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In 1984, Guralnick conjectured the existence of a universal constant C which bounds 1-cohomology,
in the sense that if H is any finite group and if L is any faithful, absolutely irreducible H-module, then
dim H1(H,L) < C. Although initial suggestions (by Guralnick) that C = 2 proved too optimistic,
the conjecture remains open. Interest in this question comes from the study of maximal subgroups of
finite groups (e. g., Wall’s conjecture that the number of maximal subgroups of a finite group is less
than the order of the group). Indeed, H1(H,L) parametrizes conjugacy classes of maximal subgroups
of LoH not containing L.

In this talk, I will discuss recent work in the above direction. In particular, if the “absolute”
nature of the conjecture is relaxed, allowing for possible growth with respect to the Lie rank, then the
conjecture holds (for the finite groups of Lie type). This is work of Cline-Parshall-Scott (describing
characteristic) and Guralnick-Tiep (cross characteristic). In the describing characteristic case, these
results come from similar bounding results (depending only on the rank) for 1-cohomology of reductive
groups G acting on rational irreducible modules. Remarkably, the solution here involves the theory of
quantum groups. In addition, it is possible to consider bounding higher cohomology degree Hn(G,L),
n > 1. This problem is considerably more difficult (and has been recently considered by Parshall-
Scott). When the characteristic is sufficiently large, the theory of quantum groups can again be used.
The finitely many remaining (“small prime”) cases require some new results in modular representation
theory.

These results are largely qualitative, but they raise a completely new set of problems concerning the
rate of growth of these bounds as a function of cohomological degree. If time permits, I will mention
a couple results in this direction.
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