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Abstract

This paper proposes methods for testing the null hypothesis that a number of so-called long
run canonical correlations (LRCCs) are zero. Two test statistics are proposed and their
limiting distributions are derived under the null hypothesis. The finite sample properties of
the tests are illustrated via a simulation study that reveals the asymptotic theory provides
a good guidance to behaviour in moderate or large sized samples. It is shown that the
statistics provide a natural way for testing the asymptotic independence of two standardized
sums. The usefulness of the tests is illustrated via the following examples: inference about
cointegrating vector in a particular cointegration model; inference about break points in a
cointegration model; moment estimation; parameter estimation in Generalized Method of
Moments estimation.

Key Words: Long run canonical correlations; Canonical coherences; Asymptotic indepen-
dence of standardized sums; Cointegration; Inference about and based on moment condi-

tions.
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1 Introduction

Contemporaneous canonical correlations (CCCs) are used extensively in multivariate statis-
tics'. They measure the degree of association between linear combinations of two random
vectors which are chosen to satisfy certain orthogonality and normalizing conditions. Re-
cently, a new kind of canonical correlations, called long run canonical correlations (LRCCs),
has emerged from the work of Hall, Inoue, Jana & Shin (2007) in their analysis of the infor-
mation content of moment based econometric estimators. As we show in this paper, LRCCs
also arise in other situations of interest in econometrics. While the concept of LRCCs has
been introduced into the econometrics literature, methods for inference about LRCCs have
not been developed. The objective of this paper is to fill this gap. Specifically, we propose
statistics for testing the null hypothesis that a number of LRCCs are zero. Our asymptotic
analysis exploits a connection between LRCCs and canonical coherences in the frequency
domain literature. It is shown that the statistics provide a natural way for testing the
asymptotic independence of two standardized sums. The usefulness of the tests is illus-
trated via examples involving: inference in a cointegration model; inference about break
points in a cointegration model; moment estimation; parameter estimation in Generalized
Method of Moments estimation. In each case, the properties of the statistic in question are
shown to depend on whether or not certain LRCCs are zero.

The rest of the paper is organized as follows. Section 2 presents the definition of LR-
CCs, establishes certain useful properties including the connection to canonical coherences,
and illustrates how they are naturally related to the property of asymptotic independence
between two standardized sums. Section 3 discusses consistent estimation of LRCCs, pro-
poses two statistics for testing certain LRCCs are zero and derives the limiting distributions
of these statistics under the null. Section 4 illustrates the finite sample performance of the
statistics. Section 5 concludes. A mathematical appendix contains both proofs of the main

results and some extensions.

!See Anderson (2003) [Chapter 12).



2 Long Run Canonical Correlations

2.1 Definitions

To present a formal definition of LRCCs we first introduce the following notations and
assumptions. Let z; and z; be px1 and ¢ x 1, respectively, where ¢ > p, and set v; = (z;, zé)’ ;
also set Xp = T-1/2 Zthl x4, Zp =T /2 Ethl 2 and Vip = T—1/2 Zthl v¢. The long run
variance of v; is denoted limrp_,, Var[Vr] = £,, where 3, is partitioned conformably with

Ut,

wa ECL’Z
Yo = . (1)
sz ZZZ
In our analysis, we require X, to be finite and positive definite. We make the following

assumption.

Assumption 1(1) {v;} is a mean zero, stationary up to order 2l, strongly mizing with

cumulant functions of order 2 to 2l that are absolutely summable.?

Let 'y, (h) = Cov|vs, v4—p] be the autocovariance function of {v:}. The absolute summa-

—+00

12 Iluu(R)|| < o0 and guarantees

bility of the second order cumulants amounts to
the existence of the long run variance Y,,. It is worth mentioning that the stationarity
condition in Assumption 1(!) is not necessary for the long run variance 3, to exist. If {v;}
is a strong mixing process but not stationary, Lemma 1 of Andrews (1991) proposes some
restrictions on the rate of decay of the mixing coefficients that guarantee the existence of

Yuv as well as the absolute summability of the fourth order cumulants.

With this background, the LRCCs are defined as follows.

Definition 1 Let vy satisfy Assumption 1(1). The population long run canonical correla-
tions between x; and z; are denoted by {p;;i =1,2,...,p}, where by convention p; > 0 for

i=1,..,p, and p; > piy1 fori=1,2,...,p— 1, and have the following properties:

(i) {p?} are the solutions to the determinantal equation |X;,3;} Y. — p?Saz| = 0;

2Note that the quantity in parentheses in the Assumption number indicates (half) the order up to which

the process is assumed stationary and its cumulants are assumed absolutely summable.
3Throughout this paper, ||A|| = (trace(AA’))'/? for any matrix A.



(i) {p3} are the p largest solutions to the determinantal equation |, X715, — p?3,.| =

0; and

(iii) p; = a;Emﬁi where o; and B; satisfy (Xo2X 1 Y00 — p?Yes); = 0 and (X, X550, —

0*%..)Bi =0 fori=1,2,... p.

Remark 1: A comparison with the definition of the CCCs (e.g. see Rao (1973)[p. 582-3])
indicates that the only difference between CCCs and LRCCs is that the CCCs are defined
via determinantal equations involving contemporaneous variances and covariances and LR-
CCs are defined via determinantal equations involving long run variances and covariances.
As a consequence, the LRCCs between z; and z; can be equivalently interpreted as the
(limiting) canonical correlations between X1 and Zr.

Remark 2: As a consequence of Remark 1, p; can be equivalently defined via sequential
constrained optimization in which o; and §; are chosen to maximize the correlation between
o, X7 and B.Z7 subject to the constraints that o}, c; = 1, a;Emai =0, 8iX..0; = 1,
B;Ezz@- =0, i # j; see Rao (1973)[p. 582-3] for a description of the sequential derivation
of CCCs.

Remark 3: From the definition, it follows that LRCCs can be interpreted as canonical coher-
ences at frequency zero. Hannan (1970)[p. 298] defines the canonical coherences between
z; and z; at frequency A to be {p;(A\)}_;, the (positive) solutions to the determinantal
equation

’fa:z(A)[fzz(/\)]_lfzm<)\) - p<)‘)2f$z()‘)| = 07

where f,.(-) and f,.(-) are the spectral density matrices of z and z respectively and f,(+)

is the cross-spectral density matrix between 2 and z.* The equivalence then follows directly

from the definitions of the two quantities upon noting that Y, = 27 f,,(0).%

“The spectral density matrix of v at frequency X is defined to be fuu(A) = 5= 370 e Ty, (h) and

Sou(+) is partitioned into fzz(-), f22(-), fz2(-) and f..(-) conformably with the partition of X, in (1).
®See Hannan (1970)[Corollary 4, p. 208].



2.2 Examples

Define vy = (2, 2)" and Vp(r) = [Xp(r)', Zp(r)) = T~1/? 1[21] vy where r € [0, 1] and [T'7]
denotes the integer part of T'r. Phillips & Durlauf (1986) provide conditions under which
Vr(r) = By(r) where By, (r) denotes a multivariate Brownian motion with variance ¥,
n = p+ q and = denotes weak convergence. From these results, it follows that X7 (r) and
Z7(r) are asymptotically independent if ¥, = 0,4, the p x ¢ null matrix. From Definition
1, it follows that this condition for asymptotic independence can be equivalently stated as
pi=0fori=1,2,... p.

Remark 4: We note that the hypothesis of asymptotic independence of X1 and Zp is
different from the hypothesis that z; and z; are independent. The latter hypothesis involves
the restriction that Cov|xy, z5] = 0 for all ¢, s. Clearly the latter restriction is sufficient but
not necessary for 3., = 0.6

We now present 4 examples of where the concept of LRCCs arises in models of interest
in econometrics. In examples 1 and 2, it is the asymptotic independence of two multivariate
Brownian motions that is the critical issue for the inference described. Examples 3 and 4
involve cases where the properties of various estimators depend on whether or not a certain

long run covariance is zero.

Example 1: Testing for cointegration

Consider the following cointegration model,

yt:a0+$250+utv t:1727"'7 (2)
1x1 1x1 1xkkx1 1x1

where u; is an I(0), zero-mean process, and the regressor vector x; is an I(1) process:

Tt = XTr—1 + Wy, (3)

where wy is an I(0), zero-mean process, and there are no cointegrating relations among the

x¢ (xo is an arbitrary random vector). Let {v; = (us, w})’} be a strictly stationary, weakly

5Tests for the independence of two time series have been proposed by Haugh (1976), El Himdi & Roy
(1997), Hong (1996) and Bouhaddioui & Roy (2004).



dependent stochastic process with finite second moments. For what follows, it is convenient

to decompose the long run variance of vy, ¥, as
Evv = Fvv(o) + Avv + Aiw

where Ay, = Y 32 Top(h). Assume Vp(r) = [By(r), By(r)]’, a (k + 1) x 1 standard
Brownian motion where By (r) is a scalar. Let ar, BT be the OLS estimators of «g and
Po from the regression of y; on 1, z; for t = 1,2--- | T. Park & Phillips (1988) derive the

limiting distribution of T(37 — Bo):

-1

TG -0 = | [ Bty B an| [ [ Butrame s an]. @

where B,, denotes the demeaned process By, and Ayuy = Lyw (0) + Ay and all matrices in
the latter equation are partitioned conformably with ¥,,.”

As noted by Park & Phillips (1988), the limiting distribution (4) depends, in an in-
tractable way, on the nuisance parameters ¥, and A,,. However, if ¥,,, = 0 then the
distribution becomes much simpler because B,, and B,, are independent and it can be shown
that

Sul2 AT (Br — Bo) — Syt A7Y P A = N0, Ii) (5)

where Ap = T2 Zle(xt —zr)(xs—27), T =T7! Zthl Tty Suw 2 S and Ay 2 A
Inference can be performed about By based on (5) in a straightforward fashion. Thus, in
this example, the condition that ,,, = Ogx1 - or equivalently that the LRCC between wuy

8

and w; is zero - is of practical relevance. o

Ezxample 2: Test for structural break dates in cointegrated regression models
Kejriwal & Perron (2008) have recently proposed an inference in cointegrated models with
multiple structural changes allowing both stationary and integrated regressors. In particu-

lar, they propose an inference for multiple structural break dates, T;,j = 1,...,m + 1, in

"Bu(r) = Bu(r) — [y Bu(s)ds.
8Park & Phillips (1988) note that if x; is strictly exogenous, in the sense that E(Axzjus) = 0, Vt and s,

then ¥yw = Auw = 01xx and the second term on the left hand side of (5) can be omitted. Notice this is

sufficient but not necessary for 3., = 01xk-



models such as
yo = Boj+ Bz + Byz+u (Tj—1 <t <Tj) (©)
2t = Z—1+w,
where z; is 1(0), To = 0 and T;,,41 = T. Kejriwal & Perron (2008) consider the limiting
behaviour of the break points obtained by minimizing an OLS criterion based on (6). They
show that the limiting distribution of these OLS break points depends crucially on whether
the long-run covariance 3, between u; and w; is equal to 0, and present this distribution

for the case in which ¥,,, = 0. Therefore, it is of importance to assess whether the LRCC

between u; and w; are all zero in this context.? o

Ezxample 3: GEL weighting in moments estimation
Consider that we are interested in estimating u = Eg(z;) € R” and we have available an

overidentifying moment condition model of the form

E[f(zt,00)] =0 (7)

that describes z;. It is well known, at least since Back & Brown (1993), that such an
overidentifying moment condition model is also informative about the distribution of the
underlying random time-dependent process {x; : t = 1,...,T}. Any moment of x; such as p
can therefore be more efficiently estimated than by the usual sample mean using this extra-
information through the so-called implied probabilities. We show next that the condition
of this superior efficiency of the estimation of p can be expressed in terms of LRCCs.
From the smoothed maximum empirical likelihood estimation theory introduced by
Kitamura (1997) and extended by Smith (2004) to the smoothed Generalized Empirical
Likelihood (GEL) settings, the implied probabilities p; : i = 1,...,Q are defined as an

optimal empirical distribution of a smoothed version of the estimating function f(zy,0).

When . # 0, Kejriwal & Perron (2008) propose the use of dynamic-OLS (DOLS) and the asymptotic
distribution of the structural break dates remains valid if the leads and lags orders are chosen appropriately.
In samples of reasonable size for empirical applications, the proposed inference with OLS outperforms the
DOLS when X, is actually equal to 0. For this reason, it is in the interest of applied researchers to choose

between OLS and DOLS after investigating whether X,.,, = 0 or not.



The induced estimator of p is i = 2?:1 p;G;, where GG; are the smoothed version of
{g(x) : t =1,...,T}. We can show that the asymptotic variance of 1 is V = ¥4 —
S4s 57} <Idr —x;°r (F’ZJI]}F>_1 r’zf;/2> 1Sy, with T = E[0 (x1,60)/00']|o_g,,
Y = limy_,o Var (T*1/2 Zthl ht>; he = (f'(z4,00),9'(x¢)); and ¥ is partitioned con-
formably with h; into Xy, Xg, Egr, Bgg- (see Appendix for the details on the derivation
of V)

From the expression of V| the superior efficiency of i over the sample mean vanishes if
the long run covariance ¥, = 0, or equivalently, the LRCCs between f(x¢,6p) and g(x;)

are all zero. o

Example 4: System estimation using GMM

Consider the case in which two non-overlapping parameter vectors 7y and dy are estimated
via GMM based on the information in the population moment conditions, E[g(ct,v0)] = 0
and E[h(d:, dp)] = 0 respectively, where ¢; and d; are two data vectors that may include
common variables. The parameters can be estimated via individual estimations that is,
based on separate GMM estimations using the appropriate moment condition, or from a
system estimation that obtains estimates from a single GMM estimation based on combining
the two moment conditions. Intuition suggests correctly that the system estimation can
never yield less efficient estimators than those obtained from the individual estimations.
However, system estimation is not guaranteed to provide any efficiency gains, and so, given
the increased computational complexity of system estimation, it is not clear that system
estimation is preferable from a practical viewpoint. We now demonstrate that the condition
for no gains from system estimation can be expressed in terms of LRCCs.

To this end, let 6 = (v/,¢"), f(-) = [9(:) h(-)'], e; contain the distinct elements of ¢
and dy, and X = limy o Var[T~/2 ]| f(er,00)]; also define F = E[f(ey,0)/00]lo—g, -
Partition X into Xgg, Xpp, Xgn, and Xp, conformably with f(-); assume that Y is a
consistent estimator of ¥ and f]aa is a consistent estimator of ¥,, for a = g, h. Define
G = E[0g(ct,7)/07]|y=, and H = E[dh(dy,5)/dd")|s=s,- Let Or be the GMM estimator

based on individual estimations that is, the GMM based on E[f(es, 0p)] = 0 with weighting



matrix Wq(}) = diag[ig_gl, f),:}%], and 07 be the system GMM estimator, that is the GMM
estimator based on E|[f(et, 6p)] = 0 with weighting matrix W}Q) =

Using standard first order arguments'” it can be shown that T/2 (67 — ;) 4 N(0, V()
and TY2(0r — 65) % N(0,V®) where VO = diag[(G'S;1G) ", (H'S; H)™'] and V(@) =
(F'S71F)~!. Using the partitioned inversion formula (e.g. Magnus & Neudecker (1991)[p.11])
and taking account of the structure of f(.), it follows that v =y@ if Ygn = 0 or, equiv-

alently, if the LRCCs between g(ct,v0) and h(dy, o) are all zero. o

3 Inference

We consider estimation of LRCCs based on solving the equations analogous to Definition 1
(i)-(iii) only with the population long run variances and covariances replaced by consistent

estimators.

Definition 2 Let i]m EN ) f]zz LN Y., and i]xz EN Yes. The sample long run canonical
correlations between x; and z; are denoted by {r;;i =1,2,...,p}, where by conventionr; > 0

fori=1,....p, andr; > rixq1 fori=1,2,...,p— 1, and have the following properties:
(i) {r?} are the solutions to the determinantal equation |%.,37} Y0 — 125, = 0;
(i) {r?} are the p largest solutions to the determinantal equation ]f]zxi];xl ﬁ]mz—r2f}zz| =0;

(iii) r; = o?i'f]m@, which is the positive square Toot of the i-th generalized eigenvalue,
where a; and BZ are the corresponding i-th generalized eigenvectors associated with T?

in (i) and (ii), respectively.

We consider the class of Heteroscedasticity and Autocorrelation Consistent Covariance
(HAC) estimators Yo of Lpp; see Andrews (1991). By definition, Do = 27rfm,(0) where

fw(O) is the kernel estimator of the spectral density matrix of v; at frequency zero as

For example, Hall (2005)[Chap. 3.4 & 3.6].



introduced by Parzen (1957), that is
=
fo) = 5— > K(Bri)luw(h)e™,  —oo <A< oo, (8)
T =111
where fvv(h) is the sample autocovariance function,

T

~ 1 A A

Fm,(h)zf E vy, for h>0, and Dy,(=h)=T1%,(h), (9)
t=h+1

k(-) is the covariance averaging kernel or the lag window generator and the bandwidth
parameter Br is a sequence of constants tending to 0, as T — oo in such a way that

BrT — . k(-) satisfies the following assumption.

Assumption 2 k() : R — R is piecewise continuous, continuous at zero with k(0) = 1,

symmetric about zero, absolutely integrable and is such that xk(zx) is bounded.

The class of kernels described by Assumption 2 is the one considered by Rosenblatt
(1984).1  The boundedness of zk(z) is not particularly restrictive as it includes most
popular choices of the kernels used in practice.

To derive the properties of the sample LRCCs and also the inference procedures dis-

cussed below, we need to characterize the large sample behaviour of f,, (0).

Lemma 1 If Assumptions 1(4) and 2 hold, k(-) has v > 0 as characteristic exponent,

Hfél)(O)H < oo and Br = o (TﬁTl?r), then:

\/g (Fuu(0) = fun(0))) 5 N (0, V(0)), (10)

where v = %} szl,k’l’()‘) = {fvv(o)}kk’{fz}v(o)}ll’ + {fvv(o)}kl’{fvv(o)}k’b

1<kK, LI <p+q, and {M};; denotes the (i,7)-th element of the matriz M and féi}) is

the generalized r-th spectral derivative of fy,.

The value for v is given in Hannan (1970)[Table 1, p.282].}2 The terms Vjy1(0) are given

by Rosenblatt (1984) (see in particular his comments on p. 1178) while one can refer

"' This class is essentially included in the class of kernels K1 considered by Andrews (1991). Note that
the class K1 defined by Andrews (1991) requires the absolute integrability of k(-) instead of the square-

integrability; see footnote of Andrews & Monahan (1992)[p. 955].
12 Also see the Supplementary Appendix available from the authors upon request.



to Hannan (1970)[Ch. V, Th. 9] for the off-diagonal terms of V(0). Lemma 1 follows
from Rosenblatt (1984)[Corollary 3] and the formulae for the bias of the spectral density
estimator in Parzen (1957).

Politis & Romano (1992) refer to the choice of bandwidth Bp suggested by Lemma
1 as undersmoothing. The minimization of the MSE of fw(O) requires By T 1%
Therefore, the choice of By defined by Lemma 1 would give in general larger weights to the
autocovariances of order close to 0. By doing so, the resulting spectral density estimator
would not smooth the sample autocovariances enough to be optimal. However, they also
recognize the necessity of such undersmoothing to obtain the type of central limit result in
Lemma 1.

Since ¥, = 27 fyy(0), it follows that under the conditions of Lemma 1 we have that

27 fm,(O) NS Y Using these results, we can establish the consistency of the sample LRCCs.

Proposition 1 Let {r?} be the sample LRCCs defined in Definition 2 with Sov = 27 fuu (0).
If the conditions of Lemma 1 hold then r? RN p? fori=1,2,...,p where {p;} are the LRCCs

7

between x; and z.

Proposition 1 follows via the Continuous Mapping Theorem from the consistency of the
long run variance/covariance matrix estimators and the continuity of the eigenvalues as a
function of the underlying matrices; e.g. see Hiriart-Urruty & Ye (1995).

We now consider inference about the LRCCs. Given the examples in Section 2, it is
desirable to derive a test for the hypothesis that the smallest & LRCCs are all zero. To
our knowledge, such an appropriate test statistic has not been presented in the literature.
Brillinger (1981) derives the limiting distribution of the sample canonical coherences when
their population analogs are distinct which is different from our desired hypothesis if k > 1.
Hannan (1970) considers testing our hypothesis of interest but only develops a test statistic
for the case in which p = 1. To our knowledge, the extension to p > 1 has not been
considered in the literature.

Let rp_p41 > Tp—k42 = -+ 2> 1p be the k smallest estimated long run canonical correla-

tions between z; and z; derived from f)m, =27 fw(O) in Definition 2. We consider two test

10



statistics:

k
1%
LRy =—5 > n(1-r2 ), (11)
j=1
and
Lk
j=1

The functional forms are chosen because L R mimics the likelihood ratio statistic for testing
contemporaneous independence between two normal vectors in multivariate statistics (see
Anderson (2003)). In fact, as we establish as a step of the proof of Theorem 1 below, f,(0)
is asymptotically distributed as the sample covariance of v/2 independent Gaussian random
variables with mean 0 and variance f,,(0). This justifies LRy as the likelihood ratio test
statistic for exactly k£ canonical correlations equal 0. Hr is a generalization of the statistic
proposed by Hannan (1970)[p. 290] for the case in which p = 1.

The large sample behaviour of these statistics is given in the following theorem, the

proof of which is relegated to the appendix.

Theorem 1 If the conditions of Lemma 1 hold and %, is positive definite, then under
Hy: pp—i+1 = pp—k42 = ... = pp = 0, LRy and Hr are asymptotically distributed as a

X%(q_p+k) as T grows to infinity.

Remark 5: The degrees of freedom agree with the conventional result from multivariate
statistics for testing the independence of two normal vectors; see Anderson (2003)[Ch. 9.

If v; depends on a parameter 6 of finite dimension which is estimated by 67 (as would
be the case in Example 4 above, say), Theorem 2 below ensures that one can base the
test for k¥ LRCCs equal 0 on vt(éT) and still rely on the test statistics and the asymptotic

distributions given by Theorem 1. We make the following assumptions.

Assumption 3 (i) The conditions of Lemma 1 hold with vy replaced by

(meoy, vec <889,vt(90) - E;elvt(eo)>/>,a

2
(ii) sup;>1 E supyeg H%{;o,vatw)” <oo,Va=1,...,p+q where vi(0) = (v1¢(0), . .., Vprq.:(0)),
A : 2
(iti) VT (01 — o) = Op(1), (iv) supz1 Ellve(6o)||* < 00, (v) supy>y Esupgee || ggoe(@)]|” <

Q.

11



Assumption 3 is quite standard in the literature of long run variance estimation. It
ensures the asymptotic equivalence of the long run variance estimators obtained using the
parameter estimate 7 and the true parameter value y. (See Andrews (1991).) The validity
of the test of exactly k& null LRCCs is given by the following theorem.

Let LR7(07) and Hp (A7) denote the likelihood ratio and the generalized Hannan test

statistics based on fﬁ{)(o), with 0 = vt(éT). We have:

Theorem 2 If Assumption 3 holds and Hy : pp—k41 = pp—kt2 = ... = pp = 0 (where
pi is the i LRCC between x,(00) and z(0)), LRr(0r) and Hp(Or) are asymptotically

distributed as Xi( ) as T grows to infinity.

q—p+k

4 Simulation Study

In this section we report results from simulation studies designed to shed light on the finite
sample properties of the test statistics introduced in the previous section. In Section 4.1,
the design involves an application of the statistics to testing whether the long run covariance
of two stationary random vectors is zero. Sections 4.2 and 4.3 involve applications of the
tests in the context of the cointegration model in Example 1 (in Section 2.2) and the system

estimation using GMM setting in Example 4, respectively.

4.1 Application to testing zero long run covariance of two stationary

random vectors (Experiment 1)

We consider the random process z; € R* with
Ty = Rywe 1 + Rogy1 + &,

where e, ~ NID(0,Q).

We set Ry = 0.5Idy and Ry = 0 in Design 1 corresponding to an AR(1) dynamics for
each component of z;. Design 2 corresponds to an MA(1) dynamics for each component
with Ry = 0 and Ry = 0.51/dy while Ry = Ry = 0.51dy4 in Design 3, corresponding to an

ARMA(1,1) dynamics for each component of x;.

12



Let yr = (214, 22¢)" and 2z = (z3¢, 24¢)" and p1, p2 (p1 < p2) the LRCCs between y; and

z:. We generate samples of x; of size T' = 50, 100, 200 and 1,000 and perform the tests for:
Hpp : pr=0 and py#0

and

Hps : p1=p2 =0.
Under Hy1, LRy and Hp are asymptotically distributed as X% and under Hgyy, LR and
Hr are asymptotically distributed as 3.

The true values of p; and py are set up by the choice of 2. We consider 4 cases, denoted

Case i, 1 = 1,2, 3,4, for which Q = Q; with :

1 06 O 0 1 06 06 0
06 1 0 0 06 1 06 O

Ql = ) QQ = )
0 0 1 0.6 06 06 1 O

[es}
o
o
D
—_
o
o
o
—_

1 06 0.6 0.6 1 0.6 0.6 0.1
06 1 0.6 0.6 06 1 0.6 0.3
O3 = , and Q4 =
06 06 1 0.6 06 06 1 0.2
06 06 06 1 0.1 03 02 1

For any of the three designs, we have that: Hgo is true for Case 1; Hy is true for Cases 2
and 3; Hy; and Hpo are both false for Case 4.

We evaluate the performance of the LRCC tests through 10,000 Monte Carlo replica-
tions. The simulated rejection rates for the tests are displayed by Tables 1 through 3. We
obtain the estimated LRCCs using the usual HAC estimator of the long run variance with
the Bartlett kernel. We also report the results based on the prewhitening and recolouring
Bartlett kernel estimates of the long run variance. (See Andrews & Monahan (1992).) We

rely on the AR(1) adjustment for each component of z; for the prewhitening step.

From Tables 1-3, it can be seen that the rejection rates are more sensitive to the choice

of kernel than to the choice of test statistic. The use of the Bartlett kernel alone yields

13



tests with approximately correct size for Design 2, the VMA(1), but yields oversized tests
for both Designs 1 and 3 in which there is a VAR component present in the data. In
contrast, the use of the Bartlett kernel with prewhitening and recolouring yields tests that
have approximately the correct size for samples with 7' > 250. In terms of power, the two

tests perform comparably.

4.2 Application to cointegration regressions (Experiment 2)

In this section we investigate the performance of LR7 and Hr in the context of the coin-
tegration example in Section 2. The data are generated via (2)-(3) with £ = 1, ag = 1.0;
Bo = 2.0. We consider three cases for the error process [us, w;] all of which fit within the

following framework

Ut = YWt + a + Hé‘tfl — 961572

wy = by+0g1+0c2

e (Case 1: v = 0 = 0; under these conditions x; is strictly exogenous and so inference

about Sy can be legitimately based on
S 2452 (Br — Bo) = N (0, 1). (13)

e Case 2: v =0 and 0 # 0; under these conditions it can be shown that ¥,,, = 0 and
B,(r) and B,(r) are independent, and so inference can be performed about fy based

on (5). We choose 6 = 0.5.

o (Case 3: v # 0; under this condition ¥, # 0. We choose values v = +0.4,£0.8, and

for simplicity set 6 = 0.

Finally, the sample size: T = 50, 100, 250, 500, and 1000. We calculate the empirical size

of LRy and Hp when the nominal size is 5%, and also compute the empirical coverage
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probability of the 95% confidence interval of the estimator of the slope parameter 8y based
on (5) and (13). All results are computed using 10,000 simulations.

Table 4 presents the simulated rejection rates of LRy and Hp for Cases 1-3. As can
be seen, both tests have rejection rates close to the nominal size of the test for both Case
1 and Case 2, that is, for the cases where their null hypothesis is satisfied. In Case 3, the
null is false and under both tests, rejection rates are substantially higher than the nominal
size and are clearly converging to one as the sample size increases. This evidence suggests
that both LRy and Hr perform well. The evidence also suggests that neither LR nor Hrp
dominates the other.

Table 5 presents the simulated coverage rates of 95% confidence intervals for 8y based
on the results in (13) and (5). Recall that (13) is only valid in Case 1, and it can be seen
from Table 5 that it is only in this case that the simulated coverage rate converges to 0.95 as
T increases. In contrast, (5) is valid in both Case 1 and Case 2, and the simulated coverage
rates converge to 0.95 for both these cases as T increases. Neither confidence interval is
valid for Case 3, and this is reflected in the simulated coverage rates. Interestingly, the
coverage rate is closer to the nominal level for the interval based on (5) but the coverage
rate is nevertheless too low by 0.1 even in the largest sample considered here.

Taken together, the results in Tables 4 and 5 indicate the practical importance of the
restriction that 3., = 0 in this model, and that L Ry and Hr offer a method for determining

when this restriction is satisfied.

4.3 Application to system GMM estimation (Experiment 3)

In this section, we provide an illustration by Monte Carlo experiments of the possibility of
efficiency gain when the LRCCs between the initial estimating function and the additional
ones are non-zeros in the context of moment condition models. We consider the data
generating process:

Ty = Rrp1 + &y,

with 2y = (yt,2¢)" and e, ~ NID(0,(1,w,1)) and R = (ri|re); 1 = (0.8, 0) and ry =

(0, 0.5)".
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The moment restrictions that we consider are:
E(y—m) = 0, E(yp—m3) = 0, E(y)—ms5) = 0, (14)

E(z—p) = 0, E(zx—p)® = 0, E(z—p)® = 0 (15)

in which the parameters of interest are m1, ms and ms. We estimate these parameters using
the just identifying moment restrictions in (14) that we label Model 1 and we also estimate
m1, ms and ms along with p using Model 2 corresponding to the moment conditions (14)
and (15), jointly. The correlation coefficient w controls the LRCCs between the estimating
function in (14) and (15). If w = 0, these LRCCs are all equal to 0 and they increase as
w increases. As (15) is overidentifying for p, we expect ms and ms to be more efficiently
estimated by Model 2, for w > 0. Note that we do not expect any such improvement in the
estimation of m; because within our design the moment condition for m; is proportional
to the score vector for estimation of the mean of y.

Table 6 displays the simulated rejection rates of the LRCC tests of Hy : p1 = p2 = p3 =
0. In terms of size properties, w = 0, it can be seen that the tests are slightly undersized
for T' > 100 and do not exhibit size equal to the nominal level at even T" = 1000. This
contrasts with our findings in Sections 4.1 and 4.2. We attribute this difference to the fact
that the previous two designs involve linear models and the one here involves a moment
condition that depends on polynomial moments. We conjecture that in this context the
prewhitening /recolouring tends to underreject in our experiments except when we pre-
whiten with the true AR(1) structure as is the case in Experiment 1. Nevertheless, the
tests can clearly discriminate between zero and non-zero LRCCs in this context as well,
albeit with conservative size.

Table 7 reports the simulated bias and RMSE of these estimates as well as the simulated-
average asymptotic variance of the corresponding estimators. The results are obtained from
10,000 Monte Carlo replications. We consider the sample sizes T = 50, 100, 250, 500 and
1,000 and w = 0, w = 0.6 and w = 0.8. For the reason stated above we treat discussion
of the estimation of m; and (mg, ms) separately. Consider first the estimators of (ms, ms).

It can be seen that the bias is smaller in Model 1 but the variance is smaller in Model
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2. However, if w = 0.0 - and the LRCCs are zero - then the MSE is smaller for Model 1
although the differences in all three statistics across models 1 and 2 are negligible in large
samples. Whereas if w > 0.0 - and the LRCCs non-zero - then the MSE is smaller for
Model 2 and this comparative advantage persists even in large samples. Now consider m;:
as anticipated above, Model 2 shows no gains over Model 1.

Taken together, the results show that both the comparative large sample properties of
the system GMM and individual GMM estimators are sensitive to whether or not the LR-
CCs between the two sets of moment are zero, and that the LR(A7) and Hrp (A7) estimator
can distinguish between these two states of the world. Although this is a relatively simple
design, in more complicated nonlinear models, system GMM estimation may involve a con-
siderable increase in computational burden over the individual GMM estimations and so it
may be considered desirable to test a priori if there is a potential gain from system esti-
mation. Our results suggest LR(67) and Hrp () offer a convenient method for performing

this type of inference.

5 Concluding Remarks

In this paper, we propose two statistics for testing whether a number of LRCCs are zero,
and also derive the limiting distributions of these statistics under the null. We show that the
hypothesis of asymptotic independence between two standardized sums can be expressed
in terms of LRCCs and thus that our test statistics can be used to test this hypothesis.
Interest in this type of hypothesis is illustrated via a number of examples. We evaluate
the finite sample performance of our tests statistics in a number of settings via simulation
studies which collectively suggest the limiting distribution under the null hypothesis is a

reasonable approximation to behaviour in moderate and large sized samples.
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Appendix

This appendix is divided into three sections. Section A briefly describes some results from the
linear algebra literature that are exploited in our analysis. Section B presents the proofs of the

main results in the text and Section C contains the tables.

A Some properties of the LRCCs as an implicit function

The long run canonical correlations (LRCCs) between z; and z; are given by Definition 1(i) and

can equivalently be considered as square root of the eigenvalues of Soa

/280,571, D0a’? where,
for any symmetric positive definite matrix A, A'/2 is the unique symmetric positive definite matrix
B satisfying B? = A.

Let U be the open subset of the (p+ ¢) X (p + ¢) symmetric positive definite matrices, A be the

subset of the the p X p symmetric positive semidefinite matrices.
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Y1 X
For any ¥ € U, we write X = where the blocks are analogue to those of 3.
Yo1 Y22

Let us define the LRCCs function r by:
r:U—=RE, VEeU, r(EZ) = r(X), -, rp(X)),

where r1(X) > r3(X) > ... > r,(2) are the LRCCs between z; and z; derived from ¥. We consider

the following decomposition of r:

r=soloh,

where

UL ALR SRE,
h(X) = 21711/221222_212212;11/2, s(u) is the square root of u component-wise and, for any A € A,
I(A) is the vector of the p eigenvalues of A arranged from the largest to the smallest.

This eigenvalue function [ has some interesting properties that one can get from the literature
on matrix perturbation theory. (See Kato (1966), Chu (1990), Hiriart-Urruty & Ye (1995).) We will
partially rely on those results to set up some useful properties of the canonical correlation function
r. These properties are presented for completeness in Lemma A.2 below. Before doing so it is useful
to recall that a function g : O1 — Oy (O; and O, two normed spaces) is said to be locally Holder
continuous on O; with exponent o > 0 if for any a € Oy, there exists a neighborhood V, of a and

a constant d, > 0 such that, for any b,c € V,,
l9(6) = g(c)]l < dallb —c]|*.

Lemma A.2 (i) soloh is locally Hélder continuous of exponent a = 1/2 on U.

(ii) Let A € A and n a multiple eigenvalue of A of order m. Let l;,, li,,..., l;, be the m

m

components of l satisfying l;, (A) = 1;,(A) =---=1; (A) =mn. Then the function

SElil +li2+~-~+lim
is indefinitely differentiable in a neighborhood of A.

(iii) Let X9 € U such that h(Xg) has multiple eigenvalue as described by the conditions of (ii).
Then, S o h is indefinitely differentiable in a neighborhood of .

Proof. (i) As a continuously differentiable function on U, h is also locally Hélder continuous on U

with exponent 1 (i.e. locally Lipschitz continuous). Also, from Hiriart-Urruty & Ye (1995)[Th. 4.1],
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each component of [ is locally Lipschitz continuous as difference of two locally Lipschitz continuous
functions. Therefore, [ is also locally Lipschitz continuous and so is [ o h.
Hence, for any ¥ € U, there exists a neighborhood V of ¥ and a constant v; > 0 such that, for
any Yq,%9 € V,
[Te h(E1) =loh(X2)]| <71 — 22| (A1)

Now, we show that for any a,b € R,
lIs(a) — s(®)|| < v2lla — b||"/?,

for some v > 0. Clearly, [|s(a) —s(b)[|> = >0, (yai — \/E)2 . But, it is easy to check that for any

2,y € Ry, |VE - /3l < /J& — y]. Thus

P P P 1/2
1 1
Is(a) = s®)> < lai —bi| =p <p > ai - bz’|> <p (p > (ai - bi)2> = /plla = b];
i=1 i=1 i=1

the last inequality follows from the Jensen’s inequality. Hence |[s(a)—s(b)| < va|la—b||*/2, v2 = p'/*.

Using (A.1), we have
Is( 0 h(21)) — sl 0 h(82))]| < 72l 0 h(1) — Lo h(S2)[['/? < qan (|81 — 8"/

which establishes (7).
(i1) This is a straightforward consequence of Hiriart-Urruty & Ye (1995)[Corollary 4.3]. One
can also refer to Chu (1990)[p. 1375].

(#ii) Obvious, thanks to (%) and the fact that h is indefinitely differentiable on U. ©

Remark 6: 1t is worthwhile to recall that the eigenvalue function [ is not in general differentiable
at matrices Ag in A having multiple eigenvalues. (See Chu (1990)[p. 1375].) However, as stated
by Lemma A.2(ii), the sums of components of ! returning the same eigenvalues at Ay are smooth
functions in a neighborhood of Ay. This observation will play an essential role in our approach to

establish the main results of this paper.

B Proofs of the main results

Proof of Proposition 1.
Locally Holder continuous functions are also continuous and the continuity of r is therefore guar-

anteed by Lemma A.2(3). Since Sow B Sy, the Continuous Mapping Theorem implies that
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Proof of Theorem 1.
Let Z, : s = 1,...,m be p + g-vector valued random variables independently and identically
distributed with Z; ~ N(0, fu,(0)).

Let W =31, Z,Z.. W is distributed as W,14(m, fy,(0)), where W4, denotes the Wishart

distribution. For m large, by the Central Limit Theorem,
1
NG (mw — fW(O)) 5 N(0,1), (A.2)

where we make a similar abuse of notation as in Lemma A.3. The components of V; are

Vi = Cov(ZipZiy, Ziw Zar) = { fou(0) b { fow (0) }ir + { fow (0) bt { fow (0) it

1<k, 1,k " <p+q. Noting that V; = V(0), we can deduce that

Vi (2 = ) and (5 (Fr0) = 1 (0)

have the same asymptotic distribution. We set the correspondence

v 2T By
mzf’ V=

2 fjooj k2 (x)d:c

Let #(*) = 7(W) be the LRCCs calculated from the infeasible estimator LW of f,,(0). Since
W is distributed as a Wishart, the distribution of #(*) is given by Constantine (1963).

The distribution of #(*) for large values of m is given by Hsu (1941), see also Anderson (2003)[p.
505]. Under the data configuration giving W, the likelihood ratio test statistic for exactly &k null
long run canonical correlations is given for large m by

k
LR%?) = —len (1 — rz@zﬂ-) .
j=1
(See Anderson (2003)[Sec. 12.4] and Hall, Rudebusch & Wilcox (2003).)
We recall that under the null hypothesis, 7’;(21@4-]‘ =0,(1/y/m), j=1,...,k. Since log(l —z) =

—x + O(2?) in the neighborhood of 0, LR&?) is asymptotically equivalent to

k
(b) _ } : (b)?
HT =m Tpktj
j=1

and both are asymptotically distributed as X%( for large m.

q—p+k)
Having set up this benchmark and turning back to the feasible statistics of the theorem, we

remark that Hy = §5 o h(fsy(0)) and H(Tb) = mS o h(=W) where S is the sum of the k smallest
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components of [. These are exactly the k& components of the eigenvalue function [ taking the value
0 at h(fy»(0)) under the null.
From Lemma A.2(iii), Soh is indefinitely differentiable in a neighborhood of f,,(0). Since LW

and f,,(0) converge in probability to f,.(0), by a second order Taylor expansion, we can write

Soh(EW) = Soh(fu(0) + soacgks (fou(0))vech (EW = £,,(0))
+1vech’ (LW — £,,(0)) %vech (ZW — f,,(0)) (A.3)

JrOP(H ,}LW fvv( )”3)

and

Soh(fuw(0) = Soh(fonl0) + 525y (Fon O)vech (fun(0) = fu(0))
+4vech’ (£0(0) = fu(0)) Frzarisiommrs (fon(0))vech (£uu(0) = f£uu(0)

+OP(||fvv(0) - fvv(O)HS)
(A.4)

where vech is the usual matrix operator that transforms a symmetric matrix into vector stacking
its lower triangular elements.
Under the null hypothesis, S o A(f,,(0)) = 0 as the sum of the square of the k canonical

correlations which are equal to 0. By multiplying (A.3) and (A.4) by m and v/2, respectively, we

obtain
HY = g2 (fou(0)Vimvech (LW ~ fu,(0))
+3vmuvech’ (AW = £u0(0)) gocogomteOns /muvech (LW = f,,(0)) (A5)
—|—Op(m71/2)
Hr = /5 gosmty (Fon(0) /5 vech (£uu(0) = £0(0))
+§\/gvech' (fvv(o) - fvv(0)> % Sou(0 fvech (fm, fm(0)>
+OP(I/_1/2).
(A.6)

Since Jr?wech( W — fu(0 ) and f@ech (fm,( ) — fvv(0)> have the same asymptotic distribu-
tion and m = v/2, we can deduce from (A.5) and (A.6) that Hj(wb) and Hp have the same asymptotic
distribution. This shows that

a 2
Hr ~ Xk(g—pt1)-

Turning to LRy, we remark that, since Hr = Op(1), = Op(v™1),Vj = 1,...,k. Hence,

2
Tp—k+j

In(1 — rﬁ_k+j) = —rﬁ_kH +O0p(v=2),Vj =1,..., k. Multiplying this by v/2 and summing over j,
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we have
Lk
LRT——fZIH p k+]) §ZT§,]€+J-+OP(V_1):HT+OP(V_1).
j=1
This implies that LRy = Hp+op(1) and we can deduce that LRy and Hr have the same asymptotic
distribution,

LRy ~ Xi(q—p-irk)' °

Remark 7: A closer examination of (A.5) and (A.6) shows that the first term in each right hand
side seems to explode while the left hand sides and the second terms of the right hand side are all

asymptotically bounded in probability. Hence, the only way for (A.5) and (A.6) to hold is to have

d(So h)

under the null hypothesis. This is an additional information that one can extract from these expan-
sions.

While a direct proof of (A.7) may be tedious, this equation is easy to verify if all of the long
run canonical correlations between z; and z; are equal to 0 so that ¥,, = 0. In this case, for any

j:]‘""7p+q’ andi:j?"'7p+Q7

(S oh) 08 Ovech(h)
VU = a5 177 AN h VU O T aw . Wow O .
o el0) = 5o (A (01) - 5 o (0)
But,
—1/2 _ —
P (fon(0) = B M BERLn 4 nnt fBe) wily, v
Fuu(0) Fou(0)
-1
iy 1/22m %55 YLLY 1/2+E 1/22 51 9% yo1/2
)3 Fou(0) 0%, Fou(0) xx
l 2
D SATE0 YD Hiut) Y- 3211 =0 since ¥, = 0.
Fou(0)

Therefore, avef,;hz) (fon(0)) =

<o

Proof of Theorem 2.
Let fw(O) and f{;{) (0) be the estimators of the spectral density at frequency 0, f,,(0), calculated
from vy (6p) and v, (07), respectively. From Andrews (1991)[Th. 1(b)],

V TBT(fvv(O) - f@f}(o)) £> 0

As a result,

\/Z (fw(o) — fw(O)) and \/g (ff;ﬁ(o) - fvv(0)> , v= %

25



have the same asymptotic distribution. The asymptotic distribution of LRT(éT) and HT(éT) are

derived readily along the lines of the proof of Theorem 1. o

Derivation of the variance V in Example 3.
The smoothed implied probabilities are the solutions of
A Q Q Q
{0,p, :i=1,...,Q} = argrgleagm:iili?”@ {il_[lpipi > 0,;pi = 1,;piFi(9) = 0} ,
where {f(x¢,0) : t = 1,...,T} is smoothed by some moving average resulting in {F;(0) : i =
1,...,Q} and 6 is the smoothed maximum empirical likelihood (SEL) estimator of 6y. We derive

the asymptotic variance V' of the efficient estimator

Q
p=Y 0G
=1

where G; are the smoothed version of {g(z;) : ¢t =1,...,T}.
We, actually, show that
V(i — o) > N(0, V).

As showed by Theorem 3.3 of Antoine, Bonnal & Renault (2007) for the cross-sectional i.i.d case,
we can establish along the same lines that /i is numerically equal to the corresponding SEL estimate

of (¢/, )" from the augmented moment condition:

Ty, 0
g 0\,
g(@e) — p
We maintain the conditions of Theorem 1 of Kitamura (1997) for this augmented model. From this

same Theorem, we know that:

>
D
(=)

VT - 4 N (0,(D's"'D)Y,
fu Ho
T 0
where D = . From the usual matrix block-inverse formula, we have
0 -Id,
- Kt R e B )
b 1 _ . . . 5 Kl :Eff_zfgzgglzgf, KQZEgg_ngEf;ng
—K, ngsz K,
and

Ds-1p — 'E7'T VKM Spe5, )
K5 'S 25T Kyt
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The asymptotic variance of ji is given by the south-east block of (D'Y~1D)~! which is, using again
the block-inverse formula:

V= (K;l — K;lzgfz;;r(r'[(;lr)—1F'K;12fg2;gl)
Since D'Y71D is symmetric,
DK S50 =TS/ Ky  and V = (K5 - K;lngE;fll"(I"KflI‘)’T'Z;}Eng{1>_1 .
Next, we use the matrix algebra result stating that: If A, B and C~! + DA~!'B are non-singular
square matrices, (A + BCD)™ ! =A=' — A='B(C~' + DA7'B)"'DA~!.

-1
Applying this formula with A = Ky, B = ngZJI}F, D =B and C = (F’E;}F) , 1t is
straightforward to see that V = (A7t — A7'B(C~! + DA’lB)*lDAfl)fl. Actually,

C7'+DAT'B = (I'S; D)+ 1S 8Ky 'S0 = (IS5 T) + DK 'S, X 18,5 T
= (US;D)+ UK (S — KOS T = TI'K]'T.
The second equality uses again the equality I E;;E (7763 L-T'K 1 'y ng;gl and from the definition
of K1, Eng;glng = Y5 — K; and the third equality follows. Thus
V = A+BCD =K, +5y%;)T (F’z;;r)_l 'S5 1S,
S S 20 35> RS S sy 3 (F’E;;.r)_l I'S; 1S,
= S-S5, (Idr -5 (r’z;}r)_l r’z;f“z) S %8, o
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C Tables

Table 1: (Experiment 1) Simulated rejection rates of LRy and Hr with nominal size,
a = 0.05; Design 1: VAR(1)

Bartlett HAC Bartlett HAC with

prewhitening /recoloring

T 50 100 250 500 1000 50 100 250 500 1000
Case 1

Ho

LRy 0.030 0.019 0.010 0.011 0.008 0.007 0.004 0.003 0.004 0.004

Hr 0.024 0.016 0.008 0.010 0.008 0.005 0.004 0.003 0.003 0.004

Hoz

LRr 0.260 0.207 0.149 0.129 0.108 0.086 0.069 0.057 0.052 0.050

Hr 0.174 0.156 0.123 0.115 0.101 0.044 0.043 0.044 0.045 0.045
Case 2

Hoy

LRr 0.125 0.111 0.094 0.089 0.079 0.061 0.059 0.053 0.052 0.049

Hr 0.110 0.102 0.088 0.085 0.078 0.050 0.052 0.049 0.049 0.047

Hoz

LRr 0917 0.980 0.999 1.000 1.000 0.915 0.985 1.000 1.000 1.000

Hr 0.870 0.970 0.999 1.000 1.000 0.850 0.975 0.999 1.000 1.000
Case 3

Ho

LRr 0.133 0.119 0.094 0.085 0.081 0.066 0.063 0.055 0.051 0.049

Hr 0.116 0.111 0.089 0.082 0.079 0.055 0.058 0.051 0.049 0.048

Hoz

LRr 0977 0.997 1.000 1.000 1.000 0.982 0.999 1.000 1.000 1.000

Hr 0.957 0.996 1.000 1.000 1.000 0.959 0.997 1.000 1.000 1.000
Case 4

Ho

LRy 0.248 0.311 0.433 0.634 0.809 0.191 0.271 0.421 0.652 0.835

Hr 0.224 0.294 0.423 0.629 0.807 0.170 0.254 0.407 0.646 0.832

Hoz

LRy 0944 0.989 1.000 1.000 1.000 0.941 0.993 1.000 1.000 1.000

Hr 0.905 0.982 1.000 1.000 1.000 0.892 0.987 1.000 1.000 1.000
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Table 2: (Experiment 1) Simulated rejection rates of LRy and Hp with nominal size,
a = 0.05; Design 2: VMA(1)

Bartlett HAC Bartlett HAC with

prewhitening/recoloring

T 50 100 250 500 1000 50 100 250 500 1000
Case 1

Hoy

LRr 0.013 0.008 0.005 0.006 0.005 0.005 0.003 0.002 0.002 0.002

Hr 0.009 0.007 0.004 0.006 0.005 0.003 0.002 0.002 0.002 0.002

Hoz

LRy 0.152 0.120 0.090 0.078 0.070 0.072 0.047 0.036 0.032 0.033

Hr 0.085 0.084 0.070 0.068 0.064 0.034 0.027 0.026 0.026 0.029
Case 2

Hoy

LRr 0.088 0.081 0.069 0.066 0.060 0.055 0.047 0.039 0.038 0.037

Hr 0.075 0.072 0.063 0.064 0.058 0.044 0.041 0.036 0.037 0.036

Hoz

LRr 0.918 0.983 0.999 1.000 1.000 0.917 0.988 1.000 1.000 1.000

Hr 0.863 0.975 0.999 1.000 1.000 0.850 0.979 1.000 1.000 1.000
Case 3

Ho

LRr 0.089 0.086 0.072 0.064 0.061 0.059 0.050 0.041 0.039 0.038

Hr 0.077 0.079 0.067 0.062 0.059 0.049 0.044 0.038 0.037 0.037

Hoz

LRr 0.980 0.999 1.000 1.000 1.000 0.985 0.999 1.000 1.000 1.000

Hr 0.961 0.997 1.000 1.000 1.000 0.962 0.999 1.000 1.000 1.000
Case 4

Ho

LRy 0.219 0.294 0429 0.643 0.826 0.193 0.265 0.419 0.660 0.850

Hr 0.197 0.279 0.419 0.637 0.823 0.169 0.246 0.405 0.654 0.847

Hoz

LRr 0.947 0.992 1.000 1.000 1.000 0.945 0.994 1.000 1.000 1.000

Hr 0.905 0.985 1.000 1.000 1.000 0.895 0.989 1.000 1.000 1.000
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Table 3: (Experiment 1) Simulated rejection rates of LRy and Hp with nominal size,
a = 0.05; Design 3: VARMA(1)

Bartlett HAC Bartlett HAC with

prewhitening/recoloring

T 50 100 250 500 1000 50 100 250 500 1000
Case 1

Hoy

LRr 0.039 0.025 0.012 0.013 0.010 0.007 0.003 0.002 0.001 0.002

Hr 0.032 0.021 0.010 0.012 0.009 0.005 0.003 0.001 0.001 0.002

Hoz

LRy 0.325 0.244 0.169 0.143 0.117 0.099 0.059 0.031 0.022 0.018

Hr 0.228 0.187 0.140 0.129 0.110 0.052 0.038 0.023 0.018 0.015
Case 2

Hoy

LRr 0.144 0.122 0.102 0.092 0.084 0.066 0.052 0.035 0.032 0.027

Hr 0.128 0.114 0.096 0.091 0.082 0.055 0.046 0.031 0.030 0.027

Hoz

LRr 0.920 0.978 0.999 1.000 1.000 0.914 0.987 1.000 1.000 1.000

Hr 0.874 0.968 0.999 1.000 1.000 0.850 0.976 1.000 1.000 1.000
Case 3

Ho

LRr 0.157 0.131 0.102 0.092 0.086 0.071 0.057 0.037 0.032 0.027

Hr 0.139 0.122 0.097 0.089 0.084 0.060 0.050 0.035 0.030 0.026

Hoz

LRr 0.976 0.997 1.000 1.000 1.000 0.982 0.999 1.000 1.000 1.000

Hr 0.956 0.995 1.000 1.000 1.000 0.959 0.998 1.000 1.000 1.000
Case 4

Ho

LRr 0.259 0.317 0434 0.632 0.808 0.199 0.270 0.415 0.664 0.863

Hr 0.237 0.302 0.424 0.626 0.805 0.176  0.250 0.403 0.657 0.860

Hoz

LRr 0.944 0.988 1.000 1.000 1.000 0.942 0.994 1.000 1.000 1.000

Hr 0.906 0.980 0.999 1.000 1.000 0.891 0.988 1.000 1.000 1.000
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Table 4: (Experiment 2) Simulated rejection rates of LRy and Hr with nominal size,
a=0.05

LRt Hr
T 50 100 250 500 1000 50 100 250 500 1000

Case 1:
BT 0.059 0.057 0.053 0.051 0.052 0.050 0.051 0.049 0.049 0.050
PZ 0.054 0.057 0.054 0.050 0.051 0.043 0.048 0.050 0.049 0.050

Case 2: 0 =0.5
BT 0.056 0.050 0.045 0.047 0.046 0.046 0.043 0.042 0.044 0.045
PZ 0.053 0.052 0.048 0.049 0.048 0.043 0.043 0.043 0.046 0.046

Case 3: v = —04
BT 0458 0.638 0.859 0.981 0.999 0.428 0.618 0.851 0.979 0.999
PZ 0431 0.558 0.833 0.962 0.998 0.397 0.531 0.825 0.960 0.998

Case 8: v =04
BT 0458 0.627 0.854 0.980 0.998 0.425 0.608 0.847 0.979 0.998
PZ 0428 0.548 0.826 0.961 0.998 0.394 0.522 0.817 0.959 0.997

Case 8: v=—0.8
BT 0912 0.988 1.000 1.000 1.000 0.896 0.986 1.000 1.000 1.000
PZ 0.896 0.970 1.000 1.000 1.000 0.878 0.965 1.000 1.000 1.000

Case 3: v=10.8
BT 0910 0.989 1.000 1.000 1.000 0.897 0.988 1.000 1.000 1.000
PZ 0.897 0.971 1.000 1.000 1.000 0.878 0.965 0.999 1.000 1.000

Notes: BT, PZ stand, respectively, for tests constructed using the Bartlett and Parzen kernel. In Case 1,
v =60 =0; in Case 2, v = 0; in Case 3 0 = 0.
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Table 5: (Experiment 2) Simulated coverage probability of 95% confidence interval for (y

Inference via Eq. (5)

: Bias corr. int.

Inference via Eq. (13): Naive int.

T 50 100 250 500 1000 50 100 250 500 1000
Case 1:
BT: 0.883 0.914 0.928 0.938 0.948 0.912 0.936 0.940 0.945 0.949
PzZ: 0.883 0.910 0.926 0.937 0.947 0.912 0933 0.940 0.944 0.949
Case 2: § =0.5

BT: 0.899 0.928 0.938 0.947 0.950 0.900 0.916 0.918 0.917 0.916

PZ: 0.894 0.918 0.932 0.943 0.945 0.895 0.904 0.910 0.910 0.910
Case 3: v=—0.4

BT: 0.885 0.904 0915 0.913 0.915 0.884 0.903 0.907 0.909 0.915

PZ: 0.885 0.899 0.914 0.911 0.914 0.884 0.900 0.906 0.908 0.915
Case 3: v=04

BT: 0.885 0.903 0.912 0.915 0.915 0.883 0.899 0.910 0.914 0.917

PZ: 0.883 0.900 0.911 0.915 0.914 0.881 0.896 0.910 0.913 0.916

Case 3: v=—0.8
BT: 0.890 0.884 0.877 0.870 0.866 0.813 0.837 0.851 0.848 0.856
PZ: 0.888 0.884 0.876 0.871 0.866 0.811 0.833 0.850 0.848 0.855

Case 3: v=10.8
BT: 0.882 0.88 0.875 0.869 0.865 0.813 0.838 0.845 0.850 0.850
PZ: 0.882 0.88 0.874 0.870 0.864 0.813 0.834 0.843 0.849 0.850

Notes: BT, PZ refer, respectively, to the use of the Bartlett and Parzen kernel for the estimation of 3.,
and Ayy. In Case 1, v = 0 = 0; in Case 2, 7 = 0; in Case 3 § = 0.

Table 6: (Experiment 3) Simulated rejection rates of the likelihood ratio and Hannan’s tests
for zero LRCCs between Y; = (y;—ma1, yp—ms, yp—ms) and Z; = (z—u, (ze—p)3, (ze—p)®)".
The long run variance is estimated using the Bartlett kernel with prewhitening/recolouring.
Univariate AR(2) are considered for the prewhitening step. The tests are performed at the
nominal level of & = 5%. Under the null hypothesis, LRy and Hp are asymptotically

distributed as x3. All the LRCCs are null for w = 0 and different from zero otherwise.

T 50 100 250 500 1000

w=20
LRr 0.104 0.066 0.045 0.040 0.036
Hr 0.044 0.038 0.034 0.032 0.032

w=20.6
LRr 0.662 0.831 0.976 1.000 1.000
Hr 0426 0.705 0.956 0.999 1.000

w=0.8
LRy 0.969 0.998 1.000 1.000 1.000
Hr 0.876 0.993 1.000 1.000 1.000
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Supplementary Appendix - not for publication

In this supplementary appendix we present background and derivations of certain results used in

the paper. This material is not for publication but is available from the authors upon request.

Proof of Lemma 1 From Rosenblatt (1984)[Corollary 3], we have the following result.
Lemma A.3 If Assumptions 1(4) and 2 hold then:*?

5 (7~ EGGun(o) 4 N0,V O (A8)

The central limit result given by Lemma A.3 characterizes the distribution of f,,(0) around its
mean. This formulation is different from the usual ones which rather characterize the estimation
error and therefore are more suitable for testing for restrictions on the parameter of interest. The
form of the central limit result in (A.8) is induced by the asymptotic order of magnitude of the bias
of fvv(O). Except for some appropriate choices of bandwidth Br, the square of fUU(O)’s bias has the
same asymptotic order of magnitude as the variance of fm, (0). In this case, only the deviations of
the spectral density estimate about its mean can be expressed by the central limit theorem.

The bias of the spectral density estimator in (8) is derived by Parzen (1957). At frequency 0,
this bias involves the smoothness of the spectral density at 0 as well as the local behaviour of the

kernel function. Let » > 0 be the largest real number such that

1—
k) = lim 1= k(u)

u—0 |u|r
exist and is nonzero. 7 is known as the characteristic exponent of the kernel k(-). If k(") exists
for every positive number r, the characteristic exponent is set to co. The generalized rth spectral

derivative f(")(\) is defined by

“+o0
r 1 —1 T
fqgv)()‘):g Z € h)\|h| Fm;(h)v
h=—o00

if this series converges. If || fl(,z)(O)H < 00, the asymptotic order of magnitude of the bias is

E (£uu(0)) = fou(0) = O(B}).

In this case, by choosing Br = o (T‘ﬁ} we have

VIBr (B (fu(0)) = £uu(0)) = 0(1)

which guarantees the result stated in Lemma 1.

B Our notations here are abusive since fw (0) and fu+(0) are both matrices; in this context, this notation
refers to the vech of the corresponding matrix.
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Table 8: Characteristic exponent (r) and equivalent degree of freedom () of some commonly

used spectral density estimators

Estimate Lag window Characteristic Degree of
generator exponent freedom
k(x) r v
The truncated 1, |z| <1,
kernel window { 0, |z|>1 e BrT
The Bartlett 1—|z|, |z| <1,
window { 0, |z| > 1. L 3BT
1 — 622 +6|z|3, lz| < 0.5,
The Parzen 2(1 — |z])?, 0.5 < |z <1 2 350 By
window
0, |z| > 1.
The general
— <
Tukey window 1 —2a+2acos(mx), |z| <1, 5 BT
0, 2| > 1. 1—4a+6a
(0<a<1/4)
The Bartlett- _
Priestley (Wi)z (512;” cos 7'('1‘) 2 %BTT
window
Tbe Daniell sin(rz) 9 0BT
window T
The finite o
Fourier sin(3m) 2 BrT
§7TIL‘
transform
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