Non-Nested Testing in Models Estimated

via Generalized Method of Moments!

Alastair R. Hall
University of Manchester?
and
Denis Pelletier

North Carolina State University?

May 3, 2010

I'We thank Atsushi Inoue, Eric Renault, Quang Vuong, Ken West, a co-editor and two anonymous referees for

helpful comments.
2Corresponding author: Economics, School of Social Sciences, University of Manchester, Manchester M13

9PL, UK. Email: alastair.hall@manchester.ac.uk
3Department of Economics, Box 8110, North Carolina State University, Raleigh, NC 27695-8110, USA. Email:

denis_pelletier @ncsu.edu



Abstract

We analyze the limiting distribution of Rivers and Vuong’s (2002) statistic for choosing between two
competing dynamic models based on a comparison of GMM minimands. It is shown that: (i) if both
models are misspecified then the statistic has a standard normal distribution under the null hypothesis of
equal fit but the ranking could be determined by the choice of the weighting matrix; (ii) if both models
are correctly specified or locally misspecified then the limiting distribution of the test statistic is non-

standard under the null.
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1 Introduction

Competing economics theories often lead to econometric models that are non-nested in the sense that
one model is not obtained as a special case of the other. It is, therefore, of interest to develop statistical
procedures that discriminate between non-nested models. In these circumstances, it may be considered
attractive to have some method that allows the researcher to determine which - if either - of the two
models is closer to the truth in some sense. Vuong (1989) provides such a test for models estimated by
Quasi Maximum Likelihood (QML). More recently, Rivers and Vuong (2002) extend Vuong’s (1989)
approach to provide a very general framework for the comparison of two competing dynamic models.
In this more general context, inference is based on a test statistic that compares measures of goodness
of fit for the two models; one model is preferred if its goodness of fit is statistically significantly smaller
than its competitor. Rivers and Vuong (2002) provide generic conditions under which the statistic has a
limiting standard normal distribution under the null hypothesis that both models are “equally good”, a
concept that is defined below. These generic conditions are very general and it is argued that they cover
the situation in which the competing models are estimated via GMM and then compared using either the
GMM minimands employed in the estimations or GMM type minimands that are different from those

used in the estimation.’

In spite of this seeming generality, Rivers and Vuong (2002) show that the
aforementioned distributional result rests crucially on the assumption that a certain variance is non-zero.

In this paper, we investigate whether these generic conditions in fact cover GMM estimators and
minimands. It turns out that the analysis depends crucially on whether the models in question are cor-
rectly specified, locally misspecified or non-locally misspecified. It is shown that if both models are
correctly specified or locally misspecified then Rivers and Vuong’s (2002) generic conditions are not
satisfied and the statistic does not converge to a limiting normal distribution but to a non-standard dis-
tribution that is a function of nuisance parameters, some of which may not be consistently estimable.
However, if both models are non-locally misspecified then the generic conditions are satisfied and the
Rivers and Vuong’s (2002) statistic does converge to the limiting standard normal distribution. The latter
result indicates that there is scope for using the Rivers and Vuong statistic to compare two misspecified
models estimated via GMM although caution may need to be exercised in its use because the outcome

can depend on the choice of weighting matrix. Thus our results reveal important limitations to the use

of GMM minimands for model selection in this way, which in turn contribute to the wider literature on

'See Rivers and Vuong (2002)[p.3 and p.13].



model selection via goodness of fit in econometrics; see e.g. Rivers and Vuong (2002), Marcellino and

Rossi (2008) and Kitamura (2002).

2 Framework and Analysis

Fori = 1,2, let f) : V x O — R%_ where ¢; < oo, 0@ ¢ RPi and let {v} be a stationary and
ergodic sequence of d— dimensional random vectors in V. Suppose it is desired to compare two models

denoted M and M3, and that each implies a population moment condition as follows:

My = E[fO(w,60)] = o for a unique A" € O,

My = E[fP,09)] = o for a unique 0® € ©?),

It is assumed that the models are non-nested, i.e. the moment conditions of one model are not a subset
or sub-case of another model. It is also assumed that the parameters of both models are estimated via

GMM; these estimators are defined as follows:
49 _ o 0W () fori=1.2 1
= argmingu cge) Qp 0\, ori =1, (D)

where ,
T T
QY (0) = {T‘l > 9w, e@‘))} Wy {T‘l > 9w, e@)} @)
t=1 t=1

and Wq@ is the weighting matrix. The population analog of the GMM minimands is fori = 1, 2,
Qy (0%) = £ (0, 0 WO B[ (07, 69)). 3)

where W () = plimTHooW}i).

Rivers and Vuong (2002) introduce a very general framework that includes the cases where the metric
of model comparison either involves the minimands employed in the estimation or some other measure
of goodness of fit. We consider the case in which the metric involves the GMM minimands and so the
test statistic is:

TV QP (0F) - QP07

Nr = o7 “4)

where &% is a consistent estimator of 03, the limiting variance of the numerator of (4). This variance and

its estimator are discussed below.



To present the null and alternative hypotheses of the test, we must introduce notation for the proba-
bility limits of é(Tl ) and éé? ), Accordingly, we define plimTéooég) = Gf) for s = 1, 2. This convergence
result can be established under certain regularity conditions which are omitted for brevity here as they
are now standard in the literature. The null hypothesis of the test is that: M; and M3 are asymptotically
equivalent, that is

Hy - QM) = QP 0. (5)

There are two alternative hypotheses of interest: M is asymptotically better than Mo, that is

HY = o 0) < QPP (0 (©)
and M is asymptotically better than M, that is

HY Y 0) > QP (0). )

Rivers and Vuong (2002) present regularity conditions under which N converges to a standard
normal distribution under Hy. For the purposes of our subsequent analysis, it is useful to highlight just
one of these conditions, namely ag > 0.

Apart from the standard assumption that the weighting matrix Wg) is positive semi-definite and
converges in probability to a positive definite limit, it is assumed that W) depends on a vector of
nuisance parameters T(gi) and that %¥ ) is an estimator of To(i). So that we have, with an obvious abuse of

notation, W = 1) (Téi)) and W}i) = W}i) (%¥ )). It is assumed that the nuisance parameters satisfy:

T
TG0 - 70) = —AD T3V 4 o) ®)
t=1

for some symmetric matrix of constants Ag) and vector Yt(i); and that the weighting matrix satisfies

T/? (vech[Wf(pi)} —Uech[W(i)]) = A(i)Tl/z(%:(pi) - Téi)) + 0p(1) )

for some matrix of constants A(®). The definitions of Aii), Yt(i) and A depend on the choice of
weighting matrix.

Within our framework of GMM minimands with stationary processes, o3 has the following form:
o2 = R,V,R. (10)
where

1
Ve = lim TVar

T—o0

T
Zﬁt(&)] (11)

t=1
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!
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7
§t(9*) — [f(l) ('Ut, 9&1))/ - E[f(l) (Ut, 0,((1))/]’ Y't(l) f(2) (Ut, 0,((2))/ - E[f(2) (Uta 9&2))/]’ Yz-f(Q) ] (12)

and

R, = [Ri”', —Rf),} R = . 2WOELS (v, o) . (13)
— AP A BUEFO (0, 687)] © B (vr, 0]}
where B; is the q2 x ¢;(q; + 1)/2 matrix such that vec(W®) = Bvech(W®), and A, vV and A®)
are defined implicitly in (8)-(9).

Some additional notation will be useful. On occasion, it is convenient to combine the parameters
and moment functions from both models into one vector and so we define § = [9(1)/, 62 I]’ , f(u,0) =
[FD (0, 0D, FO (01, 0], gr(6) = [g5) (0D, g (0] for gf (90) = T2 L, FO (v, 09),
GO = 71T 9F O (0,,00)/000)", GY (00) = E[afD (v, 00)/000] and G (61, 62, )
is the (g; xp;) matrix whose ;" row is the corresponding row of Gg) (0Y)) where 09) = X\;0,+(1—);)6
for some 0 < A; < 1, and A is the (¢ x 1) vector with j'* element ;. Finally, we denote the Choleski
decomposition of a matrix S by S'/2 such that S = $1/281/ 2" and we denote the inverse of S1/2 by
S—1/2 = [§1/2]-1,

We now consider the limiting behaviour of N7 under Hy. To facilitate this discussion, it is useful to
relate the Hy in (5) to the scenarios regarding the population moment condition employed in the analysis
of model specification tests within the GMM framework. There are three such scenarios: (i) the moment
condition is correctly specified, E[f® (v, 99)] = (; (ii) the moment condition is locally misspecified,
E[f® (v, 0@)} = T2y, &) £ 0; (iii) the moment condition is misspecified, E[f® (vs,0®))] # 0
Vol g G(i), the so-called fixed or non-local alternative. Notice that Hy in (5) can hold under any of
(i)-(iii).2

For pedagogic convenience, we begin with the case of non-local misspecification, that is
Assumption 1 M; satisfies: (i) E[f(vi,0)] = p(8) where p(6) = [pM @MY 12 (0] and ||
D (OD) ||# 0 for all 8 € )

2Asa consequence, while the scenarios (i), (ii) and (iii) represent respectively the null, local alternative and fixed alternative
for the overidentifying restrictions test, these scenarios do not fulfil the same roles for the Rivers and Vuong statistics considered
here. However, since (i)-(iii) are routinely applied to analyze model specification tests within the GMM framework, we believe
it is of interest - and natural - to analyze the behaviour of model selection tests within the GMM framework under the same

scenarios.



To implement the estimations and test, it is necessary to choose the weighting matrices. From the
results in Hall and Inoue (2003), since the models are misspecified, there is no advantage to employing a
weighting matrix that converges to the inverse of the long run variance of the sample moment condition
and hence to employing iterated GMM estimation. Therefore, in the following we only study the case
where the weighting matrix is a matrix of constants, such as the identity matrix.> To analyze the behavior

of the test in this case we impose the following set of assumptions:

Assumption 2 (i) T2, { f(u,0.) = E[f(v,0,)]} > N (0, S(6,)) where

SO Wy 512 (g,)
S(O*) == 9
5(1,2)(9*)/ S(2) (9&2))
is a positive definite matrix of finite constants that is partitioned conformably with f(.); (ii) rank{G((]i) (0@ )} =
pi; (i) T1/2(é§f) - 99) = 0,(1); (iv) SO (ééf)) is a q; X q; matrix satisfying S'(i)(ééf)) 2 S(i)(9£i))
fori=1,2; (v) S8 (0r) is a q1 X qo matrix satisfying S (67) L S1:2)(9,).

Hall and Inoue (2003)[Theorem 1] provides conditions under which T° 1/2 (égf) — 99) has a limiting
normal distribution, and so Assumption 2(iii) could be replaced by these lower level assumptions. The

following theorem gives the limiting distribution of N7 for this choice of weighting matrix.

Theorem 1 Let (i) {v;}, f(.)@, 0% and O satisfy Hall (2005) Assumptions 3.1, 3.2, 3.8-3.10, 4.2,
and 4.3 hold; (ii) My and M satisfy Assumption 1; (iii) Hy holds; the weighting matrix is Wj(f) = I
and Assumption 2 holds; then Nt 4N (0, 1).

Theorem 1 confirms the results of Rivers and Vuong (2002) in that the statistic N7 has a limiting
standard normal distribution under the null hypothesis if both models are misspecified in the sense of
Assumption 1. This result would appear to indicate that there is scope for using this statistic to compare
two misspecified models estimated via GMM. However, in our opinion, some caution needs to be exer-
cised in its use as we now explain. The null hypothesis involves the population analog to the minimands.
These minimands depend on the weighting matrices and also the probability limits of the estimators. In
general, the relative magnitudes of the minimands, Q((f) ((9@), are sensitive to the choice of weighting

matrices, and so the relative ranking can be reversed by changing the weighting matrices. Whether or not

3In an earlier version of this paper, we consider the case in which the weighting matrix is an instrument cross product
matrix. The limiting distribution of N7 presented in Theorem 1 below is the same although the construction of an appropriate

6T does depend on the choice of weighting matrix; see Hall and Pelletier (2007).



this dependence on the weighting matrix is a weakness depends on the setting. In some cases, economic
theory dictates an appropriate choice of weighting matrix and so only the outcome with this choice of the
weighting matrix is of interest. Examples in this vein are the assessment of specification errors in asset
pricing models, e.g. see Hansen and Jagannathan (1997), or dynamic stochastic equilibrium models, e.g.
see Dridi, Guay, and Renault (2007). However, absent these economic considerations, the choice of the
weighting matrix and the relative ranking of the models can become arbitrary since there is no optimal
weighting matrix in this context.

We now consider the case in which the population moment conditions are correctly specified or

locally misspecified.

Assumption 3 M; satisfies S(i)(Gii))*l/QET[f(i) (vg, 9@)] = T~ Y25 where 09 is a vector of finite

constants.

The operator E7|.] denotes expectations with respect to the joint probability distribution of {v;, t =
1,...,T} and S(i)(ﬁ,(f)) = limy_, Var [ggf) ((9@)}.4 Notice that if () = 0 then model i is correctly
specified. Rather than just consider the case of correct specification, we allow for local misspecification
as well because the latter casts light on the finite sample behaviour of the test statistic when the degree
of misspecification is small. Given the framework in Assumption 3, we must modify the definition of the
population minimands as follows Q(()i) (H(i)) = limp_ o Er [f(i) (vg, 9@))]’ WO limg_.o Er [f(i)(vt, H(i))] .
Notice that Assumption 3 implies Qg)(ﬁg)) = 0 for both models. Therefore, although the models are
not correctly specified, the local nature of this misspecification implies that the null hypothesis in (5)
still holds, that is Hy : Q" (0") = Q'P (61*).

Using Assumption 3 and (10)-(13), it can be seen that, for the case under consideration here, R,
is a null vector and hence ag = 0. Therefore, if both models are either correctly specified or locally
misspecified then the null distribution of N7 does not follow from Rivers and Vuong’s (2002) analysis
(see their Theorem 3). We note that Rivers and Vuong (2002)[Section 6] provide generic conditions
under which the test does not have a limiting standard normal distribution because o = 0. An inspection
of these conditions indicates that they include the case covered here although this is not noted in their

discussion of the results.

* Assumption 3 implies that the data cannot be a realization of a strictly stationary process, unless n(i) = 0, because
E[f (v, 0)] changes with T'. Instead the process can be viewed as a perturbation of a stationary process; see Newey (1985) or

Hall (2005, Section 5.1.3).



Below, for completeness, we present the appropriate limiting distribution theory for the test statistic
in this case. To do so, it is necessary to be more specific about the construction of 67, and hence the
weighting matrices employed. Since both models are assumed correctly specified or at most locally
misspecified, we assume that the weighting matrices are chosen so that W) = {S(#)}~1 and WT@
depends on %¥ ), a preliminary GMM estimator of Gii) Q)

using a weighting matrix, M.’, that converges to

a positive definite matrix of constants, M (). In this case, it follows that the matrix A and vector Yt(i)
in (8) are given by A = — [G(()i) (0@)’ M® G[()i) (9,@) } B and Yt(i) = Géi)(G,(f))’ M@ £ (y,, Gf)).
To define A, assume that W) = {Sg)(%:(pi))}*l. It then follows that A®) = L;[{SD ({1 &
(SO OPN 120 where ) = E [avec[sT(e<i>)] 960’ W)ZQM and L; is a qi(q; + 1)/2 x ¢2
selection matrix such that vech[W )] = L;yvec[W ®)]. The exact form of £() depends on the choice of

covariance matrix estimator. We leave that unspecified and only impose high level assumptions on % (%)

below. Given these definitions, it is natural to set
67 = RpVrRy (14)

where Ry and V7 are consistent estimators of R, and V, constructed using the obvious sample analogs
to the population quantities that make up these matrices.
To present the limiting distribution of N7, it is necessary to impose the following additional regular-

ity conditions.

Assumption 4 The observed data are assumed to be a realization from a stochastic process {vy;t =
1,2,...} which satisfies the following conditions: (i) é(Tl) LN 9@; (ii) gg,f)(ég,f)) 20; (iii) Gg,f)(é(Ti)) 2
Gg), Gg) (égﬁ'),@f), M) B Géi); (iv) Wq(j) 2 [S(i)(&(f))]_l, a positive definite matrix; (v) the limit

distribution of the moment conditions satisfies

S0y

T1/2 0 i) N
) IOV

S(g*) )

where S(0.) is a positive definite matrix of finite constants; (vi) equations (8) and (9) hold with the

definitions given in the sentences preceding (14) and 9 is a matrix of finite constants.

The limiting distribution of N7 is given in the following theorem.

3See Hall and Pelletier (2007) for further details.



Theorem 2 Let Assumptions 3 and 4 hold for i = 1,2 then Nt LA &1/&2 where & and &5 are two
random variables defined in the appendix whose distributions depend on q1, q2, certain population

moments of the data and the drift parameters {n™}.

It is evident from Theorem 2 that N7 does not have a limiting standard normal distribution in the case
where it is used to compare two models via their GMM minimands and both models are either correctly
specified or locally misspecified. The result for local misspecification reveals that if the models are
misspecified but the degree of misspecification is small then the behaviour of the statistic in moderate
sized samples is more like the non-standard distribution encountered in the correctly specified case than
the standard normal distribution.

Given the sensitivity of the limiting behaviour of Np to the specification of the model or more
generally the value of 0(2), it is desirable to implement some formal pre-test of 08 = 0 against 08 > 0.
Such a test is developed by Vuong (1989) in the context of QML and is suggested by Rivers and Vuong
(2002) albeit in the context of their very general framework. We now consider the implementation of
such a test in our context. The obvious test statistic is T&%. From the proof of Theorem 2, it follows
that if the models are locally misspecified then T&% converges in distribution to a mixture of non-central
chi-squareds with the noncentrality parameters depending on the drift parameter, 7. This means that the
implementation of the test is problematic because the critical value for the asymptotically valid 100a%
depends on 1 which is itself not estimable consistently.

One solution is to adopt a decision rule based on the limiting distribution of T&% in the case where

the models are both correctly specified (n = 0) because in this case

.2 d
T6% 5 g w; 2}
i=1

where {z;} are a sequence of i.i.d. standard normal random variables and {w;} are the eigenvalues of
CY2 (I 14y — Po}Y C{ly gy — Py} CV/? = D, say. The various elements composing D are defined
in the proof of Theorem 2 and can be consistently estimated using sample analogs. In the simulation
of the critical values, the weights are replaced by the eigenvalues of a consistent estimator of D. To
consider the properties of such a strategy, define y(«) to be the value such that P({ > vy(«)) = o where

¢ ~ 2942 4,22, Consider the decision rule

DR(a) : reject Hy : o2 in favour of Hy : 62 > 0if T65 > v(a)



Let P(Type I|«) and P(Type II| «) denote the probabilities of Type I and Type II errors respectively
associated with the decision rule DR(«).

Clearly if D R(«v) is implemented with a fixed « then it only yields a test satisfying limp_,oo P(Type I | o)) =
« in the case where M; satisfy Assumption 3 and n® = 0 for i = 1, 2.° However, if the decision rule
is implemented with a value of « that tends to zero as T' — oo then this problem is mitigated in the limit

as the following proposition demonstrates.

Proposition 1 Let o = ap with ar — 0as T — oo and In[ar| = o(T). (i) If M, satisfy Assumption
3 for i = 1,2 and Assumption 4 holds then limp_.oo P(Type I | ) = 0. (ii) If M; satisfy Assumption 1

fori = 1,2 and the other assumptions of Theorem 1 hold then limp_, P(Type II | &) = 0.

Proposition 1 demonstrates that it is possible to develop a testing strategy that disciminates between
states of the world in which 08 = 0 (correctly specified and locally misspecified models) and 08 >0
(non-locally misspecified models) with probability one in the limit, and thus provides a justification in
the limit for the use of this test as a pre-test.

Our theoretical results suggest the following decision tree. We can start by testing “o? = 0 using
the decision rule in Proposition 1. If this hypothesis is rejected then N can be used with a decision
rule based on the standard normal distribution to test Hy in (5) (subject to the caveats above regarding
the choice of weighting matrix mentioned above). If “02 = 0 cannot be rejected then it indicates
that both models are either correctly specified or locally misspecified, in which case Hy in (5) holds by
construction since Q(()i)(é',(f)) = 0 for 7 = 1,2. We note that N is consistent against the alternatives
in (6) and (7) for which c“r% converges in probability to a positive constant, and this class includes the
case in which one model is correctly specified or locally misspecified and the other model is non-locally
misspecified. Thus if either (6) or (7) hold then this decision tree leads to the model with the smaller
population minimand with probability one in the limit.

A referee has argued that in the case where the pre-test is insignificant, the statistic N7 can be com-
pared to a critical value obtained by simulating under the null hypothesis that both models are correctly
specified.” Such an approach offers the potential to inform with respect to the hypothesis that one model
is correctly specified and the other is locally misspecified, which is different than H in (5) but neverthe-

less of interest. However some exploratory simulations indicate that the marginal information in the test

®This statement assumes the other conditions of Theorem 2 hold as well.

If ag = 0, then inference can be based on T'/2 time the numerator of Nr, i.e. T times the difference between the

minimands; see Vuong (1989) for a similar approach in QMLE.



is very limited. The reason is that in the GMM context Ny is based on the difference of the overiden-
tifying restrictions tests from each model, each of which is a test of the individual model specification.
Thus, the numerator of N only adds to the researcher’s ability to discriminate between a model that is
correctly specified and one that is locally misspecified if it is significant but both overidentifying restric-
tions test statistics are insignificant. Our simulations indicate that it does not happen often, the intuition
being that the power of both (the numerator of) N and the overidentifying restrictions test statistic are
driven by the same drift, and similar magnitudes of drift make both statistics significant. We conjecture
this finding may be more generally true.

It may be desired to use a different weighting matrix in the GMM minimands used to measure the
distance between the two models than the ones used in the estimation of the parameters. An inspection
of the proofs of Theorems 1 and 2 indicates that the same qualitative results go through if the test is not
based on the same weighting matrices as used in the estimations.

There has been a growing interest in the estimation of moment-models via Generalized Empirical
Likelihood (GEL) (Smith (1997)) and it is reasonable to wonder if GEL suffers similar deficiencies to
GMM for the kind of inference problem described here. Kitamura(2000, 2002) and Shi (2010) propose
extensions of Vuong’s (1989) methods to GEL estimation of conditional moment restrictions models and
to models defined by moment inequalities, respectively. An immediate advantage of GEL methods is
that there is no weighting matrix and thus the model ranking is unambiguous. However, GEL methods do
share with GMM methods the problems highlighted above concerning the comparison of two correctly
specified or locally misspecified models. Kitamura (2000) develops an analogous test for 0(2) = 0 within
his setting. However, he concentrates on the cases in which both models are correctly specified or
both are “overlapping” misspecified models with a common pseudo true measure, and considers the
test’s behaviour only under non-local alternatives for which o2 # 0. It is easily seen from his analysis
that the same problems arise in the GEL setting when local misspecification of the population moment
condition occurs. Proposition 1 above can easily be extended to cover the GEL case and thus provides a

justification for the pre-test in the GEL setting as well.® °

8To match Kitamura’s setting in which &% is calculated with a HAC estimator, we must set In[ar] = o(T/br) where br

is the bandwidth used in the HAC estimator.
Kitamura (2000)[p.12] does observe that his test of o3 has power against certain local alternatives but does not relate these

possibilities back to the moment conditions as in our framework nor explore its implications further as done in Theorem 2

above.

10



Appendix

(i) Proof of Theorem 1

Applying the Mean Value Theorem to QT ( ) around 0(") = 9£ ), we obtain

!/
gt } <é¥> _ 93))

where égf) = A0 4 (1— /\T)ég) for some 0 < Ap < 1. Now define

aQ (610

@ )N _ ~@) )
Qr (07") = Q' (0:7) + { EYI0)

200) = 26O WO, 07)

It the follows from (15) that under our assumptions, we have

i) AG ), i 8Q(i) 6% / A i _
QYO = QP (0) + {gagi) ) (0 — o) + op(T71/2)

and hence

T2 [QPE) - QP )| = T [QPEY) - QP 6]

T
+{ 3oV } T2 (9“ e )

(15)

(16)

a7)

= {qﬂﬂ(e@)} T2 (0P — 07 ) + 0p(1)  (18)

Finally, under Hy, we have Q(()l) (99)) = Q(()2) (9&2)) and so (18) can be written as

T1/2 Q(Tl)@g})) _ Qgg) (ég?))} - 71/2 [Qé})(&&l)) _ Q(()l)(eg(l))} _7l/2 [Qg?) (9&2)) . Q(()2) (07&2))}

n {q)(i)<9£1))}/T1/2 (é(Tl) _ 0&1))

_ {q)(i)(eg)) }/T1/2 (ég) _ 9&2)) + op(1)

19)

This equation simplifies further. Under our assumptions, the GMM estimator can be obtained by solving

the first order conditions associated with the minimization in (1), thatis: G < )(0(1)) WrT1 Z L@ (v, 0 Tl))

0. Furthermore, the probability limits must satisfy the analogous population moment condition, that is:

<I>(i)(0£i)) = 0. Therefore, we have

T1/2 (Tl)(é(Tl)) _ §?)(é§?>)} — 712 [Q(Tl)wil)) —Q(()l)(eﬁl))} _1/2 [Q(ﬁ)(e@) _

11

)| +op(1)
(20)



Notice that ng) (.) and Q(()i) (.) have the generic structures /W h and h'W h respectively, and that
WWh — W"'Wh = W (h—h) + B'(W —=W)h 4+ (h—h)Wh (21)

With the choice W:(Fi) = I, for the weighting matrix, it follows from (20) and (21) that

T
T1/2 [Q(T”(eéb) - Q§?>(9§?>)] — 9 { O (D yp-1/2 SO, 6() — (g

t=1
T
+¢%$Wrmilwmw9%M%#m}+%m
t=1

The result then follows immediately under the stated assumptions.
(ii) Theorem 2: definitions and proof
Definitions: & = d'diag (IQI — Pél), —[Iy — PO(Q)D d,d=C"?(ng4q + 1),

~1/2 ~1/2
@ﬂ:m@(ﬂWé% /ﬁ@w9>/)ﬂ&W%wﬁ@~Nm@ﬁ@,
Péi) _ (l)(g()) [F(l)(e(l)) (U(Q(j))]i F(l)(e(l)) F(l)(e(l)) — S(i)(9£i))
o= 2\/d' {Ip+qs = Po} C{lgyiqe — Po}d, C = AS(0,) A',

—-1/2 -1/2
A = diag <S(1)(9( )) / ) —5(2)(99)) / ) Py = diag (P(gl)a PO(Z))'

—1/2 ), 6
G oL,

Sketch Proof:

The test statistic N7 can be written as

Ny o () e (7)) )

N T 26

Standard analysis of the overidentifying restrictions test yields (e.g. see Hall (2005)[equation (3.36),p.73])
D6 el i)n—-1/2' i) pli i)— i) (i
TQ%) <9(T)> = {T1/2g(T)(9£))}/[5( )] 1/2 [I—PO()(Q,E))] [S( )] 1/2{T1/29(T)(0£))}+0p(1) 23)

Now consider the denominator of (22). It is most convenient to study T&% =71/ Q}Aiif VT TY QRT. First
consider T/ 2ZEET, the sample analog of R,. Under our assumptions, it follows that

/

TR, = [2T1/2 (1 )(9(1)) Wj(w )7Op(1) _oT1/24 (2 )(9(2)) W} )70p(1)

= 20y TY2g7(0r) + 0,(1) (24)

where I'y, is defined below. The result the follows by using a Mean Value Theorem expansion for

gr(07), the standard asymptotic representation for (67 — 6,) (e.g. see Hall (2005)[equation (3.26)]) and
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VT RN FUSF’U. The matrices I'y, and I'y are:

!/

w0 0 0 L, {G{V'mmy o 0
0 0o -w? o 0 0 I, (G MOy
(iii) Proof of Proposition 1

Since D is positive semi-definite, w; > 0; without loss of generality, we assume the eigenvalues are

ordered so that w; > w;1. Let n,, denote the number of non-zero eigenvalues of D. It follows that

Ny q1+q2 N Taw

2 2 2 2

W, E z; < E wiz; = E wiz; < wy E Z;
i=1 i=1 i=1 i=1

and s0 wy,, c(a) < v(a) < wic(a) where ¢(a) is the 1 — o quantile of the x2  distribution. Potscher
(1983, Theorem 5.8) establishes that for lim7_,o k7 = 00, c(ar) = o(kr) if and only if Injar] =
o(kr). The proof is completed by noting that under our assumptions if the models are correctly specified
or locally misspecified then T&% = Op(1) and if the models are non-locally misspecified then c}% 2,

03 > ( and hence T&% diverges at rate T'.
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