moreover, [Dy:D] = 2 when p = 2. If D/Z is nonabelian
and SDS, then p = 2 and D 1is given by Table 8 and in addition, |Dy:D| = 2, where
B =1 ora. In particular, D/Z is not isomorphic to an extraspecial group for any

7 < Z(K).

a|D Z | D/Z

3| (Za X Zs) 0 (Qaat1 0 Zgs) | Lo | Lo X Dg X Zigs—

3 Zga+1 ¢} (Q2a+1 o ZQ[S) Zg Zg X Dg X Zzﬂ—l

2 | (Zy x Zs) o (QgoZys) 1 | (Zg X Zs) o (Qg 0 Zys)
2 | Zgo (QgoZys) 1 | Zgo(QgoZys)

Table 8: SDS defect 2-groups of E7(q)

As before, write m* := ged(m, ¢ — €).

Case 4.1. Suppose p = 2. Since z induces an inner automorphism on K, it follows
by [21, Table 4.5.2] that Ck(z) = (SLy(q) 025 Spinis(q),t) with ¢t = 2:s, ((SLg(q)/2) o
4, ) with o = (8%/4):1, or (E§(q). o (¢ — €),w) with w = 3*:1, where the sign € = + is
chosen so that 4 | (¢ — €). Further, by [21, Tables 4.5.1 and 4.5.2]

Cu(z) = (SLy(q) o Spingy(q), t,ty), with =22, ty =12, (5.3)
((SLg(q)/2) o 4, zy) with xg = (8*/2):1, or (E§(q)u o (¢ — €).2,w).

We show that we may take (z, B,) to be major, and so D = D,. If z € Z(D), then
we have already chosen (z, B,) to be major. Suppose z € D such that |z| = 4, 2* € Z,
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and 22y € Z(D/Zy), where Zy = Z(K). Then 4 | (¢ — €) and
Chyzy(2Zo) = ((SLg(q)/4) 0 2,2y, Z) with zyg = (8"/2):1, Z=1

or (3*.E§(q) o (¢ — €),w,v) with w = 3*:1 and v = v:i. Here v and ¢ are graph and
inverse automorphisms, respectively. Since D < K and D/Zy < Cyz,(22y), it follows
that D/Zy < Cy(2)/Zy, z € Z(D) and so (z, B.) is always major, as required.

If each D(B;) is abelian, then a proof similar to that of Case 1 shows that D = D,
is abelian.

Let (z, By,) be a By-subgroup such that By, covers B,, so that By, covers By.
Let Dy, be a defect group for By, with Dy, < Dg. Suppose each D(B;) is abelian. A
proof similar to that in Case 1 shows that Dy is abelian. In addition, by Propositions
4.1 and 4.4, |Dpy.:D.| = 2. Since D = D, and [H : K| = 2, it follows that Dy = Dy,
and so Dy is abelian and |Dy:D| = 2. Since each D(B;) is abelian when D is abelian,
it follows that D is abelian if and only if Dy is abelian.

Suppose D, is nonabelian and D, /Z is SDS for some Z < Z(K).

We have that ¢ < 2. Suppose ¢ = 1, so that L = L; = SLg(q)/2 or E§(q),. Thus
D(By) is nonabelian and D(B;)Z/Z is SDS. By Proposition 4.1 and Case 2, this is
impossible.

Hence ¢ = 2, so that L = Ly o Ly with L; = SLy(q) and Ly = Sping,(q). If
D(By) is abelian, then by Proposition 4.4, |D(By,):D(Bs)| = 2. Since D, = D is
nonabelian and D/Z is SDS, it follows that D(Bj) is nonabelian and D(By)Z/Z is
SDS. So D(B;) € Syly(L1), By = Bo(Ly), By, = By(Jy) and D(By,) € Syly(J;). Thus
there exists a subgroup @ < D, such that Q = D(Bj,) = S Dsa+2, which is impossible.
Thus D(DBs) is nonabelian.

By Proposition 4.4 and its proof (cf. [17]),

D(B1) o D(By) < (SLalg) © (SLa(¢®) o (¢* — ))).(211) < Ci () (5.4)

and D(By) € Syly(SLa(¢®) o (¢*> — 1)), where n = +1. Note that Z(K) = Z(L) is

a subgroup of Z(Lsy) generated by an element z; and Lo/(zs) 2 Qi2(q). If D(By) is

nonabelian, then as shown above D, contains a subgroup @ = D(Bj,) = SDaa+e,

which is impossible. Thus D(By) is abelian and hence D(B,,) is abelian. If G; =

GLY (q) with 2||(g — 1), then D(By,) € Syly(Ce, (t)) for some 2-element t € Gy. Thus

D(By,) = Zgat+1 or Zy X Ze and D = D(By,) o D(Bs). Thus D is given by Table 8.
By (5.3) and (5.4),

D(By.) = D10 Dy < (SLa(q) 0 (SLa(q”) © (¢° — 1)), 2:1,1:2) < Cpr(2), (5-5)

where D; is an abelian subgroup of SLy(g).2 and Dy is a defect group of (SLa(¢?) o
(¢*> —n)).2 containing D(By). Thus Dy is a Sylow 2-subgroup of (SLy(¢%) o (¢* —1)).2,
|Dp.:D,| = 2 and Dy = Dpy_. In particular we have shown that [Dy : D] = 2. Note
that (SLa(q?) o (¢* —7n)).2 is isomorphic to GLI(¢®) and so Dy = SDgayy or Zga 1 Zy
according as 2||(¢ — n) or 2%||(¢ — 7).

Case 4.2. Suppose p is odd, so z € Z(D). Either L; is classical, or L; is an
exceptional group treated in Case 1 or 2. Suppose each D(B;) is abelian. If L; is
classical, then apply Propositions 4.1, 4.2, 4.3 and 4.4. If L; is exceptional, then apply
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the results given in Cases 1 and 2. Thus D = D, is abelian. Since Dy = D = D,, it
follows that Dy is abelian.

Suppose D(B;) is nonabelian, so that D(B;) 2 31" and (K, C) is given by Table
7. A proof similar to Case 1.2 with some obvious modifications shows that D = D,
cannot be SDS.

Case 5. Suppose K := Fg(q), so that Z(K) = 1. Then K has no block with
extraspecial defect group.

Since Z(K) = 1, we may choose (z, B,) to be a major subsection of B. If each
D(B;) is abelian, then a proof similar to that in Case 1 shows that D = D, is abelian.
If D(B;) is nonabelian and p is odd, then D(B;) = 31" and (K, C) is given by Table
7. A proof similar to Case 1.2 with some obvious modifications shows that D = D,
cannot be SDS.

Suppose D(B;) is nonabelian for some ¢ and p = 2. Then Ck(z) = Spiny4(q)/(zs) or
is given by Table 6. In the former case by Proposition 4.4, D = D, is not isomorphic
to an extraspecial group. In the latter case Ck(z) = (SLa(q) o E7(q)u)-(2:2). Thus
L = Lo Ly with Ly = SLy(q) and Ly = E7(q),. If D(B;) is abelian, then D contains
a subgroup isomorphic to D(By,) € Syly(L;.2), which is impossible. Thus D(By) is
abelian and D(By,) = Zy X Zs or Zga+1. In addition, D(B,) is nonabelian and given
by Table 8. Thus D = (D(B) o D(B3)).2 and as shown in the proof of Case 4.1, D
contains a subgroup isomorphic to SDaga+2 or Zsga ! Zo, so D is not isomorphic to an
extraspecial group. O

To complete the treatment, it remains to consider the simple groups with excep-
tional covers, namely the prefect groups G where G/Z(G) = Ag, A7, PSL3(2), PSL3(4),
PSU,(2), PSU4(3), PSUg(2), Sz(8), Sps(2), O7(3), Od(2), G2(3), Ga(4), Fy(2) and
2Fg(2). We take G to be the full cover of G/Z(G).

In none of these cases do we have any new examples of extraspecial groups of
G/O,(Z) (every extraspecial defect group for a faithful block is already a defect group
for a non-faithful block). We may use [20] to verify this in all but the cases Fy(2)
and ?Eg(2) for p = 3. For the blocks of the double cover of Fy(2) for p = 3, we refer
to [22]. For G/Z(G) = 2FE¢(2) and p = 3, we use that fact that for every p-subgroup
Q we have Cq(Q)/Z(G) = Cqiz)(QZ(G)/Z(G), since @ and Z(G) have coprime
order, and use an analysis similar to that given in the proof of Theorem 5.1. In each
case, every extraspecial defect group for a faithful block is already a defect group for a
non-faithful block.

However, we do have new examples of blocks of such groups G with extraspecial
defect groups. Using the same references as above: if G/Z(G) = Ag or Az, then
|Z(G)| = 6 and there are blocks with defect group D = 312 covering each block of
Z(G); if G/Z(G) = Go(4), then |Z(G)| = 2 and there are blocks with defect group
D = 3172 covering each block of Z(G); if G/Z(G) = PSLs(4), then |Z(G)| = 12 and
there are blocks with defect group D = 31*2 covering each block of Z(G); all other
blocks of these groups with extraspecial defect groups are already accounted for.
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